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Abstract

While Liouvillian sequences are closed under many operations, simple exam-
ples show that they are not closed under convolution, and the same goes for
d’Alembertian sequences. Nevertheless, we show that d’Alembertian sequences
are closed under convolution with rationally d’Alembertian sequences, and that
Liouvillian sequences are closed under convolution with rationally Liouvillian
sequences.

Keywords: (rationally) d’Alembertian sequences, (rationally) Liouvillian
sequences, convolution, closure properties

2010 MSC: 68W30, 33F10

1. Introduction

Liouvillian sequences constitute a large class of sequences which can be rep-
resented explicitly (as opposed to recursively, by generating functions, or by
other means). They were defined in [7] as the elements of the least ring of
(germs of ) sequences that contains all hypergeometric sequences and is closed
under shift, inverse shifts, indefinite summation, and interlacing. In the same
paper, an algorithm was given for finding all Liouvillian solutions of linear re-
currences with polynomial coefficients. It is interesting to note that the ring of
Liouvillian sequences is closed under many operations, but it is not closed un-
der convolution or Cauchy product of sequences, an important operation which
corresponds to the product of their respective (ordinary) generating functions.

Example 1. Zeilberger’s Creative Telescoping algorithm [14],[15] establishes that
the convolution of n! with 1/n!

1 - k!
Yn = n!*a = Zm
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satisfies the inhomogeneous recurrence

1
n - 2)yn n = 7o\’
Ynt2 — (N +2)yny1 +y (1 2)!
which can be homogenized to
(n =+ 3)ynsz — (n? + 60+ 10)ypio + (20 + 5)yni1 — Yn = 0. (1)

As the Hendriks-Singer algorithm [7] shows, this recurrence has no nonzero
Liowvillian solutions. So the convolution of Liouwvillian (even hypergeometric!)
sequences n! and 1/n! is not Liouwvillian.

This observation opens several new directions of investigation. One, which is
not pursued here, is algorithmic: Design algorithms for finding those solutions
of linear recurrences with polynomial coefficients that belong to the least ring
of sequences which contains all hypergeometric sequences and is closed under
shift, inverse shifts, indefinite summation, interlacing, and convolution.

Another one, which is the focus of this paper, is finding some restrictions
on Liouvillian sequences a and/or b which will guarantee that their convolution
a * b is Liouvillian. Such results can be used for simplification of expressions
containing convolutions of these “restricted Liouvillian” sequences, as they allow
us to eliminate convolution and express it by the operations that are used to
define Liouvillian sequences. They also show that by finding all Liouvillian
solutions of a linear recurrence with polynomial coefficients, we also find all
solutions which are convolutions of “restricted Liouvillian” sequences.

The restrictions that we use concern the set of the basis sequences used in the
definition of the ring of Liouvillian sequences. A sequence a is rational if there is
a rational function r(z) such that a,, = r(n) for all large enough n. A sequence a
is quasi-rational [I] if there are d € N, rational functions r1(z), reo(x), ..., rqe(z),
and constants oy, as, . .., ag such that a,, = ijl ri(n)a for all large enough n.
This is a natural generalization of C-finite (a.k.a. C-recursive) sequences which
are solutions of linear recurrences with constant coefficients. We define (quasi)-
rationally Liouvillian sequences (Def. 5| on p. |5)) analogously to Liouvillian se-
quences, except that the rdle of basis sequences is played by (quasi)-rational
sequences rather than by hypergeometric sequences.

One of the main results of the paper is the following: If a is Liouvillian and b
is quasi-rationally Liouvillian (or vice versa), then axb is Liouvillian (Theorem
on p. . The proof is based on the analogous result for d’Alembertian sequences
(introduced in [3]) which are the elements of the least ring of sequences that
contains all hypergeometric sequences and is closed under shift, inverse shifts,
and indefinite summation. We define (quasi)-rationally d’Alembertian sequences
(Def. 4| on p. [5|) analogously to d’Alembertian sequences, except that again the
basis sequences are (quasi)-rational sequences rather than hypergeometric ones.
Then we have the following result: If a is d’Alembertian and b is quasi-rationally
d’Alembertian (or vice versa), then a*b is d’Alembertian (Theorem on p. o).
These results, together with the observation that Liouvillian sequences are not
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closed under convolution (Example [l on p. , appear to be new. Their proofs,
given in Sections [f] and [6] are conceptually simple but technically nontrivial
because convolution is not a local operation, meaning that equivalent factors
need not yield equivalent results (see Defs. |§| and (7| on p. @ Consequently, we
cannot use the ring of germs of sequences which has a nicer algebraic structure,
but are forced to work with sequences themselves, ensuring that each term
of every sequence that we consider is well defined. The proofs of Theorems
resp. [2| are constructive and can be used to convert the convolution of a
d’Alembertian sequence with a quasi-rationally d’Alembertian sequence into a
standard representation of a d’Alembertian sequence, resp. the convolution of a
Liouvillian sequence with a quasi-rationally Liouvillian sequence into a standard
representation of a Liouvillian sequence (see Examples |§| resp. [7)).

