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Lotka-Volterra Equations

V.I. Arnold, Ordinary Differential Equations, Springer-Verlag, 1992.

d
g); = kx — axy,
Yy
— = bxy.
o ly + bxy
where t - independent variable, x, y - dependent variables, k,a,/, b > 0

- parameters.
The first integral is:

yke—ayX/e—bx =C
Rewrite equations in polynomial form

d
——);—i—kx—axy:O,
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Power Series Substitution

We find solutions of Lotka-Volterra system in form of Puiseux series
with finite nonzero principal part

x(t) = t"(xo + Y72 xt12),
y(t) =t (yo + 72, y;t#2),

where coefficients xg, yp # 0, powers uy, up < 0 - rational, A > 0 -
rational.

After substitution of series to source equations they are transformed to
series

tvl(CLo + Z_,oio C1JtJ:A) =0,
t2(c20 + Zj‘io CthJA) =0,
coefficients xp, xj, yo, yj are solutions of equations c1 0(xp, y0) = 0,

c1,j(x5,¥) =0, c20(x0, ¥0) =0, c2j(xj,y;) = 0. Powers vy, v» we consider
later.
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Powers and Coefficients of minimal power Terms

At first we substitute terms xot“!, ygt*? to Lotka-Volterra system and
every monomial of source equations is transformed to power function.
Power of that function is the power of the source monomial

-1
—upxptt ™! + kxt — axgypt T2,
—upypt2 ™! — lyot”2 + bxoypttt T2,

Different sets of power functions with minimal power
vi = min(u; — 1, u1, 03 + w2), vo = min(up — 1, up, u3 + up) corresponds
to different wuq, upy values.
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Newton Polyhedron and Normal Cones

qdo, Uo

U(Q(dzx/dt),Q(zy))

U(Q(z),Q(zy))
U(Q(zy))

U(Q()) 0 Q(zy)=(0,1,1)
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System of Inequal

Conditions for variables u;, vj, i = 1,2 we can write in form of weak and
strict inequalities

1) -1+wu>2wv 4) —14+wm>w
2) up > v 5) u > v
3) up+u > vy 6) up+u>w

7) u <0
8) up <0

and assign a unique number for each inequality. By power geometry
terminology of A.D. Bruno vectors of constants and coefficients of
variables u; in left side of inequalities are vectorial power exponents of
monomials and nequalities 7),8) are task cone.
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Powers and Coefficients of minimal power Terms

To find solutions for these inequalities we rewrite ones in homogenious
form

1) —14+u1—-—wv >0 4) —14+wm—w>0
2) U1—V120 5) U2—V220
3) i+uw—vi>0 6) u1+uw—vwv>0

7) nu<o0
8) up <0

Then we introduce a vector of projective coordinates U = (o, 1, U,
1, n), where i = u1ily, ip = upllp, 1 = v1lp, V» = wailp and

vector 0 = (0,0,0,0,0).
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Powers and Coefficients of minimal power Terms

Then we introduce matrix @ of coefficients of homogeneous inequalities
and write inequalities in matrix form

-1 0 0 -1 0 O 0 01

1 1 1 0 0o 1 -1 00

UQ <0, where Q= 0 0 1 1 1 1 0 -1 0
-1 -1 -1 0 0 O 0 0O

o 0o o0 -1 -1 -1 0 0O

Columns of matrix @ coincide with inequalities. Appended column is
condition 0y < 0 for reverse inequality sign. The first row of the
matrix Q is constants in the left side of inequalities. Next two rows are
coefficients of variables vy, up. Next two rows are coefficients of
variables vi, vo.
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Linear, Convex and Cone Hulls

Lunear Hull of vectors set

erll VjUjv ijzl Vi = 1

Convex Hull of vectors set

Yl Xawi=1, pi>0

Cone Hull of vectors set

>itiniy, np>0
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X()t_2 + kxpt - axoyot_2,
Yot~ — Iyt ' 4 bxoyot 2.
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(14 )Xot =277 + koot 17 — axgypt T,

pyot = lygt 1 4 bxgypt IR,
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(1 — pa)xot ™2 4 Joxgt =111 — axgypt—2THtre
(1-— uz)yot_2+“2 — lypt~YH2 4 bxgypt 24pntp2
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Powers and Coefficients of minimal power Terms

For solution (—1,1,1,2,2) powers uy = up =1/ —1=—1 and
vi = vp =2/ — 1= —2. For these values u;, v;

