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Ââåäåíèå

Ìû áóäåì ðàññìàòðèâàòü âîïðîñû àëãîðèòìè÷åñêîé íåðàçðåøèìîñòè äëÿ çàäà÷ ðàñïîçíàâàíèÿ
ñóùåñòâîâàíèÿ ðåøåíèé íåêîòîðûõ âèäîâ äëÿ ëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (èëè
ðàçíîñòÿõ) ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè.

I Ðàöèîíàëüíûå ôóíêöèè

I Ôîðìàëüíûå ëîðàíîâû ðÿäû

I Àíàëèòè÷åñêèå ôóíêöèè

I Áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè

I Êîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè
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Ââåäåíèå

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè:

L =
∑
n∈S

pn(x1, . . . , xm)
∂|n|

∂xn1
1 . . . ∂xnm

m
(1)

I S � êîíå÷íîå ïîäìíîæåñòâî Zm>0

I x1, . . . , xm � âåêòîð èç m íåçàâèñèìûõ ïåðåìåííûõ (äëÿ êðàòêîñòè áóäåì îáîçíà÷àòü åãî
÷åðåç x)

I pn ∈ Z[x]

I |n| = n1 + · · ·+ nm

Êîëüöî òàêèõ îïåðàòîðîâ áóäåì îáîçíà÷àòü ÷åðåç Z[ ∂∂x ,x]
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Ââåäåíèå

Ëèíåéíûé ðàçíîñòíûé îïåðàòîð ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè:

L =
∑
n∈S

pn(x1, . . . , xm)∆n1
1 . . .∆nm

m (2)

I S � êîíå÷íîå ïîäìíîæåñòâî Zm>0

I pn ∈ Z[x]

I ∆iy(x) = y(x1, . . . , xi + 1, . . . , xm)− y(x1, . . . , xm)

Êîëüöî òàêèõ îïåðàòîðîâ áóäåì îáîçíà÷àòü ÷åðåç Z[∆,x]
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Ââåäåíèå

Ïðè m = 1:

I äèôôåðåíöèàëüíîå óðàâíåíèå Ly(x) = 0 (L ∈ Z[ ∂∂x ,x]) ïðèíèìàåò âèä

an(x)y(n)(x) + an−1(x)y(n−1)(x) + · · ·+ a1(x)y′(x) + a0(x)y(x) = 0 (3)

I ðàçíîñòíîå óðàâíåíèå Ly(x) = 0 (L ∈ Z[∆,x]) ïðèíèìàåò âèä

an(x)y(x+ n) + an−1(x)y(x+ n− 1) + · · ·+ a1(x)y(x+ 1) + a0(x)y(x) = 0 (4)

Äëÿ òàêèõ óðàâíåíèé èçâåñòíû ýôôåêòèâíûå àëãîðèòìû

I ïîèñêà ïîëèíîìèàëüíûõ ðåøåíèé

I ïîèñêà ðåøåíèé â âèäå ðàöèîíàëüíûõ ôóíêöèé
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Ââåäåíèå

Äëÿ ñëó÷àÿ m > 2 ïîäîáíûõ óíèâåðñàëüíûõ àëãîðèòìîâ íåò

Èññëåäîâàíèÿ àëãîðèòìè÷åñêèõ àñïåêòîâ ïîèñêà ðåøåíèé â âèäå ðàöèîíàëüíûõ ôóíêöèé
(óíèâåðñàëüíîãî çíàìåíàòåëÿ) äëÿ óðàâíåíèé â ÷àñòíûõ ðàçíîñòÿõ:

I M. Kauers, C. Schneider. Partial Denominator Bounds for Partial Linear Di�erence Equations
(2010)

I M. Kauers, C. Schneider. A Re�ned Denominator Bounding Algorithm for Multivariate Linear
Di�erence Equations (2011)

Àëãîðèòìè÷åñêàÿ íåðàçðåøèìîñòü çàäà÷ ïîèñêà ðåøåíèé â âèäå ïîëèíîìîâ è ôîðìàëüíûõ
ñòåïåííûõ ðÿäîâ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (èëè ðàçíîñòÿõ):

