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Jlist cucTeM JIMHEWHBIX PABEHCTB M HEPABEHCTB JOKA3AHBI HOBBIE TEOPEMBI 00
aTbTePHATUBAX, KOTOPBIE JAMN BO3MOXKHOCTH TOCTPOUTH DSl 3(DPEKTUBHBIX
YHUCJICHHBIX METOJ0B. STI/I METOAbI UCIIOJIB30BAHBI JIJId HAXOXKACHUA HOPMaAJIb-
HBIX DPEMeHnii JUHeUHBIX CUCTEM PAaBeHCTB W HEPAaBEHCTB, AJd TOCTPOEHU
PaBIESIONINX THIIEPILIOCKOCTEMH, IJid KOPPEKIINT HECOBMECTHBIX CHCTEM, JJId
perenns 3a71ad  HeamHelHoro mporpamvuposanus (HJIII), cymecrsento
VIIPOITAd PEATUIANMIO METOIa HAMCKOPEHIero cruycka. V3 mpuBegeHHbIX Teo-
pPeM KakK YaCTHBIN cjydail cje/iyiorT TeopeMbl 00 anbrepHarusax Opeproabma,
@apkamma, l'eitna, 2Kopaana, [Iltuvmke 1 ap. buba. 21.

§1. Brenenue

CyIiecTByrOT pa3jindyHble BAPDHAHTHI TeopeM 00 ajbrepHaTuBax (cM., Hampumep, [1]-[10]),
IPUMEHSIBIINECS B OCHOBHOM I JOKA3aTeJbCTBA TEOPeM CYIIECTBOBAHUS, BBIBOAA YCIOBHIA
9KCTPEMYMa, B 33/1a4aX ONTUMHU3alMKU. B 1anHoil pabore NIpUBOAATCH KOHCTPYKTHBHBIC JOKA3a-
TEJbCTBA HOBBIX TEOPEeM 00 aJIbTePHATUBAX, OPUEHTUPOBAHHBIC HA MOCTPOCHUE HOBBIX BBIUUC/IH-
TEJBLHBIX METOJIOB. JTH JOKA3ATEILCTBA JAIOT BO3MOKHOCTH BLIYAC/IATH HOPMAJILHBIC PEITeHHS
CHCTEM JMHEHHBIX pPABEHCTB M HEPABEHCTB, HAXOAWTL HAIpaBJIeHHE HAUCKOPEHIIero Ciycka
B 3amadax HJIII, cTpouTh pasmesionue CUIEepILIOCKOCTH, IIPOU3BOIUTE KOPPEKIHIO HECOOCT-
BEHHBIX 33144, KOHCTPYUPOBATH HOBBIE aJIOPUTMbI PELICHUs 33144 JMHEHHOrO0 IPOrpaMMupO-
BaHMUA W T.]I.

st 3a1aHHO# JIMHEHHOW CHCTEMBI CTPOUTCS aJIbTePHATHBHAsI CUCTEMA, Pa3MepHOCTh Tiepe-
MEHHBIX KOTOPO#i PaBHA YHUCJIYy PABEHCTB U HEPABEHCTB B MCXO/IHOI cucTeMe (HCKII0Yasi OrpaHu-
YeHUsI Ha 3HAK [EPEMEeHHBIX). MeTo/| pelenns HCXOHON pa3pernMoli CHCTEMbl COCTOUT B MU-
HUMU3AIIA HeBA3KH AJTLTEPHATHBHON HECOBMECTHOM cucTeMbl. 110 pe3ynbraraM 3TOi MEUHAME-
3alUK OLPEJEIAeTCs HOPMAIbHOE PEIleHre MUCXOAHOI cucTeMbl (perenne ¢ MUHUMAJIbHON eB-
KJINJIOBOM HOpMOii). Biraromapst pasim4uio pazMepHOCTeil mepeMeHHBIX aJlbTePHATHBHBIX CHC-
TE€M IepexoJ OT HCXOIHON COBMECTHON CHCTeMbl K MUHMMH3AIUH HEBA3KH aJIbTepHATHBHOM
HECOBMECTHOI CHCTeMBI MOXKET OKA3aThCd BEChbMa MEeJIeCOO0OPA3HBIM. OTa PEILYKIUS MOXKET
IPUBECTH K 3aJa9€ MEHAMU3AINHA 110 IePEMEHHBIM MEeHbIIeH PA3MEePHOCTH U 1aeT BO3MOKHOCTD
HOJIyYUTh HOPMAJIbHOE PeIleHre UCXOAHON CUCTeMbI.

'Pabora Bumosmena npu dunancosoit nomepxke POOU (kom mpoexta 01-01-00804), mo mporpamme
rOCYJAaPCTBEHHON IIOIEPXKKU BeLyIINX Hay4dHbIX mKoa (kox npoekrta 00-15-96080) u npu uacruunoil dbunan-
copoit mognepxkke IIporpammel Ilpesuguyma PAH “Maremarnueckoe MogeaupoBasue’.



113 npuBeieHHBIX B paboTe pe3y/bTaToB KaK YACTHBINA CJydYail CaeJyl0T MHOTHE W3BECTHDIE
Teopembl 00 anbrepHatuBax (Ppearonbma, Papkama, leina, ZKopmana, [Iltuvmke u jap.).
Ho aBTopbl CYMTAIOT, 4TO IJIABHBIM B CTaThe ABJISIOTCA Pe3yJIbTaThl, OTKPbIBAIOIINE HOBBIE
BLIYUCJIUTENbHBIC BO3MOXKHOCTH IIPUMeHeHns TeopeM 00 anabrepHatuBax. C UX IOMOIIBIO B
pas/. 2 IpeIosKeH HOBBII METO/ PEIIeHHs CHCTeM JIMHeITHBIX PABEHCTB U HEPABEHCTB, HAXOIA-
Uil HOpMAaJIbHOE PEIleHne, B pa3/l. 3 CYIIeCTBEHHO YIPOIIEHbl PacueThl B METOJe HaMCKOpeii-
IIEro CIyCKa, B pasj. 4 MoydeHbl MpocThbie (hopMyJabl KOPPEKIUH HeCOOCTBEHHBIX CHCTEM,
B pa3j. 7 Haiijenbl pacuerHbie (hOPMyJbl HOCTPOEHUS CEMEHCTBA Pa3Ie/IAIONUX THIEPILIOC-
KOCTeil, a TakyKe IIOCTPOEHbI HOBBIE METO/bl PEIIeHHs 3aJad JMHEHHOrO MpOrpaMMUPOBAHHUS
(em. [17]).

[TpuBeieHHbBIE B 9TOIl CTaThe JOKA3ATEIHCTBA TEOPEM CYIECTBEHHO ONUPAOTCSA HA TEOPHIO
nBoiicrBerHocTH. JlanHast paboTa ABJISETCs TAIbHEHIINM pa3BuTHeM craTeil aBTopos [16]-[19].
JIoKa3aTebeTBO TeopeM 06 albTepHATHBAX, OCHOBAHHOE HA MHUHUMU3AIMU HEBI30K CHCTEM,
BIEpBbIe ObLIO peyiokeno B [5]. Ormernm Takzke paborsl [8] u |20, 21|, B KOTOPBIX T€OpeMb
00 aJbTepHAaTHBAaX MPUMEHSIOTCA IS TIOCTPOEHMs YUCACHHBIX METOI0B.

§2. OcHoBHBIE TEOPEMBI

[Tycts A (MaTpunma m X n) 3ajiaHa B CJEIYIOMEM BH/IE:

A= A Ap
Ag Ap
31ech mTpaMoyTroabable MAaTpuibl A1y, Ajs, Asi, Ass UIMEIOT COOTBETCTBEHHO pa3Mephl My X Ny,
M1 X Mg, My XN, Mo XNy Iycrs BekTopnl z € R, z,u, b € R™ nmetor paséuenne ' = [z] 2] |,
2! = [ZIT7ZQTL u' = [u1T7u2T]a b = [blT’ b2TL roe ry € Rm, T € Rm; n = ni+ng, 21,u,b; € RM17
29, Uz, by € R™ m = my 4+ my. llpeanonaraercs, 4yro marpuna A u BeKTOp b HEHYJIEBLIE.
Bsegem BcoMorareibHbBIE MHOXKECTBA:

I, = {1, 2] 21 € R, x5 € R™},
I, = {[z, 221 € R, 2 € R™2},
I, = {lu,u):uy € R, uy € R™2}.

Omupegennm Bekrop w € R™ | npencrasumerii B Buge w' = [w],wy ,ws], rae w; € R™, wy €

€ R™, w3 € R', u Bcnomoraressaoe Muozkectso 11, = {[wi, wo, ws] : wy € R, wy € R™, ws €

n .
€ R'}. Brpazkenue ||a|| 0603Hauaer eBK/INI0BY HOPMY BEKTOpa a, a Beipazkenue |all; = 3 |a’|
i=1

— mepBag HOpMa BekTopa a € R".
PaccMoTpuM cucTeMy JHHEHBIX PABEHCTB U HEPABEHCTB

Anxy + Ay > by, Ay + Asexy = by, 1 2 0y, (1)

DTy CHCTEMY MOXKHO pPacCMaTpHBATh KakK JOIMYCTHMOE MHOYKECTBO B 3ajade JHHEHHOro
IIPOrPAMMUPOBAHUA O MUHUMHI3AINHE ¢' 2, Tae ¢ = 0,,. JIas 5Tol 3a1adn BEIINIIEM JBOICTBEH-
HYIO, B KOTOPOI HIIETCS MAKCHMYM b' U Ha JOIIyCTHMOM MHOYKECTBE, OIIPEIeJISeMOM JIHHeHHO

CHUCTEMO PaB€HCTB U HEPABEHCTB
T T T T /

Cucremy (I') masosem conpsasicennot x cucreme (I).



3a1a UM CUCTEMY
AlTlul + A;uQ < Opy, AlTQul + A;;'U/Q = Op,, blTul + bQTuz =p, U > Oy (1I1)

3nech p > 0 — npou3BoIbHOE (PUKCHPOBAHHOE TIOJIOKHTEIBHOE YHCI0. Yeaosue b uy+bg uy = p
HCKJII0YAeT TPUBHATbHbBIE DellleHus ConpszkeHnoil cucremsr (1').
s cucremst (IT) conmpsizkeHHasi CHCTEMa UMEET BUJ

Apwy 4+ Apwy — biwg > 0, Agywy + Agowy — bows = 0y, wy > 0y, . (In)’

Muozxkectsa pemrennit cucrem (I), (I'), (II) u (II') obo3naunm coorsercrBenno uepe3 X, Z,
Uu W. Eciu cucremst (I) nm (II) paspemunmer, To Gygem cooTBeTcTBeHHO ucarb X # () uin
U # 0. B ormune or (I) u (II) conpsizkennsie cucremsr (I') u (II') Beerma umeror pernenus,
tak Kak 0, € Z u 0,1 € W. 13 Buga cucremst (II) ciaemayer, 9To ecim oHa pasperiuma Wi
HE paspenmmMa pu HEKOTOPOM p = p; > 0, TO 9TO CBOWCTBO COXPAHUTCA U IPHU JIOOOM JIPYyrom
p=p2 > 0.

Yepes pen(x, X) o6o3nauuM mrpad, BBIYUCIEHHBIH B Touke * € 11, 3a HapyIIeHue ycaioBus
r € X. Ilo ompenenennto mrpaduoii dyukmuu eciu x € Il,, to pen(z,X) = 0 Torga u
TOJBKO TOTA, Korja © € X. Awnamoruuno BeegeMm obosnauenue pen(u,U). Ecmm u € I, o
pen(u, U) = 0 Torga n Toabko Toraa, korga u € U.

B kagectse mrpados Gyjiem HCnoab30BaTh €BKJINJI0BY HOPMY BeKTOPOB HeBsi30k cucrem (I)
u (I), Te.

Pen(l’a X) = [H(b1 —Apzy — A12132)+||2 + Hbz — Ay — 14223132“2]1/2 ) ; (1)
1/2
pen(u,U) = [[(Afyur + Afjua) |2 + | Afyu1 + Adyua|* + (p — bl uy — bJup)?] ™.

3/ech a4 — HeOTpUIATeTbHAS YacTh BEKTOPA @, T.€. i-s KOMIOHEHTa BEKTOPA (4 COBIAJAET C
11 KOMIIOHEHTO BEKTOPA @, €CJIW OHA HEOTpUIATeTbHa, U paBHA HYJIIO B MPOTUBHOM CJIyYae.

