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Ïðåîáðàçîâàíèÿ Äàðáó

19 âåê � â êëàññè÷åñêîé äèôôåðåíöèàëüíîé ãåîìåòðèè,

c 1970-x � âàæíûé êîìïîíåíò òåîðèè èíòåãðèðóåìûõ ñèñòåì.

Ìîãóò èñïîëüçîâàòüñÿ íàïðÿìóþ äëÿ ïîðîæäåíèÿ �òî÷íî-ðåøàåìûõ�
óðàâíåíèé Øðåäèíãåðà è äëÿ ðåøåíèÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé.

Àêòèâíî èçó÷àþòñÿ/ïðèìåíÿþòñÿ: Ñ.Ï.Íîâèêîâ, À.Ï. Âåñåëîâ,
Ï.Ã.Ãðèíåâè÷, È.À.Òàéìàíîâ, Ñ.Ï.Öàðåâ, 2010, 2011, 2012, 2013, è äð. Â
÷àñòíîñòè, äîêëàä Íîâèêîâà è Òàéìàíîâà íà êîíôåðåíöèè,
ïîñâÿùåííîé Ãåëüôàíäó â äåêàáðå 2013.

Îïðåäåëåíèå. Îïåðàòîð L ïåðåõîäèò â îïåðàòîð L1 ñ òåì æå ãëàâíûì
ñèìâîëîì ïîä äåéñòâèåì (ëèíåéíîãî äèôôåðåíöèàëüíîãî) îïåðàòîðà M,
åñëè äëÿ íåêîòîðîãî (ëèíåéíîãî äèôôåðåíöèàëüíîãî) îïåðàòîðà N
âûïîëíÿåòñÿ

NL = L1M . (1)

Ïîðÿäêîì òàêîãî Äàðáó ïðåîáðàçîâàíèÿ ìû íàçîâåì ïîðÿäîê îïåðàòîðà M.
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NL = L1M . (2)

1 Ïîñëåäîâàòåëüíîå ïðèìåíåíèå íåñêîëüêèõ ïðåîáðàçîâàíèé Äàðáó
ýêâèâàëåíòíî ïðèìåíåíèþ ïðåîáðàçîâàíèÿ Äàðáó ê èñõîäíîìó
îïåðàòîðó.

2 Îáðàòíîå óòâåðæäåíèå, ò.å. ìîæíî ëè ðàçëîæèòü Äàðáó ïðåîáðàçîâàíèå
áîëüøîãî ïîðÿäêà íà ïðåîáðàçîâàíèÿ Äàðáó ìåíüøèõ ïîðÿäêîâ �
îòêðûòûé âîïðîñ.

3 Ôàêòîðèçàöèÿ âñïîìîãàòåëüíîãî îïåðàòîðà M íåîáõîäèìà, íî íå
äîñòàòî÷íà.

Ï. Äàðáó äëÿ 1D îïåðàòîðà Øðåäèíãåðà
Ôàêòîðèçóåìîñòü ïð-é Äàðáó íà ýëåìåíòàðíûå:

Âåñåëîâ è Øàáàò, 1993 ñëó÷àé, êîãäà äåéñòâèå ïðåîáðàçîâàíèé Äàðáó
èçìåíÿþò ïîòåíöèàë òîëüêî íà êîíñòàíòó.

Øàáàò, 1995 ñëó÷àé ïðåîáðàçîâàíèé Äàðáó ïîðÿäêà 2.

Áàãðîâ, Ñàìñîíîâ, 1995 îáùèé ñëó÷àé.

