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�®áâã¯¨«  ¢ à¥¤ ªæ¨î

�à¥¤« £ ¥âáï ¬®¤ã«ïà­®-¢¥à®ïâ­®áâ­ë© ¯®¤å®¤, ¯®§¢®«ïîé¨© ¨§¡¥¦ âì âà¥¡ãîé¥£® ¡®«ìè¨å ¢à¥-

¬¥­­ëå § âà â ¢ëç¨á«¥­¨ï ­ ¨¡®«ìè¥£® ®¡é¥£® ¯à ¢®£® ¤¥«¨â¥«ï «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

¨«¨ à §­®áâ­ëå ®¯¥à â®à®¢, § ¢¨áïé¨å ®â ¯ à ¬¥âà , ª®â®àë¥ ¯®ï¢«ïîâáï ¢ á¢ï§¨ á § ¤ ç¥© ¯®¨á-

ª  ¤«ï ¤ ­­®£® «¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢á¥å ¥£® à¥è¥­¨© ¢ ¢¨¤¥

à §à¥¦¥­­ëå áâ¥¯¥­­ëå àï¤®¢.

1. ��������

�ãáâì ¤ ­® ®¤­®à®¤­®¥ ®¡ëª­®¢¥­­®¥ ¤¨ää¥-

à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ Ly(x) = 0,

L =

r

X

j=0

p

j

(x)D

j

; p

j

(x) 2

j

C[x]; (1)

£¤¥ D { ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® x, gcd(p

0

(x); : : : ;

p

r

(x)) = 1, áâ àè¨© ª®íää¨æ¨¥­â p

r

(x) ­¥ à -

¢¥­ â®¦¤¥áâ¢¥­­® ­ã«î. �®àï¤ª®¬ ¤¨ää¥à¥­-

æ¨ «ì­®£® ®¯¥à â®à  ­ §ë¢ ¥âáï ordL = r. �

[1] áä®à¬ã«¨à®¢ ­  ¨ à¥è¥­  § ¤ ç  ¯®¨áª  ¤«ï

¤ ­­®£® æ¥«®£® m � 2 ¢á¥å â®ç¥ª a 2

j

C, ­ §ë-

¢ ¥¬ëå m-â®çª ¬¨, â ª¨å, çâ® ãà ¢­¥­¨¥ ¨¬¥-

¥â à¥è¥­¨¥ ¢ ¢¨¤¥ ä®à¬ «ì­®£®m-à §à¥¦¥­­®£®

áâ¥¯¥­­®£® àï¤ . �à¨ íâ®¬ àï¤

y(x) =

1

X

n=0

c

n

(x� a)

n

; c

n

2

j

C; (2)

­ §ë¢ ¥âáï m-à §à¥¦¥­­ë¬, ¥á«¨, ­ ç¨­ ï á

­¥ª®â®à®£® ¬¥áâ , â®«ìª® ª ¦¤ë© m-© ª®íää¨-

æ¨¥­â c

n

¬®¦¥â ¡ëâì ®â«¨ç¥­ ®â 0. �.¥. áãé¥-

áâ¢ã¥â æ¥«®¥ N , 0 � N < m, â ª®¥, çâ®

(c

n

6= 0)) (n � N (mod m))

�

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ �à ­ª®-

àãááª®£® æ¥­âà  ¨¬. �ï¯ã­®¢ , ¯à®¥ªâ 98-03, ¨ ����,

£à ­â 01-01-00047.

¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å n. �à¨ ª ¦¤®¬

N m-à §à¥¦¥­­ë¥ à¥è¥­¨ï ®¡à §ãîâ «¨­¥©­®¥

¯à®áâà ­áâ¢®. �®«¨­®¬¨ «ì­ë¥ à¥è¥­¨ï ­¥

áç¨â îâáï m-à §à¥¦¥­­ë¬¨.

�«ï ¤ ­­®£® ®¯¥à â®à  L ¯®áâà®¨¬ ®¯¥à â®à

L

a

=

r

X

j=0

p

j

(x+ a)D

j

;

£¤¥ a «¨¡® ¯à¨­ ¤«¥¦¨â

j

C, «¨¡® ï¢«ï¥âáï ¯ à -

¬¥âà®¬. � ¯®á«¥¤­¥¬ á«ãç ¥ L

a

{ ¯ à ¬¥âà¨§®-

¢ ­­ë© ®¯¥à â®à. �¬¥¥¬

L

1

X

n=0

c

n

(x� a)

n

= 0() L

a

1

X

n=0

c

n

x

n

= 0:

� ª¨¬ ®¡à §®¬, § ¤ ç  ¯®¨áª  m-â®ç¥ª ãà ¢­¥-

­¨ï Ly(x) = 0 íª¢¨¢ «¥­â­  § ¤ ç¥ ¯®¨áª  ¢á¥å

§­ ç¥­¨© ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå ãà ¢­¥­¨¥

L

a

y(x) = 0 ¨¬¥¥â m-à §à¥¦¥­­ë¥ à¥è¥­¨ï ¢

â®çª¥ x = 0.

�§¢¥áâ­® (á¬., ­ ¯à¨¬¥à, [2]), çâ® ¯®á«¥¤®¢ -

â¥«ì­®áâì ª®íää¨æ¨¥­â®¢ fc

n

g ¢ (2) ã¤®¢«¥â¢®-

àï¥â à¥ªãàà¥­â­®¬ã á®®â­®è¥­¨î R

a

c

n

= 0 (¯®-

« £ ï c

n

= 0 ¯à¨ n < 0), £¤¥

R

a

=

d

X

k=l

q

k

(n)E

k

(3)

{ «¨­¥©­ë© à §­®áâ­ë© ®¯¥à â®à, ªà ©­¨¥ ª®-

íää¨æ¨¥­âë q

l

(n), q

d

(n) ª®â®à®£® ­¥ à ¢­ë â®-

¦¤¥áâ¢¥­­® 0. �á«¨ a ï¢«ï¥âáï ¯ à ¬¥âà®¬, â®

1



2 �������, �������

q

k

(n) 2

j

C[a; n]; ¥á«¨ a 2

j

C, â® q

k

(n) 2

j

C[n] ¢

(3). �®àï¤ª®¬ à §­®áâ­®£® ®¯¥à â®à  ­ §ë¢ ¥â-

áï ordR

a

= d� l.