I J. Denef, L. Lipshitz. Power series solutions of algebraic di�erential equations (1984)

I S. Abramov, M. Petkov�sek. On polynomial solutions of linear partial di�erential and (q-)di�erence
equations (2012)
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Ââåäåíèå

δi =

{
xi

∂
∂xi

, â äèôôåðåíöèàëüíîì ñëó÷àå,

xi∆i, â ðàçíîñòíîì ñëó÷àå,
(5)

δn = δn1
1 . . . δnm

m ïðè n ∈ Zm>0.

x〈n〉 =

{
xn, â äèôôåðåíöèàëüíîì ñëó÷àå,

xn, â ðàçíîñòíîì ñëó÷àå,
(6)

n ∈ Zm, xn = xn1
1 . . . xnm

m , xn = xn1
1 . . . xnm

m

xk =


x(x+ 1) . . . (x+ k − 1), åñëè k > 0,

1, åñëè k = 0,
1

(x−1)(x−2)...(x−|k|) , åñëè k < 0.
(7)
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Ââåäåíèå

δix
〈n〉 = nix

〈n〉, n ∈ Zm (8)

δkx〈n〉 = nkx〈n〉, n, k ∈ Zm, (9)

P (δ1, . . . , δm)x〈n〉 = P (n1, . . . , nm)x〈n〉, P ∈ Z[x1, . . . , xm]. (10)

Èç (10) ñëåäóåò, ÷òî óðàâíåíèå

P (δ1, . . . , δm)x〈n〉 = 0, P ∈ Z[x1, . . . , xm] (11)

èìååò ðåøåíèå n ∈ Zm òîãäà è òîëüêî òîãäà, êîãäà n ÿâëÿåòñÿ ðåøåíèåì äèîôàíòîâà óðàâíåíèÿ

P (n1, . . . , nm) = 0. (12)

Òåîðåìà (Ìàòèÿñåâè÷, 1970)

Íå ñóùåñòâóåò àëãîðèòìà, êîòîðûé ïî çàäàííîìó ïðîèçâîëüíîìó äèîôàíòîâó óðàâíåíèþ
îïðåäåëÿë áû íàëè÷èå ó íåãî öåëî÷èñëåííîãî ðåøåíèÿ.
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Ðàöèîíàëüíûå ôóíêöèè
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Ðàöèîíàëüíûå ôóíêöèè

o(xn) =
∑

s≺n, s∈Zm

csx
s, n ∈ Zm, ≺ � îòíîøåíèå ëåêñèêîãðàôè÷åñêîãî ïîðÿäêà

Óòâåðæäåíèå 1

Åñëè n, d ∈ Zm>0, 1 ≤ i ≤ m, òî

δi
xn + o(xn)

xd + o(xd)
=

(ni − di)xn+d + o(xn+d)

x2d + o(x2d)
. (13)

Óòâåðæäåíèå 2

δs
xn + o(xn)

xd + o(xd)
=

(n− d)sxn+r + o(xn+r)

xd+r + o(xd+r)
, (14)

ãäå s, n, d ∈ Zm>0, r = (2s1+···+sm − 1)d.
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Ðàöèîíàëüíûå ôóíêöèè

Óòâåðæäåíèå 3

Åñëè ðàöèîíàëüíàÿ ôóíêöèÿ xn+o(xn)
xd+o(xd)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

P (δ1, . . . , δm)y(x) = 0, P ∈ Z[x1, . . . , xm], (15)

òî x〈n−d〉 òàêæå ÿâëÿåòñÿ åãî ðåøåíèåì.

