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x'(t) = ax(t) + b

t=0.0,0.1,0.2,0.3

y(t)

1.2,2.6,1.2,5.8
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Challenge: what are y’(0) and y”(0)?
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X1 — KoX1X2

Xy = —K3Xp + KgX1X0 ' )
® X1 - prey

e X, - predators

Which of the parameters can we find from x;(t)?
Can be checked using software:

Yes: kl, k3, k4

No: k2
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Example - modified

X1 = X1 — X1 X2

/
Xy = —KoXp + K3X1X0
® X1 - prey

e xp - predators

We can now in principle find all parameters
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Using software in Julia

using ParameterEstimation
using ModelingToolkit

# Input:

# -- Differential model

@parameters mu

@variables t x(t) y(t)

D = Differential(t)

@named Sigma = ODESystem([D(x) ~ -mu * x],
t, [x], [mul])

outs = [y ~ x™2 + x]

# -- Data

data = Dict(
"t => [0.000, 0.333, 0.666, 1.000],
x~2 + x => [2.000, 1.563, 1.229, 0.974])

# Run
res = estimate(Sigma, outs, data);
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Using software in Julia

using ParameterEstimation
using ModelingToolkit

# Input:

# -- Differential model

@parameters mu

@variables t x(t) y(t)

D = Differential(t)

@named Sigma = ODESystem([D(x) ~ -mu * x],
t, [x], [mul])

outs = [y ~ x™2 + x]

# -- Data

data = Dict(
"t => [0.000, 0.333, 0.666, 1.000],
x~2 + x => [2.000, 1.563, 1.229, 0.974])

# Run
res = estimate(Sigma, outs, data);

The software returns this result:

# Output:
Parameter(s) :mu = 0.499
Initial Condition(s): x(t) = 1.000
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Mean of Relative Errors in %

Software IQM SciML AMIGO2 Parameter
Estimation.jl
Search Range (0,01 1 [02] | [03] | [0,1] [ [0,2] [ [0,3] [ [0,1] | [0,2] | [0,3] Any
Harmonic, eq. (2) 66.3 68.7 | 101.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Van der Pol, eq. (4) 7.5 0.0 9.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0
FitzHugh-Nagumo, eq. (6) 824 | 131.1 | 210.3 8.3 15.9 20.4 0.0 0.0 0.2 0.0
» | HIV, eq. (8) 85.6 | 1042 | 1447 | 1438 369 | 1029 | 185 432 | 284 0.0
g | Mammillary 3, eq. (10) 76.1 | 1043 | 1282 | 119 21.5 247 0.0 0.0 0.0 0.0
§ Lotka-Volterra, eq. (12) 722 75.4 75.4 | 547 769 | T11.7 | 13.6 | 112.6 | 29.7 0.0
Crauste, eq. (14) 99.6 | 1252 | 179.7 | 47.3 729 | 2264 2.6 | 1057 | 517 0.0
Biohydrogenation, eq. (16) 9377 [ 1840 [ 1303 | 77.7 | 1I51.1 | 306.6 | 17.8 135 | 283 0.0
Mammillary 4, eq. (18) 94.1 | 109.6 | 1053 | 66.2 67.7 | 1188 | 29.8 5677 | 59.0 0.1
SEIR, eq. (20) 1323 | 230.8 | 3389 | 184 60.6 | I18.1 | 259 40.7 | 50.8 0.0
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HIV infection dynamics during interaction with immune system
in various treatments.
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HIV infection dynamics during interaction with immune system
in various treatments.

( .

X=A—dx—[(xv
y=00xv—ay
v=ky—uv

W=cxXyw—cqyw—bw

(z=cqyw—hz

in=w, =2z
3=X, Ya=y+v



What can be proven?

Input:
Model: x = —px Output:
. _ N, - - N
y = Farx 1= 0.499, x(0) = 1.000
Data: {(0.000, 2.000), (0.333,1.563) ,
(0.666, 1.229) , (1.000, 0.974) } 6) Select
1) Find # of parameter values
Errors:
[ # of parameter values = 1 ] S = 6.87-107%,
=2
2) Differentiate S5 = 2.22-10
Differentiated system 5) Compute errors
2
y=xiax Solutions:
Y =2xx" + X'
= 0.499 pn =0.249
P s _lwn oo
Y =2(d + 0 + x . {xo —1.000 "7 x = —2.000

X' = —px
X' = —px’ 3) Use the data 4) Find all solutions
N

Numerical polynomial system:

2.00 ~ x§ + xo
—1.50 ~ 2x1x0 + x1
1222 (X12 aF X0X2> + x2
X1 = —[iXp

X2 = —pX1
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Challenges and Future Steps

e Proofs
e Improve quality of derivative estimates
e Decrease dependence on higher derivatives

e Noise
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