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Linear homogeneous recurrence equations with
polynomial coefficients and systems of such equations
play a significant role in combinatorics and in the the-
ory of hypergeometric functions; the question of the
dimension of the space of solutions of such systemsis
of great importance for many problems.

Let E, be the corresponding shift operators acting
on functions (sequences) of ny, ..., nyby E, f(ny, ..., n) =
f(n,....m+1,...,ny,i=1,...,d

Definition 1. An H-system is a system of equations

fi(ng, ....,ng)T(Ny, ...,y + 1, ...,ny)
= gi(ng, ...,y )T(Ng, ..., Ny, oo Ny, D
i=12,...,d,

where f,, g; O C[n,, ..., ng]{0} and f;, g, are coprime.
We say that a d-variate sequence T (i.e., a complex
function defined on a subset of 79 is a solution of (1)
if (1) issatisfied at al those (ny, ..., n;, ..., ng) in the
domain of T for which (n, ..., n; +1, ..., ny) belongsto
the domain of T aswell. We call ahypergeometric term
any solution T of an H-system.

The prefix “H” in the name “H-system” refers to
“hypergeometric” and to Jakob Horn, who, factualy,
defined a d-variate hypergeometric series as ad-variate
Laurent series, whose coefficients form a hypergeomet-
ric term.

The notion of singular points (singularities) of such
systems can be defined in the usual way. Such singular-
ities make obstacles (sometimes, insuperable) for con-
tinuation of partial solutions of the system on all of Z¢.

Definition 2. Let H be an H-system of the form (1).

A d-tuple (0, ..., ny O Z%is asingularity of H if
there existsi, 1 <i < d, such that fi(n,, ..., n,_y, N, — 1,
N1y - NYGi(NG, ..., NG = 0.

Let SH) denotethe set of all integer singularities of H.
Denote by V,(H) the C-linear space of dl solutions of H

1 The text was submitted by the authors in English.

which are defined at all elements of Z¢, and by V,(H)
the C-linear space of dl solutions of H which are
defined at all elements of ZI\H).

Sometimes, we will drop the name of the H-system
and will write V3, V, instead of V;(H), V,(H).

We investigate the dimensions of the spaces V,, V..
Itiswell known [1] that, if (in the case d = 1) one con-
sidersthe germs of sequences at infinity (i.e., classes of
sequences which agree from some point on), then the
dimension of the solution spaceis 1. However, the situ-
ation is different with dimV, and dimV..

When d = 1, the system (1) is of the form
f(NT(n+1) = g(n)T(n), 2
wheref(n), g(n) O C[n]\{0} and f(n), g(n) are coprime.
We prove for the case d = 1 the following.

Theorem 1. Let S denote the set of singularities
of Eq. (2).

@ If s=0, thendimV, = dimV, = 1.

(b) If S# O, then 1 < dimV; < dimV, < o, and, for
any integerss, t suchthat 1< s<t, there existsan equa-
tion of the form (2) such that dimV, = sand dimV, = t.

For example, for therecurrence T(n+ 1) = [122(n—
2i + 1)T(n), k=1, we havedimV, =1, dimV, = k (we
use the convention that a product is 1 if its lower limit
exceeds its upper limit). For g(n + DT(n + 1) =
a(N)T(n), wherek = 1 and q,(n) = nr;g( n+2i + 1),
we havedimV; =k, dimV, =k + 1.

We show that, in the case d > 1, the possibilities are
even richer.

Theorem 2. For anyd>1land 1< s, t < o, there
exists an H-system such that dimV,; = sand dimV, =t.

For example, dimV, = oo, dimV, = 1 for the system
(ng=4n,+1)T(ny +1,ny) = (N —4n,)T(Ny, ny),
(ny—4n,—4)T(ny, Ny + 1) = (N —4n;)T(Ny, Ny),

whiledimV; =1, dimV, = 1 for
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(N =4n;)T(n, +1,ny) = (ny—4n, +1)T(ny, ny),
(Ni—4n;)T(ny, Ny +1) = (ny—4n,—4)T(ny, ny),
and dimV; =dimV, = o for
(n—ny—1)(n;—n, +1)T(ny + 1, ny)
= (ny—ny) (N —ny +2)T(Ny, Ny),
(ni—ny—1)(n;—ny +1)T(ny, Ny + 1)
= (Ny—ny)(Ny—N; —2)T(Ny, 1ny).

Definition 3. Rational functions Fy, ...
C(n,, ..., ny) are consistent if

(EnjFi)Fj = Fi(EniFj)

foral 1<i<j<d.

We revisit the Sato-Ore theorem [2-4] which
describes the structure of consistent rational functions.
We show that, contrary to some interpretations in the
literature (e.g., [5, 6]), thistheorem does not imply that
every solution of an H-system (even when the solution
is defined everywhere on Z9) is of the form

, Fq O

P
|_| M(ang+ ... +agng +a;)
i=1

q
|_| F(bjyn; + ... +bjgng + B;)

i=1

R(ny, ..., ng) =

©)

X Ugt... Ny,
where RO C(xy, ..., Xg), & b 0 Z, and a;, B; O C.
Let A(hy, n,) =|n; —ny|. Then,
(np—nz)A(n, +1,ny) = (ng—n,+ 1)A(ny, ny),
(ny—nx)A(ng, N +1) = (Ng—n, —1)A(Ny, ny)

foral n, n, 0 Z, so A(n,, n,) isahypergeometric term.
However, as we prove, A(n,, n,) is not of the form (3).
Notice that generating function of A(n,, n,) isrational

z [Ny —ny| Zflhzgz

n;,n,20
= 0] 4 + 2 [ 1
D(1—21)2 (1—22)2]1—2122

It may be the case that, in the literature referred to
above, a hypergeometric term T(n,, n,) is implicitly
assumed to be nonzero for all n,, n, 0 Z. This possibil-
ity is supported by the fact that, e.g., in [5], the corre-
sponding H-system is given in terms of the two quo-
tients (rational functions) T(n, + 1, ny)/T(ny, n,) and
T(ny, ny, + 1)/T(n,, ny) (Horn, factually, used the same
way). But such a severe restriction would preclude
many important functions from being hypergeometric,
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Un, O
such asthe binomial coefficient T(ny, ny) = E M2 0, and
n;
al polynomials with integer roots. However, if we do
not adopt thisrestriction, then there are hypergeometric
terms which cannot be written in the form (3), asillus-
trated by the hypergeometric term A(ny, ny).

Finally, we give an appropriate corollary of the Ore—
Sato theorem on possible forms of solutions of systems
under consideration.

Definition 4. Call the two d-tuples (ny, ..., ny),
(N, ..., ny) O Z%adjacentif 7 |n, —nj|=1.Cal

afinite sequencety, ..., t, 0 Z% apath from t, to t, if
tisadjacenttot ., forali=1,..., k-1

Given an H-%stem H, we define components
induced by H on Z9 as the equivalence classes of the
following equivalence relation ~ in Z9: t' ~ t" iff there
exists apath from t' to t" which contains no singularity
of H. If Tisasolution of an H-system H, then its con-
stituent is the sequence that is the restriction of T on a
component induced by H.

We call aset M O Z¢9 algebraic if there is a non-
zero polynomial p O C[X,, Xy, ..., X4 such that p(n,,
N, ..., Ng) =0foral (ny, ny, ..., ng) OM.

Corollary. Any constituent of a hypergeometric
termT(n,, ..., ny) whose domain isa nonal gebraic com-
ponent of Z9 induced by the original system is of the
form (3).
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