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D,, = Weyl’s algebra of linear differential operators with polyno-
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An ideal J C D,, is called holonomic, if the complex dimension of
its characteristic variety,

char(J) := {(x,2) € C*" : o(P)(z,2) = 0, for all P € J},

equals the dimension n of the space of variables.

Here
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o(P) := Z Po(T1y ooy @n)zy™ ..o 20m
|la|=d
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THEOREM (Kashiwara—Kawai, 1981; Theorem 2.4.12 in Saito—
Sturmfels—Takayama, 2000).

J C D,, — an ideal, such that

J is regular;

J is holonomic;

sing(J) NUy C {x1+...-x, = 0}.

Then any solution to J that is analytic in Uy \ {1 ...z, = 0}
is an element of the ring

Clley ... s xn]] [y ..., ", log x1, ..., log x,]

for suitable v; = (vj1,...,vj,) € C™

The elements of the above ring will be referred to as Frobenius—
Puiseux polynomials.
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DEFINITION. The set of solutions {f.} to the ideal J C D, is
called a generating set for Sp(J), if the linear span of all germs of
the functions f; in the domain D is the whole solution space Sp(J).

For instance, a generating solution to the ordinary linear differen-
tial equation 2z f"(x) — zf'(x) + f(x) = 0 is given by the function

v+ x.

DEFINITION. The analytic solutions to an ideal J C D,, depending
on parameters a € C™ form a graceful basis in the space Sp(J), if
they are linearly independent and generate the space Sp(J) for all
a e C™,
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A BASIC EXAMPLE

The canonical basis in the space of analytic solutions to the ODE
with constant coefficients

" /d
11 (d——a]) flx) =0
j=1
has the form
{e“i*, 3 =1,...,m}

in the case when all «; are different.

DEFINITION. An m-tuple f;j(z;), 3 = 1,..., m of analytic solu-
tions to the above equation is called a graceful basis if the following
hold:

1) fj(z; o) are entire functions of x € C and a € C™;

2) for any fixed a € C™ the univariate functions f;(x;a) are lin-
early independent.
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S4(a@) := elementary symmetric polynomial of degree d;
[7] denotes the omission of the index j in a list.
The family of m functions
(=)™ S, _i(agy .. []] ...,
gz(w) . — Z ( ) ( .]-7 []] Y ) eajaj
part (aj —a1) ... 9] (aj — o)

is a graceful basis in the space of analytic solutions to the above
equation.
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the characteristic polynomial:
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Denote by V() the Vandermonde matrix defined by the roots of
the characteristic polynomial:

1 X1 oo a;n_l

1 o am—l
V(o) =V(ay...,am) = | = ° o

1 o . ag_l

Let V()™ ! be the inverse of V(«) for distinct «;.

The functions

V(a)_1 (e™?, ..., eamw)T

form a graceful basis in the space of analytic solutions to the ODE
with constant coefficients.



For instance, a graceful basis in the solution space of the 3rd order

equation
d d d _ 0
(e ) (G~ ) (g~ ) 1@ =

is given by the entire functions

ooy €41” o1y €927 01O €437

—~ +

(a1 — a2) (@1 — a3) (a1 — az) (2 —a3) (a1 — az) (a2 — 043)’

(az + a3) e*1” (a1 + a3) e*2” (a1 + ) e3”

(o —an) (a1 —az) | (a— ) (a2 —az) (a1 — az) (@2 — as)’

ealm 6(1233 ea3m
—~ +

(a1 — az) (a1 —a3) (a1 — ) (2 —a3) (o — a3) (02 — 3)




EXAMPLE. The standard basis in the solution space of the Cauchy—
Euler equation



EXAMPLE. The standard basis in the solution space of the Cauchy—
Euler equation

O d
H T f(x) =
: x
J=1
is given by % := (x*,...,xz").

A graceful basis in that space: V(a)™!(z%).



EXAMPLE. The standard basis in the solution space of the Cauchy—
Euler equation

O d
H (:1:— — aj> f(x) =0
: dx
71=1
is given by % := (x*,...,xz").

A graceful basis in that space: V(a)™!(z%).

In? (Inz)™1
2 ’ e o o ’ (m_l)! [ ]

For o« = 0 the graceful basis turns into 1,1In x,



EXAMPLE. The standard basis in the solution space of the Cauchy—
Euler equation

O d
H T f(x) =
: x
J=1
is given by % := (x*,...,xz").

A graceful basis in that space: V(a)™!(z%).

