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Abstract—A fast method for calculating estimates in the case when a system of support sets in the algorithm
isafamily of rectangles of afixed size is proposed. Here, the characteristic matrix of proximity for the object
and its precedent is used instead of the characteristic vector of proximity. For faster calculations, a preprocess-
ing is performed. At this step, some characteristics of the matrix are calculated that make it possible to verify
the necessary conditions required for the rectangles of unit elements with fixed size to occur in the matrix.

A modé of the algorithms based on estimate cal cu-
lations (AEC) is one of the most important classes of
algorithms used in recognition tasks [5]. It is known
that a recognition algorithm contains a recognizing
operator and decision rule [4]. In AEC, a recognizing
operator converts a standard description of object S
subject to recognition into a set of numerical estimates
F(9, 79, ..., [(9), wherel isanumber of classes.
A decision rule helps us to construct the information

vector (a3, O3, ..., o), af {0, 1, A} from this set.
Here, 0(1A =0if an algorithm does not assign object Sto
jth dlass af = 1, if an agorithm assigns object Sto jth
class, and 0(,A =Aif an algorithm cannot classify object S

The estimate I';(S) of the object Sin regard to jth
classis calculated as follows:

1
W] SDZW Y(S)

=1l

Zl-

M = p(@)By(S S),
1)

- Q0Q,

where N isthe normalizing factor; W, is a set of objects
fromjth class; Q, isasystem of support sets; B (S, S)
isthe proximity function; y(S) isaweight of the prece-
dent S; and p(w) is aweight of the support set Q with
characteristic vector ®.

The setting of all these parameters—a system of
support sets, a proximity function, weights of prece-

dents and features, and a decision rule—specifies the
recognition algorithm in the AEC model.
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In the applied tasks, where the number of precedents
is large and the power of a system of support sets is
high, the calculation of estimates by Eq. (1) may be
very laborious and sometimes impracticable. The most
complicated task here is the calculation of the sum

S P@BySS). @

®oQ0Q,

This complexity depends on the choice of the system of
support sets Q, and on the type of the proximity func-

tion B; (S S).

As aresult, the challenge arises to get efficient for-
mulas for estimate calculations without exhaustive
search for all support sets of Eg. (2) and, thus, acombi-
natorial complexity of calculating the value of Eqg. (2)
is replaced by the complexity which is proportional to
the size of the learning table.

There are alot of works dealing with generation of
efficient formulas for AEC. They differ both in
approach to the task and in degree of generality.

In [5], efficient formulas are obtained for particular,
frequently used systems of the support setsand proxim-
ity functions. In addition, a case is considered where
the feature valuesin object description are the probabil -
ity measures and there are gaps in the object descrip-
tion, which means that information on the value of
some features is not available.

In [2], the technique is proposed for constructing
efficient formulas by using DNF of a characteristic
function of the system of support sets wherein the ele-
mentary conjunctions are mutually orthogonal. The
formula complexity isdirectly proportional to the num-
ber of conjunctionsin this DNF. It should be noted that
the construction of a simple DNF with orthogonal ele-
mentary conjunctions presents a separate task of acom-
plexity, which is equivalent to constructing the mini-
mum (shortest) DNF.
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The same paper suggests a technique for construct-
ing efficient formulas by using DNF, which contains
mutually non-orthogonal elementary conjunctions. In
this case, the complexity of a formula exponentially
depends on the number of mutualy non-orthogonal
pairs of conjunctionsin the DNF.

The author of [3] continues to investigate concern-
ing the ways of developing efficient formulas by using
DNF of the characteristic function of the system of sup-
port sets.

It isshownin[4], that generaly

ri© = Z V(S)zpivi(sv S), |= 1,1, (©)]
i=1

saw, i=

where Vi(S, S) is a number of support sets Q from Q,,
which contain feature i, such that B; (S, S) = 1. If the
number Vi(S S) issmall (relatively to n), then Eq. (3) is
efficient. The classes of proximity functions and the
systems of support sets with small number V(S S) are
also considered in [4].

In [1], the maximum number of different values of
Vi(S S) is considered to be the characteristic of a sys-
tem of support sets Q,. In addition, two quantities are
introduced which characterize such properties of the
system of support sets as simplicity and symmetry. The
relations of the introduced characteristics are analyzed
together with their changes when the isometric group
of permutations affects Q, and when set-theoretic oper-
ations are applied to the systems of support sets.

The results obtained in [1] show the ways of trans-
forming the systems of support sets with alimited (not
very large) number of values V,(S, S) into new support
sets with the same property.