�¡®§­ ç¨¬ ç¥à¥§ R :

j

C[D; x; x

�1

]!

j

C[E;E

�1

; n]

¯à¥®¡à §®¢ ­¨¥, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ¤¨ä-

ä¥à¥­æ¨ «ì­®¬ã ®¯¥à â®àã L à §­®áâ­ë© ®¯¥-

à â®à R

0

. � [2] ¯®ª § ­®, çâ® R ï¢«ï¥âáï ¨§®-

¬®àä¨§¬®¬ ¨ § ¤ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

R : D 7! (n+ 1)E;

x 7! E

�1

:

�à¨¢¥¤¥¬ ­¥áª®«ìª® ®¯à¥¤¥«¥­¨© ¨ ãâ¢¥à¦¤¥-

­¨© ¨§ [1]. �¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L ­ -

§ë¢ ¥âáï m-à §à¥¦¥­­ë¬, ¥á«¨ áãé¥áâ¢ã¥â æ¥-

«®¥ N (0 � N < m) â ª®¥, çâ®

(x

i

D

j

2 L)) (j � i � N (mod m)); (4)

£¤¥ x

i

D

j

2 L ®§­ ç ¥â, çâ® ª®íää¨æ¨¥­â ¯à¨

x

i

¢ ¯®«¨­®¬¥ p

j

(x) ­¥ à ¢¥­ ­ã«î. �á«¨ L

a

,

£¤¥ a 2

j

C, { m-à §à¥¦¥­­ë© ®¯¥à â®à ¨ x =

= 0 { ®¡ëª­®¢¥­­ ï â®çª  ãà ¢­¥­¨ï L

a

y(x) = 0

(â.¥. p

r

(a) 6= 0), â® áã¬¬  à §¬¥à­®áâ¥© ¯à®-

áâà ­áâ¢ m-à §à¥¦¥­­ëå à¥è¥­¨© à ¢­  r � r

0

,

£¤¥ r = ordL,   r

0

{ à §¬¥à­®áâì ¯à®áâà ­áâ¢ 

¢á¥å ¯®«¨­®¬¨ «ì­ëå à¥è¥­¨© ãà ¢­¥­¨ï. �â-

áî¤  «¥£ª® ¢¨¤¥âì, çâ®, ¥á«¨ L ¨¬¥¥â m-à §-

à¥¦¥­­ë© ¯à ¢ë© ¤¥«¨â¥«ì á ¯®áâ®ï­­ë¬¨ ª®-

íää¨æ¨¥­â ¬¨ (â®£¤  á®®â¢¥âáâ¢ãîé¨© ¥¬ã «¥-

¢ë© ¤¥«¨â¥«ì ¨¬¥¥â ª®íää¨æ¨¥­âë ¨§

j

C[x]) ¨

r > r

0

, â® ¢ «î¡®© â®çª¥ a 2

j

C áãé¥áâ¢ãîâ

m-à §à¥¦¥­­ë¥ à¥è¥­¨ï. �®«¥¥ â®£®, â®«ìª® ¢

â®¬ á«ãç ¥, ¥á«¨ L ¨¬¥¥â â ª®© ¯à ¢ë© ¤¥«¨-

â¥«ì, ¬­®¦¥áâ¢® m-â®ç¥ª ¡¥áª®­¥ç­®.

� §­®áâ­ë© ®¯¥à â®à ­ §ë¢ ¥âáï m-à §à¥-

¦¥­­ë¬, ¥á«¨ áãé¥áâ¢ã¥â æ¥«®¥ N (0 � N < m)

â ª®¥, çâ®

(q

k

(n) 6= 0)) (k � N (mod m)):

�à ¢­¥­¨¥ L

a

y(x) = 0, £¤¥ a 2

j

C, ¬®¦¥â ¨¬¥âì

m-à §à¥¦¥­­®¥ à¥è¥­¨¥ ¢ â®çª¥ x = 0, â®«ìª®

¥á«¨ ®¯¥à â®à R

a

= RL

a

¨¬¥¥â ­¥âà¨¢¨ «ì­ë©

m-à §à¥¦¥­­ë© ¯à ¢ë© ¤¥«¨â¥«ì. �ãáâì

�

R

a

{

m-à §à¥¦¥­­ë© ¤¥«¨â¥«ì ¬ ªá¨¬ «ì­® ¢®§¬®¦-

­®£® ¯®àï¤ª . �®£¤  ª®íää¨æ¨¥­âë ¢á¥åm-à §-

à¥¦¥­­ëå à¥è¥­¨© ã¤®¢«¥â¢®àïîâ, ­ ç¨­ ï á

­¥ª®â®à®£® ¬¥áâ , á®®â­®è¥­¨î

�

R

a

c

n

= 0.

�î¡®© ®¯¥à â®à (à §­®áâ­ë© ¨«¨ ¤¨ää¥à¥­-

æ¨ «ì­ë©) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

m-à §à¥¦¥­­ëå ®¯¥à â®à®¢. �ãáâì, ­ ¯à¨¬¥à,

L

a

= L

a

0

+ � � � + L

a

m�1

, £¤¥ L

a

k

ã¤®¢«¥â¢®àï¥â

(4) ¯à¨ N = k. �®£¤  ­ ¡®à L

a

0

; : : : ; L

a

m�1

­ -

§®¢¥¬ m-à áé¥¯«¥­¨¥¬ ®¯¥à â®à  L

a

. � ¬¥â¨¬,

çâ® m-à áé¥¯«¥­¨¥ ®¯¥à â®à  R

a

= RL

a

¬®-

¦¥â ¡ëâì ¯®áâà®¥­® ¤¢ã¬ï á¯®á®¡ ¬¨ { ­¥¯®-

áà¥¤áâ¢¥­­ë¬ à áé¥¯«¥­¨¥¬ à §­®áâ­®£® ®¯¥à -

â®à  ¨«¨ R-®â®¡à ¦¥­¨¥¬ m-à áé¥¯«¥­¨ï ¤¨ä-

ä¥à¥­æ¨ «ì­®£® ®¯¥à â®à :

R

a

0

= RL

a

0

; : : : ; R

a

m�1

= RL

a

m�1

:

�«ï â®£®, çâ®¡ë ­ ©â¨ m-à §à¥¦¥­­ë© ¯à -

¢ë© ¤¥«¨â¥«ì ¬ ªá¨¬ «ì­® ¢®§¬®¦­®£® ¯®àï¤-

ª  ®¯¥à â®à  L

a

(«¨¡® R

a

), ­ã¦­® ¯®áâà®¨âì

­ ¨¡®«ìè¨© ®¡é¨© ¯à ¢ë© ¤¥«¨â¥«ì m-à áé¥¯-

«¥­¨ï íâ®£® ®¯¥à â®à . � ¯à¨¬¥à,

�

R

a

= GCRD(R

a

0

; : : : ; R

a

m�1

):

�¡é¨© ¯à ¢ë© ¤¥«¨â¥«ìm-à §à¥¦¥­­ëå ®¯¥à -

â®à®¢ â ª¦¥ m-à §à¥¦¥­. �®«¥¥ â®£®, ¥á«¨ a {

¯ à ¬¥âà, â® GCRD(L

a

1

; : : :, L

a

m�1

) { m-à §à¥-

¦¥­­ë© ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­-

â ¬¨, ¨ ®­ ï¢«ï¥âáï ¯à ¢ë¬ ¤¥«¨â¥«¥¬ ®¯¥à -

â®à  L.

�à¨¬¥à 1. �ãáâì

L = �(x

4

+ 4x

3

+ 12x

2

+ 16x+ 9)+

+(x

5

+ 5x

4

+ 16x

3

+ 28x

2

+ 25x+ 9)D+

(x

4

+ 4x

3

+ 12x

2

+ 16x+ 9)D

4

�

�(x

4

+ 4x

3

+ 8x

2

+ 8x+ 1)D

2

�

(x

5

+ 5x

4

+ 16x

3

+ 28x

2

+ 25x+ 9)D

5

+

+(x

4

+ 4x

3

+ 8x

2

+ 8x+ 1)D

6

:

(5)

�à ¢­¥­¨¥ Ly(x) = 0 ¨¬¥¥â 4-à §à¥¦¥­­ë¥ à¥-

è¥­¨ï ¢ â®çª¥ x = 0. � ¯à¨¬¥à,

y(x) = 1 + x+ x

2

+

1

360

x

6

+

1

1814400

x

10

+

+

1

43589145600

x

14

+

1

3201186852864000

x

18

+ � � �

{ 4-à §à¥¦¥­­®¥ à¥è¥­¨¥ á N = 2 ¨, ¢ â® ¦¥

¢à¥¬ï, 2-à §à¥¦¥­­®¥ á N = 0. �«¥¤®¢ â¥«ì­®,

x = 0 ï¢«ï¥âáï 2- ¨ 4-â®çª®© ¤ ­­®£® ãà ¢­¥-

­¨ï. �®íää¨æ¨¥­âë íâ®£® ¨ ¤àã£¨å à¥è¥­¨©

¢ x = 0 ã¤®¢«¥â¢®àïîâ à¥ªãàà¥­â­®¬ã á®®â­®-

è¥­¨ R

0

c

n

= 0, ª®â®à®¥ ¬ë ­¥ ¡ã¤¥¬ §¤¥áì ¢ë-

¯¨áë¢ âì, ¯®áª®«ìªã ®¯¥à â®à R

0

¤®¢®«ì­® £à®-

¬®§¤®ª: ®­ ¨¬¥¥â 10-© ¯®àï¤®ª,   ¬ ªá¨¬ «ì­ ï

���������������� N

o

2 2004



����������� ��������� ���� � ����������������� �������� ��������� 3

áâ¥¯¥­ì ª®íää¨æ¨¥­â®¢ à ¢­  6. �®, ª ª áª § -

­® ¢ëè¥, ª®íää¨æ¨¥­âë 4-à §à¥¦¥­­®£® à¥è¥-

­¨ï ¬®¦­® ¢ëç¨á«ïâì á ¯®¬®éìî ¡®«¥¥ ¯à®áâ®-

£® á®®â­®è¥­¨ï:

n(n� 1)(n� 2)(n� 3)c

n

� c

n�4

= 0;

­ ç¨­ ï á n � 6. � §­®áâ­ë© ®¯¥à â®à, á®®â-

¢¥âáâ¢ãîé¨© ¯®á«¥¤­¥¬ã á®®â­®è¥­¨î, { 2- ¨

4-à §à¥¦¥­­ë©. �£® ¬®¦­® ¯®«ãç¨âì, ¢ëç¨á«¨¢

GCRD 4-à áé¥¯«¥­¨ï ®¯¥à â®à  R

0

.

�¯¥à â®à L ¨¬¥¥â ¯à ¢ë© ¤¥«¨â¥«ì

�

L = D

4

�

�1. � íâ®¬ ¯à¨¬¥à¥ ¥£® ¬®¦­® ¯®«ãç¨âì, ¯®-

áâà®¨¢ GCRD 4-à áé¥¯«¥­¨ï ®¯¥à â®à  L, «¨¡®

®¯¥à â®à  L

a

, £¤¥ a ¬®¦¥â ¡ëâì ª ª ¯ à ¬¥âà®¬,

â ª ¨ ç¨á«®¬. �«¥¤®¢ â¥«ì­®, ¢ «î¡®© â®çª¥ áã-

é¥áâ¢ãîâ 4-à §à¥¦¥­­ë¥ à¥è¥­¨ï. �­¨ ®¡à §ã-

îâ ç¥âëà¥ ®¤­®¬¥à­ëå «¨­¥©­ëå ¯à®áâà ­áâ¢ :

C

1

�

1 +

1

24

(x� a)

4

+

1

40320

(x� a)

8

+ � � �

�

;

C

2

�

(x� a) +

1

120

(x� a)

5

+

1

362880

(x� a)

9

+ � � �

�

;

C

3

�

(x� a)

2

+

1

360

(x� a)

6

+

1

1814400

(x� a)

10

+ � � �

�

;

C

4

�

(x� a)

3

+

1

840

(x� a)

7

+

1

6652800

(x� a)

11

+ � � �

�

;

£¤¥ C

1

, C

2

, C

3

, C

4

{ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­-

­ë¥. �¥ ¦¥ á ¬ë¥ à¥è¥­¨ï ï¢«ïîâáï ¨ 2-à §à¥-

¦¥­­ë¬¨, ­® áãé¥áâ¢ã¥â ¤®¯®«­¨â¥«ì­ ï â®çª 

x = �1, £¤¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¤­® ¤¢ã¬¥à­®¥

¨ ®¤­® âà¥å¬¥à­®¥ ¯à®áâà ­áâ¢  2-à §à¥¦¥­­ëå

à¥è¥­¨©:

C

1

�

1 +

1

24

(x+ 1)

4

+

1

40320

(x + 1)

8

+ � � �

�

+

+C

3

�

(x+ 1)

2

+

1

360

(x+ 1)

6

+

1

1814400

(x+ 1)

10

+ � � �

�

+

+C

5

�

(x+ 1)

4

+

1

30

(x+ 1)

6

+

1

210

(x+ 1)

8

+ � � �

�

;

C

2

�

(x+ 1) +

1

120

(x + 1)

5

+

1

362880

(x+ 1)

9

+ � � �

�

+

+C

4

�

(x+ 1)

3

+

1

840

(x+ 1)

7

+

1

6652800

(x+ 1)

11

+ � � �

�

:

�â® á¢ï§ ­® á â¥¬, çâ® ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥-

à â®à

L

a

j

a=�1

= �(x

4

+ 6x

2

+ 2) + (x

5

+ 6x

3

+ 2x)D�

�(x

4

+ 2x

2

� 2)D

2

+ (x

4

+ 6x

2

+ 2)D

4

�

�(x

5

+ 6x

3

+ 2x)D

5

+ (x

4

+ 2x

2

� 2)D

6

{ 2-à §à¥¦¥­­ë©, ¨ x = 0 { ®¡ëª­®¢¥­­ ï â®çª 

L

a

j

a=�1

y(x) = 0.

� [1] ¯®ª § ­®, çâ® ¤«ï «î¡®£® æ¥«®£® m â -

ª®£®, çâ®

2 � m � ordL� min

x

i

D

j

2L

fj � ig;

¢®§¬®¦­ë ¤¢¥  «ìâ¥à­ â¨¢ë:

� ®¯¥à â®à L ¨¬¥¥â ­¥âà¨¢¨ «ì­ë© m-à §à¥-

¦¥­­ë© ¯à ¢ë© ¤¥«¨â¥«ì

�

L á ¯®áâ®ï­­ë¬¨

ª®íää¨æ¨¥­â ¬¨;

� ¬­®¦¥áâ¢® m-â®ç¥ª ª®­¥ç­®.

�á«¨ ¨¬¥¥â ¬¥áâ® ¯¥à¢ ï  «ìâ¥à­ â¨¢ , â® ¢

«î¡®© â®çª¥ x = a ãà ¢­¥­¨¥ Ly(x) = 0 ¨¬¥¥â

m-à §à¥¦¥­­ë¥ à¥è¥­¨ï, ª®â®àë¥ ï¢«ïîâáï à¥-

è¥­¨ï¬¨ ãà ¢­¥­¨ï

�

Ly(x) = 0. �®áâà®¨¢ ®¯¥à -

â®à

�

L ¬ ªá¨¬ «ì­® ¢®§¬®¦­®© áâ¥¯¥­¨, ¯®«¥§-

­® ¯à®¢¥à¨âì m-â®çª¨ ãà ¢­¥­¨ï

^

Ly(x) = 0, £¤¥

L =

^

L�

�

L. � íâ¨å ¤®¯®«­¨â¥«ì­ëå â®çª å ¬®£ãâ

áãé¥áâ¢®¢ âìm-à §à¥¦¥­­ë¥ à¥è¥­¨ï, ­¥ ï¢«ï-

îé¨¥áï à¥è¥­¨ï¬¨

�

Ly(x) = 0. �¥©áâ¢¨â¥«ì­®,

¥á«¨ Y (x) { m-à §à¥¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

^

LY (x) = 0 ¢ ­¥ª®â®à®© â®çª¥ a 2

j

C, â® ­¥®¤-

­®à®¤­®¥ ãà ¢­¥­¨¥

�

Ly(x) = Y (x) ¬®¦¥â ¨¬¥âì

m-à §à¥¦¥­­®¥ à¥è¥­¨¥ ¢ x = a, ª®â®à®¥ ¡ã¤¥â

à¥è¥­¨¥¬ Ly(x) = 0.

� [1] ¯à¨¢¥¤¥­  «£®à¨â¬ (¢ [3] ®¯¨á ­  ¥£® à¥-

 «¨§ æ¨ï) ¯®¨áª  m-â®ç¥ª, á®£« á­® ª®â®à®¬ã

íâ  § ¤ ç  à á¯ ¤ ¥âáï ­  ¤¢¥:

P1. �®áâà®¥­¨¥ ¤«ï L ¥£® ¯à ¢®£® m-à §à¥¦¥­-

­®£® ¤¥«¨â¥«ï

�

L á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨-

¥­â ¬¨ ¬ ªá¨¬ «ì­®£® ¯®àï¤ª .

P2. �®áâà®¥­¨¥ ª®­¥ç­®£® ¬­®¦¥áâ¢  S, á®¤¥à-

¦ é¥£® ¢á¥ m-â®çª¨ ãà ¢­¥­¨ï

^

Ly(x) = 0.

�«ï à¥è¥­¨ï ¯¥à¢®© § ¤ ç¨ áâà®¨âáï GCRD

m-à áé¥¯«¥­¨ï ¯ à¬¥âà¨§®¢ ­­®£® ®¯¥à â®à 

L

a

. � [1] ¯®ª § ­®, çâ® â ª®© GCRD ¡ã¤¥â m-

à §à¥¦¥­­ë¬ ®¯¥à â®à®¬ á ¯®áâ®ï­­ë¬¨ ª®íä-

ä¨æ¨¥­â ¬¨ ¨ ¡ã¤¥â ¯à ¢ë¬ ¤¥«¨â¥«¥¬ ®¯¥à -

â®à  L ¬ ªá¨¬ «ì­® ¢®§¬®¦­®£® ¯®àï¤ª .