Òåîðåìà 1

Íå ñóùåñòâóåò àëãîðèòìà, îïðåäåëÿþùåãî, èìååò ëè äàííîå ëèíåéíîå îäíîðîäíîå óðàâíåíèå â
÷àñòíûõ ïðîèçâîäíûõ èëè ðàçíîñòÿõ ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè íåíóëåâîå
ðàöèîíàëüíîå ðåøåíèå.
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Ôîðìàëüíûå ëîðàíîâû ðÿäû
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Ôîðìàëüíûå ëîðàíîâû ðÿäû

Â ñëó÷àå îäíîé ïåðåìåííîé x ôîðìàëüíûì ëîðàíîâûì ðÿäîì ñ êîýôôèöèåíòàìè èç ïîëÿ K
íàçûâàåòñÿ âûðàæåíèå âèäà

∞∑
n=z

anx
n, z ∈ Z, an ∈ K (16)

Ìíîæåñòâî âñåõ òàêèõ ðÿäîâ îáðàçóåò ïîëå, îáîçíà÷àåìîå K((x)), êîòîðîå ÿâëÿåòñÿ ïîëåì
îòíîøåíèé äëÿ êîëüöà ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ K[[x]].

Â ñëó÷àå íåñêîëüêèõ ïåðåìåííûõ x1, ..., xm ñóùåñòâóþò ðàçëè÷íûå âàðèàöèè îïðåäåëåíèÿ
ëîðàíîâûõ ðÿäîâ. Îäèí èç ñïîñîáîâ:

K((x1))((x2)) . . . ((xm)) (17)
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Ôîðìàëüíûå ëîðàíîâû ðÿäû

Âòîðîé ñïîñîá îïðåäåëåíèÿ ëîðàíîâûõ ðÿäîâ
A. Aparicio Monforte, M. Kauers. Formal Laurent series in several variables (2013)

C � êîíóñ â Rm:

C = {c1v1 + · · ·+ cnvn | c1, . . . , cn ∈ Rm>0}
v1, . . . , vn ∈ Zm, ∀u ∈ C \ {0} : −u /∈ C

� � îòíîøåíèå ïîðÿäêà, ñîâìåñòíîå ñ C:

∀i, j, k ∈ Zm : i � j ⇒ i+ k � j + k, ∀u ∈ C ∩ Zm : 0 � u

KC [[x]] = {
∑

n∈C∩Zm

anx
n | an ∈ K},

K�[[x]] =
⋃
C∈Υ

KC [[x]], K�((x)) =
⋃
γ∈Zm

xγK�[[x]]
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Ôîðìàëüíûå ëîðàíîâû ðÿäû

Âòîðîé ïîäõîä ê îïðåäåëåíèþ ïîëÿ ëîðàíîâûõ ðÿäîâ â íåêîòîðîì ñìûñëå áîëåå ãèáêèé, ÷åì
ïåðâûé: ïðè m > 1 ñóùåñòâóåò áåñêîíå÷íîå ÷èñëî âîçìîæíîñòåé äëÿ âûáîðà îòíîøåíèÿ ïîðÿäêà
� è ëèøü m! âîçìîæíîñòåé âûáîðà ïîðÿäêà ïåðåìåííûõ.

Ïðèìåð

I Ðÿä
∞∑
n=0

(x2ny−n + x−ny2n) ïðèíàäëåæèò K�((x, y)), íî íå ïðèíàäëåæèò K((x))((y))

I Ðÿä
∞∑
n=0

(xnyn
2

+ xny−n
2

) ïðèíàäëåæèò K((y))((x)), íî íå ïðèíàäëåæèò K�((x, y))
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Ôîðìàëüíûå ëîðàíîâû ðÿäû

Îáîáùàÿ äâà îïèñàííûõ ïîäõîäà, íàçîâåì ïîëåì ôîðìàëüíûõ ëîðàíîâûõ ðÿäîâ ïåðåìåííûõ
x1, x2, . . . , xm íàä ïîëåì K òàêîå ïîëå Λ, ÷òî

K[[x±1]] ⊂ Λ ⊂ K[[x,x−1]], (18)

K[[x±1]] = K[[xd11 , . . . , x
dm
m ]], ãäå di = ±1,

K[[x,x−1]] = K[[x1, ..., xm, x
−1
1 , ..., x−1

m ]] � êîëüöî âñåõ ôîðìàëüíûõ ñóìì
∑

n∈Zm

anx
n.

