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Îáîáù¼ííûå ñåïàðàíòû è ñìåøàííûå èäåàëû

Ëèìîíîâ Ìàêñèì

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ëîìîíîñîâà
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Îáîçíà÷åíèÿ

• Ïóñòü K{y}= K[y0,y1,y2, . . .] êîëüöî ìíîãî÷ëåíîâ îò ñ÷¼òíîãî ÷èñëà ïåðåìåííûõ.

• Íà í¼ì îïðåäåëåíî äèôôåðåíöèðîâàíèå δ , ò.å. ëèíåéíûé îïåðàòîð δ : K{y}→ K{y}
òàêîé, ÷òî 

δ (yi) = yi+1

δ (a) = 0, ∀a ∈ K

δ ( f g) = δ ( f )g+ f δ (g) ∀ f ,g ∈ K{y}

• Ñëåäóþùèì îáðàçîì (G), [G],{G} ìû áóäåì îáîçíà÷àòü, ñîîòâåòñòâåííî, àëãåáðà-

è÷åñêèé, äèôôåðåíöèàëüíûé, ðàäèêàëüíûé èäåàë, ïîðîæä¼ííûå ìíîæåñòâîì G â

êîëüöå K{y}.
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1. Ââåäåíèå

Ïóñòü I ⊆ K{y} äèôôåðåíöèàëüíûé èäåàë è
√

I åãî ðàäèêàë. Ýêñïîíåíòîé èäåàëà I

íàçûâàåòñÿ ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî m òàêîå, ÷òî

(
√

I)m ⊆ I.

Â 1941 ãîäó Êîë÷èí îïóáëèêîâàë ñâîþ ðàáîòó ¾On the Exponents of Di�erential Ideals¿,

â êîòîðîé èñêàë îòâåò íà âîïðîñ: ¾×åìó ìîæåò áûòü ðàâíà ýêñïîíåíòà äèôôåðåíöè-

àëüíîãî èäåàëà, êîòîðûé ïîðîæä¼í îäíèì ìíîãî÷ëåíîì I = [ f ]?¿

Ïðèìåðû

• Åñëè èäåàë I ðàäèêàëüíûé, òîãäà ýêñïîíåíòà [ f ] ðàâíà 1.

• Åñëè f = (y0− a1)
b1 . . .(y0− an)

bn è ñóùåñòâóåò bi > 1, òîãäà ýêñïîíåíòà èäåàëà [ f ]

ðàâíà ∞.

• Åñëè f = y2
1−2yy1+ y, òîãäà ýêñïîíåíòà [ f ] ðàâíà 2.
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Ðåçóëüòàòû Êîë÷èíà

Êîë÷èí ðàññìàòðèâàë òîëüêî ìíîãî÷ëåíû f ∈ K{y} ïîðÿäêà 1 è ðàçäåëèë èõ íà äâà

êëàññà: [ f ,S f ] 6= (1) è [ f ,S f ] = (1).

• åñëè [ f ,S f ] 6= (1) è ñóùåñòâóåò ñèíãóëÿðíîå ðåøåíèå êðàòíîñòè áîëüøå 1, òîãäà ýêñ-

ïîíåíòà [ f ] ðàâíà ∞

• åñëè [ f ,S f ] 6= (1) è âñå ñèíãóëÿðíûå ðåøåíèÿ êðàòíîñòè 1 (ñ íåêîòîðûìè óñëîâèÿìè),

òîãäà ýêñïîíåíòà [ f ] ðàâíÿåòñÿ 1 èëè 2.

• åñëè [ f ,S f ] = (1) è [ f ]+ (S f ) = (1), òîãäà ýêñïîíåíòà [ f ] ðàâíà 1.