�«ï à¥è¥­¨ï ¢â®à®© § ¤ ç¨ ¤®áâ â®ç­® ­ ©â¨

§­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â

­¥âà¨¢¨ «ì­ë© GCRDm-à áé¥¯«¥­¨ï ®¯¥à â®-

à 

^

R

a

= R

^

L

a

. �«ï â®£®, çâ®¡ë ­ ©â¨ ¬­®¦¥-

áâ¢® m-â®ç¥ª ¤«ï

^

L, ­ã¦­® ¡ã¤¥â ¢® ¢á¥å â®ç-

ª å S ¯à®¢¥à¨âì áãé¥áâ¢®¢ ­¨¥m-à §à¥¦¥­­ëå

à¥è¥­¨©. �«£®à¨â¬ ¯®áâà®¥­¨ï â ª¨å à¥è¥­¨©

¯à¨¢¥¤¥­ ¢ [1, 3].
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4 �������, �������

� ¡«¨æ  1. �à¥¬ï ¯®áâà®¥­¨ï ®¯¥à â®à 

�

L

m 2 3 4 5 6 7 8 9 10

�

L D

4

� 1 1 D

4

� 1 1 1 1 1 1 1

�®¢ë©  «£®à¨â¬ :099 :509 :301 :350 :320 :321 :330 :301 :140

¢ëç¨á«¥­¨ï á ¯ à ¬¥âà®¬ 1:640 202:911 :720 47:300 7:810 3:710 5:951 2:240 :750

2. ������ ��������

� ����������� ��������������

�¥è¥­¨¥ § ¤ ç¨ P1 á ¯®¬®éìî ¯®áâà®¥­¨ï

GCRD ¤«ï ¯ à ¬¥âà¨§®¢ ­­ëå ¤¨ää¥à¥­æ¨-

 «ì­ëå ®¯¥à â®à®¢ L

a

0

; : : :, L

a

m�1

2

j

C[a; x;D]

â¥¬ ¬¥­¥¥ íää¥ªâ¨¢­®, ç¥¬ ¢ëè¥ áâ¥¯¥­¨ ¯®«¨-

­®¬¨ «ì­ëå ª®íää¨æ¨¥­â®¢ ®¯¥à â®à®¢ ¨ ç¥¬

¬¥­ìè¨© ¯®àï¤®ª ¨¬¥¥â GCRD íâ¨å ª®íää¨æ¨-

¥­â®¢. � ¥á«¨ ®­¨, ­ ¯à¨¬¥à, ¢§ ¨¬­® ¯à®áâë,

â® ¢ëç¨á«¨â¥«ì­ëå à¥áãàá®¢ ¬®¦¥â ­¥ å¢ â¨âì

¤«ï § ¢¥àè¥­¨ï à ¡®âë.

�¯¨è¥¬ ¤àã£®©, ¡®«¥¥ íää¥ªâ¨¢­ë©,  «£®-

à¨â¬. �âà®¨¬ m-à áé¥¯«¥­¨¥ ¤¨ää¥à¥­æ¨ «ì-

­®£® ®¯¥à â®à  L

a

¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ ¯ -

à ¬¥âà , ­ ¯à¨¬¥à, a = 0: L

a

0

j

a=0

; : : : ; L

a

m�1

j

a=0

2

2

j

C[x;D]. � å®¤¨¬ g = GCRD(L

a

0

j

a=0

; : : : ; L

a

m�1

j

a=0

).

�®£¤  g { m-à §à¥¦¥­­ë© ®¯¥à â®à, ï¢«ï¥âáï

¯à ¢ë¬ ¤¥«¨â¥«¥¬ ®¯¥à â®à  L. �ãáâì ord g > 0

(¢ ¯à®â¨¢­®¬ á«ãç ¥ ord

�

L = 0, ¨ ¢ëç¨á«¥­¨ï

§ ª ­ç¨¢ îâáï). �®£¤  ¢®§¬®¦­®, çâ® x = 0

ï¢«ï¥âáïm-â®çª®© ®¯¥à â®à  L, ¥á«¨ ¦¥ x = 0 {

®¡ëª­®¢¥­­ ï â®çª , â® ®­  § ¢¥¤®¬® ï¢«ï¥âáï

m-â®çª®©.

�á«¨ g { ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨-

¥­â ¬¨, â®

�

L = g. �­ ç¥ áâà®¨¬ m-à áé¥¯«¥-

­¨¥ ®¯¥à â®à  L

a

¯à¨ ¤àã£®¬ §­ ç¥­¨¨ ¯ à ¬¥-

âà , ­ ¯à¨¬¥à, a = 1, ¨ ­ å®¤¨¬ g

1

= GCRD(g,

L

a

0

j

a=1

; : : :, L

a

m�1

j

a=1

). �­ «®£¨ç­®, ¬ë ã§­ ¥¬,

ï¢«ï¥âáï «¨ x = 1 m-â®çª®© ¨«¨ â®çª®©-ª ­-

¤¨¤ â®¬, ¨, ¥á«¨ g

1

¨¬¥¥â ¯®áâ®ï­­ë¥ ª®íää¨-

æ¨¥­âë, â®

�

L = g

1

, ¨ â.¤. ¤® â¥å ¯®à, ¯®ª  ­¥

¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à (âà¨¢¨-

 «ì­ë© ¨«¨ ­¥âà¨¢¨ «ì­ë©) á ¯®áâ®ï­­ë¬¨ ª®-

íää¨æ¨¥­â ¬¨.

�à¥¨¬ãé¥áâ¢® íâ®£® ¬¥â®¤  ¢ â®¬, çâ® GCRD

áâà®¨âáï ¤«ï ®¯¥à â®à®¢, ­¥§ ¢¨áïé¨å ®â ¯ à -

¬¥âà , ¨ ¢ ¯à®æ¥áá¥ ¢ëç¨á«¥­¨ï ¯®«ãç ¥¬ ­¥ª®-

â®àãî ¨­ä®à¬ æ¨î ® ¢®§¬®¦­ëå ¤®¯®«­¨â¥«ì-

­ëå m-â®çª å.

�à¨¬¥à 2. �®áâà®¨¬ ®¯¥à â®à

�

L ¯à¨ m =

= 2 ¤«ï (5). �à¨¬¥­¨¬  «£®à¨â¬ ¯®áâà®¥­¨ï

GCRD ª 2-à áé¥¯«¥­¨î ®¯¥à â®à  L

a

, ¯®«ã-

ç¨¬

�

L = D

4

� 1 §  1:640 á¥ª

1

. �á«¨ ¯®áâà®¨âì

GCRD 2-à áé¥¯«¥­¨ï ®¯¥à â®à  L

a

j

a=0

, â® ¯®-

«ãç¨¬ â®â ¦¥ à¥§ã«ìâ âD

4

�1 §  ¢à¥¬ï :099 á¥ª.

