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dp/dt = qr, dq/dt = —pr, dr/dt=—k’pq.

with first integrals

Prp=1, rP4k2p?=1.
Polynomial form
0= —dp/dt+qr, 0= —dg/dt—pr, 0= —dr/dt— k’pq.
Power series substitution
p=t1| po+>_ pitit |, g=t*2| qo+>_ qiti® |, r=t| o+ t!®

j=1 j=1 j=1

Transform the equations to expansions

[e.o] o0 o0
0=t [ ot > 2 |, 0=tP | g+ git!® |, 0=t | ho+>_ hjti% |.
=1 =1 =1
O=—a1pot™ ' +qorot? 34 -+
O0=—anqot® L —porot® T34 ...
O=—a3rt™ ' —k?poqot ™ 72+ - .-
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fr=min(a1—1, ap+a3), fo=min(az—1, a1+a3), f3=min(az—1, a1 +an)
fr1<ar—1, Ba<Lan—1, f3<az—1
f1<ar+as, Bo<Lar+as, Ba<Lar+an

Linear hull Cone hull Convex hull
Solution oy = ap =az = -1, 1 =0r =3 = -2
r=rot 14t A4
po=+ 1/k,
qo==*i/k, i’=—1.

p=pot tpit A4 g=qot gt TTA

0=(fo=po+qoro=0)t—2+(H=0)t2+A4 ...
0=(go=qo—poro=0)t"2+(g1=0)t T2+ ..,

Oz(hozro—k2p0q0:0)t*2+(r1:0)t*2+A+ s ==,
0 fi 1-A +i +i/k| [p1] |0 24
ol=||a|=| i 1-AFi/k| |q|=|0| | [t72F2|+---
0 hy Fik Fk 1-A| || |0 24

Determinant —(A—2)?(A+1)=0 if A=2. Then n=—k(ip1 + q1). With
integrals py=+(k2+1)/(6k), g1==i(1—2k?)/(6k), n==%i(k—2)/6.
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Euler-Poisson Equations

V.V. Golubev, Lectures on Integration of Equations Motion of a Heavy
Rigid Body near Fixed Point, Moscow: GITTL, 1953.

dp

A— B —
%

s
C% (A—
dn_,

t V2
cft = P73 —
W_q%

C)gr — Mg(zov2 — yo3),
A)rp — Mg(xov3 — 2071),

B)pg — Mg(yov1 — x072),

— q73,

rvi,

— P72,
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Parameters of Euler-Poisson Equations

where t - time, A, B, C - principal moments of inertia, which satisfy
triangle inequalities

A>0,B>0, C>0,
A+B>C, A+ C>B, B+C> A,

Mg - the body weight, xg, yo, 2o - coordinates of the center of gravity of
the rigid body in the body frame, p, q, r - projections of the angular
velocity vector onto the body frame axes, 71,72, y3 - direction cosines of
the vertical in the body frame.
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First Integrals of Euler-Poisson Equations

Ap? 4+ Bg® + Cr? — 2Mg(xom1 + yo2 + 2073) = h = const,
Apy1 + Bgya + Crys = | = const,
H+B+E=1

These are energy, momentum and geometry integrals.
We take a system of units where Mg = 1.
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Powers and Coefficients of minimal power Terms

Ssubstitute terms pot_l, q()t_l, r()t_l, ’)/1701'_2, ’YZQI'_Z, 73,01‘_2 to
Euler-Poisson system

0= (fo=Apo+ (B— C)goro — 20720 + Yoy30 =0)t 2 + ...,
0= (0= Bqo+ (C—Aporo — x073.0 + 20710 = O)t 2+ ...,
0=(ho="Cro+ (A- B)Pqu*)/o’YloJrXo’Yzo—O)t 2 -
0= (fa0 =2v1,0+ 0720 — G030 = 0)t >+ ...,

0 = (5,0 = 22,0 + Poy3,0 — fov1,0 = 0)t~ 3 5

0 = (f5,0 =273,0 + goy1,0 — PoY2,0 = 0)t~ 3
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Powers and Coefficients of minimal power Terms

