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Introduction
The numerical solution of partial differential equations is a fundamental
task in science and engineering.

Solving PDEs in practice:

PDEs (+ IC or/and BC)

4
Discretizing (FDM, FEM, FVM)

4

Algebraic (difference) equations

4

Numerical solving

4

Approximate solution

The main research problem here is to find good discretization which
inherit fundamental properties of the PDEs such as topology,
conservation, symmetries and maximum principle.
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Basic goal of difference methods

@ Replace the given PDE(s) in nindependent variables by certain
finite-difference approximation(s) ( FDA ) defined on a mesh (grid)
in the prescribed domain.

©@ Ensure that the solution of FDA converges to solution of PDE(s)
as the increments in the independent variables (mesh sizes) go to
zero.

v

Q.: can computer algebra (CA) help to achieve this goal?
A.: yes. In particular, for a wide number of problems,

@ to generate FDA automatically (G., Blinkov, Mozzhilkin’06)

@ to investigate such important properties of FDA as consistency (to
be analyzed in this talk) and stability (Ganzha, Vorozhtsov'96, G.,
Blinkov’07, Levandovskyy, Martin’11)
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Simple Example of Approximation
Consider Laplace equation

Uxx + Uyy = 0, domain: x € [0,1], y € [0,1]
BC: u(x,0) =u(0,y) =1, u(x,1)=u(1,y)=2
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Mesh

We consider orthogonal and uniform mesh with sizes Ax and Ay
(increments in independent variables)

U, §+6Y)
FanY
wiVi *
Teg# Ay
P | VA v v
Ho ._!'J, i 24(x-2%,y) ’Z[(X/:/) 11{(74*4’(,)’)
W T
W y 4y
“ "‘ j\__, uex, y-ay)
b . A 5
P Y e I——ax

Then the discrete version of Laplace equation at the mesh point (/, j)

which can easily be algorithmically generated (G.,Blinkov,
Mozzhilkin’06) is

Uip1j — 2Ujj+ Ui—1j  Ujj1 — 2Ujj + Ujj—1
(Ax)? (Ay)?

=0
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Standard Discretizations of Derivatives

Let the set of independent variables be x := {x1,..., x,} and the set of
dependent variables be u := {u(), ... ul™}. Then on the orthogonal
mesh with the set of mesh steps h := {hy,..., hy} (h; > 0)

- U/(<i) Ki+1 k_U;(j) Kiooork
u)((/’_) — Sl "h e 4 O(hy), forward difference
j
- “/(<i) K k_ul(<i) K=,k
u,((j’.) = b - et 4 O(hy), backward difference
j
s Uitk = Ytk
u,((j’.) — el ”2h. L B O(h/?), centered difference
j

Here approximation of u(x) in the grid node is given by the grid function
U = Uk, ko), (K. kn) € 27

seeesAn
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Consistency

Definition. Given a PDE f = 0 and its FDA = 0, the FDA is said to be
consistent with the PDE if for sufficiently differentiable u(x)

f(u)—f(u) - 0 as |h| =0

the convergence being pointwise at each point (x).

Example. f(u) := ux + vuy (v = const). FDA for the uniform grid
(hy = he = h) by using forward differences is
Fu) = Ui+1,jh_ Uij n VUi,j+1h— Ui
The Taylor expansion about the grid point (x = ih, y = jh) shows that
FDA is consistent

H h?

f(u) — f(u) = —g (Uxx + vuyy) + O(H?) — 0.
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Nonuniform Grids

For nonuniform grids, in some cases, one has to restrict the manner in
which |h| — 0. Consider again equation f(u) := ux + vu, = 0 and its
FDA in the Lax-Friedrichs form

7 2Uj1 j11 — Uijre — Ujj 4 Yijr2 Ui
2h1 2/72

The Taylor expansion of f about the point x = hyi, y = ho(j + 1) reads
~ h2 h2
f = Uy + VUy + %UXX — ﬁUyy + V%Uyyy + %VUXXXh12
Ha ha he
+%Vuxxxh12 - ﬁuxxxx + Vﬁuxxxxx + O(h‘? + h% + hg)

It shows that the consistency holds only if hy — 0 and h§/h1 -0
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Consistency of FDAs to Systems of PDEs

Definition. A FDA to a system of PDEs is called w(eakly)-consistent if
there is a passage |h| — 0 such that every difference equation in the
FDA is consistent with its counterpart in the PDE system.