—(—1)X0t_1_1 — axoyot_l = Xo(]. - ayo)t_2 =0=y = 1/3,
—(—Dyot 1+ bxoyot = yo(1+ bxg)t 2 =0=x9 = —1/b
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Next Terms

To calculate next terms we substitute to source equations first two
terms of the solution expansion with already calculated powers and
coefficients

and reduce similar terms. In result

(a}/l/b — XlA)t_2+A _ kt_l/b 4 let_1+A . alelt_2+2A,
(le/a — ylA)t—2+A _ /t‘l/a _ /ylt—l-i-A + bX1y1t_2+2A,

Powers =2+ A < =2+ 2A and —1 < —1 4+ A, so we consider terms
with powers —2 + A and —1 only.
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Next Terms

If 0 < A < 1 then coefficients xj, y; are solutions of the homogenious
linear algebraic equations system

A+ (3/Br =0
(b/a)xl - A)/1 = 07

but this system doesn’t have solutions if A # +£1.
If A =1 then coefficients xj, y; are solutions of the linear algebraic
equations system

—x1 + (a/b)yr — k/b =0,
(b/a)x1 —y1 —1/a=0,

This system has solution y; = (bxy — /)/a, where xy is arbitrary
coefficient, with condition k = —/ that contradict to condition k,/ > 0.
Condition k = —/ we call expandability condition into Puiseux series.
Solution of Lotka-Volterra system is expandable to Puiseux series with
not allowed conditions for parameters.
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Chasy Equation

u(u—1)(u—2)yot" =3 + u(u + 2)ygt2u—2
Yy =y0/t? =6/t+ys, y2=0
y=-6/t+y/t?+y2/t’, y,=0

y=-6/t+y;, y1=0

A.B. Aranson aboar@yandex.ru Computer Algebra Seminar



Euler-Poisson Equations

V.V. Golubev, Lectures on Integration of Equations Motion of a Heavy
Rigid Body near Fixed Point, Moscow: GITTL, 1953.

dp

A— B —
%

s
C% (A—
dn_,

t V2
cft = P73 —
W_q%

C)gr — Mg(zov2 — yo3),
A)rp — Mg(xov3 — 2071),

B)pg — Mg(yov1 — x072),

— q73,

rvi,

— P72,
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Parameters of Euler-Poisson Equations

where t - time, A, B, C - principal moments of inertia, which satisfy
triangle inequalities

A>0,B>0, C>0,
A+B>C, A+ C>B, B+C> A,

Mg - the body weight, xg, yo, 2o - coordinates of the center of gravity of
the rigid body in the body frame, p, q, r - projections of the angular
velocity vector onto the body frame axes, 71,72, y3 - direction cosines of
the vertical in the body frame.
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First Integrals of Euler-Poisson Equations

Ap? 4+ Bg® + Cr? — 2Mg(xom1 + yo2 + 2073) = h = const,
Apy1 + Bgya + Crys = | = const,
H+B+E=1

These are energy, momentum and geometry integrals.
We take a system of units where Mg = 1.
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Known Solutions

X0 = Yo = zo = 0 Euler,

xp = yo = 0, A = B Lagrange,

yo=20=0, A= B =2C S.Kowalevski,

Yo=20=0, A=2C, A< B < 3A Bobylev-Steklov,

yo=120=0, (A—2B)(A—2C) < 0 Steklov,

yo=20=0, A=16C(C — B)/(8C — 9B) Goryachev,

yo =20 =0, B=4A(2C — A)/(17C — 8A) Konosevich-Pozdnyakovich,

yo=20=0, A=18C(C — B)/(9C — 10B) N.Kowalevski, Dokshevich,

yo=120=0, C =9A(2B — A)/(2(16B — 9A)) Chaplygin,

Yo =20 =0, A= B = 4C Goryachev-Chaplygin,

yo =0, x0/A(B— C) = z9./C(A— B), A> B > C Hess-Appelrot,

Dokchevich,

720 =0, p(t) = q(t) = ~3(t) = 0 Mlodzievskii,

v=0 xvB—-C=2zvA—-B, A> B> C Grioly
I.N. Gashenenko, G.V. Gorr, A.M. Kovalev, Classical Problems of the
Dynamics of a Rigid Body, Kiev, Naukova Dumka, 2012.
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Power Subs

We find solutions of Euler-Poisson system in form of Puiseux series
with finite nonzero principal part

p(t) = t“l(po+EJ 1 Pi),

q(t) = 2(qo+Z, L qtR),

r(t) = t"(ro + X732 f.:fJA)
7(t) = t%(y1.0 + 221 115t4),
Y2(t) =t (72,0 + 2272 172utj ),
v3(t) = t