A short overview of the paper: In Section [2] we define the relevant sequence
classes and operations, and introduce the corresponding notation (cf. [9]). In
Section [3| we state our main results and give some examples. Section [4] contains
some technical results concerning closure properties of sequence classes under
equivalence [12], (non)-locality of operations, and the relation between convo-
lutions of pairwise equivalent factors. Section [5| begins by listing some of the
properties of d’Alembertian sequences needed to prove Theorem [I] The proof
itself is divided into two parts: Proposition [5| deals with the “ideal” case where
the minimal annihilators of the hypergeometric resp. rational sequences in the
two factors are nonsingular, while the rest of the proof takes care of the general
case. The section ends by elaborating Example [l Section [6] contains the proof
of Theorem [2] and elaborates Example

The preliminary version [5] of this paper contains some additional results
and examples.
2. Preliminaries

Let K be an algebraically closed field of characteristic 0, N the set of non-
negative integers, and (KY, +,-) the ring of all sequences with terms in K.

Definition 1. A sequence (a,), € KN is:
e rational if there is r € K(x) such that an, = r(n) for all large enough n,

o quasi-rational (cf. [I]) if there are d € N, ri,ro,...,7q4 € K(z)*, and
a1, ae, ..., aq € K* such that a,, = Zle ri(n)al for all large enough n,

e hypergeometric if there are p,q € K[z] \ {0} such that
q(n) ans1 +p(n)a, = 0 forallneN

and a,, # 0 for all large enough n,
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e P-recursive or holonomic if there are d € N and pg,p1,...,pa € Kz],
pa # 0, such that

Pa(N)antd + pa—1(n)anta—1 + - +po(n)a, = 0

for all n € N.

ADDITIONAL NOTATION:

e We denote the set of hypergeometric sequences in KN by H(K), and the
set of P-recursive sequences in K~ by P(K).

e For n,m € N, m > 1, we denote by ndivm := | | the quotient, and by
n mod m :=n — m|;-| the remainder in integer division of n by m.

e The shift operator E: KN — KN is defined for all @ € KN and n € N
by E(a), = an+1, and for k € N| its k-fold composition with itself is
denoted by E*. For d € N and pg, p1,...,pq € K[z] such that pg # 0, the
map L = Zi:o pr(n) B¥ : KN — KN is a linear recurrence operator of
order ord L = d with polynomial coefficients. We denote the Ore algebra
of all such operators (with composition as multiplication) by K[n](E).

e The inverse shift operator E;l : KN — KV is defined for all A € K, a € K,

-1 ) Gn-1, n2>1,
and n € N by E} (a)n.—{)\7 n=0
e The indefinite (or: partial) summation operator ¥ : KN — KV is defined
for all a € KN and n € N by Xa, :=Y__, a.

e The multisection operator iy, : KY — KN is defined for all m € N\ {0},
re{0,1,...,m—1}, a € KN and n € N by pm(a)n = amnir (the r-th
m-section of a).

e The convolution operator * : KN¥ x KN — K is defined for all a,b € KN
and n € N by (a*b), ==Y 1_o arbp_g.

e The interlacing operator A : |Jo-_, (KN)m — K" is defined for all m > 1,
a® . a® . amD ¢ KN and n € N by A(a®,a®,... o™ D), =
(AT aD) = a0l ™

Definition 2. The ring of d’Alembertian sequences A(K) (c¢f. [3]) is the least
subring of KN which contains H(K) and is closed under shift, all inverse shifts,
and indefinite summation.

Definition 3. The ring of Liouvillian sequences L(K) (cf. [7]) is the least sub-
ring of KN which contains H(K) and is closed under shift, all inverse shifts,
indefinite summation, and interlacing.
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It is well known that P(K) is closed under shift, all inverse shifts, indefinite
summation, multisection, scalar multiplication, addition, multiplication, convo-
lution, and interlacing (cf. [7, 12}, 13]). Consequently, H(K) C A(K) C L(K) C
P(K).

As shown by Example 1} neither A(K) nor £(K) is closed under convolution.
To obtain positive results, we define some subrings of these rings by replacing
hypergeometric sequences with (quasi)-rational sequences as their basis.

Definition 4. The ring of (quasi)-rationally d’Alembertian sequences A g),q+ (K)
is the least subring of KN which contains all (quasi)-rational sequences over K
and is closed under shift, all inverse shifts, and indefinite summation.

k
Example 2. Derangement numbers d, =n!> ;_, % are d’Alembertian but
not rationally d’Alembertian; harmonic numbers H, = > ;_, % =>"0 k%-l —

%—4—1 are rationally d’Alembertian.

