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Abstract— Linear difference equations with polynomial coefficients depending on parameters are consid-
ered. It is proved that the problem of existence of numerical values of parameters for which the given equation
has a polynomial solution (alternatively, a solution given by a rational function) is undecidable (similar to the
undecidability of the same problem in the differential case proved by J.-A. Weil).
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1. INTRODUCTION

Currently, many undecidable problems in com-
puter algebra and related disciplines have become
known to the researchers. Some of them are related to
ordinary differential equations, especially, algebraic
differential equations of the form f(x, y', y", ..., ) =0,
where fis a polynomial with the coefficients from the
filed of rational numbers () (see, e.g., [1], which is
devoted to algorithmic decidability and undecidability
of differential equations of this kind and, in addition to
original results, contains an introductory survey of
publications on this subject). Linear differential equa-
tions with polynomial coefficients are a special case of
algebraic differential equations, and many problems
related to them seem simpler than those for general
algebraic—differential equations. Nevertheless, there
still exist undecidable problems related to these lin-
ear equations. The following unpublished result
related to linear differential equations with polyno-
mial coefficients depending on parameters was proved
by J.-A. Weil: there does not exist an algorithm that
allows one to learn whether there are numerical values
of parameters for which a given equation has a solution
given by a nonzero rational function. This result can
easily be extended to the case of polynomial solutions
of the differential equations under consideration,
which is discussed in Section 2. The basic result of the
paper is discussed in Section 3. It is shown that algo-
rithmic undecidability similar to that found by Weil
takes place for linear difference equations with poly-
nomial coefficients depending on parameters as well.
Note that algorithms for searching polynomial and
rational solutions to parameter-free equations with
polynomial coefficients are well known in computer
algebra. The pioneer algorithms of this kind can be
found in [2] (differential case) and [3, 4] (difference
case). In Section 4, a problem related to equations

63

with one parameter, which seems have not been solved
yet, is discussed.

The results of this paper were reported in brief
in [5].

2. DIFFERENTIAL EQUATION
WITH PARAMETERS

Sometimes, one faces equations (for example, dif-
ferential) containing parameters. Let operator L in
equation L(y) = 0 have the form

ro(x, 1, o t,)D°
7y 1 (X by ey £,) D L (1)
+ry(x, ty, ..., 1,),

where r, ry, ..., r, are polynomials of the specified vari-
ables, x is an independent variable, and ¢, #,, ..., t,, are
parameters.

There arises the following question: Is it possible to
find values of the parameters for which equation
L(y) = 0 has solutions of one or another form or, at
least, to learn whether such values exist. The following

1
result was obtained by J.-A. Weil.

Theorem 1. There does not exist an algorithm that,
Jfor an arbitrary operator L of form (1) with r(x, t,, t,, ...,
t,) € Qlx, 1,1, ...,1,],i=0, 1, ..., p, answers the ques-
tion of whether numerical values of parameters t,, t,, ...,
t,, exist for which equation L(y) = 0 has a solution that is
a nonzero rational function of x.

I'Weil did not publish this result. The proof (with reference to
Weil) was given in [6], where a number of special cases of the
problem of finding exact solutions to equations with parameters
were considered.
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Proof is based on the Matiyasevich theorem that
states that there does not exist an algorithm that, for an
arbitrary polynomial P(?,, t,, ..., t,,) with integer coef-
ficients, determines whether the equation P(z,, t,, ...,
t,,) = 0 has an integer solution [7, 8] (this theorem
yields solution (in the negative sense) to Hilbert’s
Tenth Problem). Let P(¢, t,, ..., t,,) be a polynomial
with integer coefficients. Then,

XP(t), by, ...\ 1)

F(x, t,t, ..., t,) =€

t 1 t (2)
x(x=1)'(x=2)"...(x=-m)"
is a rational function of x for some numerical values t,,
Ty, ..., T,, Of parameters #,, t,, ..., £, if and only if P(t,,
Ty ooy T,,) = 0 and 1y, 1y, ..., T, € Z. For any values of
the parameters, function F satisfies the equation
F