Áàãðîâ, Ñàìñîíîâ, 1997 ïîãðåøíîñòè ïðåäûäóùåãî äîêàçàòåëüñòâà.
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Ïðåîáðàçîâàíèÿ Äàðáó äëÿ îïåðàòîðà òèïà 2D
Øðåäèíãåðà

2012, ñëó÷àé ïð-èé Äàðáó ïîðÿäêà 2, èñïîëüçóÿ ìåòîäû
äèôôåðåíöèàëüíîé ãåîìåòðèè, èíâàðèàíòèçàöèè.
[Shemyakova, 2013, Canadian Journal of Mathematics]

2013, äîêëàä â Äóáíå è [Shemyakova, http://arxiv.org/abs/1304.7063] �
ïðåîáðàçîâàíèÿ ïðîèçâîëüíîãî ïîðÿäêà, àëãåáðàè÷åñêèé ïîäõîä, íî
îäèí î÷åíü îñîáåííûé ñëó÷àé îñòàëñÿ íåðàññìîòðåííûì.

Â ýòîì äîêëàäå è â ñòàòüå 2014 (Øåìÿêîâà, Ïðîãðàììèðîâàíèå)
ðàññìàòðèâàåì ýòîò ñëó÷àé, êîòîðûé

îêàçàëñÿ ñ íåêîòîðîé çàíÿòíîé ìàòåìàòèêîé,
áûë ðàññìîòðåí áëàãîäàðÿ êðèòèêå Ñ.Ï.Öàðåâà, êîòîðûé çàìåòèë,
÷òî ýòîò ñëó÷àé íå áóäåò ïîêðûâàòüñÿ ìåòîäàìè, èñïîëüçóåìûìè â
ïðåäûäóùèõ ñòàòüÿõ.
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Èòàê, ïðåîáðàçîâàíèÿ Äàðáó îïðåäåëÿþòñÿ ñïëåòàþùèì ñîîòíîøåíèåì
NL = L1M

(íà ñàìîì äåëå ñ òî÷íîñòüþ äî îòíîøåíèÿ ýêâèâàëåíòíîñòè M→M+ AL,
N→ N+ L1A)

Ãëàâíûå ñèìâîëû îïåðàòîðîâ M è N ñîâïàäàþò

Âñïîìîãàòåëüíûå îïåðàòîðû M è N èãðàþò ñóùåñòâåííî ðàçíûå ðîëè.
Åñëè îïåðàòîðû L è M çàäàíû, òî ñïëåòàþùåå ñîîòíîøåíèå çàäàåò äëÿ
êîýôôèöèåíòîâ îñòàâøèõñÿ îïåðàòîðîâ ÷èñòî àëãåáðàè÷åñêèå
óðàâíåíèÿ.
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Àëãîðèòì ôàêòîðèçàöèè, îñíîâíûå èäåè ðàáîòû

ÿäðà L è M èìåþò îáùèé ýëåìåíò ψ.

Òîãäà M äåëèòñÿ ñïðàâà (íàöåëî) íà Mψ = ∂x − ψxψ
−1.

Ýòà ôàêòîðèçàöèÿ ñîîòâåòñòâóåò íåêîòîðîé ôàêòîðèçàöèè
ïðåîáðàçîâàíèÿ Äàðáó.

ßäðà îïåðàòîðîâ L è M ïåðåñåêàþòñÿ òðèâèàëüíî.

òîãäà ∃ ñëåäóþùèå ïðåîáðàçîâàíèÿ Äàðáó îïåðàòîðîâ ïåðâîãî ïîðÿäêà:

I. N (∂y + a) = (∂y + a)N

II. N (∂x + b) = (∂x + b1)M

Ñîïðÿæåíèåì I. ìîæíî ñâåñòè ê ïðåîáðàçîâàíèÿì Äàðáó îïåðàòîðà ∂y .
Òàêèå ïðîùå ðàñôàêòîðèçîâàòü. Çàòåì ìîæíî ìîæíî ïîñòðîèòü
ôàêòîðèçàöèþ ïðåîáðàçîâàíèé II.
Íàêîíåö, ìîæíî ïîäíÿòü ýòè ôàêòîðèçàöèè äî ôàêòîðèçàöèé èñõîäíîãî
îïåðàòîðà âòîðîãî ïîðÿäêà.
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Ðàçäåëåíèå íà ñëó÷àè

