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1. INTRODUCTION

Finding rational solutions (i.e., solutions that have
form of rational functions) of linear difference equa�
tions is a part of many computer algebra algorithms.
Study of methods for constructing such solutions is of
interest from the computer algebra standpoint.

Let k be a field of characteristic 0. We will consider
equations of the form

(1)

ϕ(x), a1(x), …, an – 1(x) ∈ k(x), a0(x) ∈ k(x)/{0}. Clear�
ing the denominators, we obtain

(2)

ψ(x), b1(x), … bn – 1(x) ∈ k[x], b0(x), bn(x) ∈ k[x]\{0}.
The last equation will be written in the operator form
L(y) = ψ(x) with the operator

(3)

The notation f(x) ⊥ g(x) will denote coprime poly�
nomials f(x), g(x) ∈ k[x]; if F(x) ∈ k(x), then denF(x)
is a monic polynomial (with the leading coefficient

equal to 1) such that F(x) =  for some f(x) ∈

k[x], f(x) ⊥ denF(x). The set of monic irreducible
polynomials from k[x] is denoted as Irr(k[x]). If p(x) ∈
Irr(k[x]), f(x) ∈ k[x], then valp(x) f(x) is defined to be
the greatest m ∈ � such that pm(x)| f(x) (valp(x)0 = ∞)
and valp(x)F(x) = valp(x) f(x) – valp(x)g(x) for F(x) =

, f(x), g(x) ∈ k[x].

The very first algorithm for constructing all rational
solutions of equations of form (2) was proposed in [2].

y x n+( ) an 1– x( )y x n 1–+( )+

+ … a1 x( )y x 1+( ) a0 x( )y x( )+ + ϕ x( ),=

bn x( )y x n+( ) … b1 x( )y x 1+( )+ +

+ b0 x( )y x( ) ψ x( ),=

L bn x( )φn … b1 x( )φ b0 x( ),+ + +=

φ y x( )( ) y x 1+( ).=

f x( )
denF x( )
����������������

f x( )
g x( )
��������

It was succeeded by the algorithm proposed in [3] and
algorithms from [5, 7, 8, 10, 11] (the latter algorithms
are applicable both in the scalar case and in the case of
systems of linear equations). All known algorithms for
finding rational solutions can be described based on
the following RS scheme:

RS1: Construct a rational function S(x) over k such
that any rational over k solution of the original equa�
tion can be represented in the form S(x) f(x) with
f(x) ∈ k[x].

RS2: Transform the original equation into an equa�
tion (also with polynomial coefficients and right�hand
side) for which f(x) ∈ k[x] is a solution if and only if
S(x) f(x) is a solution of the original equation.

RS3: Construct all polynomial solutions of the
transformed equation.

Each rational function S(x) that possesses the
property specified in RS1 is called a denominator
bound for the original equation.

If we separate the problem of construction of the
denominator bound from the more general problem of
construction of rational solutions (i.e., consider step
RS1 only), we should, first of all, mention that the
algorithms from [2, 3, 5, 7, 8, 10] construct S(x) in the

form , where U(x) is a polynomial over k called a

universal denominator for Eq. (2). The algorithm from
[11] constructs a rational function, which will be
denoted as R(x). The numerator of R(x) may have a
positive degree; in this case, the numerator of any
rational solution of the original equation is divisible by
the numerator of function R(x).

The very first algorithm from [2] is the slowest one
and will not be further considered. Algorithm AU for
constructing universal denominators [10] was
improved in [7], where it was shown that the new ver�
sion  of this algorithm has lesser complexity than

1
U x( )
���������

AU'
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the algorithms from [3, 5, 8]. Its complexity is also less
than that of AU. Algorithms AU, , and algorithms
from [3, 5, 8] find one and the same universal denom�
inator U(x). The algorithm from [11] was presented in
[10] in a more general form (instead of complex poles
of rational functions over �, irreducible divisors of
denominators of rational functions over an arbitrary
field k of characteristic 0 are considered).

Using one of the algorithms AU, , or AB on step
RS1 and some (one and the same) algorithm for find�
ing polynomial solutions (for example, one of the
algorithms suggested in [1, 6, 5, 8]) on step RS3, we
obtain algorithm , ,  for constructing
all rational solutions. In Section 3, we will prove that,
under natural assumptions on the algorithm for find�
ing polynomial solutions used in the overall algorithm,
complexity of algorithm  is greater than that of

algorithm . This fact will be experimentally con�
firmed in Section 4. This will allow us to conclude
that, among all considered algorithms for finding
rational solutions,  is preferable.

The concluding Section 5 deals with systems of the
form

(4)

where Y(x) = (Y1(x), Y2(x), …, Yn(x))T and A(x) =
(aij(x)) ∈ Matn(k(x)). The inverse matrix A–1(x) =
( (x)) ∈ Matn(k(x)) is assumed to exist. Let system
Y(x + 1) = A(z)Y(x) + G(x) be given, where matrix A(x)
is the same as that in (4) and G(x) ∈ k(x)n. Then, sup�
plementing Y(x) with the (n + 1)�th component equal
to 1, we can transform the system to a homogeneous
system with an invertible matrix belonging to
Matn + 1(k(x)) (see, for example, [11]). Therefore, we
confine our consideration to only homogeneous sys�
tems. We consider modified algorithms  and 
designed for finding rational solutions

(5)

Advantages of modification  compared to modi�

fication  are noted.

