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Abstract

We propose a new algorithm for indefinite rational summa-
tion which, given a rational function F'(z), extracts a ratio-
nal part R(z) from the indefinite sum of F(z):

> F@)=R@)+ Y H(x).

If H(z) is not equal to 0 then the denominator of this ratio-
nal function has the lowest possible degree. We then solve
the same probleme in the g-difference case.

1 The decomposition problem

We discuss here the problem of indefinite summation of ra-
tional functions. This problem is equivalent to the problem
of solving the difference equation

y(z+1) —y(z) = F(x) (1)

where F'(x) is a rational function over a field K of charac-
teristic 0. The decomposition problem is to find whether (1)
has a rational solution, and if it does not, then to extract
an additive rational part R(z) from the solution s.t. the re-
maining part satisfies a simpler difference equation, where
the denominator of the new right-hand side has the lowest
possible degree. This gives an equality

> F(z)=R(x)+ Y H(x) (2)

where H(x) is a rational function whose denominator has the
lowest possible degree. Similar algorithms are well known
in integration theory: we have in mind especially the al-
gorithms of M.V.Ostrogradsky [Ost1845] and Ch.Hermite
[Her1872). (Some people mistakenly attribute the algorithm
of Ostrogradsky to E. Horowitz.)

Note that by Y F(z) we denote the set of all solutions
of (1), and the same for Y H(x) etc... This is an analogue
of the indefinite integral. If those functions take on integer
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values then we can use some integer bounds s < t for our
sums:

> F(z)=R(t+1)—R(s)+ > H(x).

It is probable that the publication [Abr75] was the first
in which the rational and nonrational parts were computed
in an algorithmic way. In [Pau93], P.Paule introduced the
concept of shift-saturated extension which allows one to give
some useful explicit formulas, and presented two new algo-
rithms to construct (2). One works iteratively and is similar
to Hermite’s algorithm. The other is an analogue of the
algorithm of Ostrogradsky. Neither of them requires full
factorization of polynomials.

Our old algorithm [Abr75] works iteratively. In the next
paragraph we discuss a new algorithm which is an analogue
of the algorithm of Ostrogradsky. We will compare it with
Paule’s algorithm.

2 A new algorithm to solve the decomposition problem

We can assume that F'(z) is a proper rational function (the
degree of its numerator is lower than the degree of the de-
nominator). If the degree of the numerator of F(z) is not
lower than the degree of its denuminator, then one can ex-
tract the polynomial part p(x) from F(z):

F(z) = p(z) + F* (),

where F*(z) is a proper rational function. A polynomial
q(x) s.t. g(x +1) — g(x) = p(z) can be found, so our main
goal will be finding a solution of the decomposition problem
when F(z) is a proper rational function. From here on we
will consider only this case.

Consider (1) again. We temporarily replace the coeffi-
cient field K by its algebraic closure K. The partial fraction
decomposition of F'(z) has the form

F)=Y" Z (:057;)3 (3)

i=1 j=1

Write a; ~ o if a; — a5 is an integer. Obviously, ~ is an
equivalence relation in the set {a1,...,am}. Each of the
corresponding equivalence classes has a largest element in
the sense that the other elements of the class are obtained
by subtracting positive integers from it. Let ai,...,ax be



the largest elements of all the classes (k < m). Then (3) can
be rewritten as

=303 e

=1 j=1

(4)
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Here E is the shift operator: Ef(x) = f(z + 1) for any
function f(z), and M;;(E) is a linear difference operator
with constant coefficients (a polynomial in E over K).

Let F(z) have the form (4) and suppose that (1) pos-
sesses a solution R(z) € K(x). The rational fuction R(z)
can be written in a form analogous to (4):

> rae)

=1 j=1

()

m—az)ﬂ

This presentation is unique and therefore
Lij(E)(E —1) = Mi;(E). (6)

So, a necessary and sufficient condition for existence of a ra-
tional solution of (1) is that foralli =1,...,k; 7 =1,...,1
there is an operator L;;(E) s.t. (6) holds. Then, (1) has the
solution (5) and all the other rational solutions of (1) can
be obtained by adding arbitrary constants.