Òåîðåìà

Ïóñòü äëÿ L = (∂y + a) (∂x + b) ñóùåñòâóåò ïðåîáðàçîâàíèå Äàðáó
ïîðîæäåííîå M ∈ K [∂x ]. Òîãäà
(1) ëèáî kerM ∩ kerMy = {0} è L1 îáÿçàòåëüíî ôàêòîðèçóåìî (k1 = 0),
(2) ëèáî kerM ∩ ker L 6= {0}.

Òåîðåìà Ïóñòü ψ ∈ K è f = f (y) ∈ C (y), òîãäà äëÿ îïåðàòîðîâ âèäà

L = (∂y + a)(∂x + b) + k âåðíà ôîðìóëà

L(f (y)ψ) = f (y)L(ψ) + f ′(y)My (ψ) .

Ëåììà Åñëè â ÿäðå îïåðàòîðà L åñòü îäíîâðåìåííî äâà ðåøåíèÿ:

ψ 6= 0 , f (y)ψ , ïðè óñëîâèè, ÷òî f ′(y) 6= 0 , òî

L ôàêòîðèçóåìî (k = 0) è My (ψ) = 0.
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N(∂y + a) (∂x + b)︸ ︷︷ ︸
My

= L1M

Òàê êàê
kerMy = {f (y)ψ} ,

ãäå f (y) ∈ C (y) � ïàðàìåòð è ψ � íåêîòîðûé ôèêñèðîâàííûé ýëåìåíò èç K ,
òî

{f (y)ψ} ⊂ ker
[
L1M

]
Òàê êàê M(f (y)ψ) = f (y)M(ψ), òî

1 ëèáî ψ ∈ kerM,

2 ëèáî â ÿäðå L1 åñòü ñåìåéñòâî ýëåìåíòîâ {f (y)M(ψ)}, à çíà÷èò îí
ôàêòîðèçóåì, è ò.ä. ïî Ëåììå.
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Ñïóñê (ñëó÷àé kerM ∩ kerMy = {0})

N(∂y + a) (∂x + b)︸ ︷︷ ︸
My

= (∂y + a1)(∂x + b1)M

Èäåÿ: �ïîäåëèòü íà êàêîé-í. îïåðàòîð�

Ñîïðÿæåíèåì: lc(N) = lc(M) = 1 è a1 = a (êîýôô. ïðè ∂d+1

x ), òî åñòü

N(∂y + a) (∂x + b)︸ ︷︷ ︸
My

= (∂y + a)(∂x + b1)M

Î÷åâèäíî, ÷òî ïðîèçâåäåíèå ñïðàâà äåëèòñÿ íà (∂x + b). Íî, õîòèì
ïîäåëèòü íå âñå ýòî ïðîèçâåäåíèå íà (∂x + b), à òîëüêî (∂x + b1)M,
÷òîáû (∂y + a) îñòàëîñü ñëåâà.

Èíà÷å ãîâîðÿ, íàäî äîêàçàòü, ÷òî ker ((∂x + b1)M) ∩ kerMy 6= {0} Òîãäà
ìîæíî áóäåò äåëèòü: ñóùåñòâóåò îïåðàòîð T ∈ K [∂x , ∂y ] òàêîé, ÷òî

(∂x + b1)M = T (∂x + b) .
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N(∂y + a) (∂x + b)︸ ︷︷ ︸
My

= (∂y + a1)(∂x + b1)M

Èäåÿ: �ïîäåëèòü íà êàêîé-í. îïåðàòîð�

Ñîïðÿæåíèåì: lc(N) = lc(M) = 1 è a1 = a (êîýôô. ïðè ∂d+1

x ), òî åñòü
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My

= (∂y + a)(∂x + b1)M
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ïîäåëèòü íå âñå ýòî ïðîèçâåäåíèå íà (∂x + b), à òîëüêî (∂x + b1)M,
÷òîáû (∂y + a) îñòàëîñü ñëåâà.