Ëåììà Òðóøèíà

Åñëè [ f ,S f ] = (1), òîãäà: èäåàë [ f ] ñîäåðæèò êâàçèëèíåéíûé ìíîãî÷ëåí ⇔ [ f ]+ (S f ) =

(1).
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Îñíîâíàÿ çàäà÷à

Ïóñòü f ∈K{y},ord f = l äèôôåðåíöèàëüíûé ìíîãî÷ëåí ñ óñëîâèåì [ f , ∂ f
∂y0

, . . . , ∂ f
∂yl

] = (1)

è ïóñòü I = [ f ] /K{y} äèôôåðåíöèàëüíûé èäåàë. Íàøà ãëàâíàÿ öåëü àëãîðèòìè÷åñêè

îïðåäåëèòü ðàâåí ëè

I +(h1, . . . ,ht) = (1) (1.1)

èëè íå ðàâåí.
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2. Òåîðåìà Ãèëüáåðòà î íóëÿõ äëÿ áåñêîíå÷íîìåð-

íîãî ïðîñòðàíñòâà

Ïóñòü A = {α} èíäåêñèðóþùåå ìíîæåñòâî è I èäåàë â êîëüöå ìíîãî÷ëåíîâ F [xα ], |F |>
|A|.
Ìíîæåñòâî íóëåé èäåàëà I � ýòî ìíîæåñòâî (εα) ∈ Fα ýëåìåíòîâ èç εα ∈ F òàêèõ, ÷òî

f (εα) = 0 äëÿ ëþáîãî f ∈ I.

Theorem 2.1 (Òåîðåìà Ãèëüáåðòà î íóëÿõ äëÿ áåñêîíå÷íîìåðíîãî ïðîñòðàíñòâà) Ïóñòü

F àëãåáðàè÷åñêè çàìêíóòîå ïîëå, òîãäà èäåàë I / F [xα ] = (1) òîãäà è òîëüêî òîãäà,

êîãäà V(I) = /0.

[ f ]+ (h1, . . . ,ht) = (1)⇔ h1 = . . .= ht = f = . . .= f (n) = . . .= 0. (2.1)
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Ïðèìåðû

1. f = (y1+1)2+ y0,h1 = S f = y1+1 =⇒ ( f , f (1),S f ) = (1);

2. f = (y1+1)2+ y3
0,S f = y1+1 =⇒ ( f , f (1), f (2), f (3),S f ) = (1);

3. f = (y1+1)7+ y6
0,S f = (y1+1)6 =⇒ ( f , f (1), f (2), f (3), f (4), f (5), f (6),S f ) = (1);

4. f = (y1+1)3+ y6
0,S f = (y1+1)2 =⇒ ( f , f (1), f (2), f (3), f (4), f (5), f (6),S f ) 6= (1)

[ f ]+ (S f ) 6= (1)?
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3. Ïðîäëåíèå ðåøåíèÿ

Ïóñòü G = {h1, . . . ,hm, . . .} ⊂ K{y} ñ÷¼òíûé íàáîð ìíîãî÷ëåíîâ. Ðàññìîòðèì ïåðâûå i

ìíîãî÷ëåíîâ G′ = {h1, . . . ,hi},è ïóñòü

t = (a0, . . . ,an) ∈ Kn+1

ôîðìàëüíîå ðåøåíèå ñèñòåìû óðàâíåíèé h1 = . . .= hi = 0. Òîãäà ôîðìàëüíîå ðåøåíèå

t, áóäåì ãîâîðèòü,ïðîäëåâàåòñÿ äî ôîðìàëüíîãî ðåøåíèÿ ñèñòåìû

h1 = . . .= hi = hi+1 = 0, (3.1)

ãäå hi+1 ⊆ K[y0,y1, . . .yn+m], åñëè ñóùåñòâóåò an+1, . . . ,an+m ∈ K òàêîå, ÷òî t ′ =

(a0, . . . ,an, . . . ,an+m) ∈ Kn+m ðåøåíèå ñèñòåìû (3.1); è ïðîäëåâàåòñÿ äî ðåøåíèÿ ñè-

ñòåìû G åñëè åãî ìîæíî ïî î÷åðåäè ïðîäëèòü äî ðåøåíèÿ ñèñòåì

h1 = . . .= hi = . . .= h j = 0

äëÿ êàæäîãî j > i.
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Ïðèìåð

f = y2
2+y1y0+y0+1,h = y2+1. Ðàññìîòðèì òî÷êó a2 = (−1,1,−1), îíà ÿâëÿåòñÿ ðåøå-

íèåì ñèñòåìû f = h = 0 è ýòà òî÷êà ìîæåò áûòü ïðîäëåíà äî ðåøåíèÿ ñèñòåìû

h = f = f (1) = . . .= f (n) = . . .= 0.