Definition 5. The ring of (quasi)-rationally Liouvillian sequences L q)rq¢(K) is
the least subring of KN which contains all (quasi)-rational sequences over K and
1s closed under shift, all inverse shifts, indefinite summation, and interlacing.

Example 3. The sequence n!! is the interlacing of hypergeometric sequences
2"n! and (2n + 1)!1/(2"n!), hence it is Liowvillian (but it is not rationally Li-
owvillian). Any interlacing of rationally d’Alembertian sequences is rationally
Liouvillian.

3. Main results

Theorem 1. If a € KN is d’Alembertian and b € K" is (quasi)-rationally
d’Alembertian, then their convolution a * b is d’Alembertian.

The proof is given in Section [5| on p.

Example 4. Let a,, = 2" 'n! (a hypergeometric sequence) and b, = T (a
n+ L
2
rational sequence). As shown in Example @ on p. their convolution equals

n k—1
1 1
W= @n+ |1 — S @2
yn = (n41) +};(2k+1)!! 2% + 1 j;o( 7)

As (2n+ D! and (2n)!! are hypergeometric, y is d’Alembertian.

Theorem 2. If u € KN is Liouvillian and v € K~ is (quasi)-rationally Liouvil-
lian, then their convolution u x v is Liouvillian.

The proof is given in Section [6 on p.
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Example 5. Let a,, = n!! (a Liowvillian sequence which is not d’Alembertian)
and b, = n%rl (a rational sequence). As shown in Example @ on p. their

convolution y is the interlacing of g© and ¢*) where

2k—2

S 1 Ak +1
0 _ o~
g = @n+D {14+ @D | Rk T 1) > 2)

k=1 =0

n 2k—1

3 4k +3
W= @+ | S I
I (2n + 2) 4+Z:1 2k+2 CERCIET) Z] (3)
As Zfi N = Z o (29! + Z 2(24 + 1)!! and Z% L = Z;:é(gj)” +

ijo (25 4+ D), both g© and gV are d’Alembertian, hence y is Liouwvillian.

4. Equivalence of sequences and (non)-locality of operations
Definition 6. [12] Sequences a,b € KN are equivalent if there is an N € N s.t.
a, =b, foralln>N

or equivalently, s.t. EN (a) = EN(b). We denote this relation by ~, and call its
equivalence classes germs at oo of functions N — K.

Definition 7. o A set of sequences C C KN is closed under equivalence if
a €C and a ~ a' implies that ' € C.

o An operation w on KN will be called local if ~ is a congruence w.r.t. w
(i.e., if equivalent operands produce equivalent results).

Proposition 1. The set H(K) is closed under equivalence.

Proof: Assume that a € H(K) and @’ ~ a. Then there are p, ¢ € K[z] \ {0} and
N € Ns.t. g(n)ant1 +p(n)a, =0 for all n € N, and a), = a,, # 0 for all n > N.
Hence

B(n 1)+ (1~ N+ )y +n(n— 1)+ (0 — N + Dp(n)al, = 0
for all n € N, so ¢’ € H(K). O

Proposition 2. Let C C KN be a set of sequences closed under all inverse shifts
and addition, and such that 0 € C. Then C is closed under equivalence.

Proof: Let a € C and @’ ~ a. Then there are k € N and Mg, Aq,...,\x € K s.t.
a'—a= (A, A1, A, 0,0,0,..) = E B B N0),

so a :a—&-EA_OlE;ll---E;kl(O) eC. O
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Corollary 1. The rings A(K), L(K), Aqqt(K), Lrat(K), Agrat(K), Lgrat(K),
P(K) are closed under equivalence.

Proposition 3. While shift, inverse shift, difference, multisection, scalar mul-
tiplication, addition, multiplication, and interlacing are local operations, indefi-
nite summation and convolution are not local.

Proof: Straightforward. O
When dealing with local operations, it is customary to work with germs of
sequences which simplifies the statements of results and their corresponding
proofs. Since here we are especially interested in the nonlocal operation of

convolution, we need to work with sequences themselves. In this situation, the
following auxiliary results will prove to be useful.

Lemma 1. Let a,b,e,n € KN with e,n ~ 0. Then:
(i) ae ~ 0,
(il) > fr_per ~ C for some C € K,
(i) axe = lecvzo exEy " (a) for some N € N,
(iv) exn ~0,
(V) (a+n)x(b+e) ~ axb + Y geE (a) + 320 nEy” (b)
for some N1, Ny € N.
Proof:
(i) This follows from locality of multiplication.
(ii) Let N € N be such that ¢, = 0 for & > N. Write C = Zszo ei. For
n > N we have Y7 _er = S n_o €k, 50 op_gex ~ C.
(iii) Let N € N be such that e, = 0 for £ > N. Then for all n € N,

min{n,N}

(a%e), Zekank— > eEy” (ngE ) (4)

k=0
where the last equality follows from the fact that E;*(a), = 0 for k > n.