Example 1 Let

Fz) = —3z+4 -3z +4 _
T a3 -3x2 422 x(r— D(z—2)
=(2E*-E-1)— !
x—2
We have 2E% — E — 1 = (2E + 1)(E — 1). Therefore (1) in

this case has the rational solution

R(z) = (2B +1)—— = G _3;3)(‘:05_ 35

Example 2 If the denominator of F(z) is equal to z(z —
1)%(z — 2)(x — 4)® then (1) has no rational solution because
we have in (4) the term M (FE ) 4)3 with deg M (E) = 0.

Let _
Lij(E) = Li; (E)E™
where z/ij is not divisible by E,j =1,...,1;, and
oy = min{vij, Yig+1, -, Yit,
Tijg = max{deg Lij, deg Li7j+1, e ,deg L“i};

i=1,..,kji=1,...,1.
It is easy to see that the polynomial

i Tij %%

ko
=IIII Il G-aitou+m (7)

is divisible by the denominator of (5). The polynomial (7)
can be found without full factorization of polynomials. To
show that, we note the following: it is obvious that

Ti, — 04, = max{T;, — Tigseey Tiy, — oili},
t=1,...,k. Let

p:max{nl — 011+, Tk, —Uk1}-

Let a(x) be the denominator of F(z). Then p can be com-
puted as the largest nonnegative integer root hi of the poly-
nomial 7(h) = Resg(a(z—1),a(x+h)) and if there is no such
root then (1) has no solution in K(z); in such a case, as will
be made clear below, we may set R(x) = 0 and H(z) = F(x)
in (2). Let now h; be such a root. We can easy find the
product of all polynomials of the form

Til =041
(r — i +0i1 +m)

m=0
for all 7 s.t. 741
d(z) = ged(a(z — 1),a(z + h1))

and to compute

— 0i1 = p. Indeed, it is enough to find

d(z)d(z —1)...d(z — h1).

The process can be continued, yielding the following al-
gorithm to compute (7):

A(z) :=a(z — 1); B(z) == a(:c);u(x) =1
find all nonnegative integers h1 > ... > hm,
1,.

s.t. degged(A(z),B(z + hi)) >0, i=1,...,m;
let di(z) = ged(A(x), B(x + hi)),i=1,...,m;
k:=0;
while m >k do

k:=k+ 1,

se(x) == dr(z)dr(z — 1) ... dp(z — hi);
u(z) i= u(x)sy(z);
Ji=k
for i=k+1,k+2,....m do
di(x) := di(z)/ged(di(), s (x));
if degd;(z) >0
then j:=j+1; dj(z) := di(x); h; := h;
fi
od;
m:=j
od.

Thus, we need neither full factorization nor the use of
elements of K in our computation.

The denominator found by Paule’s algorithm [Pau93] is
equal to

k Tii—o;
H 11_[1:c—ozi+ai1+m)li. (8)

m=0

Comparing (7) with (9) shows that the former divides the
latter and is of lower degree in general.

Example 3 Let

Fy=-2-_-2_, L, 2 1,
Tz (412 41 (2422 z42

1 " 1 _ 1

x+3 (z+4)? (z+5)?

(the function is taken in the decomposed form for clarity
only; the algorithm deals with the denominator

a(z) = 2(z+1)*(@+2)*(@+3)(z +4)°(+5)°  (9)
taken in nonfactorized form). In this case

Role 2, L
Tz (412 242 (z+4)%

+




and the denominator of R(z) is
(x4 1) (x4 2)(z + 4)°.

All the a;’s in our case are equivalent and a1 = 0 is the
largest element:

+(E3—E2+E—1)1

0
x

F(z) = (—E° + E* + 2E* — 2E) !

x2

R(z) = (—E* 4 2B) >

xr2

1
E*+1)=
+(£° + )x

We have 11 = 0,012 = 1,711 = 712 = 4. Both the above
algorithm and formula (7) give the same polynomial u(z):

(x4 1) (x4 2)%(x + 3)*(x + 4)°.
Paule’s algorithm gives the denominator
(x(x +1)(z +2)(z + 3)(z +4)).

Note that the same polynomial u(z) can be computed
by this simpler algorithm (see [Abr95]):

A(z) :=a(z — 1); B(z) := a(z);u(z) =1,
R(h) = Res.(A(z), Bz +h));
if R(h) has some nonnegative integer root then
N := largest nonnegative integer root of R(h);
for 1=0,1,....,N do
d(z) = ged(A(z), Bz +1));

fi.