In? (Inz)™1
2 ’ e o o ’ (m_l)! [ ]

For o« = 0 the graceful basis turns into 1,1In x,

Its last element

(Inx)™ 1 x®

(m —1)!  s=0gm
is a generating solution to the above equation and admits a represen-
tation as the residue at a multiple pole of a meromorphic (w.r.t. s)

function.
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Consider the linear homogeneous difference equation of order m €
Nso with the unknown function f(x) and the characteristic roots

Alyeees A EC*=C\ {0} :
flx4+m)—(A+. . .+ 2An) f(e+m—1)+.. .4+ (—=1)"A1-. . - A f(x) = 0.
For different \;, the canonical basis in the solution space of this
equation is given by {Af,...,A” }.
The Wronskian of this basis equals
det V(log A1,y ...,log Ap) (A1« oo s A)®.

THEOREM. The family of m functions in & € C depending on the
parameters Ai, ..., \p,

V(log Ay ... log X)) 1T, Lo AR )T (2)
is linearly independent for all \{,..., \,, € C*.

The Wronskian of this graceful basis equals (A1 ... A\p)%.
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of of _
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Ox2 Oy2
If a? 4+ b? # 0 then the system is compatible and holonomic with
rank 2.
If a? 4+ b? # c? then a basis in the space of its analytic solutions is
given by
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EXAMPLE. Consider the system of PDEs with constant coefficients
and parameters a,b,c € C

of of _
8% f ﬂ_f

ox2 Oy2
If a? 4+ b? # 0 then the system is compatible and holonomic with
rank 2.

If a? 4+ b? # c? then a basis in the space of its analytic solutions is
given by

a2_|_b2 a2_|_b2

f — exp (_a,c—l—b\/cLQ—l—bz—c2 T — bc—a,\/a,z—l—bz—c2 y) ’

. ac—b\/a2—|—b2—c2 bc+a\/a2+b2—c2
g = exp| — a2 b2 £r — aZ1 b2 .

If a®? + b* — c? = 0 then the line is tangent to the circle and the
basis is degenerate.
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A graceful basis: f, (f —g)/Va? + b? — c2.

The limit of this graceful basis as ¢ — v/a? + b? yields the linearly
independent solutions

( a:c—l—by) 2ay—bac ( a,a:—l—by)
eX I ) — .
P va? + b? a? + b? P va? + b?
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Let h, fi,..., fn be holomorphic in (x1,...,x,) € C" in a neigh-
borhood U, of ¢ € C", such that the mapping f = (f1,...,fn) :
C™ — C™ has isolated zero at ¢: f~1(0) N U, = 0.

The Grothendieck residue of the meromorphic differential form

_ h(z)dzi A ... ANdz,
o fi(@) e ()

is defined to be
1 h(x)dxzy A ... N dx,

“E’S“:(ZW—T)”/ O OR

AN

where
ANe={xeU;: |fi(x))=¢,5=1,...,n},
e > 0 is small enough, and the orientation of A, is given by

d(arg fi(x)) A ... Ad(fn(x)) > 0.
The above integral is denoted by res [f1(h).
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A BIVARIATE HYPERGEOMETRIC SYSTEM

Consider the hypergeometric ideal in the Weyl algebra generated
by the differential operators

w<w%+y3%+a>p<wi_y§y+b)q_ Ty + Yy Tat ) <w__y3y+b+ ) ’
y(w%+y%+a>’)(w—_yay+b+l> —( w+yay+a+ )p<m——y8y+b>

with parameters a,b € C and p,q € Ny,.

This ideal is encoded by the rational coeflicient of its formal series
solution:

p(s,t) =(s+t+a)P(s+t4+a+1)P(s—t+b)"9(s—t+b+1)"%

The ideal is holonomic for all a,b € C and for all p,q € Ny,.

Its holonomic rank equals 2pgq.
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(s+t+a)P =0
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=2 2z

(s—t+b)9 =0
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Ryo(a, b;2,2) = 3 ac_i_gy_frg (logx +logy —4)(logx — logy — 4).
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satisfy the initial system of hypergeometric differential equations,
while the linearly independent branches of these functions span the

whole 8-dimensional space of its analytic solutions.



THEOREM. If the hypergeometric ideal ‘H is regular and holonomic
then the Grothendieck residues

res [(Ar, 5) + crl(¢(s) z°)

generate its solution space and are given by Frobenius—Puiseux
polynomials.
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Links to data, the supporting Mathematica code, and further de-
tails can be found at https://www.sciencedirect.com/science/article/
pii/S0747717124000592. Intensive computational experiments sug-
gest that the following conjecture is valid.
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CONJECTURE. Any regular holonomic ideal J C D, with alge-
braically independent symbolic parameters, treated as the coeffi-
cients in the generators of J, admits a graceful basis in its space
of analytic solutions Sp(J), for any domain D C C" which does
not intersect the singular locus of J. If the assumptions of Saito—
Sturmfels—Takayama’s theorem are satisfied by the ideal J then the
elements of the graceful basis are Frobenius—Puiseux polynomials.