� â ¡«¨æ¥ 1 ¯à¨¢¥¤¥­® ¢à¥¬ï ¯®áâà®¥­¨ï ®¯¥-

à â®à 

�

L ¯à¨ ¢á¥å ¢®§¬®¦­ëå §­ ç¥­¨ïå m.

3. �������� ���������,

���������� ��� m-�����

�ãáâì â¥¯¥àì L { ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à -

â®à, ¤«ï ª®â®à®£® ¬®¦¥â áãé¥áâ¢®¢ âì «¨èì ª®-

­¥ç­®¥ ç¨á«®m-â®ç¥ª. � [1, 3] ¯à¥¤« £ ¥âáï á«¥-

¤ãîé¨©  «£®à¨â¬ ¯®áâà®¥­¨ï ª®­¥ç­®£® ¬­®¦¥-

áâ¢  S ª ­¤¨¤ â®¢, á®¤¥à¦ é¥£® ¢á¥m-â®çª¨ (¨,

¢®§¬®¦­®, ­¥ª®â®àë¥ «¨è­¨¥ â®çª¨). �âà®¨¬

à §­®áâ­ë© ®¯¥à â®à R

a

= RL

a

, £¤¥ a { ¯ à -

¬¥âà. � â¥¬ áâà®¨¬ à áé¥¯«¥­¨¥

R

a

0

; R

a

1

; : : : ; R

a

m�1

; (6)

GCRD í«¥¬¥­â®¢ íâ®£® à áé¥¯«¥­¨ï ª ª ®¯¥à -

â®à®¢ ¨§

j

C[a; n; E;E

�1

] ¨¬¥¥â ¯®àï¤®ª 0. �à¨-

¬¥­ï¥¬ ®¯¨á ­­ë© ¢ [4]  «£®à¨â¬ GCRDpar ¤«ï

­ å®¦¤¥­¨ï ¢á¥å §­ ç¥­¨© ¯ à ¬¥âà , ¯à¨ ª®-

â®àëå ordGCRD(R

a

0

; R

a

1

; : : : ; R

a

m�1

) > 0. �®£¤ 

¢ ª ç¥áâ¢¥ S ¬®¦­® ¢§ïâì ¬­®¦¥áâ¢® ¢á¥å íâ¨å

§­ ç¥­¨©. �®¦­® ¯®ª § âì, çâ® ¯®áâà®¥­­®¥ â -

ª¨¬ ®¡à §®¬ ¬­®¦¥áâ¢® ª ­¤¨¤ â®¢ S ¢ª«îç ¥â

¢ á¥¡ï â®çª¨-ª ­¤¨¤ âë, ®¡áã¦¤ ¢è¨¥áï ¢ ¯à¥-

¤ë¤ãé¥¬ à §¤¥«¥.

1

�¤¥áì ¨ ¤ «¥¥ ¯à¨¢®¤¨âáï ¢à¥¬ï (¢ á¥ª) áç¥â  ¢ á¨áâ¥-

¬¥ ª®¬¯ìîâ¥à­®©  «£¥¡àë Maple 7 ­  333 ��æ Pentium

II 256 �¡ RAM.
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����������� ��������� ���� � ����������������� �������� ��������� 5

� ¡«¨æ  2. �à¥¬ï à ¡®âë GCRDpar

m 2 3 4 5 6 7 8

P (a) (4a

4

+ 1)a � a � � � �

GCRDpar 778:551 268:080 157:470 4:161 11:350 30:859 :399

�à¨¬¥à 3. � ©¤¥¬ ª®­¥ç­®¥ ¬­®¦¥áâ¢®

m-â®ç¥ª ¤«ï á«¥¤ãîé¥£® ¤¨ää¥à¥­æ¨ «ì­®£®

®¯¥à â®à :

L = (x

8

� 4x

6

� 2x

4

+ 4x

2

+ 1)D

2

+

+(4x

7

� 24x

5

� 4x

3

� 8x)D+ 2x

6

�

�18x

4

� 18x

2

+ 2:

�à¨¬¥­¨¢ GCRDpar, ¯®«ãç¨¬, çâ® ¬­®¦¥áâ¢®

¢®§¬®¦­ëå 2-â®ç¥ª { íâ® ¬­®¦¥áâ¢® ª®à­¥© ¯®-

«¨­®¬  P (a) = (4a

4

+ 1)a. � â ¡«¨æ¥ 2 ¯à¨¢¥-

¤¥­ë ¢à¥¬ï ¨ à¥§ã«ìâ âë à ¡®âë GCRDpar ¯à¨

¢á¥å §­ ç¥­¨ïå m.

�ë ¢¨¤¨¬, çâ® ãà ¢­¥­¨¥ Ly(x) = 0 ­¥ ¬®-

¦¥â ¨¬¥âì ¡®«¥¥ ¯ïâ¨ 2-â®ç¥ª ¨ ®¤­®© 4-â®ç-

ª¨. �à¨ ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª¥ (¯®áâà®¥­¨¥

à §à¥¦¥­­®£® à¥è¥­¨ï ¢ § ¤ ­­®© â®çª¥) ®ª -

§ë¢ ¥âáï, çâ® â®«ìª® ¢ â®çª¥ x = 0 áãé¥áâ¢ãîâ

2-à §à¥¦¥­­ë¥ à¥è¥­¨ï.

�®ª ¦¥¬, çâ® ¯®¤®¡­®¥, ­®, ¢®§¬®¦­®, ¡®«ì-

è¥£® à §¬¥à , ¬­®¦¥áâ¢® ¬®¦­® ¯®áâà®¨âì ¡ë-

áâà¥¥. �ãáâì A

1

¨ A

2

{ ¤¢  ­¥­ã«¥¢ëå, ¢§ ¨¬-

­® ¯à®áâëå (ª ª í«¥¬¥­âë

j

C[n; a; E;E

�1

]) ®¯¥-

à â®à  ¨§ à áé¥¯«¥­¨ï (6). � ©¤¥¬, ¯à¨ ª -

ª®¬ ãá«®¢¨¨ ¢¨¤  P (a) = 0 íâ¨ ®¯¥à â®àë ¬®-

£ãâ ¨¬¥âì ­¥âà¨¢¨ «ì­ë© ®¡é¨© ¯à ¢ë© ¤¥«¨-

â¥«ì. �®£¤  ¬­®¦¥áâ¢® S

0

ª®à­¥© ¯®«¨­®¬  P (a)

¢ª«îç ¥â ¢ á¥¡ï ¬­®¦¥áâ¢® S, ¯®áâà®¥­­®¥ á ¯®-

¬®éìî GCRDpar: S � S

0

.