But the algorithm given earlier is more adequate for our
goal of computing not only the denominator of R(z), but the
corresponding denominator of H(x) as well: in the earlier
algorithm, every product

sk(:c) = dk(x)dk(x — 1) .. dk(x — hk)

is such that dg(x),...,dg(x — hy) are pairwise relatively
prime (we emphasize however, that the polynomial u(z) is
the same in both cases). In addition, in our algorithm for
constructing the denominator of H (z) together with the de-
nominator of R(z) (see below) we use the polynomials sy (z)
in the order

sm(T)y...,s1(x).

It is not surprising, then, that all the s; are stored.

It is likely that this algorithm gives the smallest denom-
inator u(x) that it is possible to predict without taking the
numerator into account.

The algorithm [AbrKva93] can be used for computing
di(x),...,dg(x) efficiently.

Going back to (4) and (6), if at least one polynomial
M;;(FE) is not divisible by E — 1 then (1) has no rational
solution. We want then to construct (2). Let (4) have only
one term, and let us write this term for simplicity in the
form

M(B)——, j>1.

(z—a)

Then our problem can be solved by computing the quotient
L(E) and the remainder u:

M(E)=LE)YE -1)+w, weK. (10)

We can write the right-hand side of (2) in the form

1 w
MGy * 2Ty

The denominator of the rational function under the sign of
the indefinite sum has obviously the lowest possible degree.

Note that instead of (10) one can consider the reduction
modulo E — 1 of the form

M(E)=V(E)E -1)+vE°v €K,

where ¢ is some convenient nonnegative integer. It is easy
to see that if ¢ < deg M(E) then degV(E) < deg L(E). If
M(E) = M;;(E) then we can take ¢ = d;, where J; is s.t.
M;,;, is divisible by E% and is not divisible by E%*!. Thus
(7) can be used as a denominator of the rational part, i.e.
of R(z), and

k
[ - ai+8)" (11)
i=1

as a denominator of H(z). If we compute the numerator of

H(x) corresponding to the denominator (11) then we can

obtain a reducible fraction. We will get the lowest possible

degree denominator after reducing this fraction.

Example 4 Let F(z) have the denominator (7) then for-
mula (11) gives us (z 4+ 1)2. The numerator of F(z) can be
chosen s.t. H(z) = 0 in (2) (as in Example 3). If H(z) is
nonzero and if its denominator has lowest possible degree
then its degree is 1 or 2. We can choose the presentation (2)
s.t. the denominator is equal to = + 1 in the first case, and
to (x + 1)? in the second case. If

1 1
F(z) = (-E° + E* +2E* - 2B)— + (B> - E*+E+ -
then since

—E°+ E'+2E° —-2E = (—E" +2E)(E - 1),

EP-E*+E+1=(E°-1)(E—-1)+2E

we can take

R(z) = (—E' + 2E)xi2 (B2 — 1)l

;7
H(z) = 26>
—oml.
It

F(z) = (B + B* + 2B — 2F) — + (B> - B> + E +1)~
X

z
then since
E° + E* +2F* - 2E = (E" + 2E° + 2E° + 4E)(E — 1) + 3E

we can take

+(E2—1)1

)
T

R(z) = (E" + 2E® + 2E” + 4F) L

z?
1 1
H(z)=3E— +2B-.

If we already have expressions (7) and (11) for some con-
crete F'(z) then the numerators of R(xz) and H(x) can be



found by the method of unknown coefficients. To construct
a system of linear algebraic equations we use that R(x) and
H (x) are proper rational functions and that

F(z) = R(zx +1) — R(z) + H(z).

The functions R(x), H(z) must be reduced after their con-
struction.

How we can construct (11) without the full factorization
of a(z), the denominator of F(z)? Note that (11) includes
all the factors of a(z) which are relatively prime with the
least common multple (Iem) of the denominators of R(z)
and R(z + 1). The lem is equal to

di(x+1)...dn(z+ Du(x).
Additionaly, (11) includes some factors of
dl(x — hl), ceey dm(:c — hm),

taken to particular powers.