Èíà÷å ãîâîðÿ, íàäî äîêàçàòü, ÷òî ker ((∂x + b1)M) ∩ kerMy 6= {0} Òîãäà
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Ëåììà ker ((∂x + b1)M) ∩ kerMy 6= {0}.

Îò ïðîòèâíîãî. Ñïëåòàþùåå ñîîòíîøåíèå

N(∂y + a) (∂x + b)︸ ︷︷ ︸
My

= (∂y + a)(∂x + b1)M

îçíà÷àåò, ÷òî åñòü C (y)-îòîáðàæåíèå

My : ker
[
(∂x + b1)M

]
→ ker

[
N(∂y + a)

]
ßäðî ýòîãî îòîáðàæåíèÿ òðèâèàëüíî. Îòñþäà ìîæíî âûâåñòè, ÷òî

áàçèñ {ui} → áàçèñ {My (u
i )}

N (∂y + a) (f (y)ui ) = f (y)N (∂y + a) (ui ) + f ′(y)N(ui )

0 = 0+ f ′(y)N(ui ) ,

0 = N(ui ) .

Òàêèì îáðàçîì ìû ïîñòðîèëè C (y)-ëèíåéíîå îòîáðàæåíèå

My : ker(∂x + b1)M→ kerN ,

êîòîðîå èìååò òðèâèàëüíîå ÿäðî, ò.å. ïðîòèâîðå÷èå ñ ðàçìåðíîñòüþ kerN.
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Ñïóñê (ñëó÷àé kerM ∩ kerMy = {0})
(Ïðîäîëæåíèå)

Èòàê, ∃T ∈ K [∂x , ∂y ] ò.÷.

(∂x + b1)M = T (∂x + b) .

Ïîäñòàâëÿåì ýòî â ñïëåòàþùåå ñîîòíîøåíèå:

N(∂y + a)(∂x + b) = (∂y + a)(∂x + b1)M

N (∂y + a) (∂x + b) = (∂y + a)T (∂x + b) ,

(N (∂y + a)− (∂y + a)T) (∂x + b) = 0 ,

N (∂y + a)− (∂y + a)T = 0 ,

N (∂y + a) = (∂y + a)T .

Ïîñ÷èòàåì

N (∂y + a) (f (y)ψ) = (∂y + a)T(f (y)ψ) ,

f (y)N (∂y + a) (ψ) + f ′(y)N(ψ) = f (y) (∂y + a)T(ψ) + f ′(y)T(ψ) ,

f ′(y)N(ψ) = f ′(y)T(ψ) ,

N(ψ) = T(ψ) .
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Èòàê, ïîëó÷èëè ñëåäóþùèå ïðåîáðàçîâàíèÿ Äàðáó îïåðàòîðîâ ïåðâîãî
ïîðÿäêà:

N (∂y + a) = (∂y + a)N (3)

N (∂x + b) = (∂x + b1)M . (4)

Èäåÿ: òåïåðü íàäî êàê-òî ðàñôàêòîðèçîâàòü ýòè ïðåîáðàçîâàíèÿ Äàðáó, à
ïîòîì ïîäíÿòü èõ.

Íî íåñìîòðÿ íà òî, ÷òî ïðåîáðàçîâàíèÿ Äàðáó òåïåðü ïðîñòûå,
ôàêòîðèçàöèÿ N íå äîñòàòî÷íîå, à îïÿòü-òàêè òîëüêî íåîáõîäèìîå óñëîâèå.
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Ïðèìåð