Remark. For a uniform grid hy = --- = h, = h the w-consistency of a
FDA to a PDE system admits the straightforward algorithmic
verification by means of Taylor expansion in h of the difference
operators.

Definition (informal). A discretization of a system of PDEs will be
called s(trongly)-consistent if there exists a passage |h| — 0 such that
any (difference) consequence is reduced to a differential consequence
of the PDEs.

Remark. ltis clear that
s-consistency = w-consistency

Q.: Is the converse true? We shall show that the converse is false.
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Stability

Even for a single PDE consistency of its discrete version is not
sufficient for convergency. Another important issue is (numerical)
stability.

Definition (informal). A FDS (FDA + discretization of BC or/end IC) of
PDE(s) is called stable if the error caused by a small perturbation in
the numerical solution of the difference equations remain bounded.

Remark. Stability of difference schemes, for linear (parabolic or
hyperbolic) PDEs, can be analyzed by several methods:

@ the von Neumann or Fourier method,
@ modified equation (differential approximation),
@ CFL (Courant-Friedrichs-Lewy) stability (necessary) condition.
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Lax-Richtmyer Equivalence Theorem

In many cases, for a single linear PDE consistency and stability of its
FDA are equivalent to convergence

consistency + stability < convergence

The strict statement is given by the fundamental Lax-Richtmyer
equivalence theorem (Lax, Richtmyer'56):

Theorem. A consistent FDS for a linear PDE for which the initial value
problem (IVP) is well-posed is convergent iff it is stable.

Definition. ( Hadamard’1902 ) A IVP is well-posed if its solution
@ exists

© is unique

© depends smoothly on the initial (Cauchy) data
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Importance of Completion to Involution

Remark. The proof of Lax-Richtmyer equivalence theorem is heavily
based on advanced analysis. In spite of numerous attempts, it was
extended to a very restricted class of single nonlinear equations of
evolution type.

Generally, given a system of PDEs, for well-posedness of a Cauchy
(IVP) problem it is necessary to complete the system to involution
(Cauchy, Kavalevskaya’1875, Finikov'48, G.09) .

Besides, we shall show that completion of a differential system to
involution provides an algorithmic verification of consistency of a FDA
to a system of PDEs.

Hence, there are two interrelated and practically important reasons to
complete systems of PDEs to involution.
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Integrability Conditions

Let R4 be a system of PDEs of order q.

Definition. An integrability condition for R4 is an equation of order < g
which is differential and not pure algebraic consequence of R.

Example. ( Seiler94)
i Uz-l-yUXZO Uyz+yqu+UX:o _
e T = T = e

= Ri:{ux=uy=u,=0
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Formal Integrability and Involutivity

Definition. A formally integrable system has all the integrability conditions
incorporated in it. J

Definition. An involutive system is a formally integrable one with the complete
(or involutive) set of the leading derivatives (symbol of Rg). J

Remark. The last condition means that any prolongation (i.e. differentiation
w.r.t. an independent variable) of an element in the symbol is equal to finitely
many prolongations of (generally another) element in the symbol w.r.t. a
subset of the variables called multiplicative (or differentially admissible) for
this element.

Definition. Given a system of PDEs, its transformation into an involutive form
is called completion. J

Remark. An involutive system is a differential Grébner basis which (in the
Grébner sense) is generally redundant.
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Differential Systems

Definition. Let S= and S7 be finite sets of differential polynomials
such that S~ # () and contains equations

(Vse S7) [s=0]
whereas S* contains inequations
(Vse 87) [s#0]

Then the pair (5=, S7) of sets S~ and S is differential system.

