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Abstract

Wilf and Zeilberger conjectured in 1992 that a hypergeometric term is proper-hypergeometric if and
only if it is holonomic. We prove a slightly modified version of this conjecture in the case of several
discrete variables.

1 Introduction

Let K be a field of characteristic zero, n1, ..., ng variables ranging over the nonnegative integers, and E; the
corresponding shift operators, acting on functions of ny,...,ng by E;f(n1,...,n,...,ng) = f(n1,...,n; +
1,...,n4). A K-valued function T'(n1,...,ng4) is a hypergeometric term if there are rational functions F; €
K(ny,...,ng) (called the certificates of T') such that E;T = F;T,fori=1,...,d. T(ny,...,nq) is holonomic
if partial derivatives of its generating function Zn1,...,nd20 T(ni,...,ng)z" ---xy* lie in a finite-dimensional
vector space over the rational function field K (x1,...,24). A holonomic sequence satisfies a system of
homogeneous linear recurrences of a special form. If 7' is holonomic then its definite sums w.r.t. some of
the variables are still holonomic as functions of the remaining variables. If T" is also hypergeometric then
the holonomic recurrences satisfied by these sums can be found efficiently by means of Zeilberger’s Creative
Telescoping algorithm [21, 22, 19].

A hypergeometric term is proper if it can be expressed as a product of a polynomial, several factorials
of linear forms with integer coefficients, their reciprocals, and exponential functions. In [20] it is proved
that proper hypergeometric terms are holonomic. Wilf and Zeilberger conjectured [19, p. 585] that a hy-
pergeometric term is proper if and only if it is holonomic. Their conjecture concerns hypergeometric terms
which depend on several discrete and continuous variables. We prove a slightly modified version of their
conjecture in the discrete case, namely that every holonomic hypergeometric term is conjugate to a proper
term (meaning that the two terms have the same certificates). This modification is necessary as shown,
e.g., by the bivariate hypergeometric term T'(n, k) = |n — k| which is holonomic since its generating function
Y nsoln— klz"y* = (z/(1 — 2)® + y/(1 — y)?)/(1 — zy) is rational, but T is not proper (see Example 6).

Our proof of the modified Wilf-Zeilberger conjecture is based on the Ore-Sato Theorem (as it is called
in [5]) which states essentially that for every hypergeometric term 7' there is a rational function R and a
proper term T’ such that (E;T)/T = (E;(RT"))/(RT") for all 4. This was proved in the bivariate case by
Ore using elementary means [11, 12], and in the multivariate case by Sato using homological algebra [15,
Appendix]. We give an elementary proof of the multivariate Ore-Sato Theorem. The necessary tools that
are useful also for other purposes are developed in Section 3 (normal forms of rational functions) and Section
4 (shift-invariant and pairwise shift-invariant polynomials). The certificates F; of a hypergeometric term
clearly satisfy the compatibility conditions (E;F;)/ F; = (E;Fj)/ F;. In Section 5 we give an algorithm
which, given compatible rational functions Fi,..., Fy, computes compatible rational functions F7,..., F},
and a rational function R such that F; = (E;R/R)F}, and the numerators and denominators of F; factor
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into integer-linear factors (i.e., polynomials of the form a;x; + --- + aqzq + ¢ where the a;’s are integers).
In Section 6 we use this structure theorem to prove the Ore-Sato Theorem (Corollary 4). In Section 7 we
show that a rational sequence is holonomic if and only if its denominator factors into integer-linear factors.
Together with the Ore-Sato Theorem, this yields our main result: Every holonomic hypergeometric term
is conjugate to a nontrivial proper term (Theorem 14). In these results, hypergeometric terms are treated
as algebraic objects. But in applications hypergeometric terms are functions which take on specific values,
therefore it is important to deal also with the questions of their zeros and of singularities of their certificates
— which have received little attention in the literature referred to above. To overcome these problems we
introduce the notion of nonvanishing rising factorials (Section 1), and two equivalence relations among
nontrivial hypergeometric terms, namely equality modulo an algebraic set, and conjugacy between solutions
of a first-order system of recurrences with polynomial coefficients (Section 2).

After we had obtained our results in the bivariate case [3, 4], it was brought to our attention that the
bivariate Wilf-Zeilberger conjecture has been proved independently, and at almost the same time, also by

Hou [8, 9].
Throughout the paper, K is a field of characteristic zero, and N denotes the set of nonnegative integers.
We write u = (u1, us, ..., uq) for d-tuples of numbers or indeterminates, w > v when u; > v; for 1 <i <d,

and uTv = 2?21 u;v;. If uTv = 0 then w and v are called orthogonal. We denote by e; the d-tuple whose
components are zero except the ¢-th one which is 1, and by s the d-tuple with all components equal to s. The
monomial 1" - - z3* is denoted by x*. Following [7], we write p L ¢ to indicate that polynomials p, ¢ € K[x]
are relatively prime. By a factor of a rational function f € K(x) we mean any polynomial factor of either p
or g where f = p/q, p,q € K[z], and p L g. We use E; to denote the operator that shifts the i-th variable by 1.
In particular, if 7 : N — K is a d-variate sequence then ET(ny,...,ni...,ng) =T(n,...,n;i+1,...,n4),
and if f € K(x1,x2,...,x4) is a rational function then E;T(x1,..., %5, ..., xq) =T (21, ..., 2+ 1,...,2q).
We define the rising factorial (o), for all « € K and n € Z by

n—1
[[(@+d, n>o,
@a=4
a)y, = - 1
H—,, n<0 and a #1,2,...,—n,
i

0, otherwise.
Let Z(«) be the set of all n € Z such that («),, = 0. Obviously,

{ne€eZ; n+a<0}, a€Zanda>0,
Za)=< {n€Z;n+a>0}, ac€Zand a<0, (1)
0, otherwise.

Note that (a + n)_, serves as a kind of a pseudo-inverse for («),, in the following sense:
o if (@), # 0 then (a+n)_p, =1/(a)n,
o if (&), = 0 then (o +n)_, =0.
It is easy to verify that the sequence (a),, satisfies the first-order recurrence
(n + a)(@)nt1 = (0 + a)* (@) =0 (2)

for all n € Z. We will also need another solution of (2) which is nonzero for all @ € K and n € Z. We call it
the nonvanishing rising factorial and denote it (). It is defined as the usual rising factorial, except that
zero factors are omitted wherever they appear:

(Oé)n, (Oé)n 7é 07
(@) =¢ (@)1-a(0)atn, «@€Z anda >0 and a+n <0,
(@)—a(Dat+n—1, @a€Z anda<0 and a+n > 0.

Now we have (o +n)*,, = 1/(«a)% for all n € Z.