Ïóñòü ïîñëå ñâåäåíèÿ ê ïð-ÿì Äàðáó ïåðâîãî ïîðÿäêà èìååòñÿ(
∂2x − 2y2∂x + y4

)︸ ︷︷ ︸
N

(∂y − 2xy) = (∂y − 2xy)
(
∂2x − 2y2∂x + y4

)︸ ︷︷ ︸
N

Ïðèìåð ïëîõîé ôàêòîðèçàöèè îïåðàòîðà N

N =

(
∂x − y2 +

1

x + y

)
︸ ︷︷ ︸

N1

(
∂x + y2 +

1

x + y

)
︸ ︷︷ ︸

N2

Ñîîòâåòñòâóþùàÿ ôàêòîðèçàöèÿ (åñëè ñóùåñòâóåò) ïð-é Äàðáó èìååò âèä:

N1 (∂y − 2xy) = (∂y − 2xy)N1

N2 (∂y − 2xy) = (∂y − 2xy)N2

Ïîäñòàâëÿÿ N1, è ðàññìàòðèâàÿ ïåðâîå ðàâåíñòâî íà êîýôôèöèåíòàõ,
ïîëó÷àåì ïðîòèâîðå÷èå. Âòîðîå ðàâåíñòâî òîæå íå âûïîëíÿåòñÿ.

Êàê èñêàòü ïðàâèëüíûå ôàêòîðèçàöèè îïåðàòîðà N?
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Êëàññèôèêàöèÿ ïð-é Äàðáó îïåðàòîðîâ ∂y

Ïð-ÿ Äàðáó äëÿ ∂y + a ìîæíî ñâåñòè ê ïð-ÿì Äàðáó äëÿ ∂y . Îïèøåì
ñòðóêòóðó ïîñëåäíèõ.

Theorem

Ïðåîáðàçîâàíèÿ Äàðáó

A∂y = ∂yA1 , A1,A2 ∈ K [∂x ] (5)

(1) ñóùåñòâóþò ⇐⇒ A1 = A è êîýôôèöèåíòû A ïðèíàäëåæàò C (x);
(2) îáðàçóþò êîëüöî Ry , ãäå ïðîèçâåäåíèå ïðåîáðàçîâàíèé Äàðáó
ñîîòâåòñòâóåò ïðîèçâåäåíèþ îïåðàòîðîâ A, à ñëîæåíèå � ñëîæåíèþ
îïåðàòîðîâ A;
(3) Äëÿ êàæäîãî èç òàêèõ ïðåîáðàçîâàíèé ñóùåñòâóåò Aα ∈ K [∂x ] �
ñîáñòâåííûé (íåâàæíî ïðàâûé èëè ëåâûé) äåëèòåëü îïåðàòîðà òàêîé, ÷òî
Aα ∈ Ry .

Ò.î. íóæíî ðàñôàêòîðèçîâàòü òàê, ÷òîáû ó ñîîòâåòñòâóþùåãî îïåðàòîðà A
âñå êîýôôèöèåíòû ïðèíàäëåæàëè C (x).
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Ïðèìåð (ïðîäîëæåíèå)

(
∂2x − 2y2∂x + y4

)︸ ︷︷ ︸
N

(∂y − 2xy) = (∂y − 2xy)
(
∂2x − 2y2∂x + y4

)︸ ︷︷ ︸
N

↓ ñîïðÿãàåì exy
2

∂2x · ∂y = ∂y · ∂2x

Òåïåðü, ïî íàøåìó àëãîðèòìó, íåîáõîäèìî íàéòè êàêóþ-íèáóäü
ôàêòîðèçàöèþ ∂2x , ñîäåðæàùóþ êîýôôèöèåíòû òîëüêî ïî x . Íàïð.,

∂x · ∂x · ∂y = ∂y · ∂x · ∂x
↓ ñîïðÿãàåì e−xy2(

∂x − y2
) (
∂x − y2

)
(∂y − 2xy) = (∂y − 2xy)

(
∂x − y2

) (
∂x − y2

)
Ñîîòâåòñòâóþùàÿ ôàêòîðèçàöèÿ ïð-é Äàðáó ñóùåñòâóåò, òàê êàê(

∂x − y2
)
(∂y − 2xy) = (∂y − 2xy)