�«ï ¯®áâà®¥­¨ï P (a) ¤®áâ â®ç­® ¨§ãç¨âì

à¥§ã«ìâ ­â A

1

¨ A

2

. �¥§ã«ìâ ­â®¬ Result-

ant(A

1

; A

2

) ¤¢ãå à §­®áâ­ëå ®¯¥à â®à®¢ ­ §ë¢ -

¥âáï ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë M , áâà®ª¨ ª®â®à®©

á®áâ ¢«¥­ë ¨§ ª®íää¨æ¨¥­â®¢ ®¯¥à â®à®¢ A

1

,

EA

1

; : : :, E

ordA

2

�1

A

1

, A

2

, EA

2

; : : :, E

ordA

1

�1

A

2

.

�¯¥à â®àë A

1

¨ A

2

¨¬¥îâ ­¥âà¨¢¨ «ì­ë© ®¡-

é¨© ¯à ¢ë© ¤¥«¨â¥«ì â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  ¨å à¥§ã«ìâ ­â à ¢¥­ ­ã«î [5].

�ëç¨á«ï¥¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¯à¨ à §-

«¨ç­ëå §­ ç¥­¨ïå n. � ¯à¨¬¥à, ¤«ï P

0

(a) =

= detM j

n=0

¢®§¬®¦­ë âà¨ á«ãç ï:

1. P

0

(a) =

j

C n f0g;

2. P

0

(a) 2

j

C[a] n

j

C;

3. P

0

(a) = 0.

� ¯¥à¢®¬ á«ãç ¥ ®ç¥¢¨¤­®, çâ® ¯à¨ ¢á¥å §­ ç¥-

­¨ïå ¯ à¬¥âà  a ®¯¥à â®àë A

1

, A

2

¨¬¥îâ «¨èì

âà¨¢¨ «ì­ë© ®¡é¨© ¤¥«¨â¥«ì, â.¥. ¬­®¦¥áâ¢®

S

0

{ ¯ãáâ®.

�® ¢â®à®¬ á«ãç ¥ A

1

, A

2

¬®£ãâ ¨¬¥âì ­¥âà¨-

¢¨ «ì­ë© ®¡é¨© ¯à ¢ë© ¤¥«¨â¥«ì â®«ìª® ¯à¨

â ª¨å §­ ç¥­¨ïå ¯ à¬¥âà  a, ª®â®àë¥ ï¢«ïîâ-

áï ª®à­ï¬¨ ¯®«¨­®¬  P

0

(a).

� âà¥âì¥¬ á«ãç ¥ ¡ã¤¥¬ ¯®á«¥¤®¢ â¥«ì­® ¢ë-

ç¨á«ïâì à¥§ã«ìâ ­â A

1

, A

2

¯à¨ n = 1; 2; : : :

�®áª®«ìªã ®¯¥à â®àë ¢§ ¨¬­® ¯à®áâë ª ª í«¥-

¬¥­âë

j

C[E;E

�1

; n; a], ­ ©¤¥âáï â ª®¥ n

1

, çâ®

P

n

1

(a) 2

j

C[a] n f0g.

� ª ç¥áâ¢¥ ¬­®¦¥áâ¢  ª ­¤¨¤ â®¢ ¬®¦­®

¢§ïâì ¬­®¦¥áâ¢® ª®à­¥© S

00

¯®«¨­®¬  P

n

1

(a), £¤¥

n

1

� 0: S

0

� S

00

.

�à¨¬¥à 4. �à¨¬¥­¨¬ íâ®â ¬¥â®¤ ª ®¯¥à â®-

àã L, à áá¬®âà¥­­®¬ã ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥.

�«ï m = 2 ¢ (6) â®«ìª® ¤¢  ®¯¥à â®à . �  ¢à¥¬ï

6.730 á¥ª ¬ë ¯®«ãç ¥¬ ¬­®¦¥áâ¢® S

00

¨§ 45 â®-

ç¥ª. �«ï m = 3 ¤¢¥ ¯ àë ®¯¥à â®à®¢ ¨§ (6) ¢§ -

¨¬­® ¯à®áâë ª ª í«¥¬¥­âë

j

C[E;E

�1

; n; a]. �ë-

¡¨à ï âã ¨«¨ ¨­ãî ¯ àã, ¬ë §  ¢à¥¬ï 3.740 á¥ª

¯®«ãç ¥¬ ¬­®¦¥áâ¢® S

00

¨§ 42 â®ç¥ª, «¨¡® §  ¢à¥-

¬ï 4.490 á¥ª { ¬­®¦¥áâ¢® ¨§ 48 â®ç¥ª. � ª¨¬

®¡à §®¬, ¬­®¦¥áâ¢  ª ­¤¨¤ â®¢ ¬ë ¯®«ãç ¥¬ ¢

50{100 à § ¡ëáâà¥¥. �® íâ¨ ¬­®¦¥áâ¢  á®¤¥à¦ â

­ ¬­®£® ¡®«ìè¥ â®ç¥ª, ç¥¬ â¥, çâ® ¡ë«¨ ¯®«ã-

ç¥­ë ¯à¨ ¨á¯®«ì§®¢ ­¨¨ GCRDpar.

�ãáâì P

n

1

(a), £¤¥ n

1

� 0, { ¯®«¨­®¬ ®â a

­¥­ã«¥¢®© áâ¥¯¥­¨. �â®¡ë ã¬¥­ìè¨âì à §¬¥à

¬­®¦¥áâ¢  S

00

, ¢ëç¨á«¨¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨-

æë ¯à¨ á«¥¤ãîé¥¬, n = n

1

+ 1, §­ ç¥­¨¨ á ãç¥-

â®¬ â®£®, çâ® P

n

1

(a) = 0:

P

n

1

+1

(a) = gcd(detM j

n=n

1

+1

; P

n

1

(a)):

� §¬¥à ¬­®¦¥áâ¢  S

000

ª®à­¥© P

n

1

+1

(a) ¡ã¤¥â

¬¥­ìè¥ S

00

, ¥á«¨ d = degP

n

1

(a) > degP

n

1

+1

(a).
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6 �������, �������

�á«¨ íâ® ­¥ â ª, â® ¬®¦­® ¢ëç¨á«ïâì P

n

1

+k

(a)

¤«ï 1 � k � N , £¤¥ N { ®æ¥­ª  áâ¥¯¥­¨ ¯¥à¥-

¬¥­­®© n ¢ ¯®«¨­®¬¥ Resultant(A

1

; A

2

), ¯®ª  ­¥

¯®­¨§¨âáï áâ¥¯¥­ì.