Ìû ïîñòðîèì íîâóþ òî÷êó a3 = (−1,1,−1,x) òàêóþ, ÷òî h(a) = f (a) = f (1)(a) = 0.

f (1) = y3S f + y2y0+ y2
1+ y1⇒ f (1)(a3) = xS f (a2)+3 = 0⇒ x =

−3
S f (a2)

.
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f = y2
2+ y1y0+ y0+1,h = y2+1.

Åñëè an−1 = (−1,1,−1,c3, . . . ,cn−1) ∈ Kn ðåøåíèå h = f = f (1) = . . . = f (n−1) = 0, òîãäà

ïîñòðîèì òî÷êó an = (−1,1,−1,c3, . . . ,cn−1,x)òàêóþ, ÷òî h(an) = f (an) = f (1)(an) = . . .=

f (n)(an) = 0.

f (n) = ynS f +Q,x =− Q(an−1)

S f (−1,1,−1)
.
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4. Îáîáù¼ííûå ñåïàðàíòû

Ïóñòü f ∈ K{y},ord f = l äèôôåðåíöèàëüíûé ìíîãî÷ëåí, òîãäà ñåïàðàíòà f ðàâíà

ïî îïðåäåëåíèþ S f =
∂ f
∂yl
, à îáîáù¼ííîé ñåïàðàíòîé f ÿâëÿåòñÿ ìíîãî÷ëåí S f ,n,k =

l
∑
j=0

Ck−l+ j
n

(
∂ f
∂y j

)(k−l+ j)
.

Lemma 4.1 Ïóñòü f ∈ K{y},ord f = l äèôôåðåíöèàëüíûé ìíîãî÷ëåí è n ∈ N,0≤ k ∈ Z,
n > 2k, òîãäà

f (n) =
k

∑
i=0

S f ,n,i yn+l−i+Q,

ãäå ordQ < n+ l− k.
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5. Èäåÿ ðåøåíèÿ

Äàí ìíîãî÷ëåí ord f = l è α ∈ Kn0+l−k òàêîå, ÷òî

• f (m)(α)≡ 0 äëÿ ëþáîãî m < n0;

• hi(α) = 0 äëÿ ëþáîãî i 6 t;

• α ∈
k−1⋂
i=0

V (Gi) =⇒ S f ,n,i(α) = 0;

Åñëè S f ,n,k(α) =
l
∑
j=0

Ck−l+ j
n

(
∂ f
∂y j

)(k−l+ j)
(α) 6= 0 äëÿ ëþáîãî n > n0, òîãäà α ïðîäëåâàåòñÿ

äî ðåøåíèÿ ñèñòåìû

h1 = . . .= ht = f = f (1) = . . .= f (n) = . . .= 0.
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6. Ïðîäëåíèå ðåøåíèÿ â îáùåì ñëó÷àå

Åñëè α = (a0, . . . ,an0+l−k−1) , òîãäà ïîñòðîèì íîâóþ òî÷êó β = (a0, . . . ,an0+l−k−1,an0+l−k)

ñëåäóþùèì îáðàçîì

f (n0+1) =
k

∑
i=0

S f ,n0+1,i yn0+1+l−i+S f ,n0,kyn0+l−k +Qn0+1,ordQ < n0+ l− k

an0+l−k =−
f (n0)−

k
∑
j=0

yl+n0− jS f ,n0, j

S f ,n0,k
(α) =−

Qn0+1

S f ,n0,k
(α)⇒ f (n0+1)(β ) = 0
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7. Îñíîâíàÿ ïðîáëåìà ðåàëèçàöèè èäåè

Îáîáù¼ííàÿ ñåïàðàíòà çàâèñèò îò ïàðàìåòðà n:

S f ,n,k =
l

∑
j=0

Ck−l+ j
n

(
∂ f
∂y j

)(k−l+ j)

Ðåøåíèå α ìîæåò íå çàíóëÿòü íè îäíó èç êîìïîíåíò îáîáù¼ííîé ñåïàðàíòû, íî ïðè

íåêîòîðîì n0 S f ,n0,k(α) = 0. Ïðîäëåâàåòñÿ ëè ðåøåíèå α äî ðåøåíèÿ âñåé ñèñòåìû?
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8. Íóëè îáîáù¼ííîé ñåïàðàíòû è óðîâåíü ðåøåíèÿ

Ðàññìîòðèì ìíîãîîáðàçèå Vf = (h1, . . . ,ht, f , . . . , f (n), . . .)⊂ K∞.{
a ∈Vf

[ f , ∂ f
∂y0

, . . . , ∂ f
∂yl

] = (1)
=⇒∃k, i

(
∂ f
∂yi

)(k−l+i)
(a) 6= 0,

Ïîýòîì ñóùåñòâóåò êîíå÷íîå ÷èñëî öåëûõ ÷èñåë n0 òàêèõ, ÷òî S f ,n,k(a) =
l
∑
j=0

Ck−l+ j
n

(
∂ f
∂y j

)(k−l+ j)
(a) = 0.

