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ABSTRACT

We describe a new direct algorithm for transforming a linear
system of recurrences into an equivalent one with nonsingu-
lar leading or trailing matrix. Our algorithm, which is an
improvement to the EG elimination method [2], uses only
elementary linear algebra operations (ranks, kernels and de-
terminants) to produce an equation satisfied by the degrees
of the solutions with finite support. As a consequence, we
can bound and compute the polynomial and rational solu-
tions of very general linear functional systems such as sys-
tems of differential or (¢—)difference equations.

1. INTRODUCTION

Let K be a field of characteristic 0 and K [z] a ring of univari-
ate polynomials over K. Using formal power series with re-
spect to suitable bases and the induced recurrences for their
coefficients, we introduced in [5] an algorithm for computing
all the solutions in K [z] of homogeneous and inhomogeneous
functional equations of the form Ly = 0 or Ly = f for a
large class of K-linear maps L : K[z] — KJz]. That algo-
rithm was applicable in particular to linear ordinary differ-
ential, difference and ¢—difference equations with coefficients
in K[z]. In this paper, we generalize that algorithm to a sim-
ilar class of K-linear maps L : K[z]™ — KJz]". As a con-
sequence, we obtain direct algorithms for solving systems of
linear ordinary differential, difference and g—difference equa-
tions, as well as mixed differential/g—difference equations.
Our algorithm, which is based on constructing and trans-
forming a linear recurrence system induced by the initial
functional system, solves the following problems:

(a) Transform a linear recurrence system into an equivalent
one with nonsingular leading or trailing matrix.

(b) Compute the formal power series solutions of a linear
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functional system with polynomial coefficients.

(c) Compute the polynomial solutions of a linear functional
system with polynomial coefficients.

(d) Compute the Laurent series solutions of a linear func-
tional system with polynomial coefficients.

Since the rational solutions of a differential system of the
form Y'(z) = A(z)Y (z) have their poles among the poles of
A(z), points (c) and (d) imply that we can compute all the
rational solutions of such systems. In combination with di-
rect algorithms for bounding the denominators of solutions,
we can also compute all the rational solutions of difference
and g—difference systems of the form Y (z + 1) = A(z)Y (z)
or Y(qz) = A(z)Y (x) (see Section 8).

Our contribution consists in an improvement to the EG—
elimination method [2] for solving problem (a) above, which
is an important component of several computer algebra al-
gorithms besides solving problems (b), (c) and (d). We
neither uncouple the systems nor compute superirreducible
forms as in [3, 7], but only rely on elementary linear alge-
bra operations that can be performed using efficient mod-
ular methods. Our algorithm, which is complete whenever
the functional system is not underdetermined, has been im-
plemented both in the X' library' and in D. Khmelnov’s
LinearFunctionalSystems2 package.

2. INDUCED RECURRENCE SYSTEMS

The algorithm of [5] was based on transforming a K-linear
map L : K[z] — K]Jz] into a recurrence satisfied by the
coefficients, with respect to a suitable basis that depends
on L, of a formal power series solution of Ly = 0. That
transformation was formalized in [6] where it was shown
to be an isomorphism between certain K-algebras of linear
operators acting on polynomials and sequences. We briefly
recall its definition and key properties, referring to [6] for
the proofs and additional details. Let B = (Pp)n>0 be a
persistent sequence of polynomials, i.e. a sequence in K[x]
satisfying:

P1. deg P, = n for n > 0,

P2. P, | P, for 0 <n<m.
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Note that P1 implies that B is a basis of K[z]. Let K[[B]] be
the K—algebra of formal power series of the form Zn>0 cn P
where ¢, € K. Since K[z] can be naturally embedded into
K[[B]] we view it as a subalgebra of K[[B]]. Let K% be the
K-algebra of two—way infinite sequences with entries in K
and « : K[[B]] — K” be the mapping sending >, -, cnPn
to its coefficient sequence ¢ = (cn)nez, extended bftaking
cn =0 for n <0.