(730_{—2_/ 173,_] )7

where coefficients po, qo, 10, 71,0, 72,0, 73,0 7 0, powers
uy, Up, U3, Ug, Us, Ug < 0 - rational, A > 0 - rational

A.B. Aranson ab ndex.ru
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Powers and Coefficients of minimal power Terms

Ssubstitute terms pot"“t, qot“?, rot“3, y1,0t", ¥2,0t", ¥3,0t" to
Euler-Poisson system

—Aurpot=t + (B — C)qorot“2™ + ygy3 0t — zg7y2,0t,
—Buyqot2™! + (C — A)porot“ s + zoy1 ot — xp7y3,0t,
—Cuzrgt“~! + (A= B)poqot“* 7% + xg72,0t% — yoy1,0t™,

—uay1,0t" T 4 o0t — qoysott2 e,

—usY2,0t "L + poy3 ot U — gy gttt

—Ugy3,0t" 1 + goy1,0t Y2 T — poryp ottt s,

Apgtzul + qu 24 4 Crg t2us 2X0’yl’0 th — 2y0’)/270tu5 — 220’)/3701'”6 — hto,
Apoy1,0t“ T + Bgoya,ot2 U + CroysotsTue — [t0,
7%,0t2u4 + ’Y%,otzu‘r’ + ”Y§,0t2u6 — 1t0.
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S.Kowalevski case

20207 X07.y07507 BZA;

m=wm=wm=—1wm=u=-2,u6=-2+4+nn>0
vi=w=w==2 vu=wm=V=-3,w=-2 vg=-3 vw=—4

Apo + (A— C)goro = 0,
Aqo + (C — A)poro = 0,
Cro + x072,0 — Yoy1,0 = 0,
2710 + rov2,0 =0,
292,0 — rov1,0 = 0,
qov1,0 — PoY2,0 = 0,
Ap2 + Bg3 + Cré — 2x071.0 — 2Y0Y2,0 = O,
Apoy1,0 + Bgoy2,0 = 0,
"o +730=0.
Solution

A=2C, rg=2i,qo=poi, 71,0 =—2C/(x0 + yoi), 72,0 = —2Ci/(x0 + yoi)
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Goryachev-Chaplygin case

Yo=20=0,x #0, B=A,

up=up=-1-m,u3=-1up=us=—-2,us =—=2+n1+n2,1n,72 >0
Vi=w=—-2-—m,w3=—-2v4=Vv5=—-3, Vg =—3—1n1,
vi=-21-m), s=-3—m, vo=—4

Apo + (A — C)qoro =0,
Aqo + (C — A)poro = 0,
Cro + x072,0 = 0,
271,0 + roy2,0 = 0,
2720 — roy1,0 = 0,
qov1,0 — PoY2,0 = 0,
Apj + Bgg =0,
Apoy1,0 + Bgoy2,0 = 0,
o+ 50 =0
Solution A =2C/(1—m1), ro = 2i, o = poi, 71,0 = —2C/xo,
Y20 =—2Ci/xo, 1 =1/2, 2 =1
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vi=—-2, vp=-3, vg=-2
V2:_27 Vg = —3, Vg = —9,
vi=—-2, vo=-3, vg=—4

d=4/k, k=1,2,...

k=2,d=2,(A-2B)(A—2C) < 0 — Steklov Solution

k>2d<2 B=AA-2C)/((d(d —1)—4)C +2A)

k=3,d=4/3, C=9A(12B— A)/(2(16B — 9A)) — Chaplygin Solution
k=8,d=1/2, B=4A(2C - A)/(17C —8A) -
Konosevich-Pozdnyakovich Solution
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U=(2—-3u,2—-3p,—-1,—-2,-2,1—-3u), o =20=0

v =2—-3u, up=2—-3u, u3=—1, us = -2, us = =2, ug =1 — 3,
2/3<pu<l.

vi=1-3u, wv=-2, v=-=-2
vw=1-3u, w=-2, vg=-—-3u,
vz = —2, ve = —3u, v = —4,

d=4/k, k=1,2,...

A=16C(C - B)/((d(d —2)—-8)B+8C()

k=4,d=1u=5/6, A=16C(C — B)/(8C —9B) — Goryachev

Solution
k=6,d=2/3, ©n=28/9, A=18C(C — B)/(9C — 10B) — N.Kowalevski

Solution
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ansibility

20207)(07}/0#078:’4
ZOZOaX07y07é07CZB
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