Óðîâåíü ðåøåíèÿ a ∈ Vf � ýòî ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k òàêîå, ÷òî Gk 6⊆
I(a) (I(a) ìíîæåñòâî ìíîãî÷ëåíîâ g òàêèõ, ÷òî g(a) = 0). Äëÿ ëþáîãî ðåøåíèÿ 2.1

òàêîå ÷èñëî ñóùåñòâóåò, ïîòîìó ÷òî [ f ,S f ] = 1. Èíûìè ñëîâàìè, óðîâåíü ðåøåíèÿ �

ýòî ìèíèìàëüíîå òàêîå ÷èñëî k, ÷òî òî÷êà a çàíóëÿåò âñå îáîáù¼ííûå ñåïàðàíòû f äî

k−1 è íå çàíóëÿåò k-óþ.
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Algorithm

Âõîä: K{y} � êîëüöî äèôôåðåíöèàëüíûõ ìíîãî÷ëåíîâ, K àëãåáðà Ðèòòà, f ,h1, . . . ,ht ∈
K{y} íàáîð äèôôåðåíöèàëüíûõ ìíîãî÷ëåíîâ òàêèõ, ÷òî [ f ,S] = (1),S = { ∂ f

∂y0
, . . . , ∂ f

∂yl
}.

Output: TRUE if [ f ]+ (h1, . . . ,ht) = (1) and FALSE if [ f ]+ (h1, . . . ,ht) 6= (1).

1. If [ f ,S] 6= (1), Return INCORRECT DATA;

2. Find p0, . . . , pl,w∈N such that

(
f , . . . , f (w),

∂ f
∂y0

, . . . ,(
∂ f
∂y0

)(p0), . . . ,
∂ f
∂yl

, . . . ,(
∂ f
∂yl

)(pl)

)
=

(1);

3. For all k ≤ p = max{p0+ l, . . . , pl +0}
4. Let n0 := max{2p+1,ordh1, . . . ,ordht,ord f ,w};

5. gk,n :=
l
∑
j=0

C j+k−l
n

(
∂ f
∂y j

)( j+k−l)
;

6. While(n0 6= ∞)

7. If In0
k = /0, BREAK;

8. Let A := /0;

9. For all In0
k,i ∈ In0

k

10. ai = ψ(gk,n, I
n0
k,i);

11. If ai ≤ n0, Return FALSE;

12. A = A∪{ai};
13. n0 = max{A};
14. Return TRUE;
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Äåòàëè

• 3. For all k≤ p=max{p0+ l, . . . , pl+0} � îãðàíè÷åíèå íà äèàïàçîí âñåâîçìîæíûõ

óðîâíåé ðåøåíèé.

• 7. If In0
k = /0, BREAK; � the ideal (h1, . . . ,ht, f , . . . , f (n0+p)) = (1) � ïðè ðàçëîæåíèè

íà ïðîñòûå èäåàëû ñîîòâåòñòâóþùèå ðåøåíèÿì ñèñòåìû óðîâíÿ k ïîëó÷èëè, ÷òî èõ

íåò.

• 10. ai = ψ(gk,n, I
n0
k,i);

11. If ai ≤ n0, Return FALSE; � ñóùåñòâóåò ðåøåíèå óðîâíÿ k
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9. Ïóòè ðàçâèòèÿ

• Çàìåíèòü îäèí ïîðîæäàþùèé äèôôåðåíöèàëüíûé ìíîãî÷ëåí, íà íåñêîëüêî

[ f1, f2]+ (h1, . . . ,ht) = (1).

• Äîðàçîáðàòü ñëó÷àè, êîòîðûå Êîë÷èí íå ðàçîáðàë.

• Çàäà÷à ïðèíàäëåæíîñòè ñìåøàííîìó èäåàëó.
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