Óòâåðæäåíèå

Äëÿ ëþáîãî àääèòèâíîãî îòíîøåíèÿ ïîðÿäêà � íà Zm ïîëå Λ = K�((x)) ïðè íåêîòîðûõ di = ±1,
i = 1, 2, . . . ,m, óäîâëåòâîðÿåò óñëîâèþ (18).

Òåîðåìà

Ïóñòü Λ � íåêîòîðîå ïîëå ëîðàíîâûõ ðÿäîâ îò m ïåðåìåííûõ (m > 11). Òîãäà àëãîðèòìè÷åñêè
íåðàçðåøèìà çàäà÷à ïðîâåðêè ñóùåñòâîâàíèÿ ðåøåíèé â ïîëå Λ äëÿ çàäàííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ly(x) = 0, L ∈ Z[ ∂∂x ,x].
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Àíàëèòè÷åñêèå ôóíêöèè
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Óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè

Âàæíûé êëàññ çàäà÷ ñîñòàâëÿþò äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ
ãðàíè÷íûìè óñëîâèÿìè.

Îáîçíà÷åíèÿ

K � ëèáî ïîëå êîìïëåêñíûõ ÷èñåë C, ëèáî ïîëå äåéñòâèòåëüíûõ ÷èñåë R

U � îòêðûòàÿ îáëàñòü â Km
U � çàìûêàíèå îáëàñòè U

Áóäåì ãîâîðèòü, ÷òî îòêðûòàÿ îáëàñòü U , èìåþùàÿ íåïóñòóþ ãðàíèöó è ñîäåðæàùàÿ (0, ..., 0),
ñîãëàñîâàíà ñ ïîëèíîìîì q(x) ∈ Z[x1, ..., xm], åñëè â ëþáîé òî÷êå íà ãðàíèöå U ïîëèíîì q(x)
ïðèíèìàåò íóëåâîå çíà÷åíèå.
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Ïðèìåðû îáëàñòè

q(x1, x2) = x2
1 + x2

2 − 1 q(x1, x2) = (x1 + 1)(x2 + 1)(x1 − 1)(x2 − 1)
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Óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè

f(x) � íåêîòîðàÿ ôóíêöèÿ, îïðåäåëåííàÿ â U

f(x) � òà æå ôóíêöèÿ, äîïîëíåííàÿ íóëåì íà ãðàíèöå U

f(x) =

{
f(x), åñëè (x) ∈ U
0, åñëè x ∈ U\U

(19)

fα(x) � ÷àñòíàÿ ïðîèçâîäíàÿ f(x)

fα(x) =
∂|α|f(x)

∂xα1
1 ...∂xαm

m
, α ∈ Zm>0, |α| = α1 + ...+ αm (20)

fα(x) � ÷àñòíàÿ ïðîèçâîäíàÿ f(x), äîïîëíåííàÿ íóëåì íà ãðàíèöå U
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Óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè

Ïóñòü U � íåêîòîðàÿ îáëàñòü â Km, ñîãëàñîâàííàÿ ñ ïîëèíîìîì q(x) ∈ Z[x1, ..., xm].

Çàäà÷à ZC (zero condition)

Äëÿ ñëåäóþùèõ èñõîäíûõ äàííûõ:

I íåïóñòîå êîíå÷íîå ìíîæåñòâî A ⊂ Zm>0,

I ïîëèíîì q(x) ∈ Z[x1, ..., xm] è îáëàñòü U ,

I äèôôåðåíöèàëüíûé îïåðàòîð L ∈ Z[ ∂∂x , x],

òðåáóåòñÿ îïðåäåëèòü, ñóùåñòâóåò ëè ó îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ L(f) = 0
òàêîå íåíóëåâîå ðåøåíèå f(x), ÷òî:
(a) ôóíêöèÿ f(x) àíàëèòè÷íà â îáëàñòè U
(b) äëÿ ëþáîãî α ∈ A ôóíêöèÿ fα(x) íåïðåðûâíà â U
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Ïðèìåðû çàäà÷è