Jlu1st IpOBEpKHU pa3penimMoCcTy TOM WJIM UHOM CUCTEMbl U HAXOXKJIEHUS COOTBETCTBYIOMIEIO
pernienus OyJieM UCIOJIb30BaTh MEeTO bl 6€3yCJI0BHOW MUHUMU3AIUHU, ITPUMEHEHHbIEe K JII000i 13
CJIeIyOIIUX 3a/a4:

L = min [pen(z, X)* /2, (2)
I, = min [pen(u, U)* /2 (3)

Crporo rosopst, (2) u (3) He ABAAOTCS 3aKadaMu 0€3YCJIOBHOW MUHHUMU3AINW, TAaK KaK B
HUX [PHCYTCTBYIOT OTPAHUYCHUS HA 3HAKH KOMIIOHEHT BEKTODOB I U U1, OJHAKO MOCKOJIBKY
OOJIBIIMHCTBO METOJI0B 0€3yCJIOBHOH MHHHMH3AINH € TMOMOIIBI0 MpOCTeiimux MoguduKanmii
MOKeT YUYHWTHIBATH HAJUYNE OTPAHMYEHHUH HA 3HAK TEPEMEHHBIX, TO COXpaHuM 3a (2) m (3)
sroT TepMuH. 3ajaqn (2) u (3) Bcerja pa3penumbl, Tak Kak KBaJpaTHaHble 1ejeBbie yHKIun
OrPAHMYEHBbI CHU3Y HYJEM Ha HEeIyCThIX JOMyCTHMbIX MHOKecTBax 11, u IL,.

JIBe cucTeMBbl HA3BIBAIOTCS GALIMEPHATMUGHbLMU, €CTH PA3PEIIIMa OJHA U TOJBKO OJHA
M3 HOX. Pa3pemmMocTh WIH HEPa3pernMOCTh CHCTEMBI MOKHO XapaKTepH30BaTh CKAJSIPHOI
BEJINUNHON — MUHUMAJBHON HEBA3KON CHCTEMBI, MOJYYEeHHON W3 pemenns 3agadu (2) wiu
(3). TlodToMy a/IbTEPHATUBHOCTH CUCTEM MOZKHO ONPEJIE/IATh 4€Pe3 DelIeHue THX 33/ad.
[ycrs 2* € I, n v* € II, — npousBosbHble pemenus 334a4d (2) u (3) COOTBETCTBEHHO, T.e.
I, = pen (z*,X) u Iy = pen (u*,U). Torga ays cucrem (I) u (II) umeer mecto ciemyronmast

Jlemma 1 (kpurepuii anprepuarusuaoctu). Cucmemvs (1) u (II) arvmeprnamuenv, moe-
04 U MoALKO M020a, K020a BLINOAHEHYL CACOYIOULUE YCAOBUSA:

pen (z*, X) pen (u*,U) =0, pen (z*, X) + pen (u*,U) > 0. (4)



HokazarenbcTBo. 13 mepBoro coornomenus B (4) ciejyer, 4To 10 KpaiiHell Mepe ojHa
u3 cucrem (I) wiu (IT) paspemuma. Bropoe coorHomenue B (4) moKa3biBaeT, 9ToO MO Kpaiineii
Mepe OjIHa M3 CUCTeM Hepaspemmuma. Bmecre 00a cooTHONIEHUs yTBEPK AT, 4T0 cucrembt (1)
u (IT) anbrepratuBaer. [

JIemma 2. Cucmemot (1) u (II) ne moeym 6vumv 0dnospemento paspeusumo..

HokazareabcTBo. [Ipemnosiokum odbpaTHOe, MYCTh CYIIECTBYIOT T* — pelleHre CUCTEMbI
(I) u u* — pemenne cucrempr (II). Torma nogcraBum B (I) pemienue * U CKaJSIPHO YMHOXKAM
nepsoe HepaBeHCTBO B (I) Ha uf, BTOpOe paBeHcTBO — Ha uj. [locie cIOXKEeHUsT Pe3yIbTATOB U
HpOCTERINUX TPeodPA30OBAHUIN 1Oy YUM

(Allul + A21U2) + x5 (A12U1 + A22U2) > blTUT + szU;

Coraacno (II) sieBast gacTb 91010 HepaBeHCTBa HEIOJIOKHUTEJIbHA, a PaBast 4aCTh CTPOTO HOJIO-
KuTeIbHa, Tak Kak A jui + Agul < u b) ul + by uy = p > 0. [IpuxoanM K TPOTHBOPEUHIO.
Caenosarennno, cucremsr (I), (IT) ne MOI‘yT OJTHOBPEMEHHO OBITH COBMECTHBI, JIJIsT HUX BBITIOJI-
HeHo Bropoe yciosue B (4). Jlemma mokazana. [

[Tepsoe ycsoBue u3 (4) Gymer jokasaHo Huzke B Teopeme 3. Cpeju ajlbTepHATHBHBIX K
anprepuarusHoil cucreme (I1) comepxkurcs ucxomuas 3agada (I). eficTBurenbHo, cucrema,
asnbrepuarusaas K (II), mveer Bux

Ajywy + Ajpwy — byws > 0y, Asqwy + Agows — bows = 0y, pws =p', wy > 04, (5)

rae p/ > 0 — npousBOJIBHOE MOJIOKUTEBHOE unci0. [losromy ws = p'/p > 0. Cuenas B (5)
3aMeHy Xy = wi/ws, To = We/ws, mpugaeM K ucxoauoi cucreme (I).
Begem crenyromue npe 3aa4n KBaAPATHIHOTO IPOrPAMMUPOBAHNS:

I = max {07z —||=1%/2}, (6)
Iy = max {pw; — Juwl/2}. (7)

B ormuune or cucrem (I), (II), koTopsie MOTYT OBITH COBMECTHBI HJI HECOBMECTHBI, 3a,/1a9H
(2), (3), (6), (7) Bcerma mmeror perrenns. I[lpmuem 3amaqu (6) u (7) UMEIOT eJINHCTBEHHBIE
penieHunsd, TaKk KaK B HUX JOIIyCTUMbIE MHOZKECTBa Zn W HEIIyCThbl U CTPOI'O BOI'HYTbIE€ KBa/Ipa-
THYHBIE TieJieBbie (DYHKIMI OrpaHudenbl cBepxy (cM. Huzke dbopmyny (34)).

Dopmasbho 3a1a4n Ge3ycaoBHoit MunnMu3anun (2) u (3) #e umetor dyuxnuio Jlarpanxa i,
CJIeJIOBATEIBHO, JITsl HUX HeJIb3sl HEIOCPEeJICTBEHHO MOCTPOUTD JBONCTBEHHBIE 3a1a4du. TeMm He
MeHee ¢ TIOMOIIHIO BBEJICHHsI JIOMOJTHUTETbHBIX EPEMEHHBIX MOZKHO MOCTPOUTDH UCKYCCTBEHHBIE
Or'paHUY€HUA U IIOJIYIUTh 9KBUBAJIEHTHBIC 3a/la'11 HeJINHEHHOI O IporpaMMupoBanud, AJjid KOTO-
PBIX OTIpe/ieJieHbl JBOWCTBEHHbBIE 3a/1a4H1.

JIlemma 3. Jlsoticmeennvimu % 3adavwam (6) u (7) asasromes zadawu 6e3ycaosHots MuHu-
muzayuy (2) u (3) coomeememeenno. 3adavu (2) u (3) ceodamca k sKeusarenmHLLM 3a0a4aM
YCAOBHOT MUHUMUSALUY K6adpamuyhbs Gynruul, xomopoe asaatomes dsoticmeernvmu % (6)
u (7) coomsememeerno.

HoxkazarenbcTBo. [lepBoe yrBep:KieHue ciejyer u3 TpaJuIiiMOHHbIX IPeJICTaBJIeHU JIBOM-
CTBEHHBIX 3a/1a4 JIJIs 33/1a9 KBaIPATHIHOTO POrpaMMUpOBaHus (M., Hanpumep, 6], [12]-[14]).

Bropoe yTBepiKieHre HECKOJIBKO HETPAIUIUOHHO W OCHOBAHO HA JIBYXIIATOBOM IMPEICTaB-
nennn 337024 (2) u (3). Takoit npuem 6bLT HcHoAB30BaH B [14, 15].
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BBefeM BeKTOp JOHOMHHTENLHBIX mepeMeHHLIX y € R™, y' = [y, 9], tme y1 € R™,

Yo € R™? TakoBBI, 9TO
Y1 = by — Anry — A, Yo = by — A1y — Agpa.
Torpa 3a1a4a (2) 3aMeHsieTcsi SKBUBAJICHTHON 3a/1a4deil Ha yCJIOBHBIH MUHUMYM

I, = mi
1= min f(y), (8)

rje nesesad GpyHkuus f 1 JI0IyCcTUMOe MHOXKeCTBO G UMEIOT B/

F) =)+ 17/2 + lwell/2.

G = {[l’,y] : AHZEl + Algl’g + Yy = bl, A21I1 + AQQ!EQ + Y2 = bg, T € Hz}

B orimuame or maO)kecTBa X MHOXKecTBO (G BCErIa HEIYCTO.
Jlns 3a1aun KBaIpaTuIHOrO MporpaMMupoBanus (8) ompeejnM BeKTOp MHOKuUTe€eil Ja-
rpamka 2z € II, u Bemmumem ¢yaxiuio Jlarpamxa:

L(%% Z) = f(y) + 21T(bl — Anzy — Ajppxs — yl) + ZgT(bQ — Aoz — Apxs — y2)-
[Ipeobpaszyem ee K BHIY
L(z,y,2) = f(y) — $1T(A1T121 + A2le2> - x;—(AIQZl + A;2Z2) + ZlT(bl — )+ Z;(bQ —42). (9)
Bsejem jiBoiicTBeHHYIO (DYHKIIUIO

F(z) = min min L(z,y,z) (10)

z e ll, yER
W PACCMOTPHM JIBOHCTBEHHYIO K (8) 3a7a4y O HAXOXKJICHUN

max F(z). (11)

zell,

HeobGxoaumble 1 jocTaTo9HbIe yCI0BHst MEHUMYMa B 3aja4e (10) umeror Bu

Lxl (ac, Y, Z) = —AlTlZl — A;F]_Zz Z OTL17 D(ajl)(AIlzl + A;ZQ) = Onl, T 2 Onl, (12)
Ly, (2,y,2) = —Alyz1 — AJyzy = 0y, (13)
Ly1 (‘Tu Y, Z) = <y1)+ —Z1 = Om“ Lyz (.I, Y, Z) =Yz — 22 = Omz' (14)

3aech u Huzke uepes D(z) obo3HaueHa AUaroHa bHasg MATPHIA, Y KOTOPOH i-i JHaroHabHbII
9JIEMEHT €CTh i~ KOMIOHEHTa BEKTOPA 2.

Ilpu z € II, u3 (14) umeem z = y. IlogcraBum sro coornoumrenue B (9) u nHOTpebyem
BbINIOJIHEHUsT yeaoBust 2 € Z. Torma corsacno onpejenenuto (10) u yciaosusm (12), (13)
aBoiicTennas ynknma npuanMaet sug F(2) = b’z — ||2]|?/2. Taxum o6pasom, mpuxognm
K 331a4e (6), KoTopas sBJIseTCs ABONCTBEHHON K (8) 1, MOXKHO cKa3aTh, K (2). rak, 3a1aqdu
6e3yCcI0BHOIT MEHIMEI3AIUY (2) ¥ KBAJAPATHIHOTO IPOrPAMMUpPOBaHus (6) MOKHO Ha3BATH B3a-
MMHO JBOHCTBeHHBIME. AHaMOrnvHO 331a49n (3) u (7) B yKA3AHHOM CMBIC/IE SIBJISTIOTCS TBOICT-
BEHHBIMU JIpyT K Jipyry. Jlemma jiokazana. [

Jl1st BBEJIEHHBIX 3a/la4 CIIPaBeJ/INBa TE€OPeMa, JIBOUCTBEHHOCTH O PABEHCTBE ONTHUMAJIbHBIX
3HAYEHUIl 1eJIeBbIX (DyHKIHiT

L=1{, L=I (15)



[Ipoeknueit TOYKN T HA HEIyCTOe 3aMKHYTOe MHOXKecTBO X Ha3oBeM TOUkKy Z* € X, O.u-
JKARTIIYIO K TOUKE T, T.e. PelieHue 33 adm

J— ] o — 7 o ¥
J=min ||z —z| = [z —27. (16)
Byznem nucars z* = pr(z, X), paccrosuue or TOYKU T J0 MHOKeCTBa X 0003HAYMM 4epes3
dist (z, X) = ||z* — Z||.
Teopema 1. Besakoe pewenue x* 3adavu (2) onpedeasem eduncmeernnoe peuserue 2T =

= [217, 25" sadavu (6) no dopmyram

21 = (by — Apa] — Apgrs) 4, 2z = by — An @] — Ag) (17)

U CNPasediuss. CACOYIOULUE YMBEPAHCICHUA!

