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Chemical kinetics equations



Chemical kinetics equations

𝑁𝐴
𝑎 𝑋𝑎

𝑘+
𝐴

⇄
𝑘−

𝐴

𝑀𝐴
𝑎 𝑋𝑎

𝐴 = 1, 𝑚, 𝑎 = 1, 𝑛, 𝑀𝐴
𝑎 , 𝑁𝐴

𝑎 – the number of components of type 𝑋𝑎 in the left and right
sides, respectively.
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Reaction rates

𝑠+
𝐴 = 𝑘+ ∏

𝑎
𝑥𝑎𝑁𝑎

𝑠−
𝐴 = 𝑘− ∏

𝑎
𝑥𝑎𝑀𝑎

𝑥𝑎 – the substance concentration 𝑋𝑎
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Master equation

𝜕𝑡𝑝(x, 𝑡) = ∑
𝐴

[(𝑠−
𝐴(x + 𝑟𝐴)𝑃 (x + 𝑟𝐴, 𝑡) − 𝑠+

𝐴(x)𝑃 (x, 𝑡))+

+(𝑠+
𝐴(x − 𝑟𝐴)𝑃 (x − 𝑟𝐴, 𝑡) − 𝑠−

𝐴(x)𝑃 (𝑥, 𝑡))],

r𝐴 = M𝐴 − N𝐴

x = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇
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Kramers–Moyal expansion

𝜕𝑡𝑝(x, 𝑡) = ∑
𝐴

[∑
𝑗

((𝑟𝐴∇)𝑗

𝑗!
𝑠−

𝐴(x)𝑃 (x, 𝑡))+

+ ∑
𝑗

((−𝑟𝐴∇)𝑗

𝑗!
𝑠+

𝐴(x)𝑃 (x, 𝑡))].
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Fokker–Planck Equation

𝜕𝑡𝑝(x, 𝑡) = −𝜕𝑎[𝐴𝑎(x)𝑝(x, 𝑡)] + 1
2

𝜕𝑎𝜕𝑏[𝐵𝑎𝑏(x)𝑝(𝑋, 𝑡)], 𝑎 = 1, 𝑛, 𝑏 = 1, 𝑛,

where
𝐴𝑎(x) = 𝑟𝐴

𝑎 [𝑠+
𝐴(x) − 𝑠−

𝐴(x)],

𝐵𝑎𝑏(x) = 𝑟𝐴
𝑎 𝑟𝐴

𝑏 [𝑠+
𝐴(x) − 𝑠−

𝐴(x)].
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Langevin Equation

dx = a(x)d𝑡 + b(x)dW,

where W – n-dimensional Wiener process, the coefficient a corresponds to the coefficient A,
B = bb𝑇

Differential equation system:

dx
d𝑡

= 𝑟𝐴
𝑎 [𝑠+

𝐴(𝑥) − 𝑠−
𝐴(𝑥)].
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Malthusian growth model (simple exponential growth mode)

𝑋
𝑘1
→ 2𝑋

𝑋
𝑘2
→ 0

𝑟1 = 1, 𝑟2 = −1.

𝑠+
1 = 𝑘+

1 𝑥,

𝑠+
2 = 𝑘+

2 𝑥.
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Malthusian growth model (simple exponential growth mode)

𝐴(𝑥) = 𝑟1𝑠+
1 + 𝑟2𝑠+

2 = 𝑘+
1 𝑥 − 𝑘+

2 𝑥 = (𝑘1 − 𝑘2)𝑥

𝐵(𝑥) = 𝑟1(𝑟1)𝑠+
1 + 𝑟2(𝑟2)𝑠+

2 = (𝑘1 + 𝑘2)𝑥

d𝑥 = (𝑘1 − 𝑘2)𝑥d𝑡 + √(𝑘1 + 𝑘2)𝑥d𝑊
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Malthusian growth model (simple exponential growth mode)

Рис. 1: Malthusian growth model, where 𝑘1 = 5.0, 𝑘2 = 3.0 10/17



Verhulst’s logistic curve

𝑋
𝑘+

1
→2𝑋

𝑋 + 𝑋
𝑘+

2
→ 𝑋

𝑟1 = 1, 𝑟2 = −1

𝑠+
1 = 𝑘+

1 𝑥1,

𝑠+
2 = 𝑘+

2 𝑥2,
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Verhulst’s logistic curve

𝐴(𝑥) = 𝑟1𝑠+
1 + 𝑟2𝑠+

2 = 𝑘+
1 𝑥 − 𝑘+

2 𝑥2

𝐵(𝑥) = 𝑟1(𝑟1)𝑇𝑠+
1 + 𝑟2(𝑟2)𝑇𝑠+

2 = 𝑘+
1 𝑥 + 𝑘+

2 𝑥2

d𝑥 = (𝑘+
1 𝑥 − 𝑘+

2 𝑥2)d𝑡 + √(𝑘+
1 𝑥 − 𝑘+

2 𝑥2)d𝑊
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Verhulst’s logistic curve

Рис. 2: Verhulst’s logistic curve, where 𝑘1 = 5.0, 𝑘2 = 3.0 13/17



Lotka–Volterra model (predator–prey system)

𝑋
𝑘+

1
→ 2𝑋

𝑋 + 𝑌
𝑘+

2
→2𝑌

𝑌
𝑘+

3
→ 0

𝑟1 = (1, 0)𝑇, 𝑟2 = (−1, 1)𝑇, 𝑟3 = (0, −1)𝑇

𝑠+
1 = 𝑘+

1 𝑥,
𝑠+

2 = 𝑘+
2 𝑥𝑦,

𝑠+
3 = 𝑘+

3 𝑦,
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Lotka–Volterra model (predator–prey system)

𝐴(𝑥, 𝑦) = 𝑟1𝑠+
1 + 𝑟2𝑠+

2 + 𝑟3𝑠+
3 = (𝑘+

1 𝑥 − 𝑘+
2 𝑥𝑦

𝑘+
2 𝑥𝑦 − 𝑘+

3 𝑦
)

𝐵(𝑥, 𝑦) = 𝑟1(𝑟1)𝑇𝑠+
1 + 𝑟2(𝑟2)𝑇𝑠+

2 + 𝑟3(𝑟3)𝑇𝑠+
3 = (𝑘+

1 𝑥 + 𝑘+
2 𝑥𝑦 −𝑘+

2 𝑥𝑦
−𝑘+

2 𝑥𝑦 𝑘+
2 𝑥𝑦 + 𝑘+

3 𝑦
)

d (𝑥
𝑦
) = (𝑘+

1 𝑥 − 𝑘+
2 𝑥𝑦

𝑘+
2 𝑥𝑦 − 𝑘+

3 𝑦
) dt + 𝑏(𝑥, 𝑦)d (𝑊1

𝑊2
)

15/17



Lotka–Volterra model (predator–prey system)

Рис. 3: Lotka–Volterra model, where
𝑘1 = 5.0, 𝑘2 = 3.0, 𝑘3 = 2.0

Рис. 4: Lotka–Volterra model, where
𝑘1 = 5.0, 𝑘2 = 3.0, 𝑘3 = 2.0
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Advantages of the Catalyst.jl library

• Catalyst.jl excels BioNetGen, COPASI, GillesPy2, Matlab and SimBiology in terms of
performance.

• Simple and straightforward reaction notation.
• Models can be converted to symbolic models of ODE, CDE and stochastic chemical kinetics
(jump processes).

• Non-integer reaction intensity coefficients are supported.

17/17


	Chemical kinetics equations