2. PRELIMINARIES

2.1. Set M

In algorithms AU, , and AB, step RS1 begins with
the construction of a finite set M of irreducible poly�
nomials satisfying the condition: if, for some rational
solution y(x) of the original equation and p(x) ∈
Irr(k[x]), inequality valp(x)y(x) < 0 holds, then p(x) ∈
M [10]. This set of candidates to the irreducible divi�

AU'

AU'

AU〈 〉 AU'〈 〉 AB〈 〉

AB〈 〉

AU'〈 〉

AU'〈 〉

Y x 1+( ) A x( )Y x( ),=

ãij

AU'〈 〉 AB〈 〉

Y x( ) Y1 x( ) Y2 x( ) … Yn x( ), , ,( )T
,=

Yi x( ) k x( ), i∈ 1 2 … n., , ,=

AU'〈 〉
AB〈 〉

AU'

sors of the denominators of rational solutions is con�
structed based on the polynomials

(6)

(see (2)). If p(x) ∈ Irr(k[x]) and f(x) ∈ k[x]\{0}, we
may consider the finite set

(7)

In the case of �p(x)( f(x)) = ∅, we define
max�p(x)( f(x)) = –∞ and min�p(x)( f(x)) = +∞. The
set M is defined as

When constructing M, we find, first, complete factor�
ization of polynomials V(x) and W(x) and, then, a
finite set Q ⊂ Irr(k[x]) such that q(x) ∈ Q if and only if

Let Q ≠ ∅ and Q = {q1(x), q2(x), …, qs(x)}, s ≥ 1.
For each 1 ≤ i ≤ s, we consider

(8)

where

(9)

Then,

(10)

In [11], instead of M, a different set of candidates

denoted as  is considered. It is shown in [10] that

M ⊆  for k = � and that it often happens that M is a

proper subset of set .
The number

(11)

coincides with the dispersion dis(V(x), W(x)) of poly�
nomials (6), i.e., with the greatest integer m for which
deggcd(V(x), W(x + m)) > 0. If such integers do not
exist, then, by definition, dis(V(x), W(x)) = –∞.

2.2. Algorithms AU and 

For each qt(x + j) ∈ M, algorithm AU calculates

(12)

and, then, finds

(13)

V x( ) bn x n–( ), W x( ) b0 x( )= =

�p x( ) f x( )( ) m � : p x m+( ) f x( )∈{ }.=

M p x( ) Irr k x[ ]( ) : min�p x( ) W x( )( ) 0,≤∈{=

max�p x( ) V x( )( ) 0}.≥

min�q x( ) W x( )( ) 0, max�q x( ) V x( )( ) 0.≥=

Mqi x( ) qi x( ) qi x 1+( ) … qi x di+( ), , ,{ },=

di max�qi x( ) V x( )( ).=

M Mqi x( ).
i 1=

s

∪=

S

S

S

d max d1 d2 … ds, , ,{ }=

AU'

γj t, min valqt x j i+ +( )V x( ),

i �∈

∑
⎩
⎨
⎧

=

valqt x j i–+( )W x( )
i �∈

∑
⎭
⎬
⎫

U x( ) qt

γj t, x j+( ).

1 t s≤ ≤

0 j dt≤ ≤

∏=
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Polynomial U(x) is a universal denominator for
Eq. (2): any solution y(x) ∈ k(x) can be represented as

, f(x) ∈ k[x]; hence, rational function  is a

denominator bound for this equation.

Algorithm  differs from AU in that it takes into
account the possibility of equality of exponents γj, t for
different (sometimes, many) j for a fixed t; algorithm

 performs arithmetic calculations based on formula
(12) only when qt(x + j) divides V(x) or W(x).

2.3. Algorithm AB

Algorithm AB relies on the fact that all rational
solutions of the original equation satisfy the equations

(14)

(15)

vN, –1(x), vN, 0(x), …, vN, n – 1(x), wN, –1(x), wN, 0(x), …,
wN, n – 1(x) ∈ k(x), N = 1, 2, …, d + 1 (see (11)), which
are constructed for positive N by means of shifts of
Eq. (1) and Gaussian eliminations. For example, when
going from N to N + 1 in (14), elimination y(x – N) is
used with the help of the shifted Eq. (1) written in the
form

Let p(x) ∈ Irr(k[n]) and N be a positive integer. Let us
define B(p(x), N) as the minimum value of function
valp(x) for all coefficients vN, –1(x), vN, 0(x), …, vN, n – 1(x)
occurring in (14). Similarly, we define B(p(x), –N) as
the minimum value of function valp(x) for all coeffi�
cients wN, –1(x), wN, 0(x), …, wN, n – 1(x) occurring in
(15). Algorithm AB successively constructs Eqs. (14)
for N = 1, 2, …, d + 1 and, for each t such that 1 ≤ t ≤ s
and dt ≥ N – 1, finds B(qt(x + dt – N + 1)), which yields
a left lower bound for each value .