I2|* = b7 2", (18)
2L Ax", 2*L(b—2z%), (19)
2" =pr(b, Z), |z*]| = pen (z*, X), |b — 2*|| = dist (b, Z), (20)
[pen (x*, X)]? + [dist (b, Z)]* = ||b]|*. (21)

Joka3arenbcrBo. B Touke z* He0OXOMUMBIE U JOCTATOYHbBIE YCIOBHS MHHHMYMA 33/1a9M
(2) 3amuCHIBAIOTCS B BUJIE

— A (by — Anat — Appay)y — Ay (by — A} — Agpal) > 0p,
D(x)[(Afy (b — Anxt — Appas)y + Agy (by — Ana} — Ageas)] = 0p, 7 > 0.,  (22)
AI2(b1 — A11$>{ — A12x§)+ + A;rg(bg — Agll'f — A22$§) = 0n2.

B dopmysax (22) BBesem 0bo3HAUEHMST

* * * * *
= (bl — AH.’L’I — A121]2)+, 29 = b2 — Alel - A22I2 (23)
u okazkeMm, ato 2| = [z 7, 23| apsercs penrennem 3amaun (6). HeoGxoammbre u 10cTaToumnbIe

yCJI0BUsT MUHUMYMa (22) 3aruiineM B BH/JIe

A1121 + A2122 Ony, A1T2 1+ A2222 = Ony, (24)
D(%)(AlTl 21 + Agl 23) = Opy, x> Oy (25)

U3 (23) u (24) cnemyer, uro z* € Z. YMHOXKUB B (23) mepBoe COOTHOIIEHUE CKAJISPHO HA
2], BTOpOe — Ha 25, MOy IUM

127117 = 21T (b — Az} — Aab)s = 21T (b — A} — Apab)= bl 25 — 2} Af 2 — 23T A2,
‘|Z§’|2 = ZST(bZ — An i — A229‘3§) bQ 2y — T14212'2 T142232
CKJIa,IH)IBaH 9THU COOTHOHIeHI/IH, HaXOﬂI/IM

HZ*HQ = HZTHQ + Hzg”Z = bszi‘ + b;zg -] (Allzl A;Z;) — x5 (A1221 A22Z2)

B (26) yureno, uro cormacno (24) u (25) z7 ' (Al 27+ AJ,23) +as T (Al + Adzs) = a* TAT 2% =



= 0. Takum o6pa3zom, joka3aHo paBeHCTBO (18) m mokazaHo, 4TO 2*T Az* = 0, T.e. BEKTODHI
z* u Az* oproronaibubl. Yenosue (18) moxuo nepermmcars B Buge ¥ (2% — b) = 0, orkyna
cJeflyeT mocseHee yreepxkaenue B (19).

Banumem dyukimo Jlarpanxka g 3anaun (6) B BuIe

L(z,2) = bz — [[2l*/2 = 2y (Afy21 + Az 22) — 25 (A2 + Apy2a) (27)
n npuseseM ycaoBuga Kyna—Takkepa

L, (z,2) =b — 2z — Anjzy — Apaxs < 0y, (28)
D(z1)(by — 21 — Anwy — Apxg) = 0y, 21 > Oy, (29)
L.,(z,2) = by — 20 — Agyx1 — Ay = Oy, (30)
Ly (z,7) = —(Al 21 + Ag 25) > 0, 21> 0y, D(z1) (Al 21 + A 22) = 0,,, (31)
Ly, (2,2) = _(AIQZI + A;—222) = Oy, (32)

CpaBHUM HeOOXOJMMBIE M JIOCTaTOYHBIE ycjoBust MuHuMyM™ma (23) — (25) mas 3amaqu (2)
¢ HeOOXOJUMBIMHE U TIOCTATOYHBIME YCJIOBUAME OnTUMAIbHOCTH (28) — (32) mis 3ama4u KBaapa-
tiaHoro mporpamvuposanus (6). Ecam B ycaoBuax Kyna—Takkepa (28) — (32) B xauecTse
BEKTOpA T B3ATh BEKTOD X*, a B KauecTBe z — BEKTOD z*, ompezensgemsiii B (23), To (31), (32)
nepexogar B (24), (25). Jlerko Bmaers, uro coorHomenust (23) 06ecHevuBAIOT BBIIOJHEHUE
yeaosuit (28) — (30). Takum oGpasom, cemioByro Touky [z*,2*] dynkmun Jlarpanxa (27)
COCTABJISIIOT BeKTOP 2% — permenne 3agaun (6) u BeKTOp = — pernenne 3amaqu (2), npuyaem
MeZKJIy STUMH BEKTOPDAMHU UMEETCs CBs3b, 3ajaBaemas dbopmynamu (17).

U3 (6), (15) u (18) ciaemyer

I = I = ||*]2/2 = [pen (a*, X)) /2. (33)

Orcroma mosydaem Bropoe yTBep:aenue B (20).
Bazady (6) npeobpasyeM K SKBHBAJEHTHBIM 3a/[adaM

d_ b 12 2] /o — 1HI12/9 — s 2
I = max [—[lb— 2| + [[Bl*] /2 = [[bl|*/2 — min b~ =*/2. (34)
Tak kak z* — exmHCTBEHHOE perenne 3agaun (6), TO TPUXOANM K BBIBOAY, uTo 2* = pr (b, Z)
u ||b— z*|| = dist (b, Z), T.e. mokazamnl Bece yrBepzxaenns (20). C yuerom (18) mmeem ||z*[|2+
+1b — 2*||* = ||b]|, orkyzna caemyer (21). Teopema mokazana. [

B Teopeme 1 yrBep:kimenune (18) siBisiercs ciemcrBueM jpoiictBennocTH 3amad (2) u (6)
(em.  (15)). Dopmyasl (17) 1O03BOJIAIOT BHIPA3UTh ONTUMAJBHBI BeKTOp 2* B 3agade (6)
depe3 onTuMaIbHb BekTop ¥ 3amaqn (2). Iloaydennwrit n3 (17) BexTop 2* Oyaem Ha3bIBATDH
BEKMOPOM MUHUMAALHLT HeeAazok. V3 (33) cremyer

Kpurepuit 1. Cucmema (1) paspewuma mozda u moavko mozda, kozda 6exkmop Muu-
MANOHOLE HEBA30K 2% pasen Hyato (3adaua (6) umeem nyaesoe pewerue).

Bekrop z*, yaoBaeTBOpgomuii HEOGXOUMBIM U JOCTATOYHBIM YCJIOBHIM MUHEMyMa (22)
st 3agaqau (2), nazosem ncesdopewenuem cucmemdv, (I). Ecan ncespopemenune z* € X, 10
9TOT BeKTOp ™ siBisiercst pemennem cucreMbl (I). Takast TepMuHOIOrMS NPUHSATA B METOJE
HANMEHbBIIINX KBaIPAaToB. AHAJOIMYHO perienne u* 3a1a4n (3) Ha30BeM ncesdopeuenuem cuc-
memoi (11).

Anamms 3ama4 (3) u (7) amamornven npuBegeHHOMY J/is 33134 (2), (6), OTHAKO €CTh HEKO-
Topble orsmuus. [losromy ornocurenbro 3aaau (3), (7) upusegem Teopemy, aHAJOTMYHYIO
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teopeme 1. [lycrs A = [— A, b] — marpuna m x (n+1), sexrop r € R™ ! umeer sun rT = [07, pl.

* 1 — [ * 1 *T}

Teopema 2. [Iycmov u ,us ' | — npoussoavroe pewenue zadavwu (3). Toeda pewe-

nue w* = {wi‘T wh wﬂ zadawu (7) ewpasicaemes wepes pewenue u* sadauu (3) no gopmyram

(Allul + A21U2) wy = A12U1 + A22U2: w3 =p— blTUT - szUS (35)
U CNPaBedAUBHL CACOYIOULUE YMBEPHCIEHUA:

[w*[|* = puw, (36)
w* LA ", w* L(r —w"), (37)
w* = pr(r,W), |w*|| = pen (u*,U), |r — w*|| = dist (r, W), (38)
[pen (u”, U)J* + [dist (r, W)]* = ||r[|?, (39)
[w*| < p, 0<wy <p, |Jwi]® + [Jws]]® < p*/4. (40)

JokazaTenbCTBO. 3aja4a CTPOrO BbINYKJIOIO KBAJAPATUIHOIO IporpammupoBatus (7)
ABJIAETCA 3aa9eil Haxoxk 1eHns npoeknun sexTopa [0, p] Ha nemycroe muoxectso W, 3amannoe
cucremoii smHeitHbIX paBencTB n HepasencTs (II'). Dra 3amava Bcerjga umeer eJIMHCTBEHHOE
pelieHue, u /I Hee CyIecTByeT BeKTop MHoKuTeseil Jlarpanxka u € R"™. TIpusegem dbyHKIUIO
Jlarpanzxka s 3amaan (7)

L(U),U) = pws — HU)HQ/Z — uf(blwg — A11w1 — Algwg) — U;(bzwg — A21w1 — A22w2).

Hng 3amaun (7) 3amuinieM HEOOXOJWMBIE W JOCTATOYHbBIE YCJIOBUS ONTHMATLHOCTH (yCIOBUSI
Kyna—Takkepa), BbIYUCJIEHHbIE B CE/JIOBOI TOUKe [w*, u*]

—wy + Allul + A21u2 < Ony, D(“ﬁ)( wy + A11U1 + A21U2) Onys Wy = Opy, ( )
—wj + ALui + Agyul = Op,, (42)
p—wi — bl u} —byus =0, (43)
Apwi + Apwy — bjws > 0, D(u)(Apw] + Appws — bjws) = 0y, 4] > 04y, (44)
(45)

* * %
A21w1 + A22w2 — bgw3 = OmQ.

U3 yenosuit (41) — (43) caemyer, uro w* € W u BekTOp w* BBIparkaercs depes pelreHue u*
3amaan (3) mo dopmymnam (35). Ioacrasisg ux B yeaosusg (44), (45), mpuxoanm K COOTHOIIe-
HISAM

All(AnUl + A21U2)+ + A12(A12U1 + A22U2) —bi(p — blT - bT 5) = Oy, uy > Oy,
D(Ul)[All(A11U1 + A21U2)+ + A12(A12U1 + A22U2) — b (p - blT b2 UZ)] = Oy,
Aot (A7 + Agyus) 4 + Aso(Afyui + Agpuis) = ba(p — bf u — by us) = Oy

DTH COOTHONIEHUST COBNAIAIOT C HEOOXOAUMBIMU M JOCTATOYHBIMH YCJIOBUSMH ONTUMAJILHOCTH
sagaun (3), BerancaeHubivu B Touke u*. Urak, w3 ycaosnii Kyna-Takkepa u yciaoBuit onru-
MAaJIbHOCTH 3aja4u (3) cJIejyeT, 94To B PACCMOTPEHHOil ce/ToBoii Touke [w*, u*] BekTOp w*
pemenue 3ana4an (7) u u* — pemenue 3agaan (3).

U3 pasencrsa nesesbix dbyskumii upsmoit (7) u apoiicrBennoii (3) 3amad ¢ y4eroM cOOTHO-
mennii (35) noydaem (36).



JokazarenbcTBo coornomennii (37) — (39) coBepIeHHO aHAJIOTHYIHO TOKA3ATEIbCTBY COOT-
womrennii (19) — (21) B Teopewme 1.
IIpu ||w*]| # 0 u3 (36) caenyer, uro wi > 0. Paccmorpum (36) kKak KBajpaTrHOe ypaBHEHUE
OTHOCHTEJIBHO W3
wi? = pu + [ + ] = 0. (46)

U3 Toro, uro ||r|| = p u BekTOp w* — npoeknus r wa W, ciaeayer nepsoe HepaBeHcTBO B (40).
Bropas onenka B (40) ciejyer u3 ycjaoBust HEOTPHIATETLHOCTH CBOOOIHOTO UI€HA KBAJIPATHOTO
ypasenns: wi(p — wj) = |[wi||? + [[wi||* > 0, a TpeTbs — U3 yCAOBHS HEOTPUIATETHHOCTH
JleTepMUHaHTa KBaJpaTHoro ypasuenust (46). Teopema nokazana. [

Kpurepuit 2. Cucmema (I1) paspewuma (nepaspewuma) mozda u moavko mozda, kozda
zadaya (7) umeem nyaeeoe (Henyaresoe) pewenue w*.