We say that an endomorphism L € Endg (K{z]) is compati-
ble with B if there are A, B € N and elements «; , € K for
all n >0 and —A <1¢ < B such that

B
LP, = Z i Pri (1)

i=—A

with P, = 0 for £ < 0. The set of the endomorphisms of
K|[x] compatible with B is a K-algebra, which we denote
Endg(K|[z]). It follows from (1) that every L € Endg(K|[z])
can be extended to a K—-algebra endomorphism of K{[5]] by
linearity.

Let now ¢ : K% — K% be the shift given by ¢(a) = b where
b(n) = a(n+ 1) for n € Z. Let £ be the K—-algebra of
recurrence operators of the form R = Y7__ai(n)¢’ with
r,s €Zand a; € K% for s <i <r. If ay # 0 # a,, then we
write 7 = deg,(R) and s = vg(R). The product in R is the
composition of operators, and is given by ¢-a = ¢(a) - ¢ for
any a € K”. Define Rz : Endg(K[z]) — € by

A
REL= > a intid’

i=—B
where A, B and the «; ,, are given by (1).

THEOREM 1  ([6]). Rs is an isomorphism of K -algebras
between Ends(Klz]) and £.

As a consequence, if Endz (K [z]) contains a skew—polynomial
ring K[z][01,..., 0], then Rp is uniquely determined on it
by Rz and Rgbi,..., Ra0n. For example, K[z][d/dz, o4],
where o4 is the automorphism of K[z] over K that maps
x to gz for a given g € K, is compatible with the power
basis P = (¢")n>0 and Rp is given on Klz|[d/dz,04] by
Rp(z) = 671, Rp(d/dz) = (n+ 1)¢ and Rp(oy) = ¢ Tt
follows that R maps K|xz][d/dz,o,] into K[n,¢"][¢, 6]
Another common example is the ring of linear ordinary dif-
ference operators K[z][o], where o is the automorphism of
K[z] over K that maps z to « + 1. That ring is compatible
with either the binomial coefficient basis ((%))n>0 or the de-
scending factorial basis (z™),>0, and is mapped by R into
K[n][#, ¢~"] with either one.

THEOREM 2  ([6]). For any L € Endz(K|[z]) and any y €
KB}, #Ly = (RaL)(xy).

Theorem 2 reduces finding the solutions y € KJz] of Ly =
f to finding the solutions z € K% with finite support of
(RglL)z = kf. When L is a linear ordinary differential,
difference or ¢-difference equation, RgL is in K[n][¢, ¢ ']
or K[q"][¢, ¢~ !]. Therefore, an upper bound on the support
of solutions with finite support can be obtained as a zero of

the trailing coefficient of RgL. Once that bound is known,
the recurrence RgL can be used to produce formal series
solutions of Ly = f and the polynomial solutions are found
by equating enough terms above the degree bound to O.
This is essentially the algorithm described in [5] and we now
proceed to generalize it to functional systems of the form:

L11 . L1m Y1 fl
Loy ... Lom Y2 fZ

: . =1 (2)
Lyi ... Lem) \ym fr

where L;; € Endg(K|[z]) for 1 < i < rand 1 < j < m.
Applying « to row i of (2) and using Theorem 2 and the
K-linearity of x, we have

K( Lij%) = w(Lijy;) =Y (RsLis)(xy;) -
j=1 j=1 i

J=1
Applying k and Rp pointwise to vectors and matrices, this

proves:

THEOREM 3. For any matriz L with entries in Endg(K[z])
and any Y € K[[B]]™, kLY = (RgL)(rY).