The computation of (11) can be combined with the com-
putation of (7). But first we have to know how to do the
following: Let g(z),d(x) € K[z], h be a nonnegative integer
and

s(z) =d(z)d(z —1)...d(x — h).

Let
d(z),d(x —1),...,d(z — h)

be pairwise relatively prime. Let

g9(x) = pi* (x)p3* (x) ... (12)

be the full factorization of g(z) over K. Assume that for no
pair p;(x), pj(x) in (12) p;(z) equals p;(z+1) for an integer .
We must extract from s(x) all the irreducible factors which
are of the form p;(x) and from d(x — h) all the irreducible
factors which are not of the form p;(x—1),0 < I < h. Finally,
g(z) must be multiplied by these factors.

All this can be achieved by the procedure, which uses
only g(x) itself rather than its factored form (11):

procedure nonrational (g(x),d(z), h, s(x));
[(@) = ged(g(x), 5(2));
while deg f(z) >0 do
9(x) := g(x) f(z);
s(z) = s(x)/f(x);
f(@) = ged(g(x), 5(2))

od;
e(x) = d(x);
for [=1,2,...,h do

e(x) == e(x)/ged(e(x), g(x));
Od('z(x) =e(x—1)
e(x) := e(z)/ged(e(x), g(x));
9(x) := g(x)e(x).

The complete algorithm can now be given as follows.

input:a(x) is the denominator of the right-hand side of (1);
output:u(x), g(x) are polynomials that can be used as the
denominators of R(z) and H(x) (see (2));

A(z) := a(z — 1); B(z) := a(z);u(z) := 1, 9(z) := a(z);
find all nonnegative integers h1 > ... > hm,

s.t. degged(A(z),B(z + h:)) >0, i=1,...,m;

let di(z) = ged(A(x), B(x + hi)),i=1,...,m;

k — )

)

while m >k do

k:=k+1;
se(x) i=dp(x)dr(z — 1) ... dp(z — hi);
u(z) := u(x)sy(z);
9(x) = 9(x)/ged(g(x), di(z + 1)si(x));
%c;;i’:k—l—l?k—i—l.‘.,m do

di(w) = di(z)/ged(d(z), 58(2));

if degd;(z) >0

“then Jj=7+1 dj(x) :=di(x); hj == h;

fi
od;
m:=j
od;
for k=m,m—1,...,1 do
call nonrational (g(x), dr(x), hi, sk(z))
od.

Remark that we need neither full factorization nor the
use of elements of K in our computation.

3 The decomposition problem in the ¢-difference case

A g-analogue of (1) is the equation
y(qz) —y(z) = F(z) (13)

where F(z) € K(z), ¢ € K is not zero and not a root of
unity.

The g-analogue of the decomposition problem is to find
whether (13) has a rational solution, and if it does not, then
to extract an additive rational part R(x) from the solution
s.t. the remaining part satisfies a simpler g-difference equa-
tion, where the denominator of the new right-hand side has
the lowest possible degree. This gives an equality

Y2 F(x) = R(z) + DJqH(x) (14)
where H(x) is a rational function whose denominator has
the lowest possible degree. Note that by ZqF(m) we denote

the set of all solutions of (13), and the same for ZqH(:c)
etc... If those functions take on values in {1, ¢,q¢?,...} then
we can use some integer bounds s < t for our sums:

> F(@') = R(a"™) — R(¢*) + Y H(d").

Note that the equation

m

y(gr) —y(z) = 2™,
where m is a nonzero integer, has the rational solution

1 m

It is easy to show that if m = 0 then that equation has no
rational solution. We can write a given rational function
F(z) in the form

a— a—w *
F(x):avscv+...+a1x+a0+71—|—...—|—x—w—|—F (x)

where a—w,...,a-1,a0,a1,...,a, € K, F*(z) € K(z) and
F*(z) is a proper rational function which does not have a



pole at x = 0. After solving the g-decomposition problem
(the presentation

D2 F*(x) = R*(z) + 2, H ()

will be obtained) we will be able to go from F*(x) to F(x)
by adding the rational function