In a similar way, the algorithm constructs Eqs. (15) for
N = 1, 2, …, d + 1 and, for each t such that 1 ≤ t ≤ s and
dt ≥ N – 1, finds B(qt(x + N – 1), –N), which yields a
right lower bound for each value . Out

of the two lower bounds for , t = 1, 2, …,

s, j = 0, 1, …, dt, we take the maximum one and denote
it as βj, t. The rational function

(16)

yields a denominator bound.

f x( )
U x( )
��������� 1

U x( )
���������

AU'

AU'

y x( ) vN n 1–, x( )y x N–( )=

+ … vN 0, x( )y x N– n– 1+( ) vN 1–, x( ),+ +

y x( ) wN n 1–, x( )y x N+( )=

+ … wN 0, x( )y x N n 1–+ +( ) wN 1–, x( ),+ +

y x N–( ) an 1– x n– N–( )y x N– 1–( )+

+ … a0 x n– N–( )y x n– N–( )+

– ϕ x n– N–( ) 0.=

valqt x dt N– 1+ +( )y x( )

valqt x N 1–+( )y x( )

valqt x j+( )y x( )

R x( ) qt

βj t, x j+( )
1 t s≤ ≤

0 j dt≤ ≤

∏=

2.4. Indicial Equation at ∞

Step RS2 consists in the construction of the opera�
tor product LS and subsequent clearing denominators
in the equation (LS)(y) = ψ(x). This results in the
equation

(17)
with polynomial coefficients and polynomial right�
hand side. Equality L(S(x) f(x)) = ψ(x) holds if and
only if K( f(x)) = g(x).

The discussion of step RS3 needs some preliminary
comments. Operator L is made to correspond to the
algebraic equation I(λ) = 0, which is called the indicial
equation at ∞. We will further refer to it as simply the
indicial equation, which does not result in any confu�
sion in our context. The basic feature of equation
I(λ) = 0 is as follows: if equation L(y) = 0 has solution

S(x) = , s1(x), s2(x) ∈ k[x], then the integer

is a root of the indicial equation [9]. In particular, if
f(x) is a polynomial solution of equation L(y) = 0, then
deg f(x) is a root of the indicial equation, since, in this
case, val

∞
f(x) = deg f(x).

To construct I(λ), we first need to write L in terms
of powers of Δ = φ – 1 (for example, by substituting
φ = Δ + 1 into L). For the operator

we set

(18)

where  = λ(λ – 1)…(λ – j + 1). The number ω is
called an increment of operator L. Clearly,

(19)

It is known (see, for example, [13]) that, if equation
L(y) = ψ(x), ψ(x) ∈ k[x], has a polynomial solution,
then the degree of this solution does not exceed

(20)

where  = max({d ∈ � : I(d) = 0} ∪ {–∞}). The num�
ber h is referred to as the height of equation L(y) =
ψ(x).

To find the height of Eq. (17) on step RS3, we need
the indicial equation of operator K, and, of course, this
equation can be constructed directly by K. Here, it
should be noted that there exists a simple relationship
between the indicial equation I(λ) = 0 of operator L

K y( ) g x( )=

s1 x( )
s2 x( )
���������

val∞S x( ) degs1 x( ) degs2 x( )–=

L bn x( )φn … b1 x( )φ b0 x( )+ + +=

=  cn x( )Δn … c1 x( )Δ c0 x( ),+ + +

ω degcj j–( ),
0 j n≤ ≤

max=

I λ( ) lc cj( )λ
j
,

0 j n≤ ≤

degcj j– ω=

∑=

λ
j

cj x( ) i

j⎝ ⎠
⎜ ⎟
⎛ ⎞

bi x( ).

i j=

n

∑=

h max degψ ω– λ̃,{ },=

λ̃
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and the indicial equation (λ) = 0 of operator K: up to

a nonzero constant factor, polynomial (λ) coincides
with I(λ + val

∞
S(x)) [9]. We will take advantage of this

fact in Section 3. Note also that the multiplication of
the operator from the left by a nonzero polynomial
u(x) increases the increment of the operator by
degu(x) and results in the multiplication of polyno�
mial I(λ) corresponding to the operator by lcu(x).
Then, it follows that the multiplication of the equation
L(y) = ψ(x), ψ(x) ∈ k[x], by a nonzero polynomial
does not change the height of the equation.

2.5. Algorithms , , and 

If, in constructing Eq. (17), we use S(x) = ,

and the polynomial U(x) is obtained by means of AU,
then Eq. (17) is called a U�image of the original equa�
tion L(y) = ψ. If a rational function R(x) obtained by
means of AB is used, then it is called a B�image of this
equation.

We assume that the algorithm for finding all poly�
nomial solutions of Eq. (17) used on step RS3, first,
calculates the height of this equation and, then, looks
for all polynomial solutions having known that their
degrees do not exceed the height found. To the best
authors’ knowledge, this is the way all algorithms of
this kind work (the simplest among them implements
the method of undetermined coefficients). In the gen�
eral case, if the equation height is nonnegative, then
the time required to determine the absence of polyno�
mial solutions is about the same as that required for
constructing such solutions if they exist.