I A = {(0, . . . , 0)}
I U � øàð ðàäèóñà 1 â Rm ñ öåíòðîì â íóëå

I q(x) = x2
1 + · · ·+ x2

m − 1

I L = ∂2

∂x2
1

+ · · ·+ ∂2

∂x2
m

Ïîëó÷àåì çàäà÷ó
∂2y(x)

∂x2
1

+ · · ·+ ∂2y(x)

∂x2
m

= 0, (21)

y(x)|x2
1+···+x2

m=1 = 0,

êîòîðàÿ íå èìååò íåíóëåâûõ ðåøåíèé.
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Ïðèìåðû çàäà÷è

I A = {(0, . . . , 0)}
I U � øàð ðàäèóñà 1 â Rm ñ öåíòðîì â íóëå

I q(x) = x2
1 + · · ·+ x2

m − 1

I L = ∂3

∂x3
1

+ · · ·+ ∂3

∂x3
m

Ïîëó÷àåì çàäà÷ó
∂3y(x)

∂x3
1

+ · · ·+ ∂3y(x)

∂x3
m

= 0, (22)

y(x)|x2
1+···+x2

m=1 = 0,

êîòîðàÿ èìååò ðåøåíèå y(x) = x2
1 + · · ·+ x2

m − 1.
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Óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè

Çàäà÷à ZC ñâÿçàíà ñ âîïðîñîì î åäèíñòâåííîñòè àíàëèòè÷åñêîãî ðåøåíèÿ äëÿ ñëó÷àÿ íåíóëåâûõ
ãðàíè÷íûõ óñëîâèé: ïóñòü äëÿ óðàâíåíèÿ

L(f) = b(x), L ∈ Z[
∂

∂x
, x]

ñ êàêèìè-ëèáî (íåîáÿçàòåëüíî íóëåâûìè) ãðàíè÷íûìè óñëîâèÿìè èçâåñòíî îäíî àíàëèòè÷åñêîå
ðåøåíèå f(x).
Êàê óáåäèòüñÿ, ÷òî ýòî ðåøåíèå åäèíñòâåííî?

Îíî ÿâëÿåòñÿ åäèíñòâåííûì òîãäà è òîëüêî òîãäà, êîãäà ó îäíîðîäíîãî óðàâíåíèÿ L(f) = 0 ñ
íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè èìååòñÿ òîëüêî íóëåâîå ðåøåíèå, ò.å. êîãäà îòâåò íà âîïðîñ,
ñîäåðæàùèéñÿ â çàäà÷å ZC, îòðèöàòåëåí.
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Ëåììà

Ïóñòü A � êîíå÷íîå ïîäìíîæåñòâî Zm>0 è U � îáëàñòü â Km, ñîãëàñîâàííàÿ ñ ïîëèíîìîì
q(x1, ..., xm) ∈ Z[x1, ..., xm]. Òîãäà äèîôàíòîâî óðàâíåíèå

C(n1, ..., nm) = 0, C ∈ Z[n1, ..., nm] (23)

èìååò öåëî÷èñëåííîå ðåøåíèå (z1, ..., zm) ∈ Zm òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò òàêîé
âåêòîð (u1, ..., um), ui = ±1, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå L(f) = 0, ãäå

L = C

(
u1x1

∂

∂x1
, ..., umxm

∂

∂xm

)
1

qs+1(x1, ..., xm)
, s = max{|α| : α ∈ A}, (24)

èìååò íåíóëåâîå ðåøåíèå f(x) òàêîå, ÷òî
(a) îíî àíàëèòè÷åñêîå â îáëàñòè U ,
(b) äëÿ ëþáîãî α ∈ A ôóíêöèÿ fα(x) íåïðåðûâíà â U .
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Èäåÿ äîêàçàòåëüñòâà

Ïóñòü óðàâíåíèå C(n1, ..., nm) = 0 èìååò öåëî÷èñëåííîå ðåøåíèå (z1, ..., zm).

ui =

{
1, åñëè zi > 0,

−1, åñëè zi < 0.
(25)

Òîãäà óðàâíåíèå

C

(
u1x1

∂

∂x1
, ..., umxm

∂

∂xm

)
y(x)

qs+1(x)
= 0 (26)