Let Gol(S=/S7) denote the set of common solutions of differential
equations {s = 0 | s € S~} that do not annihilate elements s ¢ S7.
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Decomposition into Involutive Subsystems

Theorem. ( Thomas’37,62 ) Any differential system (S=, S7) can be
decomposed into a finite set of involutive subsystems (S,.:, Sfé) with
disjoint set of solutions

(57/87) = J(57/S).  ©ol(57/5%) = | Sol(S7/S)

v

The decomposition for Janet division is done fully algorithmically and
have been implemented as a Maple package ( Bachler, G.,
Lange-Hegermann, Robertz’10).

Given such a decomposition, one can algorithmically verify is a
differential equation is algebraic consequence of the system (S=, S7)

(Vae &ol(S™/S7)) [f(a) =0] < (Vi) [dprem ;(f,S57) = 0]

where dprem ,(f, P) denotes differential Janet pseudo-reminder of f
modulo P which is computed in the package.
Gerdt (JINR) Consistency Analysis of FDA to PDE Systems MSU 2011 21/47



Example of Thomas Decomposition

(Uuy + v)ux + 4vu, — 2v? 0
(Uuy +2v)uy +5vu, —2v2
\

involutive subsystems
( (uy + v)uy +4vu, —2v2

u? —3uy +2v? LV U(ﬁx,uy)u<[;y,@>
Vx + vy
I

Cauchy conditions

U(xo,¥0) = C B / B
{ V(Xo,y) = ¢(y) #0 } {u(xo.y) =¥(¥), vy # 0} {u(x,y0) = &(x) }

Remark. For linear PDEs the decomposition algorithm performs its
completion to involution and for the Janet division returns the Janet
basis (JB) form of the input system.
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Some Notions and Notations

K := Q(x): field of rational functions over rationals (Q) in the (independent)
variables x := {x1,..., X}

o= {o1,...,0n}: set of differences acting on functions ¢ € K as the
right-shift operators

giod(Xty .-y Xn) = (X1, ..., Xi+ hi,....xq) (h>0)

SRES {aﬂ1 0---0 afq}: monoid (free commutative semigroup) generated by o

K[u]: differential / difference polynomial ring (o-ring) over K with the
indeterminates (dependent variables) u := {u(), ... u(M}.

f(u) € K[u]: differential polynomial, i.e. polynomial in dependent variables
and their derivatives with coefficients from K

f(u) € K[u]: difference polynomial, i.e. polynomial in {# o u® | § € ©} with
coefficients from K

Kby, ... koh
PDE:>FDA:{ x = {kah, ... kafin} {(Ki,... kn} € 2"
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Difference Rankings and Monomial Orders

Definition. A total ordering < on {fou®* |6 € ©, 1 <a < m}isranking if
Voi,0,01,02,a,

(@) oiofou*>=0ou* (b)1ou*=brouf < fobiou® =Hobou’

The set of difference monomials in K[u] is defined as

M= { (01 0o UMYt ... (G o u™M)m | 9, € ©, jj € Nsg, 1 <j<m}

Definition. A total ordering > on M which is extension of ranking such that
(Vte M\{1}) [t =1]A (V€ O)(Vt,v,Wwe M) [V =W < t-fov > t-How]

is admissible.

Remark. Given =, every difference polynomial  has the leading monomial
Im(f) w.r.t. . In so doing, all f are assumed to be normalized (monic), i.e.
with the unit coefficient at Im(f).
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Difference Standard Bases

Definition. A setZ c K[u] is difference polynomial ideal or (c-ideal) if
(Va,beI) (VceKlu]) (V0e®©)|a+bel a-cel foacT]

If F ¢ K[u] \ K, then the minimal o-ideal containing F is denoted by [F] and F
is a generated set for [F]:

[F1={> a-0;0f| acKu],0;c 0}

feF

Definition. If for v,w € M the equality w =t - 6 o v holds with § € © and
t € M we shall say that v divides w and write v | w.