Therefore, finding the solutions ¥ € K[z]™ of LY = F
for a given F' € K[z]" is reduced to finding the solutions
Z € (Kz)m with finite support of (RgL)Z = xF, the lat-
ter being a linear recurrence system for Z, which can be
seen as a sequence of vectors in K™. We remark that the
original equations do not have to be all of the same type,
it is sufficient that their operators all lie in Ends; (K[z]) for
some basis B. For example, systems of mixed differential/q—
difference equations are in the scope of Theorem 3 since
Klz][d/dx,o4) C Endp(K[x]) where P is the power basis.

EXAMPLE 1. Consider the mized differential/q—difference
system:

Y{ (2x) 80z% + 3242 2* -1\ (Vi(x)
(30771/2' (x)) = ( p(z) o(2) ) (Yg(m)) (3)
where
p(z) = 9884804° 4 103771227 + 196928z
and
q(z) = 12356a" + 8029z — 750z” 4 300z — 120.

In operator notation, it becomes

QD — 80z — 3227 1—a* 1\ _,
—p(z) 3077D —q(z)) \Yo) —
where D is d/dz and Q is the automorphism of Q(z) over

Q that maps x to 2z. Using Rp where P is the power bastis,
the induced recurrence system is then

(—g((cf‘)l) 3077(n i_l)ﬁ: q(¢—1)> (%) =0 (4)

where

F(@)=2"(n+1)¢ —80p > —32¢ 2.



3. SOLUTIONS WITH FINITE SUPPORT

We now look for solutions Z € (Km)Z with finite support of
(ReL)Z = kF, which we write as

Ri1 ... Rim
R21 ... Ram

, C|z=c (5)
R ... Rem

where G € K[[B]] is I for a given F' € K[z]™ and R;; =
RpLi; for some L;j in Endg(K|z]). Letting M be the ma-
trix of sequences whose (7, 7)™ entry is the coefficient of ¢* in
Rij, the system (5) is equivalent to (3°,_, Mi(n)¢*)Z = G,
i.e.

t
> Mi(n)Zpyr =G(n) forallneZ (6)
k=s

where s < t € Z and we can assume without loss of gen-
erality that M, and M; are not identically 0. We have the
following generalization of Theorem 1 of [5]:

THEOREM 4. Let L be an r X m malriz with entries in
Ends(Kz]), I' € K[z]", Y € K[z]™ be nonzero and N =
max;(deg(Y;)). If LY = F then either N < s+max;(deg(F;))
or Ker(Ms(N — s)) # 0, where M, is as in (6).

ProoF. Let N = max;(deg(V;)), Z = kY and G = &F.
Then Zny # 0 and Z, = 0 for n > N, so equation (6)
for n = N — s becomes M (N — s)Zy = G(N —s). If
N > s 4+ max;(deg(F;)), then G(N — s) = 0, which implies
that Zny € Ker(M,(N —s)). O

For Theorem 4 to yield degree bounds for the polynomial
solutions of (2), the set {n € Z s.t. Ker(M,(n)) # 0} must
be finite and computable. This implies in particular that
r > m in (2) and that the L;;’s are all mapped by Rz
into A[, 7] for some suitable subalgebra A of KZ. By
suitable, we mean that given a nonzero p € A, the set
Z(p) = {n € Zs.t. p(n) = 0} is finite and can be com-
puted. This hypothesis is satisfied by the classical equa-
tion types as seen in the examples following Theorem 1:
A = K|[n] when the L;;’s are either all differential opera-
tors or all difference operators, A = K|[g"] when the L;;’s
are g—difference operators, and A = K[n, ¢"] when the L;;’s
are mixed differential/q—difference operators. When K is a
finitely generated extension of the rational numbers, Kn]
is suitable, and [4] describes algorithms showing that K[g"]
and K[n, ¢"] are suitable whenever ¢ is not a root of unity.

Assume from now on that the system (2) satisfies the above
hypotheses. If it has a polynomial solution of degree N,
then either N < s + max;(deg(f;)) or det(M)(N —s) =0
for all nonsingular m x m submatrices M of M,. If M, has
rank m, then there is at least one such submatrix, and the
suitability hypothesis on A implies that we can find a finite
set of candidates for V. Remark that this is always the case
for m =1, and we obtain in that case the algorithm of [5].