As has already been noted in Section 1, the nota�
tion , , and  is used for algorithms for
constructing rational solutions employing algorithms
AU, , and AB on step RS1.

Remark 1. The majority of equations have no ratio�
nal solutions. However, when using scheme RS, their
absence is determined only on step RS3, when two previ�
ous steps were completed. It is shown in [9] that, for
homogeneous equations (with zero polynomial ψ(x) in
(2)), the absence of rational solutions can often be pre�
dicted much earlier. We will not focus on it, since, in the
framework of study of algorithm complexities, of interest
are the worst cases.

3. COMPARISON OF COMPLEXITIES
OF ALGORITHMS FOR FINDING

RATIONAL SOLUTIONS

In [10], a combined size of equation was intro�
duced, and it was established that, for any fixed size s,
it is possible to find an equation Es such that its
U�image is some polynomial U(x) whose degree is
greater than that of all U�images of equations of size s

I

I

AU〈 〉 AU'〈 〉 AB〈 〉

1
U x( )
���������

AU〈 〉 AU'〈 〉 AB〈 〉

AU'

and the B�image of equation Es has form . On the

one hand, this rebuts an assumption that significant
expenditures of algorithm AB on step RS1 are always
compensated by insignificant expenditures on step
RS3, so that total expenditures of  never exceed

total expenditures of algorithm . On the other
hand, this fact does not mean that complexity of algo�
rithm  is less than that of algorithm , since
we have no grounds to assume that equation Es is the
worst case for : it is a priori possible that, for

another equation  of the same size s, algorithm

 on step RS1 will construct a polynomial U '(x) of
possibly lesser degree than U(x) such that finding poly�
nomial solutions (step RS3) for the corresponding
U�image will require greater expenditures (for exam�
ple, because the height of the U�image will be too
high).

Below in this paper, we show that, under some nat�
ural assumptions about the algorithm for finding poly�
nomial solutions used on step RS3, complexity of
algorithm , which is a modified version of algo�

rithm , is less than that of  (the concept of
size in this case is refined). We also give some lower
bound for the difference of these complexities.

Let operator L in the equation L(y) = ψ(x) have
form (3). Let us set l = {degb0(x), degb1(x), …,
degbn(x)} and define d as the corresponding dispersion
(see (11)). Let also n denote ordL and h denote height
(20) of the equation. The quadruple (l, d, n, h) is called
a combined size, or simply size, of equation L(y) =
ψ(x). Further in this section, we consider only the
cases where d ≥ 0. For the size components of a
U�image, we introduce the notation lU, dU, nU, and hU
(it can easily be seen that nU = n). The additional nota�
tion rU is used for the degree of the right�hand side of
the U�image. Assuming that the U�image has form
(17), we have rU = degg(x).

Let �l, d, n, h denote the set of all equations of size (l,
d, n, h). From the description of algorithms AU and AB,
it is not difficult to see that, if U(x) and R(x) are results
of application of these algorithms to some equation
from �l, d, n, h, then degU(x) ≤ l(d + 1) and
degdenR(x) ≤ l(d + 1).

Lemma 1. Let the size of equation L(y) = ψ(x) be (l,
d, n, h). Then,

(i) the set M for this equation (see Section 2.1) has not
more than l(d + 1) elements, and

(ii) the height of the equation

1
U x( )
���������

AB〈 〉
AU〈 〉

AU〈 〉 AB〈 〉

AU〈 〉

Es'

AU〈 〉

AU'〈 〉
AU〈 〉 AB〈 〉

hU hl d 1+( ),+≤

lU l n 1–( ), rU h l d n+( );+≤ ≤
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(21)

where

is equal to h (hence, the size of this equation is (l, d, n, h));
the set M for this equation has l(d + 1) elements; the uni�
versal denominator U(x) obtained by algorithm  has
degree l(d + 1); and

with the degree of each coefficient on the left�hand
side of the U�image being equal to l(n – 1).

Proof. (i) The fact that M has not more than l(d + 1)
elements follows from the structure of set (10).

Let G(x) be the least common multiple of the coef�

ficients of operator L , and let L have form (2).

Let

Then,

and degU(x) ≤ s(d + 1). Hence, degG(x) ≤ degU(x) +
ns – 2s ≤ s(d + n – 1) ≤ l(d + n – 1), and we obtain
lU ≤ l + degG(x) – degU(x) ≤ l(n – 1).

It can be derived from the definition of the height
of equation L(y) = ψ(x) that

(22)
From this inequality and degG(x) ≤ l(d + n – 1), it fol�
lows that rU ≤ h + l(d + n).