Substitute terms
Pzt_l(Po+P1tA+---) q:t_l(qo+q1tA+---> r:t_l(ro—i—rltA—i—---),

’71=t_2+77(710+71 184 ) n=t 2+n(72°+721t + ) 73:t_2+77(73’0'
n>0

= (fio = Apo + (B— C)qoro = 0)t % — (20720 — Yoy30)t 21"+ ...,
= (f0 = Bgo+ (C— A)poro = 0)t2 — (X730 — Zoy1,0)t 2T+ ...,
0= (f0=Cro+(A— B)pogo = 0)t > — (yoy1,0 — X0720)t "+ ...,
0= (fa0 = (2—n)v1,0+ r720 — Goy30 = 0)t3F7 + ...,
0=(fs0=(2—n)y20+ Poy30 — 0710 = 0)t 3T+ ..,
0= (f50=(2—n)30+ Gor1,0 — Poy2,0 = O)t 3H7 + ...
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Powers and Coefficients of minimal power Terms

_ iWEBC _ _VAC _ iVAB
= JA—B)(A-C) ™™ J(A—B)(B-0) " J(B—C)(A-C)’
:i'Yl,O B(A—C) :’}/170 C(A—B)

2,0 AB-C) 73,0 AB—C) n=
Determinant 0=ABC(A—2)3(A—1)A(A +1)
~ —i(yo\/AB(B — C)(C — A) — xA(C — B)
B VAC(B—A)(B - )
—X0 A(B — C)
B(C — A)
Gess-Appelrot, condition.

Forzp =0 yp =
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Powers and Coefficients of minimal power Terms

Substitute terms
Pzt_l(Po+P1tA+ = ) ,q:t_l(qo+q1tA+ : ) ,r:t_l(ro+r1tA+ . )

y=t"2 (7170—1—7171 tht . ) ,Yo=t2 (72,0-1-72,1 th4 - ) ,y3=t— 2t (73,0+’Y3,1
n>0

0=(fio=Apo+ (A— C)goro =0)t"2 + yoy30t 2" +...,

0= (f0=Aq + (C—A)poro = 0)t % — xoy30t >+ ...,

0= (f0 = Cro — (yoy1,0 — X072,0) = 0)t 2+ ...,

0= (fao =271,0 + rov2,0 = 0)t 73 — qoy3 ot >+ ...,

0= (f50 =2720— rov1,0 = 0)t > + poyzot > +...,

0= (f6.0 = qoy1,0 — Poy20 = 0)t >+ (2 — n)yaot 3T+ ....
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Powers and Coefficients of minimal power Terms

—A —iA

— ipo, o = 20, Y10 = - oo = - C=A)2.
qo = ipo, ro 71,0 PP V2,0 o T % /

Determinant (A3(A — 4)(A —3)(A - 2)(A — 1)A(A +1))/2
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Powers and Coefficients of minimal power Terms

Substitute terms |
p=t U (potpythr ) g=t 1 (qotqutt ) r=t T (ot

Y1=t"2 (71,o+71,1tA+"') 2=t (72 0+721t0 - ) =t 2+3u<73’0+73‘
O<uxl

(ﬂ,o = (1 - 3H)Ap0 + (B - C)qOrO = 0)t72+3p« +...,

(fo0 = (1= 3p)Bgo + (C — A)poro — xoy3,0 = 0)t 273 + .,
(o= Cro +x0720 = 0)t 2 + (A~ B)pogqot 2" + ...,
(
(
(

fao = 2710 + fov2,0 = 0)t 3 — qoyz ot 3T + ...,
fs.0 = 272.0 — rov1.0 = 0)t ™3 4 poyz ot 3O ..
fo.0 = (2= 3u)v3,0 + Goy1,0 — Poy2,0 = 0)E 313K + .

0
0
0
0
0
0
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Powers and Coefficients of minimal power Terms

_ 4c(C-B) 2@l
“3Bu(3u-1)+2(C—B)’ P 3Bu(3u-1)12(C-B)’ °~ "
2C 2iC 2iC(3Bu—2(C+B))po

71,0:_707 72,0:_70' ,73,0: (38/,6(3/,6—1)+2(C_B))X0 )

Detegminant

4BC*(C—B)(A—-4)(A—2)A(A+1)(3u+A-3)(6u+A—1) A<611, A=6p1
3Bu(3u—1)+2(C—B)

A=1 p=1/6, A=16C(C — B)/(8C — 9B) Goraychev case

A=2/3 u=1/9, A=18C(C — B)/(9C — 10B) N.Kowalewski case
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