(iv) Let N1, N2 € N be such that ¢; = 0 for ¢ > N; and n; = 0 for j > No.
Assume that n > N; + No. Then k > N; or n — k > Ns for every k € N,
therefore

(exn)n = ZEknn—k =0
k=0
for all such n, so € xn ~ 0.

(v) By bilinearity and commutativity of convolution we have
(a+n)*x(b+e)=axb+axe+bxn+exn.

The claim now follows from (iii) and (iv). O
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5. Proof of Theorem 1 (the d’Alembertian case)

We use the fact that d’Alembertian sequences are annihilated by completely
factorable linear recurrence operators with polynomial coefficients. This im-
plies that each d’Alembertian sequence can be written as a linear combination
of nested indefinite sums with hypergeometric factors in the summands. Simi-
larly, each (quasi)-rationally d’Alembertian sequence can be written as a linear
combination of nested indefinite sums with (quasi)-rational factors in the sum-
mands.

Definition 8. For d € N\ {0} and a(,a®, ... a® € KN, we shall denote by
NS (a(l), a?, .. 7a(d)) = NSZ_,a®

the sequence a € KN defined for all ky € N by

k?l kQ kd—l
._ d (i _ @ (2) (3) (d)
Ak, = (Nsizla( )>k:1 = Gy, Z A, Z Oy " Z Ay (5)
ka=0 k3=0 kqa=0
and call it the nested sum of sequences aV,a® ... al¥. Note that the scope

of each summation sign on the right of extends to the end of the formula.
We will call the number d the nesting depth of this representation of a.

Theorem 3. Let a € KN. Then:

(i) a is d’Alembertian iff it can be written as a K-linear combination (possibly
empty) of nested sums of the form (@ where aV,a® ... oD e H(K),

(ii) a is d’Alembertian iff there are d € N\ {0} and Ly, Lo, ..., Lq € K[n|(E),
each of order 1, such that LiLy--- Lg(a) = 0.

For a proof, see [3] or [10].

Corollary 2. If y € KN satisfies L(y) = a where L is a product of first-order
operators and a € A(K), then y € A(K).

Proof: By Theorem [3}(ii), there are d € N\ {0} and L1, Lo, ..., Lq € K[n](E),
each of order 1, such that LiLs---Lg(a) = 0. Hence

LiLy-- LgL(y) = LyLo---Lg(a) = 0,
so, again by Theorem [3|(ii), y € A(K). O

Theorem 4. A sequence a € KY is (quasi)-rationally d’Alembertian iff it can
be written as a K-linear combination (possibly empty) of nested sums of the form
(@ where aM,a® ... aD are (quasi)-rational sequences.

The proof is analogous to that of Theorem [3[i).



Proposition 4. For all k € N and a,b € A(K), we have
axbec A(K) < E*(a)* E*(b) € A(K). (6)

Proof: Note that, for all n € N,

n+2 n+1
2
E“(axb)y E abpyo_r = agbni2 + any2bo + E arbnyo_k
k=0 k=1

= aobpy2 + anyobo + Z r41bnyi—k
k=0

= aoFE2(b),, + boE?(a), + (E(a) * E(b)),.
As A(K) is closed under shift, scalar multiplication and addition, this implies
E*(axb) € AK) < E(a)* E(b) € A(K).
By the closure of A(K) under shift and all inverse shifts, we have
axbe AK) <= E?*(axb) € AK),

SO

axbe AK) < E(a)* E(b) € A(K). (7)
As A(K) is closed under shift, we can replace a by E*(a) and b by E*(b) in (7)
and obtain
E*(a) x E*(b) € A(K) <= E"(a) x E*"1(b) € A(K)
for all k € N. Now () follows by induction on k. O

Lemma 2. Let d € N, a®, a®@ .. a@ ¢ KN, M) @ @ c KN gnd
eW @ 2 ~ 0. Then there are c1,ca, ..., cq € K such that

NSL ( i) 4 gl ) ZQNSJ Lal

Proof: By induction on d.

If d = 0 both sides are 0. Now assume that the assertion holds at some
d > 1, and expand the left-hand side. In line 2 we use the induction hypothesis
and compensate for replacing equivalence with equality by adding a sequence
n ~ 0 in the appropriate place. In lines 3 and 4 we use Lemma [I] (i) resp. (ii).
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We denote the constant C' introduced in Lemma (ii) by ci1:

(NS5 (59+20)), = (o) 3° (NS (a0 +20)

o=

- <a§}> + 5511)) z”: (di Ci (st‘:z a(j))kz + ’7k2>

k2

ka=0 \i=2
n d+1 ) .
a3 S e (NSLpa) a3
ka=0 i=2 ka=0

d+1 ' _
~ Zci (NS;ZI am) —|—cla$})

i=2 "

1

_ dz NS'_, o0
=1 “ ( J=1 a” )n
(]

Lemma 3. Letd € N and o™V, a®, ... o@D ¢ KN. If N € N is s.t. a —Ofor
alln < N andi € {1,2,...,d}, then

EN (NSZ 1a ) = NS;'1=1 EN (a(i)>.