èìååò ðåøåíèå y(x1, ..., xm) = xu1z1
1 ...xumzm

m qs+1(x), êîòîðîå óäîâëåòâîðÿåò òðåáóåìûì óñëîâèÿì.
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Èäåÿ äîêàçàòåëüñòâà

Ïóñòü ñóùåñòâóåò (u1, ..., um), ui = ±1, òàêîé, ÷òî óðàâíåíèå

C

(
u1x1

∂

∂x1
, ..., umxm

∂

∂xm

)
y(x)

qs+1(x)
= 0 (27)

èìååò íåíóëåâîå àíàëèòè÷åñêîå ðåøåíèå f(x1, ..., xm).

f(x) =
∑
n∈Zm

>0

anx
n1
1 ...xnm

m , f(x) ∈ K[[x1, ..., xm]] (28)

Òîãäà óðàâíåíèå C
(
u1x1

∂
∂x1

, ..., umxm
∂

∂xm

)
y(x) = 0 èìååò íåíóëåâîå ðåøåíèå

g(x) =
f(x)

qs+1(x)
, g(x) ∈ K((x1))...((xm)), (29)

à çíà÷èò èìååò òàêæå ðåøåíèå â âèäå ìîíîìà.

Ñ. Â. Ïàðàìîíîâ (ÌÃÓ ÂÌÊ) 27 / 38



Óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè

Òåîðåìà

Çàäà÷à ZC àëãîðèòìè÷åñêè íåðàçðåøèìà.

Èäåÿ äîêàçàòåëüñòâà

Ïðåäïîëîæèì, ÷òî àëãîðèòì ðåøåíèÿ çàäà÷è ZC ñóùåñòâóåò.
Òîãäà ñ ïîìîùüþ ýòîãî àëãîðèòìà ìû ìîæåì äëÿ ïðîèçâîëüíîãî äèîôàíòîâà óðàâíåíèÿ
C(n1, ..., nm) = 0 âûÿñíÿòü, ñóùåñòâóåò ëè ó íåãî öåëî÷èñëåííîå ðåøåíèå.
Äëÿ ýòîãî äîñòàòî÷íî áóäåò ïðîâåðèòü ñóùåñòâîâàíèå àíàëèòè÷åñêîãî ðåøåíèÿ ó 2m

äèôôåðåíöèàëüíûõ óðàâíåíèé.

Àëãîðèòìà, ïðîâåðÿþùåãî íàëè÷èå ðåøåíèÿ ó äèîôàíòîâà óðàâíåíèÿ, íå ñóùåñòâóåò.
Ñëåäîâàòåëüíî, íå ñóùåñòâóåò è àëãîðèòìà, ðåøàþùåãî çàäà÷ó ZC.
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Áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Ñ. Â. Ïàðàìîíîâ (ÌÃÓ ÂÌÊ) 29 / 38



Áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Ïðè äîêàçàòåëüñòâå íåðàçðåøèìîñòè çàäà÷è ZC èñïîëüçóåòñÿ ôàêò, ÷òî äèîôàíòîâî óðàâíåíèå
C(n1, . . . , nm) = 0 èìååò öåëî÷èñëåííîå íåîòðèöàòåëüíîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà

äèôôåðåíöèàëüíîå óðàâíåíèå C
(
x1

∂
∂x1

, . . . , xm
∂

∂xm

)
y(x) = 0 èìååò íåíóëåâîå àíàëèòè÷åñêîå

ðåøåíèå â íåêîòîðîé îêðåñòíîñòè íóëÿ. Çàìåòèì, ÷òî äëÿ áåñêîíå÷íî äèôôåðåíöèðóåìûõ
ðåøåíèé ýòî óòâåðæäåíèå íåâåðíî

Ïðèìåð

Äèîôàíòîâî óðàâíåíèå 3n1 − 3n2 − 1 = 0 íå èìååò öåëî÷èñëåííûõ ðåøåíèé, â òî âðåìÿ êàê
äèôôåðåíöèàëüíîå óðàâíåíèå

3x1
∂y(x1, x2)