Example 1 According to our definitions,

TL!, nZO, 07 nZL

(1>"_{ 0, n<—-1" (0>"_{ LL(jI;, n<0
n!, n >0, n—1!, n>1,

H* = _qyn+1 , OZ: _1\n -
W {%L) n<1 O { U <o

Remark 1 Proper hypergeometric terms are usually defined in terms of factorials of complex argument, with
z! denoting I'(z + 1) and 1/z! defined to be zero when z is a negative integer. If n is an integer variable and
a € C, we can rewrite the sequence (n + a)! with rising factorials as

al(a+1),, adZ,
n+a)l = 3
( ) { (Dntas a€Z ®)
whenever the left-hand side is defined (i.e., n 4+ « is not a negative integer), and its reciprocal as
n+a+1l)_,
1 _ { %’ adl, )
(n+a)! (n+a+1)7(n+a)a a € Z,

where ordinary factorials (or the T-function) are applied only to constants on the right-hand side. The
advantage of rising factorials over ordinary ones is that the former do not rely on the I'-function and are
well defined in any field of characteristic zero.

Wilf and Zeilberger [18] associate with (n + a)! its shadow

(="
(—n—a—1)!

which satisfies the same first-order recurrence w.r.t. n. When a ¢ Z the shadow is just a constant-factor
multiple of (n + «)! (the constant being —(sinan)/w), while for a € Z the shadow is complementary to
(n+a)!, in the sense that the latter is defined when n+a > 0, and the former when n+ « < 0. If we replace
the rising factorials in the right-hand side of (8) by their nonvanishing counterparts, nothing changes for
o ¢ Z, but for a € Z we have instead of (1)ptq

) (Dnta = n+a), n+a>0,
= _qyntatl
e (Ontat1 = %,—iﬁa n+a<0.

Thus rewriting factorials in terms of the nonvanishing rising factorials, we either get the factorial itself or
its shadow (perhaps with the opposite sign), whichever is defined.

2 Multivariate sequences

By a sequence T'(n) we mean a function T : N? - K. We call a set A C N? algebraic if there is a polynomial
p € K[z] \ {0} which vanishes on A. Clearly, if A is algebraic and B is not, then B \ A is not algebraic.
Also, a finite union of algebraic sets is algebraic.

Proposition 1 Let F,G € K(x) be rational functions which agree on a non-algebraic set B C N%. Then
F=G.

Proof: Let F =p/q, G = u/v, where p,q,u,v € K[x]. The polynomial pv — qu vanishes on the non-algebraic
set B, hence it is the zero polynomial, and so F' = G. O

Definition 1 (equality modulo an algebraic set) We write T =, T" if the set {n € N%; T(n) # T'(n)} is
algebraic. A sequence T'(n) is trivial if T =, 0.



Equality modulo an algebraic set is clearly an equivalence relation. It is also a congruence because T} =, 15
and T} =, Tj imply Th + T{ =, To + T and T1 T] =, T>T}. Trivial sequences can be described as those with
algebraic support. Note however that a nontrivial sequence can vanish on a non-algebraic set.

Example 2 The sequence T'(n, k) = () = (n — k 4+ 1)z (k + 1)_; is nontrivial because suppT = {(n, k) €
N?; n > k} is not algebraic. But neither is its complement {(n, k) € N*; n < k}.

Definition 2 (hypergeometric term, conjugate hypergeometric terms) A sequence T'(n) is a hypergeometric
term if there are polynomials p;,q; € K[x]\ {0} such that

pi(n)(ET(n) = q(n)T(n) ()

for all m € N? and 1 < i < d. Two hypergeometric terms T1, Ty are conjugate if they satisfy (5) with the
same p;,q;. In this case we write Ty ~ T5.

Proposition 2 (i) The product of two hypergeometric terms is a hypergeometric term.
(i) If Ty ~T» and T{ ~ T, then ThT] ~ T1T;,.
We omit the straightforward proofs.
Proposition 3 If T is a hypergeometric term and T’ =, T then T' is a hypergeometric term and T' ~ T,

Proof: Let T satisfy (5) and let p(n)T”(n) = p(n)T'(n) for all n € N?. Then

p(n)(Eip(n))pi(n)(E;T"(n)) = p(n)(Eip(n))qi(n)T"(n) (6)
for all n € N* and 1 < i < d, hence 1" is a hypergeometric term. Clearly T'(n) also satisfies (6), so 7" ~ T'.
O

The converse of Proposition 3 is of course not true, because conjugate hypergeometric terms may differ
everywhere, as any constant multiple of a term is clearly conjugate to it.

Example 3 The “patchwork” sequence

2n —2k)!, n > 2k,

T(n,k) = 3 n =2k,
—1)"
7%, n < 2k
2(D)n—2k, n > 2k, 2(1)f oy n > 2k,
= 3k n=2%k = 3k n = 2k,
7T(=D)"(2k —n)p_okt+1, n <2k Tk 5, n<2k
is a hypergeometric term because it satisfies the recurrences
(n—2k)(n—2k+1D)T(n+1,k) = (n—2k)(n—2k+1)>T(n,k), (7)
(n—2k —2)(n —2k — 1)*(n — 2k)*T(n,k+1) = (n—2k—2)(n—2k—1)(n—2k)T(n,k) (8)

for all n,k € N. Clearly, T'(n, k) is conjugate to the hypergeometric terms T3 (n, k) = (1),_2k, To(n, k) =
(=1)"2k(2k —n),,_2k+1, and Ty(n, k) = (1)7 ,—2r Which satisfy the same first-order recurrences (7) and (8),
but it is not equal to either of them modulo an algebraic set.

Identification of multivariate sequences which agree outside an algebraic set is consistent with identifi-
cation of univariate sequences which agree outside a finite set (cf. [16]). Such identification enables us to
regard every rational function R € K(x) as a sequence R(n), without actually having to specify its values
at the singular points of R. Therefore, if T is a hypergeometric term satisfying (5), we can write

EiT(n) =, F;(n)T(n) 9)

where F; = ¢;/p;, for 1 <i < d. Sometimes these rational functions are called the certificates of T'.



Example 4 For the term T'(n, k) defined in Example 3, we have T'(n + 1,k) =, (n — 2k + 1)T'(n, k) and
(n—2k—-1)(n —2k)T(n,k+ 1) =, T'(n, k), so its certificates are n — 2k + 1 and 1/((n — 2k — 1)(n — 2k)).

It is clear that the certificates of a hypergeometric term satisfy certain compatibility conditions.