Proof: Write the nested sum on the left as a single sum, shift all summation
indices by N, and use the fact that all original summands vanish below V:

n+N ko kq—1
(EN (NSLla(“)) SN D DY I D IR S
" ka=0 k3=0 kq=0
_ a® @6 (d)
= Z Ap N, Qg o0 Ay
0<kq<-<kz<ka<n+N
1 2 3 d
= Z leNal(CQ)JrNa’(Ca)JrN ’ a](cd)JrN

—N<kq<:-<kg<ka<n

1 (2) (3) (d)
= E , At Nyt NOg N Ay N
0<kq<:<k3z<k2<n

(NSL, BY (a9)) .
]

In Proposition [5] we prove the “ideal” case of Theorem [T where the minimal
annihilators of the hypergeometric resp. rational sequences in the two factors
are nonsingular. We use induction on the sum of nesting depths of both factors
and of the valuation of the quasi-rational factor. Thanks to the Partial Fraction
Decomposition Theorem for rational functions, it suffices to consider three cases
according to the possible forms of a term in the partial fraction decomposition

10
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of a quasi-rational function, namely o, o®z7, and (mfiﬁ)] (both with j > 1). In

20 each of the cases, we apply to the convolution a * b a linear recurrence operator
Ly of order at most 1 such that the nesting depth of one of the factors or
the valuation of the quasi-rational factor decreases. Then we use the inductive
hypothesis to show that Lg(a * b) is d’Alembertian, and invoke Corollary [2| on
p. [§ to conclude that so is a * b.

»s  Proposition 5. Let d,e € N, and let for alln € N

0 ifd=0
a n+n1 k2+n2 ka—1+na—1 4
n = 1 2 3 .
S S S s
ko=0 k3=0 kq=0
0 ife=0
b o n+&1 ka+E2 ke—1+E€c—1
" p1(n) Y wa(ka) D wslks)-- D pelke) ife>1
k2=0 k3=0 ke=0

where
o fori=1,2,....d, h\D is hypergeometric over K, and there are p;, q; € K[z]
such that ¢;(n) # 0 and g;(n) hg_l = pi(n) hgf) for alln € N,
® N,M2,- -, Md—1 € N7
230 e fori=1,2,...,¢e, there are o; € K*, 5; € K\ N and j; € N such that
pi(z) € {af2’, af (v — B;) 771},
hd §17€27"' 556—1 eN.

Then a * b is d’Alembertian.

Proof: Note that a is d’Alembertian, and b is quasi-rationally d’Alembertian.
We use induction on d + e + Y ;_; j; where d resp. e are the nesting depths of
these representations of a resp. b, and Zle ji is the valuation of b. If d = 0 or
e =0, then a b =0 € A(K). Now let d,e > 1. Write

n+mn
an = hn Y g, (8)
ko=0
where h = AV, =, and
5k2,07 d= 17
a ( )k2+772 @ kq—1+mna—1 "
ko = 2 3 d
S T as
k3=0 kq=0

with &, 0 = (1,0,0,0,...) € KN the identity element for convolution. Write

n+§€

by = o(n) Y b, (9)

ko=0

11
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where Y =1 (Wlth J :jh o = o, ﬁ = 51)7 5 = 61 and

6’62,07 e=1,
B _ ko+E&2 ke—1+E€e—1
2T palke) D eslks) o Y welke), e>2.
k3=0 ke=0

We shall prove that the convolution
n n k+n n—k+& ~
o= Sk = Sl ) (z ) ( 3 %)
k=0 k=0 ko=0 ko=0

is d’Alembertian by showing that Lo(y) € A(K) for an appropriate operator
Lo € K[n](E), then invoking Corollary [2 We distinguish three cases:

CastE 1. ¢(z) = a”

In this case y, = > p_oara™ F ZZ;CJE by, and we take Ly = E — o. Then

(Lo(y))n = Yn+1 — QYn

n+1 n+l—k+¢& ~ n n—k+§ ~
B TP SR S
k=0 k2=0 k=0 k2=0
£ n _
= Qpt1 Z br, + Zakan+1_kbn—k+f+1
k2=0 k=0
5 ~ ~
= FE(a), Z b, + (an * oz"Egan)
ka=0

where F(a) is d’Alembertian and Q" ESt1h, has nesting depth e — 1, hence
an * & E¢T1h, is d’Alembertian by induction hypothesis.
CASE 2. ¢o(z) = o®27 with j > 1

Here b,, = n’¢,, where ¢, = " ZZQEO 5;@, and we take Lo = 1. So

n J

Yn = Z ak(n - k)jcn—k = Z(_l)l (Z) nj_i zn: kiakcn—k
k=0

0 1=0
_ i_o(_w‘(g) I (W) * ) -

As the valuation of ¢ is j less than that of b, our induction hypothesis implies
that y is d’Alembertian.