Teopema 3. IIycmov x* u u* — npouszsoavhue pewenus saday (2) u (3) coomeememserino,
BEKMOPbL MUHUMAALHOLL HE6A30K 2% u w* onpedeastomesn no gopmyaam (17) u (35). Tozda
CNPABEINUBHL CACOYOULUE YMBEPHCOCHUA:

1. cucmemw (I) u (II) arvmepramusnv, m.e. pazpewuma 00Ha & MOALKO 00HA U3 HUL;

2. ecau cucmema (1) necosmecmua, mo nopmasvnoe pewenue @* cucmemsvs (II) u eexmop
MUHUMANOHOT He6A30Kk 2* cucmemos (1) Koaruneapro u

a=p 2P, 2= pur/ar (47)

3. ecau cucmema (I1) mecosmecmma, Mo COCMABAAOUUE HOPMAALHOZO pewenus T* =

= (737, 25"] cucmemw (1) umerom 6ud

Iy =wi/wy, Ty = wy/ws. (48)

Hoxka3zareabcTBo. 113 nemmsr 2 caeayer, aro cucremst (1) u (II) me moryr 661Th cOBMeCTHBI
oxHoBpeMmeHHo. [lokakem, 9TO ojHa W3 HUX 00s3aTEIbHO COBMECTHA. PaccMOTpUM KazKIblit
cJay4ail OTJIeJIbHO.

ITycts X = ), Trorma pen (z*, X) # 0. Onpenensempiii u3 (17) BekTop 2* € Z TakoB, 4To
|2*|| # 0. ¥YmuoxkuMm B mepBoii hopmyiie (47) seByro u mpaByto 4acTh Ha b, yarem (18), moxyunm
bTa* = p, nosromy @* € U; caegosarensno, U # (. Tlokaxkem, 4To @* ecTh HOPMAILHOE
pemtenue cucrems! (II), T.e. saBisteTcst pemennenm 3axa4n

min [|uf]®/2. (49)
Banummem dbyukiuo Jlarpanxka ais 3agaqdu (49)
L(u, &) = |[ull?/2 + &] (Afur + Agyus) + &5 (Afpus + Agyuin) + E5(p — bj uy — by ).
JBoiicTBennoii k (49) aBisercsa 3amada

pi‘3 - H(bliﬁ - All‘%l - A12~%2)+”2 . ”b2‘%3 - A21~%1 - A22£2||2

max Imax Inax

(50)
iléRil i‘QERnQ igERl 2 2



[Tpusenem ycaosus Kyna—Takkepa, BbIYHCJIEHHBIE B CeJJIOBON Touke [u*,Z*]|, rie ul =

= [ui",u3"] — pemenne 3agaun (49) u ¥ = [#17, 457, 3] — pemenue 3azaun (50):

uy + Ay + Aty — 013y > 0y, D(u))(u) + Al + Appds — bi23) =0, uj > 04y,  (51)
uy + Ao T] + Aty — boZy = 0y, (52)
Afyui + Agyuz < 0, D(&7)(Afuy + Aguz) = Oy, Ty 2 Opy, (53)
A1T2U1 + Agyuy = Oy, (54)
- blT Uy — b; uy = 0. (55)
U3 (51) u (52) moaywaem, aro u* — pemntenne 3a1a9n (49) — cBsI3aHO ¢ pemrennem T* 3a1adu
(50) cooTHOImEHHIME

Ak Ak * Ak Ak K
Ul (blfL’?’ Anl'l — A12$2)+, Uy = b2$3 — A21I1 — AQQCL’2.

Vcnosb3yst 9T COOTHOIIEHNS, U3 PABEHCTB ONTUMAIBHBIX 3HAUCHUI 1eJIeBbIX (DY HKIHI IpsaMoii
sazaun (49) u asoiicteennoii (50) umeem ||u*||* = pi%. Tak xaxk U # 0 u u* € U, To |Ju*|| # 0
B cunty yenosus b u* = p > 0. [Tostomy nmeem 35 > 0.

Cuenas B (51) — (54) 3amemny

sk X T X I
ut =132, T] = T377, Ty = T3T4

M COKDATUB 5TU BbIPAJKEHHsl Ha IMOJIOZKUTEJbHYIO BeJMUYHHY ©5, npmiaem K ycaosusM Kyna—
Takkepa (28) — (32) aust 3axaun (6), BeimogHEHHBIM B Touke [2*, x*]. TloxcraBus u* = T52* B
(55), ¢ yaerom (18) mosyunm
plis =02t = p/as —||2"|%.

Orciona npu &5 = p/||2*||? crenyer, uro u* = £52* = pz*/||2*||> = @*, T.e. HOpMaIBLHOE perenue
cucremsr (II) Beipazkaercst o mepsoii dbopmyite B (47).

s nepsoii dbopyyt B (47) creayer p = [|a”|| |2*]|, =* = @*[|*[*/p = @ p?/(plla*||?) =
= pu*/||u*||?, T.e. npuxoaum K BTOpOit popmyiie B (47).

[Tycrs Teneps U = ), Torpa pen (u*, U) # 0. Onpeaensiemsrii u3 (35) Bekrop w* € W takos,
aro ||w*|| # 0. ITpu srom B cuity yesosust (36) nmeem wi > 0. U3 ycnosuit (44), (45) ciaenyer,
aro BekTOp ¥ = [z}, x}] ¢ KoMmoHenTaMU

vy = wijwy,  xp=w;/wy (56)

sBJisieTcsl perterneM cucrembl (I).
[Tycts &* — HopMasibHOe pemtenue cucteMbl (1), T.e. sIBJISIETCS pelIeHHeM 3a/1a9u

min ] (57)

zeX

[IpuBenem dyukuio Jlarpan:ka ajg 3TOi 3a1a9u:

L(z,p) = ||$||2/2 + ,ulT(b1 — Ay — Apas) + ,ugT(bQ — Aoy — Agnxo)

M yCJIOBHUS KyHarTaLKKepafE BLIYIC/ICHHBIe B CeioBoil Touke [T*, u*], tme &7 = [#77,33'] —
pemenue sagaun (57), p*' = [ui", pui"] — onrumanbubll BexkTOp MHOXKHTENEH Jlarpamika B

3a/1a4e (57):

A11H1 A21N2 > 0ny,  D(@7)(35 A11H1 A21M2) Onys 27 = Ony, (58)
Alzﬂl Azz#z = Ony, (59)
b1 — A @] — A%y < 0y, D(p]) (b1 — Apn@] — A1275) = 0y, 1] 2> 04y, (60)
by — A1 @] — AZs = 0. (61)
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O1u yeaosus Kyna—Takkepa jis 3agaqu (57) MOXKHO HOJYIUTh U3 cooTHOmmenui (41), (42),
(44), (45), Bxongamux B yciaousa Kyna—Takkepa s 3agaun (7), ecin COOTHOIICHUS PA3IEIUTh
Ha wj u 00o3HauuTL Ty = Wi/ Wi, i = wi/wi, ui = ui/wi, pi = uj/wi. Takum obpazom,
IOJIydaeM, 9TO BEKTOD I, onpejessemblii coctaisiiomuMu (56), SB/IsSeTCs HOPMATBHBIM Perie-
rnem cucremst (I). Teopema nokazamna. [

Urak, Teopema 3 cBoaut Bonpoc o paspemunmoctu cucremsl (1) wiu (II) k pemtenuto 3apaqu
MUHHMHU3AIAKE HeBA3KH JII000i 13 3TUX cucreM. IIpy 3TOM ecim HOpMa MEUHUMAJILHON HEBSI3KU
OKa3aJ1ach HEeHYJIeBOIi, TO 3Ta CHCTeMa HeCOBMECTHA, U II0 3TOH HeBA3Ke IO IPOCTHIM (hbopMyIam
HAXOIUTC HOPMAJIbHOE PENIeHUE COBMECTHOM CHCTEMBbI.

Ecau B 3ama4dax (2) u (3) ucrnoib30BaTh B3BENIEHHBIE HEBSI3KH, TO BBEICHHBIE DK HEBSI3KAX
K03 MUIMEHTHI TOZKHBI OBITH YITeHBI B 00enX aJlbTepHATHBHBIX cucTeMax, u dhopmysr (47),
(48) mpUrOAHBI /I BHIYUCJIEHNS HOPMAJIbHBIX PEIIeHUil B STUX BUJIOU3MEHEHHBIX CHCTEMAX.

B0O3MOXKHBI pas3/InuHble BAPUAHTHI IIpeICTaBIeHns aabrepHaTuBHoii cucrembr (1), Kax cire-
JlyeT U3 NPUBEJIEHHBIX TeOpeM, cucrema, ajaprepraruBHas K (1), mosydaercst u3 conpsizkeHHOIT
cucrembl (I') myrem nobaBienust ycoBust, HCKIIOYAIONEr0 BO3MOKHOCTh TPHBUATIBHOIO Derire-
uust 3agaun (6). Hampumep, mMoxkHO moTpeboBarh Jisi perennii conpsizkenHoii cucrembr (1)
BHIIOMHERN yeaosud b u > 0 (kak B emve Papkamma) 1u60 yeaous b u = 1 (Kak B Teopeme
Teiina), u 1.1, Ecau B cucreme (I) 0TCyTCTBYIOT OrpaHUYeHHs THIIA HEPABEHCTB, TO B TeOpeMe 3
HA ) JOCTATOYHO HAJIOKUTH yciaoBue p # 0.

§3. Ompenenenne HANIpaBJEHNS HANCKOPEMIIEro CIycKa B METO/Ie BO3MOXKHBIX
HanmpaBJIeHU

Huzke GynyT paccMOTPEHbI PA3IHIHBIE CHCTEMBI, SIBJISIIONTHECS TACTHBIMU CJIY YasMI CHCTEM
(I) u (II). Ba srumu cucremamu coxpannm obosuadenust (1) u (II), mobaBisia WHIEKCHI, yKA3bI-
BAIOIINe HOMEPA COOTBETCTBYIOIINX PA3/IeTIOB.

[Tycrb He paBeH HyJIIO BeKTOD 2* — pernrenne 3a1a4u (6). BBegem HopMupOBaHHbBIE BEKTOPBI
zn = 2z/||2*|| m 2} = 2*/||2*||. Onpenennm gomyctuvoe MHOKECTBO HOPMHPOBAHHBIX BEKTOPOB

Zp=A2 €eR™ 1 2, € Z, ||zn]| = 1},

rie Z — conpsizenHoe MuoxKecTBO (I').
PaceMoTpuM ciiejlyIony o BCHOMOraTebHY 0 3a/1a4y:

I; = max b'z,. (62)

2n€Zn

Teopema 4. [Tycmv x* — npoussosvhoe pewenue 3adauu (2), z* — pewenue 3adavu (6),
onpedeasemoe no gopmyae (17); xpome moeo, ||z*|| # 0. Toeda pewenuem zadawu (62) A6a4-
emea sexmop zi = z*[||z*||, npuvem

I=0b"2 = |2 (63)

HdokazarenbcTBo. 13 paBeHcTBAa ONTUMAJIbLHBIX 3HAYEHUN IEJIEBBIX (DYHKIUH B3aUMHO
JBoiicTBeHHBIX 33724 (2) u (6) ciaeayer

1 = max bT’Z"/HZ*H - HZnH2
n€Z 2
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Tak kak Z,, C Z, ToO uMeeM

LIS LA e B A I D IV
ez 2 #n€Zn 2 wm€Zn | ||2*]] 2
Orciona ciaemyer
2] > max b7, 61
2n€Zn

Ec/u B KauecTBe z, B3ATb BEKTOD 2*/||2*||, KOTOPBIil IpUHATIEKUT JOIYCTUMOMY MHOYKECTBY
Zy, 1o coracHo (18) mepasencrso (64) nepexoaut B pasencrso. Teopema jpokazana. [

Bagada Bujga (62) BO3HHKAeT B METOJ€ BO3MOYKHBIX HAIPABJICHHUN DU DEIeHHH 33/[a9u

HJITT
min f(p), P={peR™ : h(p) <0, g(p) =0n,}. (65)

peEP

3necy f: R™ — R' h: R™ — R™, g : R™ — R"™, ¢pynxmun f(p), h(p), g(p) nenpepsisuo
nuddepennupyembl, MHOKecTBO P He mycro, 3a1ada (65) uMeer pernenue.