Definition 3 (compatible rational functions) Rational functions Fy,Fs,...,Fy € K(x) are compatible if
they satisfy
(E;Fy) Fj = (EiFj) F; (10)

foralll1 <i<j<d.
Proposition 4 Let T'(n) be a hypergeometric term which satisfies (9). If T #, 0 then
(i) F1,Fs,...,Fy are compatible,
(ii) Fi,Fs,...,Fy are unique.
Proof: (i) From (9) we have
EET(n) = (EjFin))
= (E;F;(n))

(
for m outside some algebraic set A. Hence (E;F;(n))F;(n) = (E;Fj(n))Fj(n) on suppT \ A. As this is a
non-algebraic set, Proposition 1 implies that (E;F;)F; = (E;Fj)F;.

(ii) Assume that in addition to (9), E;T(n) =, G;(n)T(n) for 1 < i < d. Then F;(n) = G;(n) on
supp T \ A4, for some algebraic set A. By Proposition 1, F; = G;. a

(EjT(n)) = (
(EiT(n) = (Esz(n))Fi(n)T(n)
(o

From Proposition 4(ii) it follows that nontrivial hypergeometric terms 77 and T are conjugate if and
only if they have the same certificate.

Obviously every hypergeometric term is conjugate to the zero term, and also to every trivial term. But
when restricted to nontrivial terms, this relation is transitive, and hence an equivalence relation:

Proposition 5 Let Ty, T, Ts be hypergeometric terms such that Ty ~ Ty, Ty ~ T5. If Ts #, 0 then Ty ~ T5.

Proof: This follows from Proposition 4(ii). a

Definition 4 (holonomic) Let K((x)) denote the field of fractions of the formal power series ring K[[z]].
A sequence T'(n) is holonomic if the set of all partial derivatives of its generating function y o T(n)z™
spans a finite-dimensional subspace of K((x)) over the subfield of rational functions K(x). B

Theorem 1 [10, Thm. 3.7] A sequence T'(n) is holonomic if and only if there is an s € N such that

(i) for eachi € {1,2,...,d}, there is a nonempty set H; C {0,...,s}? and a set of univariate polynomials
{pn,: € K[z]\ {0}; h € H;} such that

> prin)T(n—h) = 0 (11)

heH;
forallm > s, and

(ii) ifd > 2, each (d—1)-variate sequence a; (N1, ..., M1, Mit1,-.-,0a) = T (M1, .., n_1,k,Niy1,...,Nq)
with 1 <7 <dand 0 <k <s—1 is holonomic.

Note that if the coefficients in (11) are constant we may use the same recurrence for all ¢ € {1,2,...,d}.

Example 5 The term T'(n, k) = (}) is holonomic because it satisfies condition (i) of Theorem 1 with the
constant-coefficient recurrence T'(n, k) — T'(n — 1,k) — T'(n — 1,k — 1) = 0 valid for n,k > s = 1. Condition
(ii) is satisfied as well because T'(n,0) —T'(n —1,0) =0 for n > 1, and T(0,k) =0 for k > 1.

The term T'(n, k) from Example 3 is also holonomic, because it satisfies condition (i) of Theorem 1 with
the constant-coefficient recurrence T'(n,k—2)—4T(n—2,k—3)+3T(n—4,k—4) = 0 valid for n, k > s = 4.
Condition (ii) is obviously satisfied as well.



Theorem 2 The product of two holonomic sequences is holonomic.
For a proof, see [10, Thm. 3.8(i)] or [20, Prop. 3.2’].

Definition 5 (factorial term) A sequence T'(n) is a factorial term if there areuw € K%, p,q € N, a € KP+4,
and ai,az,...,a, € Z¢ such that

p ptq
T(’I’L) =u" H(ai)a,Tn H (ai =+ a?”)—aTn (12>
i=1 ' i=p+1 '

for all n € N,

Definition 6 (proper term) A sequence T is a proper term if there is a polynomial P € K[x] and a factorial
term T" such that
T=PT'. (13)

Note that the definitions of hypergeometric, holonomic, factorial, and proper terms are all symmetric in
the variables ni,nse,...,nq. Hence if T'(n) has one of these properties, then so does T'(7(n)) where 7 is any
permutation of n.

Theorem 3 FEvery proper term s hypergeometric and holonomic.

Proof: Let T'(n) be a proper term. Then T'(n) = P(n)T'(n) where P € K[x] is a polynomial and 7"(n) is of
the form (12). As a rational function, P(n) is clearly hypergeometric. By using (2) repeatedly, each factor
on the right-hand side of (12) is hypergeometric as well. Hence, by Proposition 2, T'(n) is hypergeometric.
Similarly, each factor of T'(n) satisfies a recurrence with constant coefficients: If » = deg,, P(n) then
AITIP(n) = 0. Clearly, u™! = wlu™. If f(n) = (@)grnic O f(n) = (@ 4+ a"n)_(47,) then f(n+h) =
f(n) where h is any nonzero integer vector orthogonal to a. The same is true of the factors of each (d — 1)-
variate sequence T'(n,...,ni—1,k,Mit+1,--.,nq) where k € N. Thus by Theorem 1, each factor of T'(n) is
holonomic, hence by Theorem 2, so is T'(n). a

For factorial terms, this result can be found in [17], and for proper terms in [20, 19, 14].

Wilf and Zeilberger conjectured [19, p. 585] that the converse of Theorem 3 holds as well. Taken literally,
this is not true as we show in Example 6 of Section 3. However, we prove in Theorem 14 a slightly modified
version of their conjecture, namely that over an algebraically closed field, every holonomic hypergeometric
term is conjugate to a nontrivial proper term.

3 A normal form for rational functions
In this section E denotes the shift operator corresponding to x, so that Ef(x) = f(z+1) for every f € K(x).
Theorem 4 For every rational function F € K(z) there are polynomials a,b,c € K[z] such that
() F=t
(ii) a L E*b for all k € N,
(iii) aLcand b1 Ec.
For a proof, see [13] or [14]. The original version of this theorem (without (iii)) is due to Gosper [6].

Definition 7 (PNF) If a, b, ¢, F satisfy (i) and (ii) of Theorem 4, then (a,b,c) is a polynomial normal
form or PNF of F. A PNF which satisfies (iii) of Theorem 4 is strict.

Lemma 1 If (a,b,c) is a strict PNF of p/q where p,q € K[z], then a|p and b|q.



Proof: We have pbc = agEc, hence a | pbc and b|agEc. By (ii) and (iii), a L bc and b L aFEc, so a|p and b|g.
O

In place of (ii), we need the stronger property that a L E*b for all k € Z. To achieve this we allow ¢ to
be a rational function.

Definition 8 (shift-reduced) A rational function v € K(z) is shift-reduced if there are a,b € K[x] such
that u = a/b and a L E*b for all k € Z.

Theorem 5 For every rational function F € K(x) there are rational functions u,v € K(x) such that
() F=u- 2,
(i) w is shift-reduced.