CASE 3. ¢(z) = ﬁ with 7 > 1

12
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Here we take Ly = gq(n — 8)E — p(n — ) where polynomials p,q € Kz] \ {0}
are such that ¢(n)h,4+1 — p(n)h, = 0 for all n € N. Then

(Lo(y))n =
n+1 _ k+n n+1—k+¢§
hkan+1 k B ~
- q<"*ﬂ>zm D | (2 b
k=0 ka=0 k2=0
n hkOL k+77 n—k+§ B
k=0 k=0 ka=0
n _ k+1+4n n—k+¢
hk+104n k B ~
= q(n—p) Z (n—k—B)y Z Ay Z bk,
k=—1 ka=0 ka=0
n hkOL k+n n—k+§ ~
SN ) e (z) ( 3 b)
k=0 ko=0 ko=0
- An + Bn + Cna
where
An = q(n— B)agbpya,
n n—k+§
B, = q(n—ﬁ)zhkﬂamun(i ( ) bkz) ’
k=0 ko=0
n q " hk+1 _ p(n B hk k+n n—k+§€ ~
L c n k
o m St tnn ($1,) (5%
k=0 ko=0 ko=0

Clearly A is d’Alembertian. Since B, = q(n—f) (E(hE"(a)) * b),, and the nest-
ing depth of E(hE"(a)) is d—1, B is d’Alembertian by the induction hypothesis.
In C,, we replace hy11 with hy p(k)/q(k) and obtain

" P(k)hra"" s el
D D [ e (Z’“> ( 2 b’”)

k=0 ko=0 ko=0

where P(k) := q(n— 8)p(k) —p(n— B)q(k) € K[n][k]. Since P(n— ) =0, P(k)
is divisible by k — n 4 /3, hence there are s € N and ¢, cy,...,cs € Klz] such
that P(k) = (n —k — 8) >.._, ci(n)k’. It follows that

S

n k‘iak n—k+§
On = Zci“”zq(k)'(nw By (Z b’”)

1=0 k=0 ko=0
an—k n k+£~

S e S A
i=0 k2=0

= > (uf) < (n-B)bn)

13
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where u,(f) = IZ(Z’)‘ for all K € N and i € {1,2,...,s}. As the valuation of
(n — B)by, is one less than that of b,, our induction hypothesis implies that

ul? « (n — B)by, is d’Alembertian, hence so are C' and Ly(y) = A+ B+ C. Since
Lg has order one, Corollary [2] implies that y = a * b is d’Alembertian. O

Based on Proposition [} we now prove the full version of Theorem [I] Again
we use induction on the nesting depth of the two factors, as well as Lemmas
and Proposition [

Proof of Theorem [1] (see p. [f): By Theorem [3](i), the sequence a can be
written as a K-linear combination of sequences of the form NS?Zlh(i) where
R AR R € H(K). For i = 1,2,...,d, let p;,q; € K[z] be such that

gi(n )hs+1 = i(n)h,(f) for all n € N. By Theorem |4 the sequence b can be
written as a K-linear combination of sequences of the form NS;_,r() where
rW @ (e are (quasi)-rational sequences. By the Partial Fraction Decom-
position Theorem for rational functions, we can assume that for ¢ = 1,2,...,¢e
there are j; € N, o; € K* and ; € K such that ri) = p;(n) for all large enough
n, where @;(z) € {afz’i, af(x — ;) 771}

By bilinearity of convolution, it suffices to prove that the convolution of a
single NS?_ h() with a single NS{_,r(® is d’Alembertian, so henceforth we
assume that a = ngzlh(i) and b = NS;_,7(). Let N € N be such that for all
n>N,q(n)#0forallie {1,2,...,d}, andr,(l) =p;(n)foralli € {1,2,...,e}.
We shall prove by induction on the sum of nesting depths d + e that a * b is
d’Alembertian.

Ifd=0ore=0thena=0o0rb=0andsoaxb=0¢c AK).

Assume now that d > 1 and e > 1. Let @ := NS{_,7®) and b := NS¢_,#(*)
where () = EgVEN (®)) and f< ) = EgVEN (#®). Then A = #F) — o
for n < N and ﬁ;’“) h(k) N(k) =rn (k) for n > N. It follows by Lemma [3| that

BN (@), = NSj_ BN (™) = NSj_,BY (M) = NSi_ih{l)

n+N>

EV(B)n = NSi_ BN (#9) =NS;_EY (r®) =NS{_jpp(n+N).

Note that by our definition of N, the sequences EN (@) and EN (b) satisfy all
the assumptions of Prop051t10nl so EN(a)* EN(b) € A(K). Proposition ow
implies that @ b € A(K) as well.