[TpeamomozkumM, 9T0 (PUKCHPOBAHA IIPOU3BOJIbLHAL TOYCTHMad TOYKa p € P. BBegeM BeKTOp
muozxureneii Jlarpanxa v € R", o7 = [2],25], tne 1 € R}, 2 € R™, n = ny +no, u

otpejiesiuM pyHKImIO Jlarpanxka

L(p,x) = f(p) + h' (p)x1 + g (p)aa.

Beeem ycsi0Bust JONOJHSIONIEH HEKECTKOCTH
T h'(p) = 0, 1 <i<ny. (66)

Kowmrtionenrta hi(p) sexktopa h(p) naswiBaercs axmuehnoti B Touke p € P, ecam hi(p) = 0.
B CHJ1y (66) BC€ KOMIIOHEHTHI BEKTOPa T1, COOTBETCTBYIOIINE HCAKTUBHBIM KOMIIOHEHTaM BEK-
topa h(p), paBabl Hyao0. [Iag mpocTorsl Gyaem cautarh, 9To B yHKIHIO Jlarpanzka BXOIUT
BeKTOp h(p), BCe KOMIIOHEHTBI KOTOPOrO akTWBHBL. llpusemem ycrnosus Kyma-Taxkepa mjia
3ajaun (65), BbIUUCIEHHBIE B TOUKE [p, x|, rae p € P

Lp(p, T) = fp(p) + hp(p)xl + gp(p)xZ = Opm, x1 2 Op,. (1)3

[Tpu pukcupoBanHOM p € P 5TH yCJI0BUSI OTHOCUTENBHO T MOXKHO PACCMATPUBATH KaK YaCTHBII
cay4ait cucremst (I).

Beenem BekTop p' = p + Tz, nie T — JJIMHA Iara, Hampasienue cmycka z € R™, ||z|| = 1.
B 3agaue (65) muneapusyeM teseByo dbyHKIu0O u DYHKIUA, 331a10101He OrpaHndenus. Bein-
YUHY T CUUTaeM MAaJIoii, OTOpACHIBasl WIEHBI BBICIIETO MOPSIKA MATOCTH, TPUXOIUM K CJIEIYI0-
e 3a/1a4e OThICKAHUY HallpaBJICHUA HAUCKOPEHIIero CiycKa:

I, = min 2" f,(p), Zy={zeR™: hy (p)z < 0ny, gy (p)2 =04y, ||z =1} (67)
2E€EZn,

Ecau 3amaga (67) umeer pemenue 2 u npu srom [, < 0, To Takoe HaIpaBjeHHe HA30BeM
HANPABNEHUEM HAUCKOPETULE20 CNYCKG. DTO SHAYUT, ITO 110 KpaiiHeil Mepe B IMHEHHOM MpuO/In-
JKeHIH MOKHO “yJIy4qInuTh” TOUKY p, B34B HOBBIA BekTop p’. Torma mpu J0C¢TaTovHO MAJIOM HIare
7 BeKTOp P’ octaercs B pomycrumom Muoxkectse P u f(p') < f(p). Ecau 3agaua (67) ne mveer
TAKOI'0 PEIIeHUs, TO TOYKY P HEBO3MOXKHO JIOKAJIBHO YJIYYIIUTh.

Yro0bl BOCIIOJIB30BATHCS paHee MOJIYYeHHbIMU Pe3y/ibraTamMu, OyjaeM CUHUTATh, YTO h; (p) =
= A, g; (p) = Agyy — fp(p) = ba, ocTaNBHBIE TTOAMATPHUIHI MATPHUIBI A U BeKTOD by — HyJIeBbIe.
Torpma cucrema (1), anprepuarushas x (1), 3anumercs B Buje

u'hy(p) <0,  u'g(p)=0,, —u'fy(p)=p>0. (1),
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Ecau cucrema (I1)3 paspenmumMa, TO CONIACHO TeOpeMe 3 ee HOPMAJIbHOE DElleHre UMeeT B
* = p2*/||2*||%, tae z* = —L,(p,x*), u BeKTOp T* HAXOAUTCS U3 PENIeHus 3a1a9u Ge3yCI0BHOM
MEHEMU3AIHH (2), KOTOpas B JAHHOM CJIydae 3allMChIBACTCs B BUJIE

Ii = min  min | L,(p,2)|?*/2. 68
= min, w1091 (09
Hopmupyem BekTop @, moayanm @, = z*/||z*|| = z%. Bexrop z* npuHALIERKAT Z,, H COTTACHO

"
-,

reopeme 4 (cm. dopmyay (63)) umeem Iy = —I3 = —||2*||. T.e. naupasienue z) siBasiercs
HaIpaBJIEHHEM HAMCKOPEHIero Ciycka B JIMHeapu30BaHHOI 3ajade (67). D10 HampasieHne
CyIIECTBYET TOTJA W TOJIBbKO Torja, Korja cucrema (I)s npu dbukcuposanuom p € P He Moxer
OBITH pa3pelnnMa OTHOCHTeIbHO MHOKHTeseil Jlarpamxa x; € R, 2o € R™ 3amaqn (65), T.e
I > 0.

Takum oOpa3oM, I OIpee/eHHs HAUCKOPEMHIIero Coycka HeT HeOOXOIMMOCTH PeIlaTh
3a/1a4y yCeJ0BHOM MuHuMu3anuu (67). D10 HANpaBIeHHe HAXOIUTCS U3 PelleHns 3a1a9u 0e3yc-
JoBHON MuHUME3auH (68).

OTtMmeruM, 9YTO TaKO# IOJXOJ] 0COOeHHO 3(PdeKTUBeH, KOrjaa N — KOJUYECTBO aKTHUBHBIX
OrpaHUYeHHIi B TOUKe p € P — MHOr0 MeHbIIe pa3MepPHOCTH BEKTOPA P, TAK KaK MIHIMUI3AIU B
3aj1aue (68) BeJETCS B N-MEPHOM IPOCTPaHCTBe. B Touke p’ mepeonpeiesisiercst Habop AKTHBHBIX
OrpaHMYeHuii, KOTOPbIii mo-npexkHemy o0o3Hadaercs depes3 h(p).

§4. 3amaum NpPOEKTUPOBAHUA U KOPPEKIINU

[IpuBeieM reoMeTpUYECKY0 MHTEPIPETAINIO MOy IeHHBIX pe3yabraTroB. U3 (18) ciexyer,
YTO BEKTOP HEBA3KH z* opToronaJien BeKTopy b—z*. [losTroMy Tpu TOUKEM — HadaJI0 KOOP/IMHAT B
R™, Toukn z* u b — 0O6pa3y0OT IPAMOYTOIbLHBIA TPEYTOJIbHUK, ¥ KOTOPOr0 BEKTOP b ompemesiser
runoTeny3y, BeKTop z* — karer jaimnoii pen (z*, X), BekTop b — z* — BTOPOI KaTer JAIMHOl
dist (b, Z). U3 Teopemur [Tudaropa ciexyer (21). [Mycrs bt — npoexmus sekropa b Ha MHOMECT-
BO Z. Torma oproroHabHBIN K HeM%f sexTop bl = b — b' oBpasoBan M3 ABYX COCTABISIONINX:
bl = by — (b — Apx] — Appxl) s u b‘ Agx} + Aoy, M3 (18), (19) crenyer, uto mis blLJ_b!
u b;LbQ dbopmysb (20) mpuMyT BHI

F=bt=pr(b,Z), b =pen(z*,X), |pl|| = dist (b, Z). (69)

B srux obo3znavenusx coornomenus (18) u (21) cTAaHOBATCA COBEPIICHHO OYEBH/HBIMIL

o112 = ||BH1]%, (|0 |12+ ]]61)2 = ||6]|2. Ecin Z — numeiinoe mogmpocTpancTso, To b — mpoexnns
Bektopa b na Z, a bl — npoexuus b na oproronasbaoe gonosHenue K 2.

Anajioruvso, B Teopeme 3 numeem
wt=rt = pr (T, W)a ||TL|| = pen (U*, U)7 TH =T = TLJ HTH || = dist (T7 W) (70)

U3 reopem 2 u 3, dopmy. (69) u (70) caemyer, 4o ycsosust (4) Kpurepus ajibTepHATHBHOCTH
MOZKHO MpPeJACTaBUTH B BUE

o1 = 2" HlwE =0, o[+l 1= [l + flw™]l > 0.

Takum o6paszom, cucremst (I) u (II) aasrepraTuBHbL.

U3 Teopemsr 1 caemyer, uro ||z*|| < ||b||, b72* > 0. Bexrop z* mexur B momycdepe c
IEHTPOM B HavaJje KOOpAuHAT mpocTpancTea R™ u ¢ paguycom, paBabiM ||b||, mpuuem z* jmexkur
B TOif mo/I0BUHE cdepbl, TJIe BEKTOp 2° 00pa3yeT ocTphlit yroa ¢ BeKTopoMm b. OdeBHIHO, UTO
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BekTOpbl - u rl mexkar B cdepe pammyca p ¢ HeHTPOM B Hadage KOOPIHHAT IIPOCTPAHCTBA

Rn—i—l

Pacemorpum 3a1a4ay (16) o npoekrupoBanusi rouku T € R" Ha Hemycroe MHOXKecTBO X.
CornacHo Teopeme 3 HopMaJibHOe perenue cucrembl (I) ecth mpoekiust Hadaaa KOOPAMHAT HA
muokectBo X: T* = pr(0,,X). Cuenas B (16) 3ameHy nepeMeHHBIX y = T — T, CBeJeM ee K
3aj1a4e MPOeKTUPOBAHUs HavdaIa KOOPJAUHAT Ha “CJABUHYTOE” MHOYKECTBO

X ={yeR": Ajyys + Araya > b1, Aqyyr + Asoyo = ba, y1 > —11 1, (71)

rie by = by — A%y — ApZo 1 by = by — Ag1 Ty — Agols.
Bamaua (16) mpumer Buj

J =min |ly|| = [ly"|| = || pr (0, X)]. (72)
yeX
Mezxky pemrennsivu 3aga4 (16) u (72) ecrs npocras CBsi3b:
T =pr(z,X)=2+y" (73)

AHa/I0ruuHO MOXKHO HOKa3aTh, uro ecau U # (), To nopmasbuoe pemenue cucrembl (II) ects
@ =pr(0,,U) un

w =pr(a,U)=u+v", (74)
rae v* = pr(0,,U), U ={v € R™ : Al vy + AJ,vy < dy, Ay + ALvy = dy, by +bjvy =
= dg, (%1 Z —’Zjl} n d1 = —AL'L_Ll — A;—lﬂg, d2 = —Aigl_bl — A;—Q’L_LQ, d3 =p— b;r’al — b;ﬂ@

B [11]-{12] craBsarcs 3amaqu onruMaibHON KOPPEKIMU JTHHEHHBIX HECOBMECTHBIX (HECOOCT-
BeHHBIX) cucreM. [lpumenuresnbHo K cucreme (I) pedb naer o HAXOXKIEHHH TAKOIO BEKTODA
b, uT06KI pu 3aMene BekTOpa b Ha b — b Hecopmectnas cucrema (I) CTAHOBHIACH COBMECTHOI
(cOBCTBEHHOM) M TPH TOM €BK/III0BA HOPMa BEKTOpa b OblIa MUHHMAJIBHA.