Proof: If F =0 take u = 0 and v = 1. Otherwise let (a,b,c) be a PNF of F, and (ay,b1,c1) a strict PNF of
b/a. We claim that taking u = by /a1, v = ¢/c; satisfies (i) and (ii). Indeed,
Ec

a
u._:_._._:_._:F7
v ar Fep ¢ b ¢

proving (i). Because a; L E*b; for k > 0, we have by 1 E*a; for k < 0. By Lemma 1, a; |b and by |a. As
a L E*b for k > 0, it follows that by 1. E¥a; for k > 0 as well, proving (ii). |

Definition 9 (RNF) If u, v, F' are as in Theorem 5, (u,v) is a rational normal form, or RNF, of F. We
denote the set of all RNF’s of F' by RNF,(F).

Note that together with an algorithm for computing strict PNF (to be found in [13] or [14]), the proof
of Theorem 5 provides an algorithm for computing an element of RNF, (F').

Theorem 6 Let (u,v) and (uy,v1) be two RNF’s of F € K(z)\{0}. Write u = zp/q and uy = z1p1/q1 where
z,21 € K, p,q,p1,q1 € K[x] are monic, p Lq, and py Lq1. Then z = z;, degp = degp1, and degq = deg ¢ .

For a proof, see [4].

Example 6 Let T'(n,k) = |n — k|. Then (n — k)T(n+ 1,k) — (n —k+1)T(n,k) =0 and (n — k)T (n, k +
1)—(n—k—1)T(n,k) =0 for all n,k € N, so T'(n, k) is a hypergeometric term. It is also holonomic as
it satisfies condition (i) of Theorem 1 with the constant-coefficient recurrence T'(n, k) — T (n — 1,k —1) =0
valid for n,k > s = 1, and condition (ii) is obviously satisfied as well.

We claim that |n — k| is not equal to any proper term, not even modulo an algebraic set. To prove this,
assume on the contrary that |n — k| =, T'(n, k) where T'(n, k) is a proper term. Let @ € K][z,y] be a
nonzero polynomial such that |n — k| Q(n, k) = T'(n, k) Q(n, k) for all n,k € N. Write

p

q
T'(n, k) = P(n,k) uo® H(ai)ain+bik H(ﬂj +cjn + djk>—(cjn+djk)

=1 j=1

where P € K[z,y], u,v,0;,3; € K, and a;,b;,¢;,d;j € Z. If (0)qino+bike = 0 for some ng, ko € N then, by
(1), a; € Z and either a; > 0 and a; +a;no+ bk < 0, or ; < 0 and a; +a;ng + bk > 0. In the former case,
a; < 0 or b; <0, s0 ()a;nt+b;kx vanishes on the non-algebraic set {(n, k) € N% a; + ain + bik < 0}. In the
latter case, a; > 0 or b; > 0, 80 (%) a;n+b;x vanishes on the non-algebraic set {(n, k) € N?: a;+ain+bik > 0}.
In either case, T'(n, k), and hence |n — k| Q(n, k) would vanish on a non-algebraic set, which is false. Hence
(@i)aintbk 7 0 for all n, k € N. In the same way we see that (8; +cjn +djk) _(c;nta;r) 7 0 for all n, k € N.
Therefore we can write

p .
T'(n, k) = P(n, k) u"v" H(j:l(al)am%ik '
i=1(Bi)ejntd;k



Pick ng, ko € N such that ng < ko and Q(nog, ko) # 0. Such ng, ko certainly exist, for otherwise the
univariate polynomial @)(ng, k) would be identically zero for each ng, as it would vanish for all k& > ng, and
hence @ itself would be the zero polynomial. Let t(n) = T'(n, ko) Q(n, ko) = |n — ko| Q(n, ko). This is a
univariate hypergeometric term which can be written in the form

t( _ n f:l (%)n
n) =pn)w===—— foralln e N, (14)
H (67' )n

j=1

where p € K[z], w,v;,0; € K, and (¥;)n, (6;)n # 0 for all n € N. If v; — §; € Z then (v;)n/(d;)n is a rational
function of n, hence we can rewrite (14) as
t(n) =r(n)w"t'(n), foralln €N,

where r € K(z) is a rational function, and ¢'(n) is a nonvanishing univariate hypergeometric term whose
certificate f'(n) = ¢'(n 4+ 1)/t'(n) is a shift-reduced rational function. Let f(n) = t(n +1)/t(n) = |n+1—
kol Q(n+1,ko)/(In—ko| Q(n, ko)) =a (n+1—ko) Q(n+1,ko)/((n—ko) Q(n, ko). Then both (w f'(n),r(n))
and (1, (n—ko) Q(n, ko)) belong to RNF,(f). It follows from Theorem 6 that w f'(n) = 1, hence t'(n) = ¢/w"
for all n € N, where ¢ € K'\ {0} is a constant, so t(n) = c¢r(n) for all n € N. But t(n) = |n —ko| Q(n, ko) =a
(n — ko) Q(n, ko), therefore by Proposition 1, the two rational functions c¢r(n) and (n — ko) @(n, ko) are
identical, and t(n) = (n — ko) Q(n, ko) for all n € N. Thus we have |n — ko| Q(n, ko) = (n — ko) Q(n, ko)
for all n € N, and in particular, |ng — ko| Q(no, ko) = (no — ko) Q(no, ko). As Q(no, ko) # 0, it follows that
|no — ko| = no — ko, contrary to our choice of ng < kg. This contradiction shows that |n — k| is not equal to
any proper term, not even modulo an algebraic set. Note however that |n — k| is conjugate to the nontrivial
proper term n — k, as well as to any term 7" of the form

" _ a(n—k), n >k,
T(”’k)_{ bin—k), n<k

where a,b € K are arbitrary.

4 Shift invariance and integer linearity

Definition 10 (shift-invariant, pairwise shift-invariant, integer-linear) A rational function f € K(x) is
shift-invariant if there is a nonzero integer vector a € Z* such that f(x + a) = f(x). A rational function
f € K(z) is pairwise shift-invariant if for each pair of indices i,7, 1 < i < j < d, there are hy;, h;; € Z, not
both zero, such that Elh]E]h]f(m) = f(z). A polynomial p € K[z] is integer-linear if p(z) = u - (alz) + v
where a € Z% and u,v € K.

Note the following facts:

e If d = 2, the notions of shift invariance and pairwise shift invariance coincide.

e Any constant polynomial is integer-linear (take u = 0).

e Over an algebraically closed field, any univariate polynomial factors into integer-linear factors.

Lemma 2 Let f € K(z), a € K, a #0. If f(x +a) = f(z) then f(z) =c€ K.