By Lemmal 2] there are ¢1,¢q,...,¢4 € Kand ¢, ¢c),...,c. € K such that

d d-1

a = Zci NS;:Jz(j) +n=cq NS?:lﬁ(j) + Zci NS;ZIiL(j) +n,
i=1 i=1

b—Zc NS] 9y = NS] 1r7)+Zc NSJ 9y

=1

14
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for some sequences 1,7’ ~ 0. Hence

e—1
axb = cqc, NS?=1}~l(j) * NS;zlf(j) +¢q NS?zlﬁ(j) * Z c; NS;zlf(j)

=1
d—1 ) N d—1 ) N e—1 )
£ NS0 4 3 e NSO 4 e NST_ i)« 3 ¢ NS00
=1 =1 =1

e—1
+ nx (c’e NS;_#9) + Z ¢, NSi_, 70 + T]’)
i=1

d—1
e (st s ).

i=1

The first term on the right equals ¢q ¢l a b, so it is d’Alembertian as shown
in the preceding paragraph. The next three terms are linear combinations of
convolutions of nested sums having nesting depths at most d+e—1, d+e—1,
and d 4+ e — 2, respectively, so they are d’Alembertian by induction hypothesis.
By Lemma [1](iii), the last two terms above are linear combinations of shifted
d’Alembertian sequences, so they are d’Alembertian as well. It follows that a*b
is d’Alembertian as claimed. O

Example 6. By Theorem[d], the convolution of a hypergeometric sequence with
a rational sequence, such as

1 n k=11,
Yn = (2n—1n!)*< ) _ Z 2 k!
k

n+% zonkar%’

is d’Alembertian. By following through the proof of Proposition [5 with a, =
2" Inl and b, = 1/(n+ %), we will obtain an explicit nested-sum representation
of yn. Here the nesting depths of a and b are 1, j =1, = —-1/2, h, = a,, =
2" nl hpi1/hy = pn) =2(n+1), g(n) =1 and

Lo = qn—B)E—p(n—B) = E—(2n+3).

15
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Applying Lo to y(n) we obtain

ntl  Hr—1 n k—1
2k=1F! 2k=1F!
(Lo)n = > ———5-2n+3)> —
=kt n—k+;
"2k (k+1)! "L okl
B S et S Sl
n—k+ n—k+
k=—1 2 k=0 2
- 1 Z”: 2P 1E1(2(k + 1) — (2n + 3))
- 1
2n+ 3 P n—k+s3
1 "2k 1EI(2k — 2n — 1
ST
2n+3 =0 Tl,*k‘i’g
= Ly D —i(%)u. (10)
2n + 3 — 2n + 3 —

By solving this recurrence with initial condition yo = 1, we obtain

n k—1
1 1
w = Cn+ |1 ~ S @2
yn = (2n+1) +};(2k+1)!! 2% + 1 ;(1)

Since (2n+ 1)!! and (2n)!! are hypergeometric sequences, this shows that y(n) is
indeed a d’Alembertian sequence.

From we can also obtain a fully factored annihilator of y as follows:
The right-hand side of is annihilated by the least common left multiple of
E—(2n+3)/(2n+5) and (E — (2n+4))(E — 1), which is

(E ~ (@2n+3)@2n+ 7)2
(2n+5)2(2n+9)

) (E—(2n+4))(E—-1),
hence L(y) = 0 where

_ ~ (2n+3)(2n+7)?
L= ( (2n+5)2(2n+9)

) (E—-(2n+4))(F-1)(F - (2n+3)).

6. Proof of Theorem 2 (the Liouvillian case)

To prove Theorem [2| we use generating functions, Theorem |1} and the fact
that a sequence is Liouvillian if and only if it is an interlacing of d’Alembertian
sequences [I1], [T0]. Recall that the (ordinary) generating function of a sequence
a € KV is defined as the formal power series

oo
ga(x) = apa®,
k=0

and that for all pairs of sequences a,b € KN we have: gq15(7) = gu() + gp(2),
ga*b(x) = ga(m)gb(x).

16
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Definition 9. [7] For m € N\ {0} and a € KN, we write A™a for A(a,0,...,0),
and call it the 0" m-interlacing of a with zeroes.

Lemma 4. Let k € N, m € N\ {0}, a,a®,a®, ... o™V c KN, and b =
AT al),

7=0

. K p—k, N>k

0 (@), ={ ¢ nZ)

m _ J az, n=0 (modm)
(A a)"_{() n %0 (mod m)
=z

<
=
3
AN
S

\

i

Ny
i3
=
=
3
S

Proof: Ttems (i), (ii) follow immediately from the definitions of E; ' and A™.