When clearing the denominators in the equation

(y) = ψ(x), we may start from the multiplica�

tion of both sides of this equation by G(x). This yields
the equation L'(y) = ψ'(x), degψ'(x) = degψ(x) +
degG(x). Increment ω' of operator L' is equal to ω +
degG(x) – degU(x). As has already been noted in Sec�
tion 2.4, polynomial I '(λ) constructed for the operator
L' coincides up to a nonzero scalar factor with

I , i.e., with I(λ – degU(x)). There�

fore,

f x n d+ +( )y x n+( ) x 1+( )ly x n 1–+( )+

+ … x 1+( )ly x 1+( ) f x( )y x( )+ + x 1+( )h l+
,=

f x( ) x 1
t 1+
��������+⎝ ⎠

⎛ ⎞ ,

t 1=

l

∏=

AU'

hU h l d 1+( ), rU+ h l d n+( ),+= =

1
U x( )
���������

s min deggcd U x( ) b0 x( ),( ),{=

deggcd U x( ) bn x n–( ),( ) }.

degden
b0 x( )
U x( )
���������� degU x( ) s,–≤

degden
bn x( )

U x n+( )
����������������� degU x( ) s,–≤

degψ x( ) h ω h l.+≤+≤

L 1
U x( )
���������⎝ ⎠

⎛ ⎞

λ val∞
1

U x( )
���������+⎝ ⎠

⎛ ⎞

ω ' ω degG x( ) degU x( ),–+=

degψ ' x( ) degψ x( ) degG x( ),+=

λ̃ ' λ̃ degU x( ),+=

where  = max({d ∈ � : I '(d) = 0} ∪ {–∞}).
The height of equation L'(y) = ψ'(x) is equal to

and, hence, does not exceed h + l(d + 1). Note that
equation L'(y) = ψ'(x) may differ from the U�image of
equation L(y) = ψ(x) by only nonzero polynomial fac�
tors. As has already been noted in the end of Section
2.4, the multiplication by such a factor does not
change the height of the equation. Therefore, dU ≤ h +
l(d + 1).

(ii) It is easy to see that, for Eq. (21), the set M has
l(d + 1) elements, and the degree of the universal
denominator U(x) obtained by algorithm  is equal
to l(d + 1). The remaining part of the assertion can be
checked directly. �

Further, we consider complexities TB(l, d, n, h) and

TU(l, d, n, h) of algorithms  and  in terms of
the numbers of operations in field k performed in the
worst case. It is easy to see that, if we exclude h from
the components of the combined size (leaving only l,
d, and n), then complexity of each algorithm will be
equal to ∞, since, for given l, d, and n, the equation
may have an arbitrary large height, resulting thus in
arbitrary large expenditures on step RS3. The presence
of component h excludes this possibility. Note also
that the right�hand side ψ(x) satisfies (22); therefore,
the expenditures required for constructing each equa�
tion of form (14) and (15) are bounded if the size of the
original equation is fixed.

The set of all equations of size (l, d, n, h) that,
among all equations from �l, d, n, h, require the greatest
expenditures on the construction of polynomial solu�
tions (or determination of their absence) of the corre�
sponding U�image is denoted as �l, d, n, h. This set may
consist of more than one equation.

Theorem 1. Let the algorithm for finding polynomial
solutions be such that Eq. (21) belongs to �l, d, n, h for all
admissible values of l, d, n, and h. Then, complexities
TB(l, d, n, h) and TU(l, d, n, h) of algorithms  and

 satisfy the inequality TB(l, d, n, h) > TU(l, d, n, h),

with TB(l, d, n, h) – TU(l, d, n, h) = Ω(dln).1

Before proving the theorem, we note that the
assumption that Eq. (21) belongs to set �l, d, n, h (i.e.,
the assumption that the execution of step RS3 of algo�
rithm  applied to this equation requires maxi�
mum expenditures) is quite natural. We do not make
specific which algorithm is used for finding polyno�
mial solutions, but, by the assumption in Section 2.5,
this algorithm uses equation height as a bound of solu�
tion degrees. According to Lemma 1, the height of the

1 We take advantage of the Ω�notation adopted in the complexity
theory, which is used for description of asymptotic lower bounds
(whereas the O�notation is used for description of asymptotic
upper bounds), see, for example, [12] and [4, §2] for detail.

λ̃ '

max degψ ' x( ) ω'– λ̃ ',{ } h degU x( )+=

AU'

AB〈 〉 AU'〈 〉

AB〈 〉

AU'〈 〉
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U�image of Eq. (21) is as large as possible, and the
U�image itself is most “cumbersome” compared to the
U�images of other equations from �l, d, n, h.

Proof of Theorem 1. The set M for Eq. (21) has the
greatest possible number of elements. The number of
the elements of the set M that are divisors of V(x) and
W(x) is equal to 2l; i.e., it also reaches the greatest pos�
sible value (see the last paragraph in Section 2.2).
Therefore, the expenditures of algorithm  on step
RS1, when applied to Eq. (21), reach the largest pos�
sible value. Based on this and on the assumption that
Eq. (21) belongs to set �l, d, n, h, we conclude that

Eq. (21) considered as the input of algorithm 
corresponds to the worst case. The difference TB(l, d, n,
h) – TU(l, d, n, h) is not less than the difference of the
expenditures required for constructing all rational
solutions of Eq. (21) by means of  and . The

application of AB to (21) yields R(x) = , where

U(x) is the universal denominator obtained by algo�
rithm . This is because

in (14) and relation

holds for any p(x) ∈ M in the given case. Therefore, the
expenditures of both algorithms on step RS3 when
applied to (21) are the same. Consider construction of
polynomial U(x) by algorithm  and rational func�

tion  by algorithm . For simplicity, we

assume that the expenditures required for calculation
of each γj, t in (13) coincide with the expenditures
required for calculation of βj, t in (16), as long as
Eqs. (14) and (15) required for algorithm  have
already been constructed (true, as shown in [7],
expenditures of algorithm  on calculation of the
exponents are very small).

