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Input:

Model:

(
x 0 = �µx

y = x2 + x

Data:
{(0.000, 2.000) , (0.333, 1.563) ,
(0.666, 1.229) , (1.000, 0.974)}

# of parameter values = 1

Di↵erentiated system

y = x2 + x

y 0 = 2xx 0 + x 0

y 00 = 2 (x 0x 0 + xx 00) + x 00

x 0 = �µx

x 00 = �µx 0

Numerical polynomial system:

2.00 ⇡ x20 + x0

�1.50 ⇡ 2x1x0 + x1

1.22 ⇡ 2
�
x21 + x0x2

�
+ x2

x1 = �µx0

x2 = �µx1

Solutions:

S1 =

(
µ = 0.499

x0 = 1.000
, S2 =

(
µ = 0.249

x0 = �2.000

Errors:

S1 ) 6.87 · 10�4,

S2 ) 2.22 · 10�2

Output:

µ = 0.499, x(0) = 1.000

1) Find # of parameter values

2) Di↵erentiate
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Performance

Model SciML IQM AMIGO2
Parameter

Estimation.jl

Search Range (params. & init. cond.) [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] Not needed

Harmonic Oscillator 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Fitzhugh-Nagumo 0.0 0.0 0.0 4.8 4.8 4.8 0.0 0.0 0.0 0.0

Lotka-Volterra 28.1 77.5 85.6 11.0 11.0 11.0 0.0 0.0 6.4 0.3

HIV Dynamics 21.7 74.3 1233.2 18.2 18.2 18.2 0.0 14.4 82.8 0.0

Crauste 46.0 81.3 27.33 16.7 23.3 23.3 35.6 39.8 47.7 0.1

Linear 3-Compartment 1 1.2 11.4 20.2 15.4 14.7 14.8 15.8 37.7 25.0 0.0

Linear 3-Compartment 2 80.5 210.9 146.6 10.8 10.8 10.8 191.9 108.0 168.6 4.2



5

Median of Relative Errors in %

Software IQM SciML AMIGO2 Parameter
Estimation.jl

Search Range [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] Any
Harmonic, eq. (2) 64.2 63.0 65.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Van der Pol, eq. (4) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
FitzHugh-Nagumo, eq. (6) 68.8 139.2 159.7 0.6 0.2 0.3 0.0 0.0 0.0 0.0
HIV, eq. (8) 75.5 89.7 133.8 2.0 7.9 57.8 0.0 0.0 0.0 0.0
Mammillary 3, eq. (10) 74.3 88.1 85.6 5.6 12.8 11.8 0.0 0.0 0.0 0.0
Lotka-Volterra, eq. (12) 71.7 76.5 76.5 22.1 55.0 75.6 0.0 0.0 1.0 0.0
Crauste, eq. (14) 85.3 109.3 139.8 26.5 67.2 144.8 0.0 77.6 24.5 0.0
Biohydrogenation, eq. (16) 81.2 113.4 78.9 53.9 110.6 284.6 0.0 0.0 22.2 0.0
Mammillary 4, eq. (18) 76.0 88.4 105.1 46.9 61.1 97.1 0.0 53.8 51.9 0.0

M
od

el
s

SEIR, eq. (20) 101.7 173.0 258.1 17.1 49.6 105.4 17.9 19.8 30.8 0.0

Mean of Relative Errors in %

Software IQM SciML AMIGO2 Parameter
Estimation.jl

Search Range [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] [0,1] [0,2] [0,3] Any
Harmonic, eq. (2) 66.3 68.7 101.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Van der Pol, eq. (4) 7.5 0.0 9.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0
FitzHugh-Nagumo, eq. (6) 82.4 131.1 210.3 8.3 15.9 20.4 0.0 0.0 0.2 0.0
HIV, eq. (8) 85.6 104.2 144.7 14.8 36.9 102.9 18.5 43.2 28.4 0.0
Mammillary 3, eq. (10) 76.1 104.3 128.2 11.9 21.5 24.7 0.0 0.0 0.0 0.0
Lotka-Volterra, eq. (12) 72.2 75.4 75.4 54.7 76.9 111.7 13.6 112.6 29.7 0.0
Crauste, eq. (14) 99.6 125.2 179.7 47.3 72.9 226.4 2.6 105.7 51.7 0.0
Biohydrogenation, eq. (16) 93.7 184.0 130.3 77.7 151.1 306.6 17.8 13.5 28.3 0.0
Mammillary 4, eq. (18) 94.1 109.6 105.3 66.2 67.7 118.8 29.8 56.7 59.0 0.1