The author of [7] introduces a notion of atomic sub-
set for the Boolean cube E" and definesit asfollows: the
n-dimensional binary vector is partitioned into subvec-
tors and weights are assigned to each subvector. The
binary vector belongsto the atomic set if and only if the
weights of the given subvectors coincide with the spec-
ified ones. A layer of acube, an intersection of a cube
with aninterval, asphere, and aball can serve as exam-
ples of such atomic sets. There are al'so atomic setsof a
more complicated structure.

Efficient formulas are derived for the systems of
support sets which are the union of a finite number of
digoint atomic sets.

Derivation of efficient formulas for AEC becomes
especialy important in the case when recognition
objects are images and object descriptions are large-
sized 2D matrices. In addition, the system of support
sets is subject to restrictions which are specified by
matching two or more images. Thus, a necessity arises
to derive the efficient formulas for those systems of
support sets which have not been considered earlier,
first of all, for 2D (spatial) support sets.
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One of the waysfor efficient calculation of estimate
(1) is proposed in [6]. The author considers a case
where an object is described by the matrix of the ele-
ments of a K-valued alphabet and the support set is a
rectangular submatrix of this matrix. However, the
author considers neither the possibilities of efficient
estimate calculations for such a system of the support
sets nor the possibility of obtaining this formulawith a
minimum complexity.

The same problems arise if we attempt to use other
systems of 2D support sets.

Here, we present an approach to this problem. We
consider the following system of support sets: atotality
of fixed-sized rectangles (the lengths of the sides of the
rectangles are determined) which constitute an image-
describing matrix. The feature weights are considered
to be equal to some p. In this case, for the considered
systems of support sets, we can carry out the constant
factor p(w) beyond the summation sign. After that, it is
sufficient to calculate the value of the sum

Y BySS) @

beQOQ,

In the case of 2D support sets, the characteristic

proximity matrix C=C(S S) isanaogousto & = (S S),
the characteristic proximity matrix of object Sand pre-
cedent S [5]. The value of expression (4) coincides
with the number of rectangles of fixed size which con-
sist of unities taken from matrix C = C(S ' S).

Computational speedup for Eq. (4) is based on pre-
liminary computation of the values of some character-
istics of the matrix C, which allow us to verify the ful-
fillment of necessary conditions for matrix C: the pres-
ence of rectangles of fixed size which consist of unities.

Suppose that in the standard classification task, a set
of admissible objects M is a set of matrices of Szeu x v
with the elements from the set D. We identify a stan-
dard description I(S) of the object S with the object
itself and suppose that 1(S) = S= (a;),«, and I(S) =
S= (bij)ux v:

Consider a family of the AECs with the following
parameters:

(1) A system of the support sets Q, is atotality of rect-
angles 1 R xR, withthesdesR, and R,, where1< R, < u,
1<R,<v,andRR, > 1

(2) A proximity function:

(a) let a metric (semimetric) p(x, y) be set and the
numbers g; > 0,i=1,uU,j =1 v, Q={(is ), ...,
(|11J1 + 1)! R (ll! Jl+ R2_1)1 [EEN] (|1+ R1_11Jl+
R, — 1)} be given on the set D;
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(b) consider a system of equations

p(ailv i bilv jl) < silv ig?

p(ail,j1+1| bil,jl+1) < 8i11j1+1, ey

P(a, j,+r,-1 iy j 4R, -1) SE j+R,-1 s (5)
P&, +R,~1,j,+ Ry—1s DI+ R ~1,j,+R,~1)
S & 4R, -1 ), +Ry-1-
(c) let us define
%ﬁ, if al theinequalitiesin (5)
By(S S) = [prefulfilled (6)

Ep, otherwise.

The feature weights are positive; therefore, p(®) =

PRR,, Ow OQ ,. The weights of the precedents and
decision rule are arbitrary. This completes the descrip-
tion of the AEC family.

Consider the matrix C = C(§ S) = (Gj)yx , defined
according to the following rule:
, = 01, p(ay by) <& @
, p(a, by) > €.
Suppose that
v-R,+1 o
hyi = |:| CiiCij+1-+Cij+r-1» 1=1U (8)
j=1
and
|j CiiCi+1jCisr-1j J=l,_\/ 9)

i=1

As the figure shows, h;; = 1 (hy = 1) if and only if
matrix C contains a continuous sequence of at least R,
(Ry) unitiesin theith line (in the jth column).