By virtue of the fact that, upon writing Eqs. (21) in
form (1), all ai(x) and ϕ(x) have numerators and
denominators to the power l, we find that, if, for exam�
ple, Eq. (14) is constructed for some 1 ≤ N ≤ d + 1,
then, when constructing a similar equation for N + 1,
just the current shift of Eq. (1) will require Ω(nl) opera�
tions in field k. Algorithm AB constructs such equations
for N = 1, 2, …, d + 1, which proves the theorem. �

Remark 2. The above�proved assertion on the differ�
ence TB(l, d, n, h) – TU(l, d, n, h), most likely, can con�
siderably be strengthen. When estimating TB(l, d, n, h) –
TU(l, d, n, h) = Ω(ldn), we did not take into account
“swelling” of the coefficients of Eqs. (14) and (15) as N
increases, owing to which the difference TB(l, d, n, h) –

AU'〈 〉

AU'〈 〉

AB〈 〉 AU'〈 〉
1

U x( )
���������

AU'

vN 1–, x( ) x n– N– 2+( )h 2+

f x d N– 1+ +( )
������������������������������������=

valp x d N– 1+ +( )vN 1–, x( ) 1–=

AU'〈 〉
1

U x( )
��������� AB〈 〉

AB〈 〉

AU'

TU(l, d, n, h) for fixed n and l and increasing d grows
faster than d. Our goal was only to show that the differ�
ence TB(l, d, n, h) – TU(l, d, n, h) is positive and that it
grows when each component n, l, or d of the equation size
grows.

4. EXPERIMENTAL COMPARISON

We carried out experimental comparison of algo�
rithms  and . To this end, they have been
implemented in the computer algebra system Maple
[14]. On step RS1, the implementation of algorithm

 uses the implementation of algorithm 
described in [7], and the implementation of algorithm

 uses the implementation of algorithm AB. The lat�
ter was written specifically for this experiment in accor�
dance with the description presented in Section 2.3.
On step RS3, the implementations of both algorithms

 and  use procedure polysols from the stan�
dard package LREtools available in Maple. The proce�
dure is designed for finding polynomial solutions of
difference equations.

We carried out three experiments.

4.1. Experiment 1

In the first experiment, equations of form (21) from
Lemma 1 were used. Altogether, 27 equations were
used in the experiment. For all equations, h = 6, and
the other parameters took three different values each:
n = 3, 6, 9; l = 2, 4, 6; and d = 5, 10, 15. Each equation
was solved by  and . Results of this experi�
ment are presented in Table 1.

Columns of the table correspond to different values of
d, and each row corresponds to a pair of values of n and l.
Each cell shows the difference of times spent for solving
the corresponding equation by algorithms 〈AB〉 and 
and (in parenthesis) the ratio of this difference to d.

The experiment illustrates the assertion proved in
Theorem 1 and confirms the assumption made in
Remark 2 regarding that, for fixed n and l, the differ�
ence TB(l, d, n, h) – TU(l, d, n, h) grows faster than d.

Parameter h is not shown in the table, since its
value was fixed for all equations and equal to 6. We car�
ried out additional experiments where parameter h
was taken to be 2 and 4. Note that this variation almost
did not affect the results: for example, the increase of
h by three times (from 2 to 6) resulted in variation of
the time difference by less than 3% under fixed values
of the other parameters, which also agrees with the
assertion proved in Theorem 1.

4.2. Experiment 2

In the second experiment, three sets consisting of
20 equations of order n = 2, 4, 6 were used. Each equa�

AU'〈 〉 AB〈 〉

AU'〈 〉 AU'

AB〈 〉

AU'〈 〉 AB〈 〉

AU'〈 〉 AB〈 〉

AU'〈 〉
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tion has fundamental system of solutions consisting of
rational functions. The numerators of these rational
functions are random polynomials of degree from one
through three with integer coefficients varying from –9
to 9, and the denominators are polynomials of degree
from one through three with random integer roots in
the range from –9 to 9. This choice of equations
ensures sharp calculation of denominator bounds
(cannot be improved) obtained by algorithm AB [11,

Theorem 1] and places algorithm  in a more

advantageous position compared to .

The equations in each set were solved by means of

 and . Results of this experiment are pre�

sented in Table 2.

The first column shows the order n of the equations
in the set. The other columns of the table specify
ranges of parameters l and d for the equations in the
corresponding set, ranges of the degrees of the denom�

inators found on step RS1 by algorithms  and AB

applied to the equations from the corresponding set,
and the total times of solution of all equations of the

corresponding set by algorithms  and .

In this experiment, for all sets, the time of solution

by  turns out less than that by  in spite of the

fact that the set of data was advantageous for .