4. TRANSFORMING THE RECURRENCE

We now describe our improvement to [2] for transforming
the recurrence (6) into an equivalent one, but with M, of
rank m. Write R for the matrix on the left hand side of (5).

LEMMA 1. Suppose that vITR = 0 and vTG # 0 for some
v € (K%)". Then the systems (5) and (2) are inconsistent.

Proo¥. For any solution Z of (5), we have 0 = vTRZ =
vI'G # 0, so (5) is inconsistent. Let u = Rglm L= RglR
and Y be any solution of LY = F where k¥ = G. By
Theorem 1, v'R = 0 implies that YL = 0, hence that
uTF =uTLY = 0. Applying then x and Theorem 3 we get
0 = sk(uTF) = Re(uT)sF = vTG # 0, so (2) is inconsis-
tent. [

Let d;(R) = max;(deg,(R;;)) for each i. Suppose that
rk(M,) < m and let then v € Ker(M,”) be nonzero and
w=v"R. If w=0and vI'G # 0, then (5) and (2) are in-
consistent by Lemma 1. Otherwise, let [, = {i s.t. v; # 0}
and d = maxier, (di(R)), and choose i9 € I, such that
diy(R) = d. If w = 0 and v"G = 0, then let R be R
with row ip removed and G’ be G with the %' entry re-
moved. Finally, if w # 0, then let R’ be R with row ip
replaced by (¢~ wy,..., ¢ 'w,) and G’ be G with the o™
entry replaced by ¢! (v G). In both cases, replace RZ = G
by R'Z = @' and repeat the above procedure until either
M, has rank m or strictly less than m rows.

By construction, RZ = G = R'Z = G’ in both cases, so
the solutions of (5) appear among the solutions of R'Z = G'.
We now prove that the above algorithm terminates: since
vIT My =0, vg(w;) > s for 1 < j < m, so vg(p tw;) > s,
which implies that vg(R;;) > s for all 7,5. Since v € A",
degy(w;) < d for 1 < j < m, so diy(R') < di,(R), which
implies that >, d;(R') < }_.di(R). Therefore, replacing
RZ =G by R'Z = ', we have decreased either the number
of rows of (5) or >, d:(R). Since ). d:(R) > rs, the algo-
rithm must terminate when either M, has rank m or the
system (5) has strictly less than m rows (in which case we
fail to produce a degree bound since the system is in fact
underdetermined).

ExaMPLE 2. Continuing Ezample 1, we rewrile the recur-
rence system (4) as

2" (n+1) 0 0 1
( 0 307T7(n+ 1)) Znt1 ¥ (o 120> Zn

0 0 —32 0
+ (—196928 —300) Zn-1 (—1037712 750) n=

—80 0 0 -1
+ (—988480 —8029) Zn=s (0 —12356) Zn-a =0
The trailing matriz is singular and its left kernel is generated
by v = (12356, —1)T. Letting R be the matriz on the left

hand side of (4) and replacing its second row by ¢ *v' R,
we get the new system

2"(n+1) 0 0 1
( 0 0) Zntr F (12356712”’1 —3077n) Zn
0 0 —32 0
+ (0 12236) Zno1 (196928 300) Zn2