Teopema 5. IIycms ©* — npoussosvhoe pewenue sadaqu (2), 2* — 6eKMOP MUHUMANDHBLL
He6A30k, evuucaertbill 6 mouke x*. Toeda onmumanvran xoppexyus cucmemuv (1) cocrmoum
6 3amene sexmopa b na eexmop b — z*. Ilcesdopewenue x* cucmemws (1) asasemea pewernuem
CKOPPEKMUPOBAHHOT CUCTNEMDL

Apxy + Ay > by — 27, Anzy + Agexs = by — 23, 1 2> 0. (75)

Corsacuo (69) cocrap/sionue BeKTOpa z* IpeAcTaBuMbl B BUIe z; = by, 25 = by, Toraa
bl =, — b, bl < by, b = by — by u (75) MOXKHO 3anucaTh B BHU/IE

Anzxy + Ajpzg > bg, Agxy + Agoxy = bg, 1 2 Op,. (76)

IIpu 3amene b ma bl amprepmarusmas cucrema (IT) craHOBUTCS HECOBMECTHOMW, W peIleHHe
3a/]a4d MUHAMHU3AIHMH €€ HeBSI3KH COIVIACHO TeopeMe 3 IO3BOJIAeT OIpPEeJIeTUTh HOPMaJbHOEe
pemenne I* ckoppekTupoBauHOil cucrembl (76). Urak, Koppekius necoBMecTHOl 3amaun (1)
¥ HAXOZKJIEHHEe HOPMAJBHOTO DEIleHus] CKOPPEKTHPOBAHHON cucreMbl (76) COCTOMT B PeIleHun
JIBYX 3aja4 Oe3ycjaoBnoit Munumusanuu B R™ u R™. [lig HaXoxKIeHUs 1mM-MEPHOrO0 BEKTOPA
b = 2* ¢ MHHIMAJIBHOI eBKJIMJIOBOI HOPMOil pelaercs 3ajada 06e3yCJOBHOW MUHHMU3AIIT
(2) ¢ n mepeMeHHBIME, a JJIsl HAXOXKJEHHs] N-MEPHOr0 HOPMAJbHOIO BEKTOpa I* — pelieHusl
CKOPPEKTUPOBAHHOl cucTeMbl (76) IPUXOIUTCS peInaTh 3a1a4y 6e3ycaoBHOl MuHnMu3anuu (3)
C M 1epeMeHHbIMU.
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MOoZKHO TpeJIOKUTh WHON €HOCOO KOppeKIuu HecoBMecTHON cucrembl (1), mpu KoTOpoMm
BMECTO IIPUBEJEHHBIX JIBYX 3aJa4 6e3yCI0BHOR MUHEMH3AIUHA PEIIACTCS TOJILKO OJHA 331244
Oe3ycJsioBHOIT MuHUMu3anuu B npocrpancrse R™. 3agady koppekuuu cucrembl (I) ¢ omuoBpe-
MEHHBIM HAXOXKJIEHHEM PEHICHHd MPeACTaBUM KaK 3a/1a9y HAXOKJICHUs HOPMAaJIbHOIO PENICHUs
COBMECTHOI{i CHCTeMBI, KOTOpast moyydena u3 cucrembl (I) ¢ OMOIIBIO TOMOJTHATETHHBIX TTepe-
MEHHBIX b; € R™ b2 c R™2:

Apay + Ao + by > by, Agiwy + Aggwy + by = by, 1 2 Oy, by > O, - (77)

OTa cucreMa Bcerga COBMeCTHa. HOSTOMy aJIbTepHaTUBHaAd K Hell cucTeMa BCcerga HeCOBMeECTHa
n UMEeET BUL

AlTlul -+ A;—]_UQ S Onl, AlTQul -+ A;;UQ = Ong, (51 S Oml, Uy = OmQ,
blTu1+b2Tu2:p>0, Uy > Oy -

Pemus 3a/a1y MUHUMU3AIUN HEBA3KU 3TOH aﬂbTepHaTHBHOﬁ CHUCTEMDbI

o AT+ ARue) | 4 A+ ARl + [ + s + (p = blws — b us)?

ul ERTI quRmQ 2

B cooTBeTcTBHU ¢ hopMmysoii (48) moayunM HOpMAJIBHOE pelnenue cucreMbr (77):

= (Allul + A21U2) Fr— A12“1 + A22U2
1 — w§ ) 2 w§ )
7 uy 7 U3 T T
* * * * *
i by = —, wy = p — by uj — by uy.
w3 ws

§5. Cucrembl JUHEHHBIX ypaBHEHUIA

Pacemorpum wactabtii ciydait, korga B (I) u (IT) orcyrerByior HepaBercTBa. Torma cucrema
(I), onpenensitonasi MHOKeCTBO X, HMeeT BUJL

Az =, (D5
a aJbTepHATHBHAS CUCTEMA, OIpeJIe/Isionias MHoKecTBO U, 3aluchbiBaeTCs B BH/IE
ATy =0,, bTu=p#0.
OTy cuUcTeMy YI00OHO MPEJICTABIATEH B BUJIE
ATu=r, (IT),

rne A= [—Abur" =1[0],p], p#0.

U3 reopembr 3 ciepyer anprepHarusa Ppejirosibma: Beerjia pa3peninma, OJHa 1 TOJIbKO O/[Ha
cucrema: 6o (I)s, mmbo (II)s.

BexTop b pas3ioxum B cymmy opToronasbubix Bektopos b = bl + bt rae bl = pr (b, im A),
bt = (bker A7), Z =ker AT. Ecrm ||bt]| =0, 170 X #0u U = 0. Ecmu ||b]| #0, 10 X =0 u
U # 0.

Jlist BbIsiBJIEHUST PA3PEIIUMOCTH TOW W/ UHOI CHUCTEMbI W OJHOBPEMEHOI'0 HAXOZKJICHUS
perieHusi pa3peniuMoil CUCTEMbl JIOCTATOYHO HAWTU XOTs Obl OJIMH BEKTOp T* WJU u*, peluB
JIFOOYIO W3 CJeAyIOmKUX 3a/1a9 06€e3yCI0BHOW MUHUMUBAINN:

1b— Az|* _ [|b — Az*||? = AT [l = ATw|?

WR 22 Lre 22 (78)
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DT 337291 MOXKHO PACCMaTpPUBATHh KaK METOJ HANMEHBITUX KBaJIPATOB, MPUMEHEHHBIN COOT-
percTsenno K cuctemaM (I)s u (I1)5. 13 Teopem 1-3 momyumm z* = b— Az*, w*' = [wj', w3] =
=[r—ATu*|", wy = ATu*, wi = p— b u*. Heobxoanmble u J0CTATOUHbIE YCIOBAA MUHHMYMa

B 3aj1a4ax (78), 0OBIYHO Ha3bIBAEMbIE “HOPMAJBHBIMU yDABHEHUSIME, MMEIOT B/
AT(b— Az*) =0,,  A@r—ATu*) =0,,. (79)

OTciofa cileyer, 9To BEKTOPHI HeBsA30K z° = bt € ker AT n w* = rt € ker A. BekTopwr ¥,

u*, ynosnerBopsiomue (79), sastorcs ncesnopemenuamu cucreM (I); u (IT); coorBeTcTBEHHO.

Ecan [|bY]| =0,10 X # 0, U =0, b = bl, 2* = 0,,, w} # 0 u HopMabHOE pemienye cucTeMbl
(I)5 BBIpazkaercs bopmyioi

P =A"u(p—b"u"), (80)

rae u* — mcesnopernenne cucrembl (I1)5. Togcrasusist sty dopmyy B (I)s, mociae mpocrhrx
npeoOpa3oBaHmii MOJTydaeM

(AAT +bb")u* = pb (81)

Ecma ||bt]] # 0, To X = 0, U # 0 u nopmambroe pemenne cucremsl (II)s mpeacTaBmvmo
B BH/IE

@ = p(b — Aa) /b — A", (82)

rae x* — ncepiopentenue cucremsl (1)5. Cucrema (I)5, ckoppekTupoBannasi o Bropoii popmyJie
B (75), npeacrasuma B Buge Ar = Az* = bl. Ee nmopmaannoe pemenne I onpenensercs 1o
dopumyae (80), B xkoropoit b = bl a u* maxomurca us Bropoit 3amaun B (78) npu b = bl. Ecan y
MaTpuibl A paHr paBeH n, TO CKOPPEKTHPOBAHHAS CHCTEMA UMEET eJMHCTBEHHOE pelleHue T*,
KOTOpPOE COBIIaIaeT C €6 HOPMAJbHBIM pellleHueM I*.

Huzke norpebyem, 4ToObl panr maTpuibl A pasmepa m X n ObL1 MakcuMasbHbiM. Jepes AT
obozraumm (n X m)-marpuiy, nceaoobparnyio Kk A. Paccmorpum asa cnenuanbHbIX Coydast,
korza 3azaqan (2), (3), (6), (7) perraorcst aHATHTHIECKH.

Cay4aii 1. Ilycts rank A = m.

Tornan > m, X # 0, || =0uU =0, AT = AT(AAT)"!, AA* = [, crpoku
marpusl A nuneiino mesasucnmbr, (A7) = AT A — marpuna n x n npoexTnposanms ma im AT,
I, — (AN = (AT)* — marpuua npoexruposanus na ker A. ITo reopeme Kponexepa—Kanewm

rank A = rank A < rank[AT,r] = m + 1. Hopmasnwnoe pemrenme 7* cucremsr (I)5 MoKHO
IPEJICTABATH B PA3JHIHBIX hopMax:
it =Atb = AT(AAT) b = pr (0, X) = (A")lz, (83)

rjie £ — HPOU3BOJIbHBIN BEKTOp u3 X.
Marpuna A’ nmMeer KOIMUeCTBO CTPOK GOJIbIIee, deM KOJWYECTBO CTOJIOMOB. IlosTomy

(ATY* = (AAT) A, (AT)*AT = 1, (AT)l = AT(AT)* — xsagpatuas mMarpuna nopsixa
n + 1 npoektuposanns ma im AT, (AT): = I, — (AT, IceBropemenne cucremsr (I1)s
3AIMUIIETCS B BUJIE

w = (AT)Fr=(AAT) Ay (84)
BekTop u* ymoBreTBOpseT CKOPpPEKTUPOBAHHON CUCTEME ATy = rll, pae rl — mpoexnust BexTOpa
7 Ha MOJIIPOCTPAHCTBO im AT

rl = pr (r,im AT) = (AT)”r = AT(AAT)AAT.

BekTop w* — TpoeKIms r Ha OPTOrOHAJbHOE JoHoMHeHHe ker A K mommpocrpancTBy im AT,
JleficTBuTETHHO, TTOCTE PSAa OUEBUIHBIX MpeoOpa30BaHMil MOXKHO IMOKA3aTh, ITO

w = (AT)J'T =t
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OnpegeuM KBaJApaTHYIO IMOPSIKa 1M HEBBIPOKIAEHHYIO MaTpuily = (AAT)_I = (AAT+
+bb")~1; Torma uz (84) cuemyer
u* = pdb. (85)

Sra dopmyta caemyer Takzke u u3 (81), ecan B (81) mpeamoaoxuTh, aro Marpuna P cymecrpyer.
[Toncrasmss (85) B dopmymy (80), momydaem

it = AT®b/(1 — b DD). (86)

Tak Kak HOpPMaJbHOE pelleHre eJINHCTBeHHO, TO MOXKHO HPUPABHATH BbIpaykeHus (83) u
(86). B pesyabrare moyduM MATPHIHOE TOZKIECTBO

AT®b/(1 —b"®b) = AT(AAT) b, (87)

C nomoIp ONTUMAJIBLHOIO BEKTOpa MHOKuTe el Jlarpanxka p* € R™ B 3a/1aue HaX0XK IeHU st
HOPMAJIBHOTO pernenus coBMecTHOi cucremsl (I); mpexcrasum (83) B BHIE

P = AT, = (AAT) (88)

Cornacuo dopmyJe (86) nveem
pw=ob/(1—b"u"). (89)

113 (88) u (89) mosyduaem TOXKIECTBO
db = (1—b"®b)(AAT) D, (90)

O603HAYHM Yepes3 7y HanMeHblIee cobcTBenHOe 3Hadenue MaTpunsl AAT. Tak kak rank A =
=m, 10 v > 0 u u3 (88) mosyunm

Ywl? < 212 = p=TAAT = "o < bl ]I,
=< Mol Nzl < oll/ v

Ilycrs Bexrop Z* — npoekmust T na X. Torga n3 (73) mueem z* — & = pr (0, X). Cormacmo
(71) mmoxkectBo X mpesacrasumo B Buge X = {y € R" : Ay = b}, rie b = b— AZ. Bumecte ¢ Tem
pr (0, X) — Bexkrop u3 X ¢ HauMeHbIIeil eBKJINI0BON HOPMOIA, 10ITOMY, Kak B (83), 10/1yaum

(91)

Tt -1 =AT(AAT) . (92)
Ananoruuno (88), (91) mveem
Tr=ATb= AT, i = (AAT) ",
YWE I < llz*)? = T AATE = o < las| ol llEl < l1bll/v, (93)
dist (7, X) = [|7* — 7] = (2"0)"* < [[b]|/\/7 = pen (7, X)/\/7.

Dopmyinst (92) u (93) 3amuchiBaloTCsi 0cO6EHHO IPOCTO, ecim m = 1; B 3ToMm caydae b € R,
Marpuna A gBisgercs n-MepHoil BeKTOp-cTpokoii a' . ®opwmysia (92) 3a1aeT IPOeKIuio BeKTopa
T Ha II0CKOCTb a' & = b, hopmyna (93) onpeenser paccToguue OT T /10 3TOMH ILIOCKOCTH, T.e.