Definition.  Given a o—ideal 7 and an admissible monomial ordering -, a
subset G C T is its (difference) standard basis (SB) if [G] = Z and

(VfeZ)(3g € G) [Im(g) | Im(7)]

If SB is finite it is called Grobner basis (GB).

V.
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Algorithm: StandardBasis (F, -)

Input: F e R\ {0}, a finite set of nonzero polynomials;
>, @ monomial ordering
Output: G, an interreduced standard basis of [F]
L G=F
do
H=G
for all S—polynomials & associated with elements in H do
g := NF(3,H)
if g # 0 then
G:=GuU{g}
fi
9: od B
10: od while G# H
11: G :=Interreduce (G)
12: return G

N RN
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Example of Difference Grobner Basis

F={G1}, & =ux)-ux+2)—x-ulx+1), cou(x)=u(x+1)

and > be pure lexicographic. Then having nonzero normal form
S—polynomials and their normal forms are

S1:=u(X+4)-g —u(x)-0?o g, Gi={g:}

3o :=NF(sy,G) = u(x +1) - (x+4)—%2 u(x)

S =u(Xx+4)-00f —u(x+3)-F, G:=GU{d}

G3 :=NF(s2,G) = u(x) - u(x +3)? — x - (x + 1) - u(x + 3)
Ss:=0o0-Fs—uXx+4)-G, G:=GU{d}

ga :=NF(s3,G) =u(x) - u(x+3) - u(x+4)—x-(x+1) ulx+4)
Si =U(X+5)-Fs—0cobs, G:=GU{d}

o = . X+3 .
05 :=NF(s4,G) = u(x +5) FRTEE] 1)u(x) u(x+4)
All S—polynomials associated with elements in G := {1, 32, 33, J4, J5} are

reduced to zero modulo G. G is an interreduced standard-basis of [F].
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Algebraic Consequences of Equation Systems
Given a finite set
F .= {f1,...,fk} CIC[U]

of differential polynomials, [F] will denote the set of their algebraic
differential consequences, that is, the set of all differential polynomials
which vanish on common solutions to the PDE system {f=0| f € F }.

Similarly, if y y y
F:={fi,....f} C Klu]

is a set of difference polynomials then [F] e K[u] will denote the set of
their algebraic difference consequences, that is, the set of difference
polynomials which vanish on common solutions to the difference
system {f=0]|fe F}.

Remark. [[I"-']] is a perfect difference ideal generated by F, and
[F] < [F]
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Definition of S-consistency

Definition. ( G., Robertz’10 ) We shall say that a difference equation
f(u) = 0 implies the differential equation f(u) = 0 and write f > f when
there is a limit |h| — O such that the Taylor expansion about a grid
point yields

f(u) — f(u)|h* + O(|h[**), k € Z=q.
h—0 -

In this terminology, consistency of f with f means f > f.

Definition. Given a PDE system F and its FDA F, we shall say that F
is strongly consistent or s-consistent with F if there is a limit |h| — 0
such that y .

(Ve [F]) (3fe[F]) [f>f]
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Main Theorem

(G., Robertz’10 ) AFDA {f=0|f € F} to alinear PDE
system {f =0 | f € F } is s-consistent iff there exists a limit [h| — 0
such that a Grébner basis (or involutive basis) G of [F] satisfies

(Vg€ G)(3gelF]) [§>g]

For linear systems Grébner basis always exists and the
above theorem provides the algorithmic check of s-consistency.

AFDA {f=0|fcF}toa PDEsystem {f=0|fe F}
is s-consistent if and only if there is a limit |h| — 0 such that a standard
basis G satisfies

(Ve G)(3ge[F]) [§>g]

The proof of Theorem 2 is a generalization of that of
Theorem 1 to nonlinear systems.
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Algorithm: ConsistencyCheck (F, F)

