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Quantum Measurements’' and Quantum Estimation Models

@ Standard Weyl-Berezin! quantization assigns pseudo-differential operators
Ow (A) : H — H in the rigged Hilbert space S (Q) C L, (Q) C S’ (Q) to the classical
observable A(p,q) € S’ (T * Q).

@ Measured values of the quantum observables equals to the spectral properties of the
quantum measurements’ theory2 operators.

@ There is an operator O, (A) assigned® to all classical observables A (p, g) and all input
states p = > Ci |¢k) (¢«| of the measurement instrument’s quantum filter.
k

@ It was shown* that O, (A) is the Weyl operator from the deformed (by the convolution
with the function ® (q, p) = > Gk (q) F (vk) (p)) classical observable
k

(Ax®)(p,q): Op = Ow (Ax®)

1Wey|, H.: Quantenmechanik und Gruppentheorie. Zeitschrift fiir Physik 46, 1-46 (1927);
Berezin, F. A.: On a representation of operators with the help of functionals. Trans. Moscow Math. Soc. 17, 117-196 (1967)

2Holevo A. S. Statistical Structure of Quantum Theory. Lect. Notes Phys.,vol. m67. Springer, Berlin (2001)

3Ozawa, M.: Mathematical foundations of quantum information: Measurement and foundations. Sugaku, 61-2, pp. 113-132
(2009) (in Japanese)

4Sevastianov, L., Zorin, A., Gorbachev, A.: Pseudo-differential operators in the operational model of a quantum
measurement of observables. Lecture Notes in Computer Science 7125, 174-181 (2012)
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Isolated (classical) object

Described by

@ Configuration space @ = R”
@ Phase space T"Q =R" @ R"
o Classical Hamiltonian function H (g, p)

o Class of the (real) functions {A(q, p)} of the classical observables
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Corresponding quantum object

Described by
@ Rigged Hilbert space S(Q) C L, (Q) C S'(Q)
@ Algebra of the state operators (density matrices) {5}

o Lie-Jordan algebra of quantum observables {O (A)}, derived from the
classical observables A(q, p) with the help of the quantization rule
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Composite system “object + filter”

Operates in

@ Aspace L (Q1 @ @) = Lo (Q1) ® L2(Q2)
o With the operators of the "measured” observable Oy (A) ® |

@ States before the measurement procedure are given by the operators
p1 ® p2
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Quantization rule

The average value of the measured observable is equal to

Ao =T { (Ow (W) 0 1) (518 p2) } = Tr1 {02 (A) n}

where Try is a partial trace over the space Ly (Q1) and

02 (A) = T2 { (Ow (A) & 1) (51 @ )}

is a partial trace over the space Ly (Q>).

On the other hand, the average value of the measured observable is equal
to

Wz = [ AaP) Woa = W,2) (0. p) dac.

Quantization rule of Kuryshkin-Wédkiewicz corresponds a continuous
linear operator of the form Op (A) = Ow (Ax W) : S(Q) — S'(Q) to
the distribution A € S’ (T*Q).
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Quantum measurements operator

In the Kuryshkin-Wdédkiewicz model of the quantum measurements
operator Oy (A) = Oqpky (A) is defined with a set of unnormalized
functions {gok = \/awk}iozl with the integral relation:

(0, (A) ) (q) = (27h) " / & (Em) A(g+ €. p+ 1)

X exp {h ((g—4) p>} V (q') dg'dpdédn,

where function ® (q, p) is defined on the phase space with the equation

®(q,p) _eelss q’ }Zso (q)@« (p
(27h) s

Analytical (approximate) definition of the O, (A) operator requires
definition of the Oy} (A) operators in a fixed basis {1y}~ .
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Hydrogen-like atoms

o Weyl operator of the observable: H = Oy (H) = _EA -2

7B~
e Quantum filter in a state pp = > Cx |[t) (Vi

e Sturm functions WV, (r,0,0) = Sp(r) Yim (0, ¢) as basis functions
{vk (M)}ezy

@ Observable of the measured value O, (H):

[Ow (Hx Wa)ul (a) = [ (Hx W) (752,

oo 1pla— )} u(@da
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Explicit form of the Hamiltonian

Due to the linearity: O (H) = i G (Oj (%) +0; _2762)>
where:
i _
o Calculated kinetic energy operators:

[—52
O (2“> A+2 b27

o First two caIcuIated potential energy operators:
2 2 __2r
Ol(_Z;-:' ):_Zre +Ze2e byrg <r170+i>’

i=1,...,n

bry

r 2
Ze?\ . Zé? Ze? _ — 5 borg 1 r
O2(=57) = =57 + fpe 70 <4+ +ibm t 3
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Calculating Ritz matrix

Generalized eigenvalue problem MX = ABX.

M is a Ritz matrix of OM(H).

B is an inner product of coordinate functions matrix.

M is the number of dimensions corresponding to the operators Ok (H)
First M basic functions ¥ (7) = 5, (k7) Yim (6, ¢) (Sturmian

nlm

functions), where k = \/—Ey.

Ritz matrix elements:

=2 2
i _, p Zefr€ L
MIEJI) - /¢EO (r) [Oj <2u) OJ( f: )] IEO (r) o
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Matrix coefficients computations

Matrix elements

A.V. Gorbachev (PFUR)

Complex-conjugate | |

functions

Total energy
operator

Pair-to-pair scalar

hSpheriqaj of total energy

armonics operator’s components
Zr;’:ellrli:éaIOf Potential energy N Potential energy

> >

harmonics operator operator
Normalized

Sturmian -

functions Km:;g;];rgy

Coordinate Ritz
functions Constant operator

Auxiliary

functions

A quantum measurements model

December 25th, 2013

products of coordinate
functions

16 / 21



Transition probabilities computations

Pair-to-pair scalar
products of coordinate
functions

Total energy
operator

. Parameters
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@ The Operational model for Quantum Measurements with
Weyl-Kuryshkin quantization rule was considered

@ The explicit form of the expressions for the hydrogen and alkali atoms
measured energy were obtained

@ Justification of the numeric calculations for the optical transition
probabilities of the hydrogen-like atoms was developed

@ Verification of the proposed mathematical model for the quantum
measurements was made based on comparison of calculated transition
probabilities with corresponding experimentally obtained values
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Thank you!
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