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Îáîçíà÷åíèÿ

×àñòíàÿ ïðîèçâîäíàÿ: Di = ∂
∂xi

Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè:

Z[D,x] = {L : L =
∑
n∈S

an(x1, ..., xm)Dn1
1 . . . Dnm

m , an ∈ Z[x1, ..., xm]}

Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ:

L(y) = 0, L ∈ Z[D,x]
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Ñâÿçàííûå âîïðîñû

Àëãîðèòìè÷åñêàÿ íåðàçðåøèìîñòü çàäà÷è ïðîâåðêè ñóùåñòâîâàíèÿ ðåøåíèé ðàçëè÷íûõ âèäîâ ó
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:

J. Denef, L. Lipshitz. Power series solutions of algebraic di�erential equations (1984)

L(y(x1, . . . , xm)) = 1, L ∈ Z[D,x], ðåøåíèÿ â âèäå ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ

S. Abramov, M. Petkovsek. On polynomial solutions of linear partial di�erential and (q-)di�erence
equations (2012)

L(y(x1, . . . , xm)) = 0, L ∈ Z[D,x], ðåøåíèÿ â âèäå ïîëèíîìîâ

Ñ. Ïàðàìîíîâ. Î ðàöèîíàëüíûõ ðåøåíèÿõ ëèíåéíûõ óðàâíåíèé ñ ÷àcòíûìè ïðîèçâîäíûìè èëè
ðàçíîñòÿìè (2013)

L(y(x1, . . . , xm)) = 0, L ∈ Z[D,x], ðåøåíèÿ â âèäå ðàöèîíàëüíûõ ôóíêöèé
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Ñâÿçàííûå âîïðîñû íåðàçðåøèìîñòè

C. Ïàðàìîíîâ. Çàäà÷à ïðîâåðêè ñóùåñòâîâàíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ â ïîëÿõ ëîðàíîâûõ ðÿäîâ (2014)

L(y(x1, . . . , xm)) = 0, L ∈ Z[D,x], ðåøåíèÿ â âèäå ôîðìàëüíûõ ëîðàíîâûõ ðÿäîâ

Ïîä ïîëÿìè ôîðìàëüíûõ ëîðàíîâûõ ðÿäîâ â äàííîì ñëó÷àå ïîäðàçóìåâàþòñÿ òàêèå ïîëÿ Λ,
êîòîðûå óäîâëåòâîðÿþò óñëîâèþ

K[[x1, ..., xm]] ⊂ Λ ⊂ K[[x1, ..., xm, x
−1
1 , ..., x−1m ]],

÷òî ïîçâîëÿåò âêëþ÷èòü â ðàññìîòðåíèå ðàçëè÷íûå ñïîñîáû îïðåäåëåíèÿ ëîðàíîâûõ ðÿäîâ â
ñëó÷àå ìíîãèõ ïåðåìåííûõ.

F. Aroca, J. M. Cano, F. R. Jung. Power series solutions for non-linear PDE's (2003)
A. Aparicio Monforte, M. Kauers. Formal Laurent Series in Several Variables (2012)
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Îáîçíà÷åíèÿ

K � ëèáî ïîëå êîìïëåêñíûõ ÷èñåë C, ëèáî ïîëå äåéñòâèòåëüíûõ ÷èñåë R
U � îòêðûòàÿ îáëàñòü â Km

U � çàìûêàíèå îáëàñòè U

f(x1, ..., xm) � íåêîòîðàÿ ôóíêöèÿ, îïðåäåëåííàÿ â U

f(x1, ..., xm) =

{
f(x1, ..., xm), åñëè (x1, ..., xm) ∈ U
0, åñëè (x1, ..., xm) ∈ U\U

fα(x1, ..., xm) =
∂|α|f(x1, ..., xm)

∂α1x1...∂αmxm
, α ∈ Zm>0, |α| = α1 + ...+ αm

Áóäåì ãîâîðèòü, ÷òî îòêðûòàÿ îáëàñòü U , èìåþùàÿ íåïóñòóþ ãðàíèöó, ñîãëàñîâàíà ñ ïîëèíîìîì
q(x1, ..., xm) ∈ Z[x1, ..., xm], åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

I â ëþáîé òî÷êå íà ãðàíèöå U ïîëèíîì q(x1, ..., xm) ïðèíèìàåò íóëåâîå çíà÷åíèå
I q(0, ..., 0) 6= 0
I (0, ..., 0) ∈ U
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Ïðèìåðû îáëàñòè

q(x1, x2) = x21 + x22 − 1 q(x1, x2) = (x1 + 1)(x2 + 1)(x1 − 1)(x2 − 1)
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Çàäà÷à ZC

Ïóñòü U � íåêîòîðàÿ îáëàñòü, ñîãëàñîâàííàÿ ñ ïîëèíîìîì q(x1, ..., xm) ∈ Z[x1, ..., xm].
Ðàññìîòðèì çàäà÷ó, â êîòîðîé äëÿ ñëåäóþùèõ èñõîäíûõ äàííûõ:

I ÷èñëî m ∈ Z>0 (êîëè÷åñòâî íåçàâèñèìûõ ïåðåìåííûõ),

I íåïóñòîå êîíå÷íîå ìíîæåñòâî A ⊂ Zm>0,

I ïîëèíîì q(x1, ..., xm) ∈ Z[x1, ..., xm] è, âîçìîæíî, íåêîòîðàÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ îá
îáëàñòè U ,

I äèôôåðåíöèàëüíûé îïåðàòîð L ∈ Z[D,x],

òðåáóåòñÿ îïðåäåëèòü, ñóùåñòâóåò ëè ó îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ L(f) = 0
òàêîå íåíóëåâîå ðåøåíèå f(x1, ..., xm), ÷òî:
(a) ôóíêöèÿ f(x1, ..., xm) àíàëèòè÷íà â îáëàñòè U
(b) äëÿ ëþáîãî α ∈ A ôóíêöèÿ fα(x1, ..., xm) ñóùåñòâóåò è íåïðåðûâíà â U
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Ïðèìåðû çàäà÷è