(lll) gEO*k(a)(x) = ZEak(a)nxn = Zankan = Zanxn-‘rk = xkga(x)
n=0 n=~k n=0
(iv): gama(z) = > (A"a)pa” = > azz" =Y aa"™ = go(a™)
n=0 n=0 (mod m) k=0

n mod m " m—i m—1
(v): go(x) = Y00 gallimos ™gn = S LS Jalab s = S ad g (

(vi): Using (v), (iv) and (iii) we find that

,_n

m—

g(z) = z’ gam Z 2! gama (T Z Iy (Ama) (2)

7=0 7=0 7=0

= gz;‘;{)l E(;J(Amam)(x)
which implies the assertion.
(vii): By applying (iv) and (iii) alternatingly, we obtain
Gam () = G (&™) = BTG (@) = T Grm (@) = Gt gy ()
for every a € KN, which implies the assertion. O

Proposition 6. The convolution of the 0'" m-interlacings of a,b € KN with
zeroes is the 0™ m-interlacing of a * b with zeroes:

A™ax A™b = A™(a % b).

17
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Proof:

gamasamp(T) = gAm (z )gAmb( ) = ga(x m)gb( ")
= Zaxm’Zb me—ZZabxm(”]
i=0 j=0

_ mekzazbk Z:Z axb) (™)
k=0

= ga*b( ):gAm(a*b)( )

20 by using Lemma [4] (iv) three times. O

Prop051t10n 7. Let m € N\ {0}, a\),b0) € KN for all j € {0,1,...,m — 1},
u=A7" “ota9) ) and v = AT o b9 Then

2m—2 min{k,m—1}

UKV = Z Z EykA™ (a(j) * b(k*j)) . (11)

k=0 j=max{0,k—m+1}

Proof: Using Lemma (V), we obtain

,_n

m— m

—1
Guso(T) = 2! gon (z 2t gy (™)
7=0 ZZO

YooY 7w @™)ge-n ()

2m—2 min{k,m—1}

- Z 2" ga (™) gyoe—n (2™) (12)

k=0 j=max{0,k—m+1}
By Lemma (iv)7 Proposition |§| and Lemma (iii),

¥ g0 (&™) gyte—) (™) = T grm 0 () gampe—i) () = T Gam o spmpoe— ()

= kaAm(am*b(k—j))(x) = QEO—kAm(am*b(k—j)) (I)
which, together with , implies . O

Proof of Theorem |§| (see p. ' Let v = A", 1a(l) with all a(? d’Alembertian,
and v = AP 1p() with all b() (qua51) ratlonally d’Alembertian. Let £ = lem(m, k;)
as Write u = Aﬁz(l)c Ny = Aﬁzld where ¢¥) and d9), for j = 0,1,...,0—1
are the j-th l-sections of u and v, respectively. Clearly all ¢\9) d\9) are them-
selves sections of a() resp. b, Since A(K) is closed under multisection [I0]

3
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Prop. 7], all ¢¥) are d’Alembertian. Similarly one can show that the ring of
(quasi)-rationally d’Alembertian sequences is closed under multisection, hence
all d¥) are (quasi)-rationally d’Alembertian. So by Theorem all convolutions
cU) xd2) for jy,jo € {0,1,...,£—1} are d’Alembertian. It follows from Propo-
sition [7] that u * v is a sum of shifted interlacings of d’Alembertian sequences,
hence it is Liouvillian. (]

Example 7. By Theorem [J, the convolution of a Liouvillian sequence with a
rational sequence, such as

1 S Al
Y = *<n+1> Zn—k—i—l’

k=0

is Liouvillian. By following the proof of Proposition [ with u, = n!! and v, =
%H’ we will obtain a representation of y, as an interlacing of d’Alembertian
sequences. Here m =2, u = A(a?,aM) and v = A, b)), where

a® = (2n) = 2",
2n +1)!
a) = (@2n+1)! 1: %
W= = o
b = v = 2n1+ 2
By Proposition[] at m = 2,
uxv = A (a(o) * b(0)> + E;TA? (a(o) b 4 g b(O)) + Ey %A% (a(l) * b(l)) .
Denote
@ = g0 4 pO 4 g1 (au) « b<1>) 7
g = @@ pM 4 gD 4 p(O),

For any a,b,c,d € KN we have A(a +b,c+ d) = A(a, c) + A(b, d), therefore

A (9(0)’ g<1>) —A (a<o> «0® (0 4 b<1>) LA (Eal (au) « b(l)) 0D & b<o>) 7
which by Lemmal[4) (vi) at m = 2 equals

A% (a0 50) 1 A2 (0 260 1 1) 1 A2 (o) 550

Since A2Ey" (e bV = Ey2A? (V) % bW by Lemma (vm) at m =2, it
follows that uxv = A (g(o), g(l)). It remains to show that g© and g™V are

19
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d’Alembertian. We have

n & n k—1
@b M)r = §2kk!(2((712k—+1f—).1)+2) B im

In an analogous way as we did it for (a9 xb®)),, in Example@ we can compute
explicit d’Alembertian representations for (atV s b)Y, 1, (a® x bM),,, and
(@M % b)), After some additional simplification we obtain @, (@ on p.
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