—80 0 0 -1
+ (642320 —750> Zn=s t (0 8029> In-a=0



Continuing this process several times eventually yields a re-
currence with a nonsingular trailing matriz whose determi-
nant is 2" %(n — 4) — 80 times a positive integer constant.
It is easy to find (see for example [4, §4]) that its only
positive integer root is n = 9, so Theorem /4 implies that
max(deg(Y1),deg(Y2)) = 5 for any nonzero polynomial so-
lution of (3). Using for example undetermined coefficients,
we find that the polynomial solution space of (8) is generated

by
Y = 2+t —1
“ \ —80zt — 11223 — 3242

REMARK 1. The above algorithm can also be used to o0b-
tain an equivalent recurrence with My of rank m rather than
M,: we stmply use a nonzero v € Ker(MtT) and choose
to € I, such that vi,(R) is minimal for i € I,, where
vi(R) = min;(ve(Rij)). When w = vI'R # 0, we replace
Ri, by (¢wr, ..., ¢wm) and the io™ entry of G by ¢(v7G).
Otherwise we either prove inconsistency of the system or
remove R;, as previously. Since each step either decreases
the number of rows or increases Y. vi(R), which is bounded
above by rt, this process terminates either when M has rank
m or the system has strictly less than m rows.

We conclude this section with a note on the solution space
of (5) as it evolves through the algorithm. As we have seen,
RZ = G = R'Z = G' by construction, but the con-
verse does not always hold: if R'Z = G', then it is easy
to see that viyRiyZ = v;,Gs, and R;Z = G; for ¢ # 1o,
where R; and G; denote the i*" row of R and i** entry of
G respectively. Viewing R;,Z = G, as an infinite number
of linear constraints on the values of the entries of 7, we
see that they do not always follow from v;, Ri, Z = v, G5,
because of the possible zeroes of v;;. Since v;, is not iden-
tically O, our suitability hypothesis on A implies that the
set Z(viy) = {n € Zs.t. viy(n) = 0} is finite and can be
computed. We then have
RZ=d",
Vn € Z(vig), Ef@:s Mu,ig () Znyr = G (n() )
7
where My, and G;, denote the ioth row of M and ioth
entry of GG respectively. Keeping the finitely many linear
constraints appearing in (7) at each step through the algo-
rithm makes it possible to replace the recurrence system (5)
by the one produced by the algorithm when it terminates.
While this step is optional when computing degree bounds,
it becomes necessary when we use (6) to generate the solu-
tion space.

RZ:G@{

S. VALID INPUTS

Since the above algorithm fails when the number of rows
drops below m, we investigate in this section what hypothe-
sis on the initial system guarantees that the algorithm never
reaches that situation (and therefore either proves incon-
sistency or obtains a degree bound). It turns out to be
sufficient to require that the original linear system not be
underdetermined. We say that a ring S is a left Ore domain
if S has no zero divisors and if any two nonzero elements of
S have a nonzero common left multiple in S.

LEMMA 2. If the suitable subalgebra A of KZ is an integral
domain, then A[$, ¢ '] is a left Ore domain.

ProOF. The skew-polynomial ring F[¢] is a left Ore do-
main [8] where F' is the fraction field of A. Since every
a € A[p,67'] can be written as a = ¢ °a’ where s > 0
and o’ € A[g], it follows that A[#, ¢ '] has no zero divisors.
Let a,b € Alp, ¢~ "], write a = ¢~ °a’ and b = ¢~ b’ where
s,t >0 and a',b' € Al¢], and let ¢ € F[¢] be a nonzero left
common multiple of a’ and ' in F[¢]. Then, ¢ =a''a’ = 5"V’
for some a"’,b" € F[$]. Let d € A be a nonzero common
multiple of the denominators of the coefficients of a” and b".
Then, de = da"a' = da" ¢a = db"'b" = db"¢'b is a nonzero
left common multiple of a and b in Al¢]. O

The next result uses the notion of rank of a module over a
left Ore domain [9, §0.9].

TueoREM 5. If the suitable subalgebra A of K% is an in-
tegral domain and the left module generated over A[b, ¢~ "]
by the rows of the matriz R appearing on the left hand side
of (5) has rank m, then the algorithm of Section 4 either
proves that (2) is inconsistent, or it terminates with a ma-
trix Ms of rank m.