1: choose differential ranking > and difference ordering >»
2: T :=DifferentialThomasDecomposition (F, -1)
3 Po:={P|(P,Q)eT}
4: G :=StandardBasis (F,-,)  (* may not terminate *)
5: C :=true
6: while G # () and C = true do
7. choosegec G; G:=G\{g}; P:="Po
8: compute g suchthatgr> g
9: while P # () and C = true do
10: choose S ¢ P; P:=P\ {S}; d:=dprem;(g,S)
11: if d # 0 then
12: C .= false
13: fi
14: od
15: od
16: return C
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Example 1
Consider PDE system

fir=Uz+yu=0, h:=uw+2z2u=0
For Ox >~ 0y = 0z > Ow G(r6bner)B=J(anet)B is
g1 = yUy —ZUz, Qo = Ux — Uy, g3 := Uzw + yu

If we use forward differences to discretize the system at the grid point
x =ihy =jh,z=kh,w = Ih:

fri= (A A3)(U) + jhuijkss  Foi= (D2lg)(u) + khu;jk ).

then GB=JB w.r.t. degrevlex (with o1 = o2 = 03 = 04) for the difference
ideal generated by f; and £ is

) 2
Aq(U) = jhCU;j k15 Uijst ks Uijket,t, Da(u) — kb ujjk .

It is easily verified that the FDA 7, %, is s-inconsistent,
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Example 2

Overdetermined PDE system

Uy +yu +u=0, uy+xuy=0

For 0y >~ 0y > 0 >~ 0w GB=JB and its FDA with forward differences
and x = ih,y = jh,z = kh,w = |h are

g1 = UX + qu + U, gz = Uy + XUW, g3 = UZ - UW,

91 := Aq(u) + jhAs(u) + u, Go = Do(U) + ihA4(u), Ag(u) — Ag(u)
| difference JB

Aq(u) +u, Do(u), Asz(u), A4u) s-inconsistent
whereas

JB{31, 8} > {91, 92, g3, YUz — YUy, XUz — XUy}  S-coOnsistent
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Navier-Stokes Equations

For two-dimensional motion of incompressible viscous liquid of
constant viscosity the equations are given by

fli=ux+v, =0,
f2 = Ut + Uuy + vuy + px — = AuU=0,
f3i=vi+uvx+w, +p,— Av=0.
Here
f1 - the continuity equation
f1, f2 - the proper Navier-Stokes equations
(u,v) -the velocity field
p - the pressure
Re - the Reynolds number
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Completion to Involution

For the orderly ranking > on the derivatives s.t.
Ox =0y =0, U=Vv>=p

completion of the system to involution based on the Janet division
reveals the only integrability condition — the Pressure Poisson equation

4= uf +2vuy + Vi + Ap=0
which is the differential consequence of the Navier-Stokes equations:

410 — 1 —uff —vi) + LA =
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Involutive Navier-Stokes System

Thus, the involutive Navier-Stokes equation system is

f1

F =

: UX 4— Vy = 0.
f2 .
f3 .
Il

Up + Uty + VUy + px — = Au =0,
Vit Uvk + Wy +py — s Av =0,
U2+ 2vyly + Vi + Ap=0.

Its Janet autoreduced form is given by

UX 4— Vy — O,
1

I:H = iié(tlyy - bﬁ(y - LIVY) - VQJV - LI[ - ﬁ)x = 07
ﬁE(V&X + Vyy) - Ub& — VVy — V& —-lzy = 0‘
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S-consistent Approximation

For the following system (G.,Blinkov’'09) F := ={oyo0 fi, gy o b, fs, f4} is a
difference Grdbner basis for the lex order compat|ble with the orderly ranking
S.t. ot = ox = oy and p > u > v. In the continuous limit (- — 0, h — 0) it
retains the involutive differential Navier-Stokes system — s-consistency.