M
od

el
s

SEIR, eq. (20) 132.3 230.8 338.9 18.4 60.6 118.1 25.9 40.7 50.8 0.0

TABLE I: The above two tables show the median and the mean of the Root Mean Square Relative Errors (RMSRE) over 10
randomly generated data sets. For the details on how the data sets are generated and how the errors are computed, see
Subsections V-B, V-C and V-D. The last three models are grouped separately from the rest to indicate that the model has
parameters that are only locally identifiable.

by choosing sufficient bounds/tolerances and population
points, though not all of these values are typically known
in advance.

• ParameterEstimation.jl (this work)
We could not run the following software packages:
Data2Dynamics [4], COPASI [14], and IQR1/IQDesktop2

because of technical difficulties in installation.

B. Settings used for Software Packages
We note that the first three programs (IQM, SciML,

AMIGO2) require search ranges or initial guesses for the
parameters and initial conditions or certain additional hyperpa-
rameters to be specified by the user that pertain specifically to
the optimization task performed by each program, for instance,
maximal # of iterations for gradient-based optimization, spe-
cific loss/error functions to be optimized. For benchmarking
purposes, we use the following settings:

• For IQM, we set the maximal number of function
evaluations at 200,000 and used a simplexIQM solver.

• For SciML, we set the number of function evaluation at
200,000 and set the learning rate at 0.01.

1https://iqrtools.intiquan.com/
2https://iqdesktop.intiquan.com/book/

• For AMIGO2, we set the maximal number of function
evaluations at 200,000, set the IVP solver integration
tolerances at 10�13 and set the solver tolerances to 10�13

and used a nonlinear least squares solver, which meets or
exceeds the settings suggested by Julio Banga3.

Due to the non-deterministic nature of choosing starting
points in the global optimization used by AMIGO2,
multiple runs with the same example and settings can
produce different estimates (possibly with larger or smaller
error). We only ran it once and reported the results.

Increasing the maximal number of function evaluations
and decreasing the tolerances may produce different results
than reported in this work.

• For ParameterEstimation.jl, default options were used for
most settings. The default polynomial solver is Homo-
topyContinuation.jl, with a tolerance of 10�12. Parameters
were constrained to be positive. The default setting is
to use a fixed set of interpolation schemes including
AAA, Floater-Hormann of orders (3,6,8), and Fourier
interpolation (though, for all of the models in this paper,
AAA interpolation alone is sufficient.)

3Private communication, May-June 2023
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ż = c q y w � h z
(
y1 = w , y2 = z

y3 = x , y4 = y + v

8



HIV model

HIV infection dynamics during interaction with immune system

in various treatments.
8
>>>>>>><

>>>>>>>:
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What can be proven?

Input:

Model:

(
x 0 = �µx

y = x2 + x

Data:
{(0.000, 2.000) , (0.333, 1.563) ,
(0.666, 1.229) , (1.000, 0.974)}

# of parameter values = 1

Di↵erentiated system

y = x2 + x

y 0 = 2xx 0 + x 0

y 00 = 2 (x 0x 0 + xx 00) + x 00

x 0 = �µx

x 00 = �µx 0

Numerical polynomial system:

2.00 ⇡ x20 + x0

�1.50 ⇡ 2x1x0 + x1

1.22 ⇡ 2
�
x21 + x0x2

�
+ x2

x1 = �µx0

x2 = �µx1

Solutions:

S1 =

(
µ = 0.499

x0 = 1.000
, S2 =

(
µ = 0.249

x0 = �2.000

Errors:

S1 ) 6.87 · 10�4,

S2 ) 2.22 · 10�2

Output:

µ = 0.499, x(0) = 1.000

1) Find # of parameter values

2) Di↵erentiate

3) Use the data 4) Find all solutions

5) Compute errors

6) Select

9



Challenges and Future Steps

• Proofs

• Improve quality of derivative estimates

• Decrease dependence on higher derivatives

• Noise
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