Proor. For a matrix M with entries in A[¢, ¢™], we write
M; for the i*® row of M and M(M) for the left module
generated by the M;’s over A[¢,# ]. Using the notations
of the algorithm, if v R = 0, then R’ is R with the row 4o
removed, so M(R') is a submodule of M(R). Otherwise, R’
is R with row 7o replaced by Rj, =3, ¢ 'viRi € M(R), so
M(R') is again a submodule of M(R). Therefore, in both
cases the sequence

0— M(R)— M(R) = M(R)/M(R) =0

is a short exact sequence of left A[¢, #~']-modules, which
implies ([9, Prop. 9.3]) that

rkM(R) = tk M(R') + tk(M(R)/ M(R)) .
Furthermore, if vI'R = 0, then v, Riy = —
M(R'). Otherwise,

(¢_1vi0)Ri0 = R;o - Z ¢_1viRi € M(R’) .
i

i1 vilti €

Therefore, in both cases there is a nonzero a € A[¢, ¢~ ']
such that aRy, € M(R'). Let u = tRi, + 3, sifti €
M(R) where t and the s;’s are in A[p, ¢~ ']. If ¢ = 0, then
u € M(R'). Otherwise, let ¢'t = a’a be a nonzero common
left multiple of ¢ and a in A, '] (Lemma 2). Then,

tu=1t"tRi, + Y t'siRi =d'aRsy, + »_t's;Ri € M(R').
i#ig i#ig

This implies that M(R)/M(R') is a torsion module, so it

has rank 0 and rkM(R) = rkM(R'). Therefore the rank

of M(R) remains constant throughout the algorithm, so if

rkM(R) = m when it starts, it cannot produce a matrix

with fewer than m rows. [

The rank condition appearing in Theorem 5 is in fact equiv-
alent to requiring that the system (2) not be underdeter-
mined:

COROLLARY 1. If the suitable subalgebra A of K% is an in-
tegral domain and the matriz on the left hand side of (2) has
m linearly independent rows over R~ (Alp, ™)), then the
algorithm of Section 4 either proves that (2) is inconsistent,
or it terminates with a matric M, of rank m.



PrOOF. Since Rz is an isomorphism of K—algebras, if there
are m linearly independent rows over R~ ' (A[é, ¢~ ]), then
their images under R form a linearly independent subset of
M(R) over the fraction field of A[p, ¢~ '], which implies that
the rank of M(R) is m and Theorem 5 can be applied. [

First order systems of the form

d1
0-B|y=F (8)
dm

where d1,...,dn € K[z], B is a square matrix with entries
in K[z], I is a vector with entries in K[z] and ¢ is either
the derivation d/dz, the shift oz = x + 1 or the g—shift
oqr = gz, satisfy the hypotheses of Corollary 1 whenever
di...dm # 0[2], so our algorithm always yields a degree
bound for such systems.

6. COMPLEXITY AND REFINEMENTS

The algorithm of Section 4 only needs to compute ranks,
determinants and nonzero elements of the kernels of matri-
ces with entries in A. When A is a polynomial ring over
K, which is the case for differential and (g—)difference equa-
tions, we can use modular and probabilistic methods such
as [12] for testing whether the rank is m, [1, §7] for deter-
minants and [11] for elements of the kernel. The worst—case
complexity of those methods is c(r + m)p?d® field opera-
tions in K, where p is the rank of M;, d is a bound on
the degrees of its entries and c is a positive constant. Since
our algorithm loops at most r(¢ — s + 1) times, the com-
plexity of producing the equation for the degree bound is
er(t — s)(r + m)m?d?® field operations in K. This indicates
that it is better not to convert systems of higher—order op-
erators to larger first—order systems. For example, when the
recurrence system is produced from a linear differential sys-
tem of m equations of order v with polynomial coefficients
of degree 6, then d = v and ¢t — s < 6§ + v, so the above
complexity becomes cr(6 4 v)(r +m)m?v? or ¢(6 + v)vim*
when the system is square. Remark that it is linear in the
degree of the polynomial coefficients because the entries of
the matrix coefficients of the recurrences do not depend on
that degree.

