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Abstract

Consider a matrix A of size m x n over a field K with » = rank A and d =
min{m,n} —r > 0, which implies that the rank of A is not full. We demonstrate that
in such cases, it is possible to choose d elements from A such that, upon replacement
of their values with other values from K, yield a matrix A of full rank (when m = n,
A is nonsingular). We discuss as well the implications of this result for matrices with
truncated formal series as their elements.

Keywords: matrices over fields, full and incomplete rank matrices, formal power
series, formal Laurent series, truncated series

1. Introduction

Matrices are used in all areas of mathematics. The rank serves as an essential characteris-
tic of a matrix. If K is a field and m x n-matrix A over K (i.e. A € K™*"), r =rank A then
the situation of incomplete rank is possible, i.e. the situation in which d = min{m,n}—r > 0.
This is an obstacle to carrying out some transformations of the matrix A and performing
calculations related to A. The case of matrices with elements in the form of truncated series
is considered especially. The series themselves and matrices, whose elements are series, can
be given in a truncated form, when instead of each infinite series one of its initial segments
is specified. This can be viewed as an approximation of the data, or more generally, as
incomplete information about the original data.

2. Rank regulation

To prove Lemma 1 below, the notion of a basic minor of a matrix A will be important.
In [1] this notion is defined as follows: “The determinant of a submatrix C' of order k is
a basic minor if and only if it is nonzero and all submatrices of order k 4+ 1 which contain
C have zero determinant. The system of rows (columns) of a basic minor form a maximal

linearly independent subsystem of the system of all rows (columns) of the matrix.” (See
also [2].)

Lemma 1. Let K be a field, let m,n be positive integers, and let A € K™*™ be a matrix
with rank A < min{m,n}. Then

(i) replacing any one element of the matriz A by some other element belonging to K
cannot increase rank A by more than 1;

(7i) the matriz A contains at least one element such that its replacement by any element
belonging to the field K that is not equal to it increases rank A by 1.

Proof. (i) Assertion (i) is almost trivial. Nevertheless, we give for completeness its proof:
Let A = [a;;] and assume that replacement of some a;; by a;; € K increases the rank
of A by p > 1. Denote by A the matrix resulting from this substitution, and choose some
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basic minor of A includes the element a;j. The Laplace expansion of this minor along the
row containing a;;, is a sum of products, one of the factors in each of which is equal to
zero (up to the sign, that factor is equal to the determinant of a submatrix of A of order
rank A+ p—1 > rank A). Hence for p > 1, the minor under consideration cannot be a basic
one; thus p < 1.

(ii) Let B be a basic minor of the matrix A. Since rank A < n, the matrix A contains
a row and a column that are not related to the minor B; let them be the ¢-th row and the
J-th column of A. In A, replace the element a;; with some a;; # a,;, and append the i-th
row and the j-th column of the modified matrix A to the set of rows and columns related to
the minor B. The modified minor B is non-zero: up to a sign, its determinant equals

(CNLij - aij) det B7

which follows from the Laplace expansion of det B along the row containing a;j. Thus this
minor, whose order equals rank A + 1, is nonzero. By virtue of (i), this minor is basic
for A. O]

A matrix element, whose replacement increases the rank of the matrix, will be called a
rank-requlating element.
The following example shows that not every element is rank-regulating.

Example 1.

1
A =12
0
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It can be seen that, for example, the element az3 does not affect the rank, unlike, say, a3.

Proposition 1. Let K be a field, n > 1 and A € K™"™. Let rankA =r <n. Then in the
matriz A one can choose n — r such elements that their replacement by any elements of the
field K unequal to them will give a full rank matrix.

Proof. Consider some basic minor B of the matrix A and write out the numbers iy, ..., %,_,
of the rows and the numbers ji,..., j,_, of the columns not related to the minor B. By
using Lemma 1(ii) repeatedly, we see that the elements in the list

(ai17j17 st 7a/in—'r7jn—r) (1)
have the desired property. O

Of course, for n —r > 1 such a list will not be unique. For example, for any mapping ¢ of
the set {1,...,n —r} onto itself, the elements of ( s @iy join—ry) have the desired
property, too.

ailajg;(l)’ c.

Example 2. Consider the following 5 x 5-matrix over the field of rational numbers:

1 -1 2 3 4
2 1 -1 2 0
A=|-1 2 1 1 3]|. (2)
1 5 —8 —5 —12
3 -7 8 9 13

Its rank is 3, and a basic minor can be obtained, for example, by selecting rows and columns
with numbers 1, 3, 5. It is not hard to see that asy and a4y are rank-regulating elements of



A. Replacing them by zeros, we obtain a matrix A with det A =55, if instead we add 1 to
each of the initiMal (92, (44, then for the resulting matrix A we have det A = —11 (obviously,
rank A = rank A = 5).

Example 3. Consider a non-square matrix. Let A be the following 6 x 4-matrix over the
field of rational numbers:

Ot — W

(3)

— s = =N
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1 1 1
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Its rank is 3, and a basic minor can be obtained, for example, by selecting rows and
columns with numbers 1, 2, 3.

Thus any of a4 4,a54,a64 is a rank-regulating element of A. For example, replacing as 4
by 1 we obtain A of full rank: rank A = 4 = min{6,4}. A basic minor of A can be obtained,
for example, by selecting rows 1, 2, 3, 5 and all the matrix columns.

3. Matrices over truncated formal series

In this section, we consider the field K as the formal Laurent series field F'((z)) over a
field F. The field F((x)) is the quotient field of the formal power series ring F[[z]]. Let the
elements of the matrix A be polynomials, which are considered as truncated power series.
If det A = 0 then A has obviously a prolongation which is a singular matrix belonging to
F[[z]]™™: such a prolongation can be obtained by adding to each element of A an infinite
sequence of zero terms. On the other hand, using the recipe from Lemma 1 and Proposition 1,
we can construct a prolongation which gives a nonsingular matrix A. To do this, we can, for
example, add to each of the rank-regulating elements some terms that have degrees higher
(say, by 1) than the degrees of the elements of the matrix A.

Thus, the following proposition is valid:

Proposition 2. For an incomplete rank polynomial matric A = [a;;] € Flz|™", there
exists and can be constructed a polynomial full rank matriz A = [a;;] € Flz]™ " which is
a prolongation of A; wherein, if a;; = 0 then a;; = 0 or dega;; = 0, otherwise dega;; <
dega;; +1,i=1,...,m, j=1,...,n.

Example 4. A simple example is given by the following polynomial matrix over the field of
rational numbers:
1 =z
4= |:£E $2‘| '

Its rank is 1, and all its first-order minors are basic. Thus, the prolongation of any one of
its elements by a non-zero term of degree 1 for a1, of degree 2 for a5 or as, and of degree
3 for agy results in a matrix of rank 2. Take, for example, the element a;5 and add —z? to
it. This gives

R 2
A:{lx;c}
x T

with det A = 23.



Example 5. Consider the matrix (2) as truncated. Adding = to ass and —2x to asy we get

1 -1 2 3 4
2 1+z —1 2 0
A=|-1 2 1 1 3
1 5 —8 —5—2r —12
3 -7 8 9 13

with det A = 2222, rank A = 5.
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