Proof: Write f(x) = p(z)/q(x) where p,q € Klz]. Let g € K be such that g(zp + ka) # 0 for all k¥ € N.
By induction on k, f(zo + ka) = f(xo) for all k € N. Write ¢ = f(xo). Then r(z) = p(z) — cq(z) € Klz]
vanishes on {zg + ka; k € N}. In characteristic zero this is an infinite set, hence r is the zero polynomial,
and f(z) = c as claimed. a

Lemma 3 Let f € K(z), a € K%, aq # 0. If f(x +a) = f(x) then there is a (d — 1)-variate rational
function h € K(x1,x2,...,x4—1) such that

Aq—1

@) = her = v, wam = ).

d
Furthermore, if f € K[x] then h € K[z1,22,...,T4-1].



Proof: Define

ai aq—1
h(z) = f(z1 + a—d:z:d, ce g1+ Td,Td)-

Then f(z) = h(z1 — 224, .-, Ta—1 — ”Z;lwd,xd) and h(z1,...,Tq-1,%q + aq) = h(x). Considering h as an
element of K (x1,%2,...,24-1)(xq), Lemma 2 implies that, in fact, h € K(x1,%2,...,T4—1). |
Proposition 6 A d-variate rational function f € K(x) is shift-invariant if and only if there are nonzero
integer vectors vi,vs,...,vq 1 € L% and a (d — 1)-variate rational function g € K(xy,2s,...,x4_1) such
that

f(iI:) = g('vlTa:, U§$, ) 'vgflw)' (15)

Furthermore, if f € K[x] then g € K[z1,%2,...,Z4-1]-

Proof: Let a € Z* be a nonzero vector such that f(x + a) = f(x). W.l.g. assume that ag # 0. By Lemma

3, there is a (d — 1)-variate rational function h € K(x1, 2, ...,x4—1) such that

431 aq—1

f(x) =hzy — —24,..., 041 — Ta)-

aq
Then f(x) = g(agry — a1Tq, 0472 — A2%q,...,aqT4-1 — aqg_17q) = gwiz, viz, ..., vgflm) where
g(z1,29,...,xq-1) = h(z1 /04,22 /04, .. ,Tq-1/a4), and v; = age; — a;eq # 0.

Conversely, assume that f is of the form (15). Let a € Z% be a nonzero integer vector such that

via=vla=--=vT a=0. Then f(z +a) = f(z). a

Proposition 7 A d-variate rational function f € K(x) is pairwise shift-invariant if and only if there is a
nonzero integer vector v € Z% and a univariate rational function g € K(z) such that

fl@)=g(v"®).
Furthermore, if f € K[x] then g € K|x].

Proof: First let f be pairwise shift-invariant. We prove by induction on d that f(z) = g(v” ).

e d = 1: The assertion holds vacuously.

e d > 1: Consider f as an element of K(z4)(x1,...,24—1). By the induction hypothesis, there are
¢ € K(zq)(x) and vi,...,v; ; € Z, not all zero, such that

f@a)(@y, .. wa1) = g'(xa) (u) (16)

where u = viz + -+ v}_;xq—1. W.Lg. assume that v; # 0. Regarding ¢’ as an element of K (x4, x),
we can write (16) as f(x) = ¢'(xq,u). Now

g (zq,u) = f(x) = EPEN f(x) = f(za+ har) (@1 + hia, T2, 2a-1) = g'(Ta + har, u + v} hig).

By Proposition 6 applied to the bivariate rational function ¢’, there are g € K(x) and a,b € Z not
both zero such that

f(@) = g'(za,u) = g(au + bzq) = g(v' )
where v = (avi,...,av}_;,b) #0.

Conversely, let f(z) = g(vix) and 1 <i < j <d. If v; = v; = 0 then set h;; = hj; = 1, otherwise set
hij = vj, hji = —v;. In both cases B[ B\ f(x) = f(z). O

Corollary 1 Assume that K is algebraically closed. If p € K[x] is irreducible and pairwise shift-invariant
then p is integer-linear.

Proof: By Proposition 7, there is ¢ € K[z] and a nonzero integer vector a € Z% such that p(x) = q(a’x). As
p is irreducible, so is ¢, hence deg g < 1. Thus there are ¢,d € K such that ¢(x) = cx + d and, consequently,
p(x) =c-(aTx) +d. |



Lemma 4 Fiz a pair of indices i,j, 1 < i < j < d. If for every irreducible factor p of P € K[x] with
deg,. p, degwj p > 0 there are a,b € Z, a > 0, such that E;* jbp | P, then for every irreducible factor p of P
with deg,. p, deg,xj p >0 there are A,B € Z, A > 0, such that EiAEij =p.

Proof: Pick any irreducible factor pg of P such that deg,, po, degz]_ po > 0. Construct a sequence of noncon-

stant irreducible factors p; of P such that py; = Ei‘”Ejb’pl where a;, b € Z and a; > 0, for [ > 0. As K[z]
is a unique factorization domain, there are indices ly < Iy such that p;, = pi,. By definition of p;, it follows
that

po, = B EPp, (17)

where A = aq;y + ajg41 + -+ a;,—1 > 0and B = by, + bjy41 + -+ - + by, —1 are integers. We have additionally

o = B E;P po, (18)

where A’ =ag+ay + -+ aj,—1 > 0and B’ =by + by + -+ + b,—1 are integers. Applying EfAI Ej_BI to
(17) and using (18) we obtain py = E;* E;5py. -

Theorem 7 Let K be algebraically closed, and P € K[x]. If for each irreducible factor p of P and for each
pair of indices i,j, 1 <14 < j < d with deg,, p,deg, p > 0 there are a,b € Z, a > 0, such that E:° jbp|P,
then P factors into integer-linear factors.

Proof: Lemma 4 implies that each irreducible factor of P is pairwise shift-invariant. Hence by Corollary 1,
each irreducible factor of P is integer-linear. m|

For the case d = 2, a different proof of Theorem 7 using algebraic functions is given in [2, Lemma 3].

5 Compatible rational functions
Theorem 8 [1] Let a,b,u,v € K[z]\ {0}, u Lv, r =u/v, p an irreducible factor of v, and

a(x)r(z +1) = b(x)r(x). (19)
Then there are m,n € N, m > 1, n > 0, such that p(z + m) divides a(x) and p(x —n) divides b(x).

Proof: Rewrite (19) as
a(z)u(z + Dv(z) = b(z)u(z)v(z + 1). (20)

Let m € N, m > 1, be such that p(xz +m — 1) divides v(z) but p(z + m) does not. Then (20) implies
that p(z + m) | a(x)u(z + 1)v(x). As p(z +m) Lu(z + 1)v(z), it follows that p(x + m) | a(z).

Let n € N, n > 0, be such that p(x — n) divides v(x) but p(x —n — 1) does not. Then (20) implies that
p(z —n) | b(x)u(z)v(z +1). As p(z —n) Lu(x)v(z + 1), it follows that p(z — n) | b(z). O

The following property of divisibility in K[x] will be used freely.