Gy v ai qa—1

1 Tty Tt g

(I-q (I—gqv)zv
to R*(x) and by adding ao to H*(z). Hence, we can suppose
that F'(x) is a proper rational function which does not have
a pole at x = 0. This supposition allows us to transform the
algorithm described in §2 to an analogous algorithm for the
g-difference case. It can be done simply replacing any shift
x+n by ¢"z.
The complete algorithm can now be given as follows.

input:a(z) is the denominator of the right-hand side of (13);
output: u(z),g(z) are polynomials that can be used as the
denominators of R(z) and H(z) (see (14));

A() = a(g~'2); B() = a(a);u(x) == 1 g(x) = a(o);
find all nonnegative integers h1 > ... > hm,

s.t. degged(A(z), B(¢"x)) >0, i=1,...,m;

let d;(x) = ged(A(z), B(¢"x)),i =1,...,m;

k — -

)

while m >k do
k:=k+1;
sk(z) == dp(x)dr(¢ ) ..
u(x) := u(x)sk(x);
9(x) kz g(x)/gcd(g(x), di(qz)sk(z));
for im ki Lkt2..m do
di(x) := di(z)/ged(di(x), s (x));
if degd;(z) >0
“then Jji=7+1; dj(x):=di(x); hj == h;

cdi (g™ " a);

fi
od;
m:=j
od;
for k=m,m—1,...,1 do
call nonrational (g(x), dx(x), hi, sk(z))
od.

procedure nonrational (g(x),d(z), h, s(x));
f(@) := ged(g(x), s(x));
while deg f(z) >0 do
9(x) := g(x) f(z);
s(z) = s(z)/f();
f(@) := ged(g(x), s(x))

od;
e(z) := d(z);
for [=1,2,...,h do
e(x) = e(x) jged(e(a), o(2)):
de(m) =e(q "x)
e(z) := e(z)/ged(e(x), g(x));
9(x) = g(z)e(x).

The search for the nonnegative integers hi,...,hn, can
be done, for instance, by computing the following polyno-
mial r in ¢":

r(q") = Resa(A(), B(¢"x))

and by finding of all h1,... , hm st. r(¢") = 0. If K =
K'(q), q is an undetermined parameter, then after simplifi-
cations we get an algebraic equation whose coefficients are
polynomials in ¢ and the constant term of the equation
can be assumed nonzero (we are interested in nonzero roots
only). All roots of the form ¢"* divide the constant term.
The search for hi,...,hn, is also easy when ¢ is a rational
number, K =Q, or when K =Q(q), ¢ is a Gaussian number
s.t. |g| # 1.

A proof of correctness of the above algorithm can be
obtained from the proof of the algorithm given in §2: it
is enough to change the operator E by the operator @ s.t.
Qf(x) = f(qz) for any rational function f(z). The principle
of the construction of the analogue of (4) is that we write
o ~ aj if a; = qlaj, where [ is an integer. Each of the
corresponding equivalence classes has a largest element in
the sense that the other elements of the class are obtained
by multiplying it by ¢ to a negative integer power. (The
motivation is: Q'(z — ) = ¢'z — i = ¢'(z — ¢ 'a;).) The
analogues of the formulas (4),(5) are formulas in which the
operators M;;, L;; are polynomials in ). The presentation
F(z), R(z) in the form is unique because no «; is equal to
zero. Hense L;;(Q)(Q — 1) = M;;(Q). The analogues of the
key formulas (7),(11) are

k1 Tij—0ij
[III IT @ e
i=1j=1 m=0

and

Example 5 Let

(1—3q)m2—(2+q)x—1.

F(z) =
(@) g3+ (14 q)z2 + =z

Let K =Q(q), ¢ is an undetermined parameter. Then

F(z) = —i + F*(z),

where
F () = (1—-2g)z—1
g+ (L+qz+ 17
We get
S L
R(:c)—x+17H(x) x+1
For F(zx) we have
_ o q (1-2¢)z —g
MO =0 o " g + (-0
* 1
H(e) = ' (2) = ——

Therefore
t

3 (1-3¢)¢” —(2+q)q —1 _
¢+ (14 9)g* +¢°

1=s

(1-29)¢"" —¢ 3
(1-¢q)g** + (1 — g)g"*!

(1-2¢9)¢° —¢q
(1-q)¢* + (1 -q)g

t
1
_;q"-&-l'
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