=7 +ab—a'3)/|al?,  dist(z,X)=|b—a"7|/|al. (94)
Ecin z = 0,, To 2* = ab/|al)?, [|*]| = [b]/|a].-

Ciay4aait 2. [Iycts rank A =n
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Torma n < m. Ilyers U # 0, ||bt] = 0, Torma X = (. Tax Kak cTOIOIBI MATPHILI
A nunmeiino mesasucuMbr, To AT = (ATA)TTAT, AYA = I, Al = AA* — marpuna m x m
npoekruposanns Ha im A, I, — Al = AY — marpuna npoekrtupoBanusi HA OPTOrOHAIBLHOE
noanpocTpancTso, T.e. na ker AT. U3 reopemnr KponekepaKamenmu ciemyer, uro rank A=
= n + 1. Tlcesnopemenne cucremsbr (I); u HOpMaabHOe perenne cucrembr (I1)5 3amummyres B
BUJIE

ot =AYb, AT =(ATATAT, @ =AATA) T = pr (0, U) = (A)l, (95)

rie v € U. BekTop =¥ ya0BIeTBOpseT CKOPPEKTHPOBAHHON COBMECTHOI cucreme Ax™ = bl e
bl = pr (b,im A) = A(ATA)"'ATb — npoekuus BexTOpa b Ha HOAIpOcTpaHCcTBO im A. BekTop
2* — npoekius sextopa b na ker AT — oproronanbnoe jonosuenue x im A. JleifcTBuTesnHo,
MOYKHO TOKa3aTh, uTo z* = Atb = bt.

B (95) marpuia ATA — KBaJIpaTHas Mopsaaka n + 1, HeBBIpOXKIeHHAS W MpecTaBuMas B
OJI0YHOM BHIE

A

- ATA —ATb
e 1 (96)
C nomomrsio dhopmysbl Ppobernyca onpegeanm o6paTHyo MaTpuily u u3 (95) moaydum
T A\v—1 . _HATb
A= | | | (o7)
i = Bp[(1+Bb" AHATD)b — AHATY], (98)

rie 8= 1/||b||>, H=(ATA—BATbb" A)~! — xBaaparnas marpuna nopsijika n. IlpupasHubas
dbopmyabr st @ w3 (82) u (98), nosydaem Bropoe MaTpUYHOE TOXKIECTBO
(I, — A(ATA)"TAT]b
[l = A(ATA)"LAT ]2

= Bl(1+ 80T AHATb)b — AHATY], (99)

[Toce Toro kak Marpuunsle Toxzaectsa (87), (90) u (99) ycranoBjIeHDBI, WX CHPABEIHBOCTD
MOXKHO JIOKa3aTh U HEIIOCPEJICTBEHHO, Oe3 IpUB/IeUeHusd TeopeM 1-3.

Ob6o3HaunM dYepe3 17 HaWMeHbIIee COOCTBEHHOE 3HAYEHHE MATPHUIIHI ATA, torga u3 (95)
caemyer

o = A£*7 5* — (141'121)—17,,7
nllE))? < Jlas]? = & TATAg <& Tr < ||€7||/p,
15l < 1/(pm),  lw|l < 1/(py/m),
dist (u,U) = ||u* —al| < ||r — ATﬂ||/\/ﬁ

(100)

Ucnonb3ys (74) u nocrenniono dbopmyny B (95), nostydaem BbIpazKeHHE Jisi HPOEKIUH
BEKTOpa U Ha HEIyCTOe MHOxKecTBo U:

@ = pr(a,U) =i+ pr(0,,U) = a4+ A(ATA)~'F
§6. CucreMbl JUHEIHBIX HEPABEHCTB

[IycTh cucTeMa, omnpejiesisdioniasg MHOXKECTBO X , IMEEeT BH/]

Az > b, (Dg

18



rie A — marpuna m x n, b € R™ ||b|| # 0. AnbrepHaruBHas cucTeMa, ONpPeIETIAIONIAs
MHOKeCTBO U, 3allUCHIBACTCS B BHJIE

ATy =r, u > 0, (IT)4

re, KAK U B pas3zl. b, pacmmpennas marpuna nveer sy A = [—A bl u T = 01 p], p > 0.

Cormacuo Teopeme 3 coBMecTHA OfHa U TOIbKO oqua u3 cucreM (I)g nmu (II)g. D1o yrBepK-
JieHne g p = 1 m3BeCTHO KaK TeopeMa [eiina.
BBeﬂeHHbIe paHee MHO2KEeCTBa IIPUHUMAIOT BU/L

Z={2€R?, AT2=0,}, W={wecR"™: Aw<0,},
X={yeR':Ay=b=b—Az}, U={veR™":ATv=r=7—ATa},
pen (z, X) = [[(b— Az),|,  pen(u,U) = [lr — Aul|.

BekTopsl ¥, u* onpejessorcs u3 3aj1a4

_ 2 . * 2 AT N2 AT *12
= AP o= A2 = ATl = AT

zeR" 2 2 ’ uweRY 2 2

(101)

HeoGxouMble 1 JOCTATOYHBIE YCJIOBHsI MUHEMYMa B 3aja4ax (101) umeror Bu
AT(b— Az") =0, A(r—ATu") <0,, DW)Ar—ATu)] =0, u* >0,  (102)

Otciona ciejyer, 9TO BEKTOPbl MEHUMAJIbHBIX HEBA30K 2* € Z u w* € W,
U3 teopem 1-3 momyunm 2* = (b — Ar*), w*' = [wi',wi] = [r — ATu*]", wi = ATu*,
Wi = p — bTu*, eciu X # 0, 1o wj > 0, u HopMaabHOe perenue cucreMbl (I)g BbhIpazkaeTcst

CJIeJIYIOIUM 00pa3oM:
=AM (p—b"u"). (103)
[Tpu p =1 s1a dopmy.ia GbLia nosryuena B |8]. Tak kak T* € X, 1o u3 (103) BbiTekaer aHaaor
bopmyanr (81): (AAT +bb")u* > pb.
Ecim X =0, To 2* > 0,,, u HopmasibHOe pentenne cucrembl (IT)g peacrasumo B Buje
p(b— Ax™), pb™

ut = = . 104
R TS P FRal T e (104

Huzke norpebyem, 4ToObI panr MaTpuibsl A pasmepa m X n ObL1 MakcuMasIbHbIM. Jepes AT
o6o3HaunM (1 X M)-Marpuly, nceBroooparnyo K A.

Cuywuaii 1. Ilycre X # ().

Torga U = (). Pemus 3a1a4y (3) (Bropyo 3amaqy B (101)), u3 (103) onpeaeum HopMaIbHbIH
BekTOp T* € X, mosromy Ax* > b. Ilpeamonmoxkum, 9TO B ITOH CHCTEMe HEPABEHCTB B TOUYKE
I* mepBble $ yCJOBHII BBIIOJIHAIOTCS KaK PaBeHCTBA, OCTAJbHBIE C = 1M — § — KaK CTPOrue
HepaBeHCTBA. B cooTBeTCTBHM ¢ 3TUM pasobbem matpuiy A n sektopwt b, u: AT = [A] A,

bT =[], 0], u" = [ul, ul]. Pacemorpum cucremy

Az =b,. (105)

[Tycts s < n u panr Ag pasen s, Torga cucrema (105) paspenmuva u ee HOpMaJbHOE PeleHne
corsacHo (83) MOYKHO HPEICTABATH B BHJIE



re Af = AT (AADN)™ X = {z e R": Ajx = b,}. Tak kax &* = 7, To moJydaem

ATu* Alur

p—bTur  p—blur

= A (A A b,

Eciu Bce orpanmvenuss B Touke T* OKa3a/IMCh aKTHUBHBIMHU, TO HPUXOJAUM K (HOpMYJIamM
npepaynero pazgaena. Ecam b < 0,,, o 2* = 0,,. I[Ipu b < 0,, B Touke T* HET aKTUBHBIX
orpaHmyeHuii, Kpome toro, ecau rank A = m, ro u* = 0,,.

PaceMoTpuM 3311y HAXOXKIeHUus HOpMaabHoro pemenns & = pr(0,, X). Beimumem s
s10it 3a1aun dynxmuto Jlarpanxa L(x, u) = ||z||?/2 + u" (b — Az) u yciosna Kyna—Taxkepa,

= ATy, AF* > b, T (AZ —b) =0, >0,

[IpeicTaBUM ONTHMATLHBIE BeKTOp MHOKHTeTel Jlarpamxka xak p' = [ut', p'], nme pf =
= (ASA;F)_le, s = 0. 31€Ch st IPOCTOTHI CYUTAETCS, YTO 1E€PBbIE S OIPDAHUYEHUN AKTHBHbI,
Te. AJZ* = by, AZ* < b, Torma p*  AATp* = T AApt. Tlycrs ¥ — HamMeHbIee
cOOCTBEHOE 3HAYECHUE MATPHILBI ASA;F. OueBniHO, uT0 v < 7, TJI€ Y — HAWMEHbIITee COOCTBEHHOE
sgagenne Marpunsl AAT. CornacHo yemopuio rank A = m umeem 5 > v > 0 1

psl? < st AsATps = o > 0, L]l < lIoll/A,
12517 = 1A w3ll* = 3 "0 < II0s]1?/7-

JInsg BBIMUCICHUA IPOEKIUH BEKTOpa T HAa MHOMXKECTBO X BOCIOJIB3YeMCH Pe3yJbTaTaMu
pasz. 4: yarem, uTo 31ech pu* = (AAT)7b, b= b — AT u momydanm

dist (7, X)) = [}& — 2|2 = [pr (&, X)]? = [pr (0, X)) = p*T (b — A7) <
< Ml B = AE) 4]l < 11y — A) 4 1/7 < [1(b— AZ)4]I/7.

Omnenku (93), (100) u (106) anamoruvnbl HepaBeHcTBaM Xoddmana (cM., HampuMmep,
[2, 3]). Bamerum, uTo B mMOJYUYEHHBIX (DOPMYJIAX €CTh CYIIECTBEHHBIE OTIHYHs. Bo-NepBhiX,
KOHKDETU3UPOBAHBI KOIDMUIIMEHTEI 7y, 1) ¥ 7Y, BO-BTOPHIX, TaHLI TOYHBIE (DOPMYIIBI JIJTST BHITUC-
JIEHUSI PACCTOSIHUS MEXKJIy T* M T, MexJy U u 4. B npuBeleHHOM U3JI02KE€HUU COBEPIIEHHO
OYEBHUJIHBI YTBEPKJIEHUST O TOM, 9TO Y, ¥ He 3aBHCAT OT b, a 1) He 3aBucuT ot 1 (cM. |3, Teopema
10.1], [2, memma 35.5]).

(106)

Cuyuaii 2. Ilycre X = ().
Torma ||z*|| # 0, cucrema (I)g HecoBMecTHa, cpeau KOMIOHEHT BekTopa Azr* — b ecrb
orpunaresibabie. CKOPPEKTUPOBAHHAS CUCTEMa OyJIeT UMEThb BH/L

Az > bl =b— (b — Az™),.
Caenosarensuo, ecmu (b — Az*)" < 0, To (bl)" = b, me. i-a xommonenra BexTopa b He

mengercs. Ecin (b—Az*)? > 0, 1o (b)! = (Az*)" u BmecTo b° Gepercs (Ax*)i, aro obecmednpaer
JIOIYCTHMOCTD BEKTOPa T* B CKOPPEKTUPOBAHHOMN 3a1a4e.

§7. Bamada 0 pa3aeSIgOMINX T'UMEPIIIOCKOCTIX

IIpeacrasum A, b, u u z B BUIE

_A1 _bl | W |~
Sl o e ) B ) I



rie Ay, Ay — MATPUIBI COOTBETCTBEHHO pa3MepoB k X n, | X n; BeKTOpbl by, ui,z1 € R* u
by, Us, 20 € R k4 ¢ = m. Cunraem, 9r0 MHOKECTBO X COCTOHT M3 JBYX HEIYCTHIX MHOMKECTB

Xlz{LCGRnZAlebl}, ng{l'ERnIAQZ'ZbQ}

takux, uto X;NX, = (). ITocTaBuM 33129y 00 OTBLICKAHAN THIEPILIOCKOCTH, CTPOTO pas3 Iedaioneit
X1 n XQ.
Bresem ckanspubiii napaverp « € [0, 1].