(-~ u U vh —vn
. j+H1k j—1k Jjk+1 jk—1 __
f1 — 2h + 2h — O,
~ yntHt_yn w2 2t uv . —uy”n
f2 - jk Jjk + J+1k j—1k + Jjk+1 jk—1 +
) T 2h 2h
n _pn n _ n n
Jol P! ut 2un, +ur —2ul! +-un
+ 1k FPi—1k 1 j+2k jkTYj—2k + /k+2 kT Yjk—2 -0
2h Re 4h2 4h2 )
~ vt _yn uv? . —uv? van o2l
. Jk Jjk J+1k j—1k jk+1 jk—1
f3 — = + 2h + 2h +
+pfk+1ghpfk—1 _Ri ( i+2k 2V§+V 2k Vikre 2"2 Vik— 2) -0
e 4h 4h ’
n n n
?4 — u2/+2k_2u121]ék+u2j*2k + 2“V/"7+1 ket ~YV itk h:‘//"11k+1+“‘//"11k71 +
: Z Z
n n n
4 I A e o g 4 Plok—2P+P o i Pfii2=2P0+0 2\ 0
4h2 4h2 4h2 -
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Another Approximation
A FDA with 3 x 3 stencil looks like numerically more attractive than the
previous scheme whose stencil is 5 x 5.

An example of w-consistent FDA with 3 x 3 stencil was constructed in
(G.,Blinkov’09).

n _,n n  _yn
(&, = Ytk Yk + VikitVik-1 _
1= 2h 2 ’

n+1_ n on on n _ n

o Y T Uik WY ke UV ey

€= "7+ 2h + 2h +
n n n n n n _ n n

+pj+1k_pj71k A (Y kRuRU + U1 205U 1) 0
2h e h2 h? 0

n+1__..n n _ n on on

~ _ Vik Vi | Wikt Wilak | Vi1 — VS ik

€3 ="+ 2h + 2h +
n n n n n n n n
p'k+1_p'k_1 1 vj+1k_2ij+Vj—1k V/‘k+1_2ij+V/'k—1 _
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S-inconsistency

F = {0y 0 &4,0, 0 &, 83,84}, in contrast to F, is not Grobner basis. The
difference consequence q := NF(sy 2, F1) # 0 of where s; » is the
S—polynomial associated with ¢, o & and o, o &. Furthermore,

qeq:= u)2(x+ V§y+pxx+pyy7
and q = 0 is not a consequence of the Navier-Stokes equations.
@ One way to check it is to compute d :=dprem ;(q, F1)
d =gz (Ufy + viy — 2uyvx — 2V7) + & (Uvylyy — VUyUyy — Urlyy — PxUyy) +
2 (VUtUy — UlUiVy + VUyPx — UVyPx — UWVy Uy + UiPx) + UZ + P53 + V2L + UP V2.
@ Another way is to substitute the exact solution of the Navier-Stokes
system (Kim, Moin’85)
u = —exp(—2t) cos(x) sin(y)
v = exp(—2t) sin(x) cos(y)
p = —exp(—4t)(cos(2x) + cos(2y))/4
into g. The result is nonzero.

Hence, the FDA F; is s-inconsistent.
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Implementation in Maple of Grobner Bases (GB) /
Janet Bases (JB) / Decomposition

Software Differential Difference Comment
systems systems
Groebner Linear GB Linear GB Built-in
diffalg GB/Decomposition - Built-in
Rif GB/Decomposition - Built-in
Epsilon ODE/Decomposition - Package
JanetOre Linear JB — Package
Janet Liner GB/JB - Package
LDA — Linear GB/JB Maple
Differential-
Thomas- JB/Decomposition - Package
Decomposition
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Conclusions

@ For FDA to systems of PDEs we introduced notion of s-consistency.

@ Together with stability, consistency may provide convergence, if PDEs
admit well-posedness of Cauchy problem.

@ Completion of a PDE system to involution or (generally) its Thomas
decomposition provides a tool for verification of well-posedness and
s-consistency.

@ S-consistency of a FDA to a linear PDE system admits full algorithmic
verification and there is software for doing that.

@ Construction of nonlinear difference Grébner bases (GB) allows to verify
s-consistency algorithmically.

@ For FDA to nonlinear PDE systems computation of GB may be very hard
or impossible (infinite SB). In this case it is useful to analyze
intermediate polynomials in subalgorithm StandardBasis in the limit
|h| — 0 as the necessary conditions of s-consistency.

@ At present there are several software packages for constructing linear
difference GB and none for nonlinear bases.
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