∂x1
− 3x2

∂y(x1, x2)

∂x2
− y(x1, x2) = 0 (30)

èìååò áåñêîíå÷íî äèôôåðåíöèðóåìîå ðåøåíèå y(x1, x2) = x
1
3
1 e
− 1

x2
1x2

2
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Áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

J. Denef, L. Lipshitz

Power series solutions of algebraic di�erential equations (1984)

Äèîôàíòîâî óðàâíåíèå C(n1, . . . , nm) = 0, C ∈ Z[n1, . . . , nm] èìååò ðåøåíèå (z1, . . . , zm) ∈ Zm>0

òîãäà è òîëüêî òîãäà, êîãäà äèôôåðåíöèàëüíîå óðàâíåíèå

C

(
x1

∂

∂x1
, ..., xm

∂

∂xm

)
y(x1, . . . , xm) =

1

(1− x1) . . . (1− xm)
(31)

íå èìååò ðåøåíèÿ â âèäå ôîðìàëüíîãî ñòåïåííîãî ðÿäà.
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Ëåììà

Ïóñòü

I q(x) ∈ Z[x] � íåêîòîðûé íåíóëåâîé ïîëèíîì,

I U � îòêðûòàÿ îãðàíè÷åííàÿ îáëàñòü â Rm, òàêàÿ, ÷òî 0 ∈ U è q(x) ïðèíèìàåò íóëåâîå
çíà÷åíèå âî âñåõ òî÷êàõ ãðàíèöû U ,

I A � êîíå÷íîå ïîäìíîæåñòâî Zm>0,

I s = max{|α| : α ∈ A}.
Òîãäà äèîôàíòîâî óðàâíåíèå C(n1, . . . , nm) = 0, C ∈ Z[n1, . . . , nm], èìååò ðåøåíèå
(n1, . . . , nm) ∈ Zm>0 òîãäà è òîëüêî òîãäà, êîãäà äèôôåðåíöèàëüíîå óðàâíåíèå(

1− x1

r

)
. . .
(

1− xm
r

)
C

(
x1

∂

∂x1
, . . . , xm

∂

∂xm

)
y(x)

qs+1(x)
= 1, (32)

r = dsup
x∈U

(x2
1 + · · ·+ x2

m)
1
2 e+ 1,

íå èìååò òàêîãî áåñêîíå÷íî äèôôåðåíöèðóåìîãî â U ðåøåíèÿ f(x), ÷òî äëÿ ëþáîãî α ∈ A
ôóíêöèÿ fα(x) íåïðåðûâíà âî âñåõ òî÷êàõ ãðàíèöû îáëàñòè U .
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Áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Ïóñòü U � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü â Rm, ñîãëàñîâàííàÿ ñ ïîëèíîìîì
q(x) ∈ Z[x1, ..., xm].

Çàäà÷à ZCD (Zero Condition for in�nitely Di�erentiable solutions)

Äëÿ ñëåäóþùèõ èñõîäíûõ äàííûõ:

I íåïóñòîå êîíå÷íîå ìíîæåñòâî A ⊂ Zm>0,

I ïîëèíîì q(x) ∈ Z[x1, ..., xm] è îáëàñòü U ,

I äèôôåðåíöèàëüíîå óðàâíåíèå

Ly = b(x), L ∈ Z[
∂

∂x
, x], b(x) ∈ Z[x], (33)

òðåáóåòñÿ îïðåäåëèòü, ñóùåñòâóåò ëè ó îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ L(f) = 0
òàêîå íåíóëåâîå ðåøåíèå f(x), ÷òî:
(a) ôóíêöèÿ f(x) áåñêîíå÷íî äèôôåðåíöèðóåìà â îáëàñòè U
(b) äëÿ ëþáîãî α ∈ A ôóíêöèÿ fα(x) íåïðåðûâíà â U
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Áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Òåîðåìà

Çàäà÷à ZCD àëãîðèòìè÷åñêè íåðàçðåøèìà.