Proposition 8 Let p,q € K[z], p irreducible, deg, p # 0. Then p|q in K(z] if and only if p|q in
K(z1,...,zq-1)[za].

Proof: Divisibility in K[z] obviously implies divisibility in K(z1,...,2zq-1)[z4]-
Conversely, let ¢ = pr where r € K(z1,...,24-1)[za]. As p is irreducible in K[z] and deg,, p # 0,

p is primitive when considered as an element of Klzy,...,xq_1][z4]. Write r = (a/8) 7', ¢ = v¢' where
a,B,v € Klxy,...,2q-1] and ¢',r' € K[x1,...,24_1][x4] are primitive. Then
Byq =apr'.

By Gauss’s Lemma pr’ is primitive, hence o = 8. It follows that » = v’ € K[x], hence p|gin K[z]. O
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Theorem 9 Let F,G € K(z,y) be compatible rational functions. Let (G', R) be an RNFof G, considered as
a rational function of y over K(z), and F'(z,y) = F(z,y)R(z,y)/R(x + 1,y). Then

(i) F(z,y) = F'(z,y) Hetly)

R(z,y) ’

(i) G(w,y) = G'(z,y) Bkl

(iii) F',G" are compatible rational functions,

(iv) each irreducible factor p € K[z,y] of either F' or G' is shift-invariant.

Proof: Properties (i) and (ii) follow from the definitions of F’ and G’, respectively. The compatibility
condition (10) for F', G implies that

Fl(z,y) G'(z + Ly) = F'(z,y + 1) G'(x,y), (21)
so F', G' are compatible. It remains to prove (iv). Write

w(z,y)
v(z,y)
where s,t,u,v € Klz,y], s(z,y) Lt(x,y), and u(z,y) Lv(z,y + m) for all m € Z.

Let p € K[z,y] be an irreducible factor of s, ¢, u, or v. If deg, p = 0 or deg, p = 0 then p is trivially
shift-invariant. In the case deg, p,deg, p > 0 we use two lemmas.

F'(z,y) =

G'(z,y) =

(22)

Lemma 5 Let F', G', s,t,u,v be as in (21), (22). If p € K[z,y] is an irreducible factor of uv, deg, p # 0,
then there are A,B € Z, A > 0, such that p(x + A,y + B) divides st.

Proof: a) If p|v rewrite (21) as
s(z,y)t(z,y + DG (z + 1,y) = s(z,y + Dt(z,y)G (z,y).
By Theorem 8, there is m € Z, m > 1, such that
p(x+m,y)|s(e,y)t(e,y +1).

Then p(z+m,y) | s(z,y) or p(x+m,y—1) |t(z,y). Take (A, B) = (m,0) in the former case, (4, B) = (m, —1)
in the latter.

b) If p|u rewrite (21) as

(2 + D, y) = sy + 1)

G'(x+ 1,y G'(z,y)

By Theorem 8, there is m € Z, m > 1, such that
p(z +m,y)|s(z,y + 1)i(z,y).

Then p(z+m,y—1) | s(z,y) or p(x+m,y) | t(z,y). Take (A, B) = (m,—1) in the former case, (4, B) = (m,0)
in the latter. |

Lemma 6 Let F', G', s,t,u,v be as in (21), (22) where G'(z,y) is shift-reduced w.r.t. y. If ¢ € K[z,y] is
an irreducible factor of st and deg, q # 0, then there is C € Z such that q(z,y + C) divides uv.

Proof: a) If q|t rewrite (21) as

w(z,y)v(x + 1L, y)F'(x,y + 1) = ulz + 1,y)v(z,y) F'(z,y).

11



By Theorem 8, there are m,n € Z such that
q(z,y +m) |u(z,y)v(z+ Ly) and q(z,y —n)|ulz+1y)v(z,y).

Since u/v is shift-reduced w.r.t. y it follows that ¢(z,y + m) |u(z,y) or ¢(z,y —n)|v(z,y). Take C = m in
the former case, C' = —n in the latter.

b) If ¢ | s rewrite (21) as

1
Fi(z,y +1)

u(z + 1,y)v(z,y) =u(x,y)v(z + 1,y)

F'(z,y)
By Theorem 8, there are m,n € Z such that
q(z,y +m) |u(z + Lyv(z,y) and q(z,y —n)|ulz,y)v(z+1,y).

Since u/v is shift-reduced w.r.t. y it follows that ¢(z,y + m) |v(z,y) or ¢(x,y — n) |u(z,y). Take C = m in
the former case, C' = —n in the latter. a

Proof of Thm. 9 (cont’d): If p is an irreducible factor of uv then by Lemma 5 there are A, B € Z, A > 0,
such that p(z + A,y + B) divides st. By Lemma 6, there is C' € Z such that p(x + A,y + B + C) divides uv.
Hence by Lemma 4, all irreducible factors of uv are shift-invariant.

If p is an irreducible factor of st then by Lemma 6 there is C' € Z such that p(z,y + C) divides uv. By
Lemma 5, there are A, B € Z, A > 0, such that p(z + A,y + B + C) divides st. By Lemma 4, all irreducible
factors of st are shift-invariant. a

Corollary 2 Let F,G € K(x,y) be compatible rational functions over an algebraically closed field K. Then
F' G" € K(z,y) mentioned in Theorem 9 factor into integer-linear factors.

Proof: By Theorem 9 and Corollary 1. a

Theorem 10 Let Fy,Fs,..., F; € K(x) be compatible rational functions over an algebraically closed field
K. Then there are compatible rational functions F|,Fy,...,Fy € K(x) which factor into integer-linear
factors, and a rational function R € K(x) such that F; = F] - (E;R)/R, fori=1,2,....,d.

Proof: We present an algorithm for computing Fy, Fy, ..., Fj, and R with desired properties.

Algorithm Multi-RNF

input: compatible functions Fy, Fs, ..., Fy € K(x);
output: R,F{,Fy,...,Fj€ K(x) satisfying Theorem 10;

Ry =1,
for 1=1,...,d do
Fi(l) = Fj;
for k=2,...,d do
select (Flsk),Sk) € RNF,, (F,Ekil));
Ry = SpRp—1;
for i=1,...,d, i #k, do
F® = FF D85 1(BS));
return Ry, Fl(d), ceey Féd).

We claim that for £ =1,2,...,d:

(1) Fl(k),Fz(k),...,Fék) are compatible,

12



(ii) fori=1,2,...,d we have F; = Fi(k) Egjk,

)

(iii) each irreducible factor of any of Fl(k e Fék) is pairwise shift-invariant as a polynomial in z1, ..., zg.
The proof of this claim is by induction on k.
e k= 1: In this case, (i) — (iii) hold trivially.

e k> 1: Assume that (i) — (iii) hold at k& — 1.