AB〈 〉

AU'〈 〉

AU'〈 〉 AB〈 〉

AU'

AU'〈 〉 AB〈 〉

AU'〈 〉 AB〈 〉

AB〈 〉

4.3. Experiment 3

In the third experiment, eight sets consisting of 20
randomly generated equations of orders n = 3 and 9
with parameters l = 3 and 9 and d = 3 and 9, respec�
tively, were used. For each equation in a set, coeffi�
cients of the equation were polynomials, which were
generated randomly. For the leading and trailing coef�
ficients, a polynomial p(x) of degree l with random
integer roots in the range from –9 to 9 was con�
structed; after this, the leading and trailing coefficients
of the equation were taken to be p(x) and p(x + r),
respectively, where the value of r was determined by
parameter d. The other coefficients were constructed
as polynomials of degree from 1 through l with random
roots in the range from –9 to 9. The equations con�
structed in this way have no nontrivial rational solu�
tions but do have nontrivial universal denominators
and denominator bounds calculated by  and AB,
respectively.

The equations in each set were solved by means of
 and . Results of this experiment are pre�

sented in Table 3.
Each row of the table corresponds to the set given

by the parameters n, l, and d specified in the first three
columns. The other columns of the table specify
ranges of the degrees of the denominators found on
step RS1 by algorithms  and AB applied to the equa�
tions from the corresponding set and the total times of
solution of all equations of the corresponding set by
algorithms  and .

AU'

AU'〈 〉 AB〈 〉

AU'

AU'〈 〉 AB〈 〉

Table 1. Results of experiment 1

n l d = 5 d = 10 d = 15

3 2 0.546 – 0.141 = 0.405 (0.081) 1.438 – 0.125 = 1.313 (0.131) 2.796 – 0.203 = 2.593 (0.173)

3 4 1.359 – 0.235 = 1.124 (0.225) 4.188 – 0.375 = 3.813 (0.381) 9.594 – 0.812 = 8.782 (0.585)

3 6 2.703 – 0.375 = 2.328 (0.466) 10.172 – 0.969 = 9.203 (0.920) 24.937 – 1.734 = 23.203 (1.547)

6 2 0.813 – 0.234 = 0.579 (0.116) 2.015 – 0.328 = 1.687 (0.169) 4.625 – 0.453 = 4.172 (0.278)

6 4 2.313 – 0.672 = 1.641 (0.328) 7.515 – 1.063 = 6.452 (0.645) 17.235 – 2.140 = 15.095 (1.006)

6 6 5.094 – 1.547 = 3.547 (0.709) 18.484 – 3.156 = 15.328 (1.533) 45.656 – 6.094 = 39.562 (2.637)

9 2 1.047 – 0.563 = 0.484 (0.097) 3.062 – 0.671 = 2.391 (0.239) 6.610 – 1.063 = 5.547 (0.370)

9 4 3.687 – 1.328 = 2.359 (0.472) 11.063 – 2.516 = 8.547 (0.855) 25.484 – 4.265 = 21.219 (1.415)

9 6 8.281 – 3.172 = 5.109 (1.022) 28.453 – 6.875 = 21.578 (2.158) 69.672 – 13.328 = 56.344 (3.756)

Table 2. Results of experiment 2

n l d
degU(x) degdenR(x)

AB

Time
〈 〉

Time
〈AB〉

2 4–14 0–16 1–26 1–6 2.813 14.765

4 11–32 9–18 19–47 4–9 13.563 99.828

6 17–47 14–18 23–53 5–12 45.937 340.093

AU' AU'
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Like in the first two experiments, the time spent by
 turned out less than that by  for all sets of

equations.

5. SYSTEMS OF EQUATIONS

Let system (4) be given, where A(x) = (aij(x)) ∈
Matn(k(x)) and A–1(x) = ( (x)) ∈ Matn(k(x)). Let us
define

and set

where u1(x) = denA(x) and u0(x) = denA–1(x).
The set M is defined like in case (6).

Algorithms AU and  are executed in the same
way as in the scalar case, i.e., in accordance with for�
mula (12).

Below is the extension of the algorithm from [11] to
the case of an arbitrary field k of characteristic 0 sug�
gested in [10].

Following [11], we define AN(x) = A(x – 1)A(x –
2)…A(x – N) for all N ∈ �. Matrix A is invertible, and we
can also define A–N = A–1(x)A–1(x + 1)…A–1(x + N – 1).
Then, for each rational solution (5) of system (4), equal�
ities Y(x) = AN(x)Y(x – N) and Y(x) = A–N(x)Y(x + N)
hold.

Let p(x) ∈ Irr(k[x]) and N be a positive integer, 1 ≤
i ≤ n. Let us define B(p(x), N, i) as the minimum value
of function valp(x) for all elements of the ith row of
matrix AN(x). Let set B(p(x), –N, i) be defined like in
(8), t = 1, 2, …, s, and let d = max{d1, d2, …, dt}.