Note that [11] is not guaranteed to return the full kernel, and
that its cost increases for each additional kernel element,
which is why we used only one nonzero v € Ker(M,”) in
Section 4. However, if we use algorithms, such as fraction—
free Gaussian elimination or the modular method of [10],
that can produce several linearly independent elements of
Ker(M,T), then we can use those elements together in order
to decrease the number of times our algorithm must loop.
Suppose that we have computed a v X r matrix U of rank
v such that UM, = 0. Pick v” to be any row of U. Then
vT M, = 0, so apply the algorithm of Section 4 using v and
suppose that this leads to the transformation or elimination
of the ip*® row of M,. Then, v;, # 0, so use fraction—free
Gaussian elimination on U to zero out the column iy except
for vs,. Removing the row of U corresponding to v, we
obtain a new matrix U’ of rank v — 1 whose column ig is 0
and such that U' M, = 0. We can repeat this process until
all the rows of U have been used.

Additionally, instead of using any row of U, we can try first
to find a linear combination vT of the rows of U that provides
the maximal decrease of 3, di(R): since UM, = 0, we solve
vI'UM,11 = 0 obtaining a matrix U" such that U" M, =
U" M, = 0, then solve v" U" M,4s = 0 and continue as long
as there are nonzero solutions for v. This yields a vector v
that maximizes k such that vT M, = --- = vTMS+k =0. We
then pick ¢ such that v; # 0 and replace row i of U by vT
and use v first in the above algorithm.

7. SOLVING THE RECURRENCE SYSTEM

Once we have a bound N > 0 for the degree of the solu-
tions Y € K[z]™ of (1), we can always use the undeter-
mined coefficients method to find all such solutions. How-
ever, this method has a cost of cm®N?® operations in K for
some positive constant ¢ since there are m(N + 1) unknown
coefficients. Instead, we can get an algorithm whose com-
plexity is linear in N by generalizing the method of [5] to
the recurrence (6). Note first that when using the algorithm
of Section 4 to make M; nonsingular rather than M, (see
Remark 1), Theorem 5 and Corollary 1 remain valid, so
assuming that their hypotheses hold, we either prove that
the system is inconsistent or obtain M; of rank m. When
that is the case, if we have more than m equations, then
Ker(M:T) # 0, so we can continue this algorithm until we
have exactly m equations (this must happen since we cannot
increase ). vi(R) beyond rt). Therefore, we are reduced to
finding the solutions Z of support contained in {0, ..., N} of
a system of the form (6) where the M},’s are square matrices
and M, is nonsingular. In addition the values of the entries
of Z must satisfy a finite number of linear constraints of the
form (7) that have been produced by the algorithm. Since
A is an integral domain and M, is square and nonsingular,
we can use fraction—free gaussian elimination to compute a
nonsingular matrix B with entries in A such that BM; is
nonsingular and diagonal. Multiplying (6) by B on the left
yields

di(n)
Znyt = 9)
dm(n)
B(n)G(n) — Y B(n)My(n)Znr

foralln € Z,whered,...,d, € K[z] aresuchthatd; ...dm
is not identically 0. Given initial conditions with undeter-
mined coeflicients for Z, we use (9) with increasing values of
n to express the entries of Z,, 4+ as linear forms in those un-
determined coefficients until Zn4+s4++ has been determined
where N is the degree bound. When d;(n) = 0 for some
n, we add a new undetermined coefficient for the i*" entry
of Z, 4+ and add the linear constraint obtained by equating
the i*® row of the right hand side of (9) to 0, as well as
the linear constraints obtained from specializing (6) at that
value of n (since B(n) can be singular — note that B(n)
is nonsingular whenever [], d:(n) # 0). We then obtain a
linear system for the undetermined coefficients by taking all
the constraints (7) together with the ones obtained from the
zeroes of the d;’s, and extend that system by equating Z,
with B(n)G(n) for N < n < N + s+t and solve it over
K. Its solutions then yield the general polynomial solution

of (2).