(
∂x − y2

)
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Ïîäú¼ì (ñëó÷àé kerM ∩ kerMy = {0})
Èòàê, ïóñòü N = NβNα è

Nα (∂y + a) = (∂y + a)Nα . (6)

Ìåæäó íóæíûìè ïðàâûìè äåëèòåëÿìè îïåðàòîðîâ M è N åñòü
âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå: ∂x + b : kerMα → kerNα,
çíà÷èò, Nα (∂x + b) äåëèòñÿ íà Mα ñïðàâà è

Nα (∂x + b) = (∂x + bα)Mα (7)

äëÿ íåêîòîðîãî bα ∈ K .

Óìíîæèì ðàâåíñòâî (6) ñïðàâà íà My = ∂x + b:

Nα (∂y + a) (∂x + b) = (∂y + a)Nα (∂x + b) . (8)

è ïîäñòàâèâ (7), ïîëó÷àåì ïðåîáðàçîâàíèå Äàðáó íóæíîãî âèäà:

Nα (∂y + a) (∂x + b) = (∂y + a) (∂x + bα)Mα . (9)
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Ëåììà î äîñòàòî÷íîñòè �îòôàêòîðèçîâûâàíèÿ� îäíîãî
ïðåîáðàçîâàíèÿ Äàðáó

Ïðåäïîëîæèì äëÿ ïðåîáðàçîâàíèÿ Äàðáó

NL = L1M , (10)

íåêîòîðîãî îïåðàòîðà L ∈ K

M =M′M0 ,

N = N′N0

ò.÷. ïðàâûì ôàêòîðàì ñîîòâåòñòâóåò íåêîòîðîå ïð-å Äàðáó îïåðàòîðà L:

N0L = L0M0 .

Òîãäà ñóùåñòâóåò è �ïîäõîäÿùåå� ïðåîáðàçîâàíèå Äàðáó ñîîòâåòñòâóþùåå
ëåâûì ôàêòîðàì:

N′L0 = L1M
′ .
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ñëó÷àé kerM ∩ kerMy 6= {0}
Ñîïðÿæåíèåì: b = 0.
Ïóñòü ψ ∈ kerM ∩ kerMy \ {0}.
Òîãäà

ψ ∈ ker L ∩ kerM \ {0} .

Åñëè ψx = 0, òî M =M′∂x äëÿ íåêîòîðîãî M′ ∈ K [∂x ]. Ïðÿìûì
âû÷èñëåíèåì ìîæíî ïðîâåðèòü, ÷òî ñóùåñòâóåò ïðåîáðàçîâàíèå Äàðáó
îïåðàòîðà L, ïîðîæäåííîå M = ∂x . Ïðèìåíèì ïðåä. ëåììó.

Åñëè ψx 6= 0, ïðÿìûì âû÷èñëåíèåì ìîæíî ïðîâåðèòü, ÷òî ñóùåñòâóåò
ïðåîáðàçîâàíèå Äàðáó îïåðàòîðà L, ïîðîæäåííîå

Mψ = ∂x − ψxψ
−1 , (11)

ãäå

NψL = LψMψ , (12)

Nψ = ∂x − ψxxψ
−1
x . (13)

Ñîãëàñíî ëåììå âûøå äîñòàòî÷íî äîêàçàòü, ÷òî N = N′Nψ äëÿ
íåêîòîðîãî N′ ∈ K [∂x ].
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Áëàãîäàðíîñòè è ïëàíû

Îãðîìíàÿ áëàãîäàðíîñòü Ñ.Ï.Öàðåâó çà òùàòåëüíóþ ïðîâåðêó âñåõ
ðàññóæäåíèé âûøå.

Îáðàòèìûå öåïî÷êè

Ñóïåð ñëó÷àé

Ïàêåò
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