Èäåÿ äîêàçàòåëüñòâà

Ïðåäïîëîæèì, ÷òî àëãîðèòì ðåøåíèÿ çàäà÷è ZCD ñóùåñòâóåò.
Òîãäà ñ ïîìîùüþ ýòîãî àëãîðèòìà ìû ìîæåì äëÿ ïðîèçâîëüíîãî äèîôàíòîâà óðàâíåíèÿ
C(n1, ..., nm) = 0 âûÿñíÿòü, ñóùåñòâóåò ëè ó íåãî öåëî÷èñëåííîå íåîòðèöàòåëüíîå ðåøåíèå.
Äëÿ ýòîãî äîñòàòî÷íî áóäåò ïðîâåðèòü ñóùåñòâîâàíèå áåñêîíå÷íî äèôôåðåíöèðóåìîãî ðåøåíèÿ ó
cîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Àëãîðèòìà, ïðîâåðÿþùåãî íàëè÷èå ðåøåíèÿ ó äèîôàíòîâà óðàâíåíèÿ, íå ñóùåñòâóåò.
Ñëåäîâàòåëüíî, íå ñóùåñòâóåò è àëãîðèòìà, ðåøàþùåãî çàäà÷ó ZCD.
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Êîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ
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Êîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Äîêàçàòåëüñòâî íåðàçðåøèìîñòè çàäà÷è ZCD èñïîëüçóåò òîò ôàêò, ÷òî äèîôàíòîâî óðàâíåíèå
C(n1, . . . , nm) = 0 èìååò öåëî÷èñëåííîå íåîòðèöàòåëüíîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà
äèôôåðåíöèàëüíîå óðàâíåíèå

C

(
x1

∂

∂x1
, . . . , xm

∂

∂xm

)
y(x) = b(x1, . . . xm), (34)

b(x1, . . . xm) =
∑
n∈Zm

>0

anx
n1
1 . . . xnm

m , an 6= 0,

íå èìååò áåñêîíå÷íî äèôôåðåíöèðóåìûõ ðåøåíèé â îáëàñòè, ñîäåðæàùåé 0.

Ýòî, â ñâîþ î÷åðåäü, îïèðàåòñÿ íà òîò ôàêò, ÷òî óðàâíåíèå

P

(
x1

∂

∂x1
, . . . , xm

∂

∂xm

)
y(x) = xn, P ∈ Z[x1, . . . , xm], n ∈ Zm (35)

èìååò áåñêîíå÷íî äèôôåðåíöèðóåìîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà P (n1, . . . , nm) 6= 0.
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Êîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Åñëè æå ðàññìàòðèâàòü ðåøåíèÿ, äèôôåðåíöèðóåìûå êîíå÷íîå ÷èñëî ðàç, òî äëÿ íèõ ýòè
óòâåðæäåíèÿ íåâåðíû äàæå â ñëó÷àå îäíîé ïåðåìåííîé.

Ïðèìåð

Ïóñòü P (n) = n− k, ãäå k > 2.
Ñîîòâåòñòâóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå xy′(x)− ky(x) = xk èìååò k − 1 ðàç
äèôôåðåíöèðóåìîå ðåøåíèå

y(x) =

{
xk ln |x|, ïðè x 6= 0,

0, ïðè x = 0.
(36)
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Êîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ

Ïðèìåð

Ïóñòü

I k > 2 � íåêîòîðîå öåëîå ÷èñëî,

I b(x) =
∑
n>0

anx
n � ñòåïåííîé ðÿä, ñõîäÿùèéñÿ â èíòåðâàëå (−t, t).

Äèîôàíòîâî óðàâíåíèå u− k = 0 èìååò ðåøåíèå u = k.
Ñîîòâåòñòâóþùåå åìó äèôôåðåíöèàëüíîå óðàâíåíèå xy′(x)− ky(x) = b(x) òàêæå èìååò ðåøåíèå

y(x) =

akx
k ln |x|+

∑
n>0, n 6=k

an
n−kx

n, ïðè x 6= 0,

−a0k , ïðè x = 0,
(37)

êîòîðîå áóäåò äèôôåðåíöèðóåìûì k − 1 ðàç â èíòåðâàëå (−t, t).
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