I m = 2

I A = {(0, 0)}
I q(x1, x2) = x21 + x22 − 1, U � êðóã ðàäèóñà 1 ñ öåíòðîì â íóëå

I L = D2
1 +D2

2

Ïîëó÷àåì çàäà÷ó Äèðèõëå:
∂2y(x1, x2)

∂x21
+
∂2y(x1, x2)

∂x22
= 0

y(x1, x2)|x2
1+x

2
2=1 = 0

Îíà èìååò åäèíñòâåííîå ðåøåíèå � íóëåâîå.
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Ïðèìåðû çàäà÷è

I m = 2

I A = {(0, 0), (1, 1)}
I q(x1, x2) = x1 − 1, U � ïîëóïëîñêîñòü â R2, îòäåëÿåìàÿ ïðÿìîé x1 = 1

I L = D2 − x1D1 − (x1 + x2)D1D2 + 2 = 0

Ïîëó÷àåì çàäà÷ó:

∂2y(x1, x2)

∂x21
− x1

∂y(x1, x2)

∂x1
− (x1 + x2)

∂2y(x1, x2)

∂x1∂x2
+ 2y(x1, x2) = 0

y(x1, x2)|x1=1 = 0,
∂2y(x1, x2)

∂x1∂x2
|x1=1 = 0

Îíà èìååò íåíóëåâûå àíàëèòè÷åñêèå ðåøåíèÿ, íàïðèìåð y(x1, x2) = x21 − 1.
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Ïðèìåðû çàäà÷è
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Íåðàçðåøèìîñòü çàäà÷è ZC

Òåîðåìà 1. Çàäà÷à ZC àëãîðèòìè÷åñêè íåðàçðåøèìà.

Äîêàçàòåëüñòâî îñíîâàíî íà òîì, ÷òî äëÿ ëþáîãî A ⊂ Zm>0, ëþáîãî ïîëèíîìà q(x1, ..., xm) è
ëþáîé îáëàñòè U , ñîãëàñîâàííîé ñ íèì, äèîôàíòîâî óðàâíåíèå

C(n1, ..., nm) = 0, C ∈ Z[x1, ..., xm]

èìååò öåëî÷èñåííîå ðåøåíèå (n1, ..., nm) ∈ Zm>0 òîãäà è òîëüêî òîãäà, êîãäà äèôôåðåíöèàëüíîå
óðàâíåíèå L(f(x1, ..., xm)) = 0, ãäå

L = C

(
x1

∂

∂x1
, ..., xm

∂

∂xm

)
1

qs+1(x1, ..., xm)
, s = max{|α| : α ∈ A},

èìååò ðåøåíèå f(x1, ..., xm), àíàëèòè÷åñêîå â U , è äëÿ ëþáîãî α ∈ A ôóíêöèÿ fα(x1, ..., xm)
ñóùåñòâóåò è íåïðåðûâíà â U .
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Íåðàçðåøèìîñòü çàäà÷è ZC

Â ñâîþ î÷åðåäü, çàäà÷à ïðîâåðêè ñóùåñòâîâàíèÿ ðåøåíèÿ äèîôàíòîâà óðàâíåíèÿ
C(n1, ..., nm) = 0 àëãîðèòìè÷åñêè íåðàçðåøèìà.

Äåñÿòàÿ ïðîáëåìà Ãèëüáåðòà
Òåîðåìà Äåâèñà-Ìàòèÿñåâè÷à-Ïàòíåìà-Ðîáèíñîí (1970)

Íà äàííûé ìîìåíò íåðàçðåøèìîñòü ýòîé çàäà÷è äîêàçàíà äëÿ:

I äèîôàíòîâûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà

I äèîôàíòîâûõ óðàâíåíèé ñ äåâÿòüþ ïåðåìåííûìè

Èñïîëüçóÿ ýòî, ìîæíî òàêæå óòâåðæäàòü î íåðàçðåøèìîñòè çàäà÷è ZC, â êîòîðîé îïåðàòîð L
îãðàíè÷åí îäíèì èç äâóõ ñïîñîáîâ:

I äèôôåðåíöèàëüíûå îïåðàòîðû L ∈ Z[D,x] ÷åòâåðòîãî ïîðÿäêà

I äèôôåðåíöèàëüíûå îïåðàòîðû L ∈ Z[D,x] ñ äåâÿòüþ ïåðåìåííûìè
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Íåíóëåâûå óñëîâèÿ

Çàäà÷à ZC ñâÿçàíà ñ âîïðîñîì î åäèíñòâåííîñòè àíàëèòè÷åñêîãî ðåøåíèÿ äëÿ ñëó÷àÿ íåíóëåâûõ
ãðàíè÷íûõ óñëîâèé: ïóñòü íàéäåíî êàêîå-òî îäíî àíàëèòè÷åñêîå ðåøåíèå, ìîæíî ëè áûòü
óâåðåííûì, ÷òî ýòî ðåøåíèå åäèíñòâåííî?

Îíî ÿâëÿåòñÿ åäèíñòâåííûì òîãäà è òîëüêî òîãäà, êîãäà ó îäíîðîäíîãî óðàâíåíèÿ ñ íóëåâûìè
ãðàíè÷íûìè óñëîâèÿìè èìååòñÿ òîëüêî íóëåâîå ðåøåíèå (ò.å. îòâåò íà âîïðîñ, ñîäåðæàùèéñÿ â
çàäà÷å ZC, îòðèöàòåëåí).
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