(i) Multiplying F* V(B F* V) = (B;F* D)F/* "V by 8,/(EiE;Sk) we obtain F" (E;FV) =
k k
(E;FFM.
.. _ (k=1) E;Re_1 _ p(k=1) g E;Sp EiRe_1 _ (k) E;R
(11) Fi_Fi .TT_F; Ezgk ) Skk ) ka11 _Fi R—kk

(iii) Let p be an irreducible factor of Fi(k). By construction, p is a shift of some irreducible factor ¢ of
Fi(k_l) or F,gk_l). By the induction hypothesis, for each pair of indices u,v, 1 <u <v <k —1,
there are a,b € Z, not both zero, such that E*E%q = q. As p is a shift of ¢, E2E’p = p as well.
Now let 1 < u < k. By Theorem 9 applied to F,gkfl) as a rational function of x = z,,, y = xx, and
considering all the other z; as parameters, there are a, b € Z, not both zero, such that ESE’p = p.
This shows that p is pairwise shift-invariant as a polynomial in z1, ..., zg.

This finishes the proof of our claim. As K is algebraically closed, it follows from Corollary 1 that each

irreducible factor of Fl(d) is an integer-linear polynomial in x4, ..., x4, hence the claim at k = d implies the

correctness of Algorithm Multi-RNF and thus the assertion of the theorem. |
6 The structure of hypergeometric terms

Definition 11 (Z-term) A hypergeometric term T(n) is o Z-term if its certificates F; in (9) factor into
integer-linear factors, for i =1,2,...,d.

Theorem 11 Let T'(n) be a hypergeometric term over an algebraically closed field K. Then there is a
rational function R € K(x) and a Z-term T'(n) such that T =, RT'.

Proof: Let F; € K(x), i =1,...,d, be such that ;T =, F;T,i =1,...,d, and let R, F{,...,F; € K(x)

be the rational functions associated with Fi, ..., Fy by Theorem 10. Take any hypergeometric term T’ such
that T
T’ —a E
Then T' =, RT', and
ET R T .
EiTI:aﬁ:aFi‘E‘lfR'E:aFZTI, fOI‘lSZSd.

As FY, ..., F} factor into integer-linear factors, 7" is a Z-term. ]
Definition 12 (uniform term) Let a1, as,...,aq be relatively prime integers. A Z-term T'(n) is uniform of
type a = (a1, az, .. .,aq) if there are univariate rational functions F; € K(x) such that

E;T(n) =, F;(a’n)T(n) (23)
for 1 <i<d.
Proposition 9 For every integer vector a = (a1, as, .. .,aq) there is an integer matriz A € 7% such that

the first row of A is a, and det A = ged(ay,as, ..., aq).

Proof: By induction on d.
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e d = 1: This is clear, assuming gcd(a) = a.

e d > 1. Write d = ged(aq,as,...,aq) and d' = ged(ag,az,...,aq4-1). There are u,v € Z such that

ud —vag = ged(d', aq) = d. By the induction hypothesis there is a matrix A’ € Z( = x =1 hose
first row equals (ay,as,...,aq_1) while det A" = ged(ay,az,...,aq_1). Let
aq
AI
A = 0
a' u
where @' = (v/d')(a1,as,...,a4-1). Then the first row of A is a, and
det A = udet A + (1) ag(v/d)(-1)2det A" = ud' — vay = d.
O

Theorem 12 If K is algebraically closed, any uniform term T'(n) is conjugate to a nontrivial factorial term.

Proof: Let T(n) be a uniform term of type a. By Proposition 9, there is a unimodular integer matrix
A € 7% whose first row is a. Using (23) repeatedly, we find that for fixed u € N,

E!T(n) =, Fiu(a"n)T(n), (24)
ETT(n) = Fiu(aTn)T(n), (25)
where F} ,(a’n) = H;;OI E!Fy(a™n) and F;_,(a"n) =1/ [T— E;'Fi(a™n). Let

T'(n) =T(A 'n) (26)

be a K-valued function defined on the integer cone A 'n > 0. Write n’ = A 'n. Then

ET'(n) = ET(A 'n)
= T(A'n+a") = 7(n'+a) (27)
where @'¥ is the i-th column of A7, As a?n’ = a¥’ A™'n = ny, we obtain from (27) using (24), (25) that
ET'(n) = fi(n)T"(n)

for 1 <i < d, where f;i(n1) = H;izl Fj7a§_i)(n1 +s;) and s; = ZZ:j+1 akag).

From the compatibility condition (10) applied to F; and F; it follows that f;(n1) is constant for 2 <14 < d.
Factoring fi(x) over K we can write

p p+q

filz) = un H(:U + ;) H (r +a;)7 1,
=1 i=p+1

fl(x) = Uy

where v; € K, p,q € N, and a; € K. Then the sequence

p p+yq

H'(n) = o™ [[(@)n, ] (@ +n1)-n, (28)
i=1 i=p+1
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(defined on A~ 'n > 0) satisfies the same hypergeometric recurrences as T'(n). Using the inverse substitution
of (26), we see that T'(n) = T'(An) is conjugate to H(n) = H'(An). But

H(n) = u™ '

2

(ai)aTn H (ai +aTn>faT'n,

p ptq
=1 i=p+1

(where u; = v&(i)) is a factorial term. In (28), when «; € Z we are free to replace («;)n, by (1)a;+n,—1 OF
by (0)a;+n,- We can do likewise with its pseudoinverse («; + n1)—pn,- By a judicious choice between these
alternatives we can always make H(n) nontrivial. a

Corollary 3 If K is algebraically closed, any Z-term T (n) is conjugate to a nontrivial factorial term.

Proof: W.l.g. assume that T is nontrivial. Let T'(n) be a Z-term such that E;T(n) =, F;(n)T(n). Let
Fi(x) = Fl(i) (a:)FZ(l) (x)--- jalS) (x) be a factorization of F; such that F,Ei) F,gj) is a uniform rational function
forall 1 <k <mand1<i<j<d, while F.”F" where 1 < i < dand1 <k <[ < m is not
(unless one of F,Ei), Fl(i) is constant). It follows from the unique factorization of polynomials in K[z] that
F,El) , F,§2) ey F,Ed) are compatible for each k. It can be shown that there are uniform terms T (n) satisfying
ETi(n) =, F,gi) (n)Ty(n). Then T'(n) ~ [T;~, Tk(n). As in the proof of Theorem 12, we can achieve that
T(n) will be nontrivial. Since products of factorial terms are factorial, the claim follows from Theorem 12.

O

Corollary 4 (Ore-Sato Theorem) If K is algebraically closed, any hypergeometric term T(n) is conjugate
to R(n)T'(n) where R € K(x) \ {0} is a rational function and T'(n) is o nontrivial factorial term.