Algorithm AB successively constructs matrices
AN(x) for N = 1, 2, …, d + 1 and, for each t such that
1 ≤ t ≤ s and dt ≥ N – 1, finds B(qt(x + dt – N + 1)), i =
1, 2, …, n. This yields the left lower bounds for

Yi(x), i = 1, 2, …, n. In a similar way, the

AU'〈 〉 AB〈 〉

ãij

denA x( ) lcmi 1=
n

lcmj 1=
n

denaij x( ),=

denA 1– x( ) lcmi 1=
n

lcmj 1=
n

denãij x( )=

V x( ) u1 x 1–( ), W x( ) u0 x( ),= =

AU'

valqt x N 1–+( )

algorithm constructs matrices A–N(x) for N = 1, 2, …,
d + 1 and, for each t such that 1 ≤ t ≤ s and dt ≥ N – 1,
finds B(qt(x + N – 1), –N, i), i = 1, 2, …, n, which
yields the right lower bounds for Yi(x), i =

1, 2, …, n. Out of the two lower bounds for
Yi(x), i = 1, 2, …, n, t = 1, 2, …, s, j = 0, 1, …,

dt, the maximum one is taken and denoted as αi, j, t.
Rational functions

yield a denominator bound for the original system.

Algorithms  and  use rational functions

and, accordingly,

for transforming the original system to a system such
that

are solutions of the transformed system if and only if

is a solution of the original system (analogue of step
RS2), after which it requires to find polynomial solu�
tions (analogue of step RS3) for the transformed sys�
tem.

From general considerations, it is clear that, in the
case of a system, algorithm  requires construc�
tion of matrices AN and A–N, which is associated with
even greater expenditures than those required for con�
struction of Eqs. (14) and (15). This fact was con�
firmed experimentally.

valqt x N 1–+( )

valqt x j+( )

Ri x( ) qt

αi j t, , x j+( ), i
1 t s≤ ≤

0 j dt≤ ≤

∏ 1 2 … n,, , ,= =

AU'〈 〉 AB〈 〉

S1 x( ) S2 x( ) … Sn x( ) 1
U x( )
���������= = = =

Si x( ) Ri x( ), i 1 2 … n,, , ,= =

f1 x( ) f2 x( ) … fn x( ), , ,( )T
,

fi x( ) k x[ ], i∈ 1 2 … n,, , ,=

f1 x( )S1 x( ) f2 x( )S2 x( ) … fn x( )Sn x( ), , ,( )T

AB〈 〉

Table 3. Results of experiment 3

n l d
degU(x) degdenR(x)

AB

Time
〈 〉

Time
〈AB〉

3 3 3 4–6 2–6 0.937 3.313

3 3 9 10–21 9–21 0.985 15.500

3 9 3 4–8 2–8 1.531 7.703

3 9 9 13–37 8–33 1.875 56.922

9 3 3 4–9 2–9 2.250 6.937

9 3 9 10–24 9–24 3.406 38.531

9 9 3 4–9 2–9 4.078 19.297

9 9 9 15–29 12–28 6.922 146.110

AU' AU'
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For such an experiment, algorithms  and

 were extended to the case of systems of equa�
tions and implemented in Maple. Like in the scalar

case, the implementation of algorithm  on step

RS1 uses the implementation of algorithm 
described in [7], and the implementation of algorithm

 uses an implementation of algorithm AB, which
was written specially for this experiment in accordance
with the description given earlier in this section. On

step RS3, the extensions of both algorithms  and

 to the case of systems use procedure Polynomial�
Solution from the standard package LinearFunctional�
Systems available in Maple, which is designed for
finding polynomial solutions of systems of ordinary
equations (including difference ones).

For the experiment, we used three sets consisting of
20 randomly generated systems of order n = 2, 3, and 4.
To generate each system in a set, first, a scalar equation
of order n was randomly generated by a method used
in the experiment from Section 4.2. Then, based on
this equation, the corresponding accompanying sys�
tem was constructed. This system was transformed by
applying a change of variables specified by randomly
generated nonsingular matrices. Zero entries of these
matrices were generated with probability 1/2, and
nonzero entries were rational functions with random
numerators and denominators raised to powers from 1
through 3. Note that, like in the experiment from Sec�
tion 4.2, such system construction ensures sharpness
of bounds of the denominator found by algorithm AB.

Systems in each set were solved by  and .
Results of this experiment are presented in Table 4.

Each row of the table corresponds to the set deter�
mined by parameter n specified in the first column.
The other columns of the table specify ranges of the
degrees of the denominators found on step RS1 by

algorithms  and AB applied to the equations from
the corresponding set and the total times of solution of
all equations of the corresponding set by algorithms

 and .

Like in the experiments for the scalar case dis�

cussed in Section 4, the time spent by  turned out

less than that by  for all sets of equations, in spite
of sharpness (impossibility to improve) of results of AB

on systems in the sets. Note that results of  on sys�
tems from these sets differ considerably from the sharp
results, which can be seen from the ranges of degrees
of the universal denominators found by this algorithm
shown in Table 4.
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Table 4. Results of the experiment with systems

n
degU(x) degdenRi(x)

AB

Time
〈 〉

Time
〈AB〉

2 7–39 2–8 7.216 22.922

3 18–49 3–21 38.859 169.906

4 36–74 5–28 176.829 836.172
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