8. RATIONAL SOLUTIONS

The power basis P = (z"),>0 can be extended to the basis
(z™)nez of the field of Laurent series K((z)), and the de-
finition of compatibility extended by saying that (1) must
hold for all n € Z. Similarly, the map x : K[[z]] — K”
can be extended to a map K((z)) — K% by taking the co-
efficient sequence of the Laurent series, completed on the
left by zeroes. Define then v, : K(z)* — Z by v.(p) =
max{n such that z™ | p} and v.(p/q) = v=(p) — v=(q) for
p,q € Klz] \ {0}. In that context, Theorem 2 still holds,
and we have the following analogue of Theorem 4.

THEOREM 6. Let P = (z")nez, L be an r X m matrizc with
entries in Endp(K[z]), F € K(z)", Y € K(x)™ be nonzero
and N = min;(v,(Y7)). If LY = F then either N >t +
min; (ve (F;)) or Ker(M (N —t)) # 0, where M, is as in (6).

PrOOF. Let N = min;(v2(Y3)), Z = kY and G = xF. Then
Zn #0and Z, =0 for n < N, so equation (6) for n = N —t
becomes My (N —t)Zn = G(N —t). f N < t+min;(v.(F3;)),
then G(N —t) = 0, which implies that Zy € Ker(M(N —
t)). O

If M, has rank m, then Theorem 6 yields a lower bound for
min; (v(Y;)), i.e. an upper bound on the power of x that
divides the denominator of any nonzero rational solution.
Otherwise, if the hypotheses of Corollary 1 hold, then, as
explained in Remark 1, we can use the algorithm of Section 4
to transform the recurrence until M; has rank m.

8.1 Differential equations

Suppose that all the L;;’s in the original system (2) are
in K[z][d/dz]. Given any irreducible p € Kl[z], we use
the change of variable X = 2 — o where « is the image
of z in E = KJ[z]/(p) to get a new system with entries in
E[X][d/dX]. Since E[X][d/dX] is compatible with (X" )¢z,
applying the above method in E[X], we get an upper bound
on the power of p that divides the denominator of any nonzero
rational solution of the original system. This means that we
can compute all its rational solutions that have their poles
in a prescribed finite set. If in addition, the original system
is of the form Zfzo AiY(i) = F where the A;’s are square
matrices with entries in K[z], £ has entries in K[z] and A,
is diagonal and nonsingular, then any rational solution Y
must have its finite poles among the zeroes of the determi-
nant of A;, so we can use our algorithm at all its irreducible
factors to compute all the rational solutions.

8.2 Difference equations

For a difference system of the form Y (z +1) — AY (z) = F
where A and F have entries in K (z), we can use either [3]
or [13] to compute a universal denominator d € K|[z] such
that the denominator of any nonzero rational solution di-
vides d. Replacing Y by Y'/d, we use our algorithm to get
the polynomial solutions Y, thereby obtaining all the ratio-
nal solutions.

8.3 qg-Difference equations

Suppose finally that all the L;;’s in the original system (2)
are in K[z][oq], where o4 is the automorphism of K[x] over
K that maps = to gz for a given ¢ € K. Since K[z][o,] is
compatible with (z"),cz, applying the above method yields

an upper bound v > 0 on the power of x that can appear in
the denominator of a nonzero rational solution. If in addi-
tion, the original system is of the form Y (qz) — AY (z) = F,
where A and F have entries in K(x), then the algorithm
of [3] can be applied to compute a universal denominator
d € K[z] such that the denominator of any nonzero ratio-
nal solution divides z7d. Replacing Y by Y'/z7d, we use
our algorithm to get the polynomial solutions Y, thereby
obtaining all the rational solutions.
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