�à¨¬¥à 5. �à®¤®«¦¨¬ à áá¬®âà¥­¨¥ ¯à¥-

¤ë¤ãé¥£® ¯à¨¬¥à . �«ï ®¯¥à â®à®¢ 2-à áé¥¯-

«¥­¨ï ¬ë §  ¢à¥¬ï 17.270 á¥ª ¯®á«¥¤®¢ â¥«ì­®

¯®«ãç ¥¬

deg P

0

(a) = 45; degP

1

(a) = 25; P

2

(a) = (4a

4

+1)a:

�«ï â®£® çâ®¡ë ã¡¥¤¨âìáï, çâ® «ãçè¥£® à¥§ã«ì-

â â  ¬ë ­¥ ¯®«ãç¨¬, ­ ¬ ¯à¨¤¥âáï ¢ëç¨á«¨âì

P

2+k

(a) = (4a

4

+ 1)a ¤«ï 1 � k � 26;

¯®áª®«ìªã N ¢ íâ®¬ á«ãç ¥ à ¢­® 26. �  ¢á¥

¢ëç¨á«¥­¨ï § âà ç¥­® 176.089 á¥ª. �«ï ®¤­®©

¨§ ¯ à 3-à áé¥¯«¥­¨ï §  ¢à¥¬ï 12.490 á¥ª (â.¥.

¢ 20 à § ¡ëáâà¥¥ GCRDpar) ¯®«ãç ¥¬

deg P

0

(a) = 48; degP

1

(a) = 32;

deg P

2

(a) = 16; P

3

(a) = 1:

�â ª, ¬ë ¢¨¤¨¬, çâ® ¨¬¥¥â á¬ëá« ¢ëç¨á«ïâì

¯®«¨­®¬ë P

n

1

+j

(a), ¯®ª  áâ¥¯¥­ì ¨å ¯®«¨­®¬®¢

¯®­¨¦ ¥âáï:

degP

n

1

(a) > deg P

n

1

+1

(a) > : : : >

> degP

n

2

(a) = deg P

n

2

+1

(a):

�á«¨ ¯®«ãç ¥¬ ­  ®ç¥à¥¤­®¬ è £¥

deg P

n

1

+j

(a) = 0, ¢ëç¨á«¥­¨ï § ª ­ç¨¢ îâáï,

¨ ¬­®¦¥áâ¢® ª ­¤¨¤ â®¢ ¯ãáâ®. �ãáâì, ­ ç¨-

­ ï á ­¥ª®â®à®£® n

2

, n

2

� n

1

, ¬ë ¯®«ãç¨«¨

deg P

n

2

(a) = deg P

n

2

+1

(a) = : : : = deg P

n

2

+k

(a) >

> 0. �¥¬ ¡®«ìè¥ á¤¥« ­® è £®¢ k, â¥¬ ¡®«ì-

è¥ ¢¥à®ïâ­®áâì â®£®, çâ® ¤ «ì­¥©è¥£® ¯®­¨¦¥-

­¨ï áâ¥¯¥­¨ ­¥ ¡ã¤¥â. �áâ¥áâ¢¥­­® ¯à¥¤¯®«®-

¦¨âì, çâ® ¨¬¥¥â á¬ëá« § ª ­ç¨¢ âì ¢ëç¨á«¥­¨ï

¢ á«ãç ¥, ¥á«¨ d = degP

n

2

(a) ­ ¬­®£® ¬¥­ìè¥

d

1

= deg P

n

1

(a) ¨«¨ ¥á«¨ k ¤®áâ â®ç­® ¢¥«¨ª®.

�® ¥á«¨ ¤® ª®­æ  æ¨ª«  k = 1; : : : ; N ®áâ «®áì

¬ «® è £®¢, ¬®¦­® ¤®áç¨â âì ¤® ª®­æ . �á¥ íâ¨

á®®¡à ¦¥­¨ï ¡ã¤ãâ ¯à¨­ïâë ¢ à áç¥â, ¥á«¨, ­ -

¯à¨¬¥à, ¢ëç¨á«¥­¨ï ®áâ ­ ¢«¨¢ âì á ¢¥à®ïâ­®-

áâìî

p(k) =

0

B

B

B

@

1�

4

�

k �

N

2

�

2

N

2

1

C

C

C

A

d

d

1

:

�ªá¯¥à¨¬¥­âë ¯®ª § «¨, çâ® â ª®¥ ¯à ¢¨«®

®áâ ­®¢ª¨ ¢ë£®¤­® ¯à¨¬¥­ïâì ¯à¨ N > 10.

�«ï â®£®, çâ®¡ë ¢ë¡à âì ¢§ ¨¬­® ¯à®áâë¥

®¯¥à â®àë ¨§ (6), à áá¬®âà¨¬ m-à áé¥¯«¥­¨¥

L

a

0

; : : :, L

a

m�1

¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L

a

.

� ª áª § ­® ¢® ¢¢¥¤¥­¨¨, R

a

i

= RL

a

i

, i =

= 0; : : : ; m� 1. � §­®áâ­ë¥ ®¯¥à â®àë A

1

, A

2

¨¬¥îâ ­¥âà¨¢¨ «ì­ë© ®¡é¨© ¤¥«¨â¥«ì â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  á®®â¢¥áâ¢ãîé¨¥ ¨¬ ¯ à ¬¥-

âà¨§®¢ ­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë B

1

,

B

2

¨¬¥îâ ­¥âà¨¢¨ «ì­ë© ®¡é¨© ¤¥«¨â¥«ì á ¯®-

áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �ëáâà ï ¯à®¢¥à-

ª  ¯®á«¥¤­¥£® ãá«®¢¨ï ®¯¨á ­  ¢ ¯à¥¤ë¤ãé¥¬

à §¤¥«¥.
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