Let H(C(S S) = HyS) = [[In, 2 LD a5
| =1
The equation H; = 1 holdsif and only if there |sacon-
tinuous sequence of minimum R, unitiesin at least one
row and there is a continuous sequence of minimum R;
unitiesin at least one column. Thus, if Hy(S) = 0, then
matrix C a priori does not contain the rectangle com-
prised of unitieswith thesides R, and R, and, therefore,

B;(S S) = 0. The following assertion is

®oQ0Q,
proven.
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1 2 3 4 5 hy
11 |1 1 1 1
2 1 |1 1 1 1
301 |1 |1 1 1 1
4 1 1
5 1
A NN NN
H,
u=v=5R; =R, =3; theempty cellscorrespond to zeroes.
Assertion 1.
_ PRR,
rl(S) - N|Wi| ) Bw(S, S).
SOw, O-Q0Q, (10)
i) =1
j =11
Suppose that
u—R+l
HACS 9) = Ha®) = £ T o
(1)

xhl,i+R1—l% ﬁ h2,jh2,j+1---h2,j+R2—1Er

j=1
The equation H, = 1 holdsif and only if in matrix C
(@) there are sequences of R, unities located in at
least R, adjacent rows;

(b) there are sequences of R; unities located in at
least R, adjacent columns.

Therefore, if Hy(S) =0, then z B;(S S)=0.

O Q0Q,
In addition, notethat if H,(S) =1, then H(S) = 1, if
H.(S) = 0, then H,(S) = 0. Thus, the following asser-
tion is proven.

Assertion 2.
pPR;R
r(S = Srat ¥(S) B(S 9),
N|W;| .
sow, O Q0Q, 12
H)(S) =1
j =1l

Consider the matrices C; =
and C, = (Cij)(u—Rl+1)x(v_R2+1) defined as follows:
Il]_CIjCIJ+1 2 _CIJCI+lj

|=1,u—R1+1,J:1,v—R2+1.

(Ch) =Ry + 1) x (v =R, 1)

IJ+R2—1’ I+R1—l,i’
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If ¢ =1(ci = 1), thenin matrix C, the sequence
of at least Ry(R;) unities startsinith row (jth column)
from jth column (ith row). Suppose that C' =
(Ci'j)(u—R1+1)><(v—R2+l) = C,C,, Hy(C(S S)) = H4(S) =
[IC'||, where C,C, is a coordinatewise multiplication of
the matrices C; and C, and ||C'||isthe number of unities

in the matrix C'. Suppose that cﬁ = 1; this means that
inthe point (i, j) of the matrix C, avertex of the rectan-
gleissituated with itssidesin the ith row (the length of
the sideisat least R, unities) and in the jth column (the
length of the side is at least R; unities). Matrix C' cor-
responding to the matrix C (seefigure) contains unities
in the positions (2, 3) and (3, 2).

Then, if the equation Hi(S) = 0 holds,

Z B (S S) = 0. Therefore, the following asser-

beQ0Q,

tionisvalid.
Assertion 3.
pR;R
NS ={w 2 YO 3 BiSS),
T sow, HeQ0Q,
HA(S) = 1 (13)
Hy(S) 21
j=1l

If Hy(S) =1, H4(S) = 1, then the value of summa-
tion (4) can be calculated with the help of thefollowing
fast method (note that the value may be both zero and
nonzero): Intheinner sum of Eq. (13), we substitute the

summation over all @ ~—— Q [ , by the summation
over al @ —— Q [ , such that theindex of the first
unity in & coincideswith theindex of some unity inthe
matrix C'.

Thus, the following technique is suggested for the
fast calculation of estimate (1).

(2) The matrix C(S, S) is constructed for the current
precedent S 00 W.
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(2) ThevaueH,(C(S 9S)) iscdculated; if H,(C(S S)) =0,
proceed to the next precedent S 0 W.

(3) ThevalueH,(C(S S)) iscaculated; if H,(C(S S)) =0,
proceed to the next precedent S [ W.

(4) The matrix C(S, S) is constructed; the value
H3(C(S, S)) is caculated; if Hy(C(S, S)) = 0, proceed
to the next precedent S' [ W,; otherwise, while calcu-
lating the sumin Eq. (3), the summation should be done

over dl @ «—— Q [ , such that the index of the first
unity coincides with the index of some unity in the
matrix C'.

In the following research, we propose to investigate
the possibility of obtaining efficient formulas for the
subclasses of AEC with other types of 2D support sets.
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