Proof: W.l.g. assume that T' is nontrivial. By Theorem 11, T' =, RT" where R € K (x) and T" is a Z-term.
By Proposition 3, this implies that 7" ~ RT". By Corollary 3, T" ~ T' where T" is a nontrivial factorial
term. Then RT" ~ RT'. As RT" #, 0, it follows by Proposition 5 that T~ RT". |

7 Holonomic hypergeometric terms

Theorem 13 Assume that K is algebraically closed. If a rational sequence R(n) is conjugate to a nontrivial
holonomic hypergeometric term T (n) then the denominator of R factors into integer-linear factors.

Proof: We prove this by induction on d.
e d = 1: Every univariate polynomial over an algebraically closed field factors into integer-linear factors.

e d > 1. Write R = P/Q where P,Q € K[z] and P L Q. Let @ = VW where V,W € K[z] and V is
irreducible. We wish to show that V is integer-linear. Denote 7' = TW and R’ = RW = P/V. Then
T’ is holonomic hypergeometric, T’ #, 0, and 7' ~ R'. Hence there are F; € K(x) such that both T’
and R’ satisfy (9). By Proposition 1, F; = (E;R')/R'. Thus for 1 <i <d,

E;R'(n)

ET'(n) =, WT'(n)- (29)

We claim that

ET"---E;"R'(n)
R'(n)

forallai,...,aq > 0. The proofis by induction on a;+- - -+aq. If a1+---+a4 =0thena; =--- =a4 =0

and the claim is trivial. If a; + --- 4+ ag > 0 assume w.l.g. that a; > 0. Then

By BT (n) =,

T'(n) (30)

E*ﬂ/l - E*ade _ _
E;% .. E;%T'(n) =, 1 d (n) Ej (a1 1)E2—a2 - E7%T'(n)
d El—(a1—1)E2—a2 . Ed—adR/(n) d

15



E{"--E;“R(n) E/““"VE;“.. E“R(n)

_ T'(n)
By Vg ET R (p) R'(n)
Bt ---E/*R'(n),

—a T ’

using (29) and the induction hypothesis.

As T is holonomic, Theorem 1(i) implies that there is an s € N, a nonempty set H; C {0,...,s}?, and
univariate polynomials pp 1 € K[z] \ {0} for each h € H; such that

> pra(m)T'(n—-h) = 0

hecH,

for all n > s. Using (30) we see that there is an algebraic set A such that

thlnl 'm—h) = 0

hecH,

on supp T’ \ A. As this is non-algebraic, Proposition 1 and R’ = P/V imply that

P P(n—h)
h;;[l ph 1 n1 ( h) O (31)

Pick hy € Hy and clear denominators in (31). The factor V(n — ho) appears explicitly in every term
except the one with h = hgy. Hence V(x — hg) which is irreducible divides

pho,l(xl) P(:I: — ho) H V(a: — h)
hecH,
h#hg

If it divides pp,.1(x1) then V(x) € K[z1]. As it is irreducible, V is integer-linear. Next, V(x — ho)
cannot divide P(x — hg) because V | @ and P L @, hence it divides one of V(xz — h) where h # hy.
But then V(x) = V(x + a) where a = hg — h # 0. W.l.g. assume that aq # 0. Then by Lemma 3,
there is a (d — 1)-variate polynomial h € K[z1,...,z4_1] such that
V(z) = h(z1 — ﬂfb’da R -1
Qaqd Qaqd
Define R"(z1,...,24-1) := R'(x1,...,24-1,0) and T"(nq,...,nq-1) := T'(n1,...,m4-1,0). Then
R",T" are hypergeometric terms and R"” ~ T". By Theorem 1(ii), 7" is holonomic. Therefore by
the induction hypothesis, the denominator V(z1,...,x4-1,0) of R"” factors into integer-linear factors.
From (32) we find

V(wl,...,wd,l,O) = h(.%'l,...,.%'d,l),

hence
,

h(z, ..., xq-1) H U,Zc”w]—l—vl

i=1

for some r € N, u;,v; € K, and ¢;; € Z. Now it follows from (32) that

IS8

-1

r d—1 as 1 r

J

V(m) = H U; Cij (Z’j — —Z’d> +v; | = — H Uj Cij (ad:z:j — ajwd) + aqv;
i=1 j=1 ad Qa ;=5 1

<.
I

But V is irreducible, so r = 1 and V is integer-linear.
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Example 7 In the literature, rational sequences such as 1/(n? + k?) [19, p. 586], 1/(n? + k) [10, p. 358]
and 1/(nk +1) [7, Exer. 5.107] are shown to be nonholonomic by various ad hoc arguments. Using Theorem
13, nonholonomicity of these sequences follows from the fact that their denominators do not factor into
integer-linear factors. Likewise, the trivariate rational sequence T'(n,m,k) = 1/((n — m)(k — m) + 1) is
not holonomic by Theorem 13. Note that T'(n,m, k) satisfies condition (i) of Theorem 1 with the constant-
coefficient recurrence T'(n,m,k) — T (n — 1,m — 1,k — 1) = 0 valid for n,m,k > s = 1, but condition (ii) is
not satisfied as the bivariate sequence T'(n,0,k) = 1/(nk + 1) is not holonomic. a

Lemma 7 IfQ € K[x]\{0} factors into integer-linear factors then the rational sequence 1/Q(n) is conjugate
to a nontrivial factorial term.

Proof: Write Q(n) = u [[%_, (afn + a;) where u € K\ {0}, p€ N, a; € K, and a; € Z* for 1 <i < p.
W.l.g. assume that each a; has at least one positive component. Then

1 o Warnga,1(@in+ai+1)_(q7nia,), if a; € Z and a; >0,

ai+aln — (ai)a?n(aiTn T+ 1) (arni1); otherwise

where the right-hand side is conjugate to a nontrivial factorial term. It follows that 1/Q(n) is conjugate to
a nontrivial factorial term as well. a

Theorem 14 If K is algebraically closed, any holonomic hypergeometric term T (n) is conjugate to a non-
trivial proper term.

Proof: W.lg. assume that T is nontrivial. By Corollary 4, T ~ RT} where R € K(xz,y) \ {0} and T}
is a nontrivial factorial term. By changing all rising factorials in 77 into their nonvanishing counterparts,
we obtain a conjugate holonomic sequence T» which is nowhere zero. Then T' ~ RT» and 1/T5 is also
holonomic. So R ~ T'/T». Note that T'/T% is nontrivial, and holonomic by Theorem 2. Write R = P/Q
where P, () € K[z,y] and P L (). By Theorem 13, @) factors into integer-linear factors. By Lemma 7, 1/Q is
conjugate to a nontrivial proper term T3. Thus T' >~ P757T5 which is a nontrivial proper term. O
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