Teopema 6 (0 cemeiicTBe mapasieIbHBIX Pa3AeJSIOMINX TUIEPIJIOCKOCTEI).
ITyemv noausdpor X1 u Xo nenycmol, ux nepecevenue X = X1 N Xy = 0; pewenuem nepsoti
sadaywu 6 (101) asasemca x*, eexmop munumarvhur neeasok z* = (b— Ax*)y umeem ceoumu
cocmasasowumu 27 = (by — Ajx*) 1 u 25 = (by — Agx™) . Tozda eepro caedyrowee:

1. cemeticmeo napassesvHuls 2unepnaockocmet, pasdesaruwusr muoxcecmea X1 u Xo, MO-
otcem 6vimb NPedecmasieno 08YMsA IKEUBANEHMHBMYU HOPMYAGMU:

(21) " (A =) + afl2"[* = 0, (107)
(23)" (b2 = Asz) + (a = 1)||"[* = 0, (108)

npuuem ecau 0 < a < 1, mo amu 2unepnaockocmu cmpozo pasdessom X1 u Xo;

2. ecau 6 Kauecmee o 63AMb
o =l 1%/ |l (109)

mo mouka X* AeHcUm Ha pa30€¢m70u4612 2unepnaocrkocinu, coomeemcmeymugeﬂ AMMomYy
3HAYEHUN O,

3. paccmoanue d mescoy pasdessouumy 2unepniocKocmamy, coomseememayrouumy o = 0
u o =1, onpedeasemcs no popmyse

d = ||2*]1*/ [l A] 1.

HokazareabcTBo. 13 Teopembl 1 cjieyer, 4To
ATz =0, b2t = |||

YMHOKasl IEPBOE COOTHOIIEHNE CJIEBa Ha MPOU3BOJIBHBINA BeKTOp T € R" um BhuMTas w3 Hero
BTOPOE, MOJIyYaeM

Az —b) +||2*]|* =0 (110)
Omnpegennm nuneiinyio GyHkumo o(z, «) or mepementoit © € R" u mapamerpa a aByms
JKBUBAJIECHTHbBIMU CHOCO6aMI/I

oz, ) = (1) (A1 = br) + af %%, (111)
p(x, ) = (25)" (b2 = Aoz) + (a = D[] (112)

Yeaosue ¢(x, o) = 0 mpu kaxaom dukcupoBannom « € [0, 1] onpe/esier runepIiockKoCcTb,
pazensiontyo MaokecTBa X1 u Xo, Tak Kak ecnu o > 0u x € Xy, 1o cornacuo (111) p(z, o) >
>0, uecmm o <1, v € Xy, 10 cornmacuo (112) umeem ¢ < 0. Takum o6paszom, 10JydeHO
ceMelicTBO mapaJuIesIbHbIX HIepPIIocKocTeil, KoTopbie npu 0 < « < 1 ¢rporo pasmensaior X
n X2.
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[Ipoeknus Z* ToUKN £* HA pa3IeIAIONIy o rUIepIiockocTs (107) cornacuo (94) ompeaensiercs
o dpopmyie
T =" + Ay 2[(2D) T (b — Ava”) — a2/ AL 2 )17

Baecn (27)7 (b — Ajx*) = ||25]|?. Tosromy ecim a 3amaercs dbopmymoit (109), To % = z*, T.e.
¥ IpUHAJIEKUT pasjessiomnieii runepriockocru (107).
Awnasornuno, nogcrapasga o uz (109) B (108), yunrsiBas, uro 1 — o = ||25]*/]z*|%

IOJIyYaeM, 4To T* MPUHAJJIEKUT pasestiomeii runepmiockoctu (108).
O603HaunM uepes pr(«) TPOEKIUI0 HAYAIa KOOPAUHAT Ha runepruiockocth (107). Torma

corytacuo (94) nveem
pr (o) = Ay 2{[(=1) "oy — a2 P)/11AL 211

Iloce mpocreimmx seraucaennii maeem d = || pr (1) — pr(0)|| = [|2*||?/||A] 27||. Teopema
JokazaHa. [

JokazarenbcTBo 1. 1) Teopembl 6 GJIM3KO K JIOKA3aTENLCTBY TeopeMbl Epemuba (CM.
|2, Teopema 10.1]), KoTOpOE OCHOBAHO HA MCHOJIBL30BAHUU TEOPEMbl 00 ajbTepHaTHBaXx. B Teo-
peme u3 [2] pazsensonas runepiockoCTh B 0003HAYEHHUSIX HACTOAIIEH PabOThI IPe/ICTaBIeHA
B CJIE€AYIONINX 3KBUBAJIEHTHBIX BH/aX:

(W) (A = b)) +p/2=0,  (u3)"(by — Agz) — p/2 =0,
TIe U W Ul — MPOM3BOJIBHOE PEIIEHNE CUCTEMbI BUIA
AlTul + A;—’UQ =0,, blTul + b;ug =p>0, uy > 0,  ug > 0. (113)

Taxum 00pa3oM, I MOCTPOCHUS Pa3AeIsoIeil THIePIIOCKOCTH COTJIACHO Teopeme 6 Tpe-
Oyercst pemuThb 3a1a9y 0€3yCJI0BHON MUHUMHU3AINYE HEBSI3KH HECOBMECTHOM cucreMpl (I) B po-
crparctBe R", a cormacHo Teopeme u3 [2| Tpebyercsa pemuTsh coBMecTHYIO cuctemy (113) ¢ m
HEU3BECTHbBIMMU.

§8. Teopemsnt 2Kopaana u IIITumke 06 ajnpTepHATHBAX

Teopema 00 anprepuaruBax zKopjana yTBep:KaeT, 4To pa3peniuMa OJHa U TOJHKO OJIHA
U3 CJIEeIYIONIUX CUCTEM: JTHOO

Az > 0, Dy

60
ATu=0,  u>0,, |ull; > 0. (ID)g

DTOT pe3ysbTaT HENMmOCPEeJCTBEHHO He cieayer u3 teopembl 3. IIpeobpasyem cucremsr (I)g n
(IT)g, mosokuB b = pe,,, Tae e, — equHuIHbIA Mm-MepHblil BekTop. Torma cucremsr (I)g u (I1)g
IIPHMYT BUJL

Ax > pepn, (D

ATy = On, U 2 O,y [)HUHl =p- (H)g

Cucrema (I)s paspemmumva onHospemento ¢ cucremoit (I)§, T.e. ecin paspemmnmva cucrema (I)s,
TO 1O €e PENIeHUI0 T MOYKHO ONPEIEJNTH MapaMerp O, PaBHBIA MUHUMAJIBHOI KOMIIOHEHTE
BekTopa Az’. Ilpum srom p Bektop 2’ ynosiersopsier cucreme (I)5. ObGparHO: ecm cucreMa
(I)5 umeer Kakoe-TUGO peIeHre, TO OYEBUIHO, YTO STO PeleHne GyIeT YI0BIeTBOPATH CUCTEMe
(I)s. Amasnoruuno, ecnn u' — pemenne cucrems (I1)g, To BekTop u = u'/||u'||; ectb pemenue
cucremsr (II)§. Cupasemmuso u obparnoe. rak, ansrepunarusa B Teopeme zKopmama moxker
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OBITH 3aMeHeHa Ha aJbTepHATHBY, KorTopas mpeacrasiena cucremamu (1)5 u (I1)§, 3amaromumu
3aMKHyTBIe MHOKecTBa. Ilostomy, B ormuune or (I)g u (II)g, j/Ig aTbTepPHATHBHBIX CHCTEM
(I)s u (II)§ moryT cymecTBOBATH HOPMAJIBHBIE DEIIEHHs H UX MOXKHO HCKAThb HA OCHOBAHHU
pe3yJIbTaTOB TEOPEMBI 3.

Bamernwm, 4To B mocuaegHeM pasenctBe cucrembl (I1)§ moxkno pasmennth obe 4wacTu Ha
p, OMHAKO IPH 9TOM HAI0 YUeCTh COMHOXKHTeNb p? B Bhpaxkenmu pen (x,X) = [||ATul/?+
+p2(1 — ||ul|1)?]"/?, uroGer obeceunTs BhmoaHenue yreepxkaenns (48). ToabKo mocie 3TOro
BCe pe3ysbTrarsl pasfd. 6 nepenocsites na caydait cucrem (I)§ m (II)§. Popmynst (103), (104),
B 9aCTHOCTHU, IIPUHUMAIOT BU/L

AT  plpen — A,

~ % ~ %

= u = .
p(1 — [lu*]1) [(pem — Az*)(|?

Bmuskas o gpopme Teopema 06 anprepaarupax LITuMKe yTBepzKIaeT, 9To pa3penmma, O1Ha,
I TOJBKO OfIHA U3 CIeayomux cuctem: mmu6o Az > 0, ||Az| > 0, 6o ATu = 0,, u > 0,,.

Kak u B caryuae Teopembl 2Kopana, albTepHaTHBHBIE CHCTeMBI B TeopeMe IIITHMKe MOXKHO
3aMEHUTH CI/ICTeMaMI/I, JJIA KOTOprX MOZKET CyH_[eCTBOBaTb HOpMaﬂbHoe peIHeHI/Ie. BBe,ZLeM
BEKTOD JIONMOJIHUTEJbHBIX mepemenubix & € R™, torga nepsyto cucremy B Teopeme [IItumvke
MOZKHO IepeIcaTb B BUJe

DTa cucTeMa pa3penmma OJHOBPEMEHHO ¢ mepBoil cucremoii u3 TeopeMpr [lrtuvmke. Cucrema
(I)§* aBnstercst YacTHBIM caydaeM obmieit cucrembl (I) u3 pasz. 2, u MOITOMY ajlbTepHATHBHASI
K Heil cucremMa npuMeT BH

ATy =0,, —u~+ €,0 < 0, po = p > 0.
OTy CUCTEMY MOYKHO MepemnucaTh 0oJiee KPaTKo:
ATy =0,, U > e, (IT)g"

Cucrema (II)§* paspemmma OJHOBPEMEHHO €O BTOPOii ATBTEPHATHBHON CHCTEMOIl B Teopeme
HItuvke. K anprepuarusaeiv cucremam (I)5* u (II)§* remeps moxker ObITH HPUMEHEHA TEO-
pema 3.

§9. Cucrembl JIUHEHHBIX YPABHEHUII C HEOTPUIATEJIbHBIMU II€PEMEHHBIMU

[IycThb cucrema, Ompeessiionas MHOXKECTBO X, HMeeT BH/
Az = b, x > 0y, Dy

rie A — marpuna m x n, b € R™ ||b|| # 0. AnbrepHaruBHas cucTeMa, ONpPeIEIAIONIAS
MHOZKeCTBO U, 3aIMCHLIBACTCA B BHJIE

Alu<0,,  blu=p>0, (I1),

rae p — OPOHU3BOJbHasA (PUKCHpOBaHHAS KOHCTAHTA.
Corytacuo Teopeme 3 coBMecTHA OjHa # TOIBKO ogua u3 cucreM (I)g nim (II)g. Do yrBepxx-
nenue 1pu ucnomnbzosanuu B (I1)g samucu b'u > 0 usBecrHo Kax jemva Papkaria.
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BekTop z* nan u* Haiimem u3 3aaa4

1o — Az||® _ ||b— Az*||?
n —_=

mi , 114
zeR’ 2 2 (114)
AT 2 o bT 2 AT * 2 o bT *) 2
AT (o= bR AT + (o= T .
uERm 2 2
HeobxoauMble U TOCTATOYHBIE YCJIOBHS MUHEMYMa B 331adax (114), (115) nveror Buj
—AT(b— Ax*) >0, D(z*)[AT (b — Ax*)] = 0,, (116)
>0, AATu)y —blp—>b"u*)=0,.
13 reopem 1-3 u pesyasraros pas. 4 mveem bt = z* = b— Az*, bl = Az*, w*" = [wi", w}],

wi = (ATu"), wi=p—Dblu*.
Ecmu X # 0, vo ||b*]| =0, U = 0, w} > 0 u nopmasbroe pentenue cuctemb (I)g Bripaskaercs
depes3 perrenne 3a1a9n (115) caeayronmm 06pa3oMm:
(ATu"),

[Ipu s1om u3 ycaosust * € X nosydaem anasor dopmyss (81):
A(ATu*), +bb u* = pb. (118)

Ecan [|bH| # 0, 10 X =0, U # 0, ||2*|| # 0, n nHopmanbnoe pemenne cucrembt (1I)g umeer
Bl

= = 119

[ Al o)

necopmecrnas cucrema (I)g B pesy/ibrare onTuMal/ibHON Koppekiuu npuver sy Az = bl x>
> 0,,, ¥ TOIJIa AJbT€PHATUBHAS K HEll HECOBMECTHAsI CHCTeMa 3aIUIeTCs! CJIe/ Iy I0InM 06pa3oM:
ATu <0, (z5)TATu=p>0.
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