B, o,
y Fy

i.e., equation

3)
+P(tl: t27 ’tm))y = 07

which turns to an equation with polynomial coeffi-
cients if we multiply it by (x — 1)(x — 2)...(x — m).
Hence, if an algorithm A existed that answered the
question of existence of parameter values for which
equation L(y) = 0 with operator L of form (1) has a
rational solution, then this algorithm would make it
possible to learn whether equation P(¢#, t,, ..., t,,) =0
could be solved in integer numbers for a given P(¢,, 1,,
., t,) € /], t,, ..., t,]. To this end, it would be suffi-
cient to construct differential equation (3), represent it
as an equation with polynomial coefficients depending
ont,t, ..., t,, and to apply algorithm A to the differ-
ential equation obtained. This contradicts the Mati-
yasevich theorem. O

The result by Weil can easily be extended to the case
of polynomial solutions of the differential equations
discussed: there does not exist an algorithm that, for
an arbitrary operator L of form (1) with r(x, ¢, t,, ...,
t,) e Qlx,t,5,...,1,],i=0,1, ..., p, answers the ques-
tion of whether numerical values of parameters ¢,, #,,
..., 1, exist for which equation L(y) = 0 has a nonzero
polynomial solution. This assertion follows from the
fact that there does not exist an algorithm that, for an
arbitrary polynomial P(¢,, 1,, ..., t,)) with integer coef-
ficients, determines whether equation P(¢, t,, ..., £,,) =0
has a nonnegative integer solution (this fact, in turn,
follows from the Matiyasevich theorem, since equa-
tion P(¢, t,, ..., t,,) = 0 has an integer solution if and
only if equation

9um_Vm) = 07 (4)

Plu,— v, uy— vy, ...
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where u,, vy, Uy, v, ..., U, Vv, are unknowns, has a
nonnegative integer solution). As can be seen, func-
tion (2) is a polynomial in x for certain numerical val-
ues 1y, Ty, ..., T,, Of parameters ¢,, 1,, ..., t,, if and only if
Ty, Ty, ..., T,, ar€ Nonnegative integers and P(ty, 15, ...,
t,,) = 0. Applying the same reasoning as before, we
find that, if an algorithm A4' existed that answered the
question of existence of parameter values for which
equation L(y) = 0 with operator L of form (1) has a
nonzero polynomial solution, then this algorithm
would make it possible to learn whether equation P(z,,
t, ..., ,,) = 0 can be solved in positive integer numbers
for a given polynomial P(¢, t,, ..., ).

3. DIFFERENCE EQUATION
WITH PARAMETERS

Now, let us consider the difference case. In this
case, operator L has the form

ro(x, b, .., t,)E°
+ry_ (%1, )BT L (5)
+ry(x, t, ..., 1,),

where E is a shift operator, E(F(x)) = F(x + 1), ry, 1y,
..., F, are polynomials of the above-specified variables,
and ¢, ,, ..., t,, are parameters.

A denominator of a rational function F(x) € Q(x) is
defined to be a polynomial c¢(x) € K[x], Ic(c(x)) = 1, such

that the function can be represented as F(x) = 1% ,

c(x
where polynomials 5(x) € @Q[x] and c(x) are coprime.
In this case, the polynomial b(x) is referred to as the
numerator of F(x). The denominator of a zero rational
function is considered to be polynomial c(x) = 1.
For any rational function, its numerator and denomi-
nator are uniquely determined.

Lemma l. Let L =x"E— (x+ 1)(x + Tp)...(x + T,,,),
where T, T,, ..., T,, are some numbers. The following
assertions are valid.

(i) if equation L(y) = 0 has a solution given by a non-
zero rational function, then 1., 1,, ..., T,, are integers;

(i) ifty, 13, ..., T,, are integers, then equation L(y) =0
has a solution given by the rational function

R(x) = Ri(X)Ry(x)...R,(x),

where

x(x+1)...(x+71,—-1), 7,20
Ri(x) = 1 . (6)
(x=D(x=2)...(x=|t])"

i=1,2,..,m

(iii) if at least one number among integers t,, T,, ...,
T,, IS negative, then the denominator of the rational func-
tion R(x) from item (ii) is divisible by x — 1 and, hence,
R(x) is not a polynomial.
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Proof. (i) and (ii). Let, for some i, 1 <i< m, 1; be
integer. Then, the substitution of
y(x) = z(x)R,(x)
into equation L(y) = 0, where z(x) is a new unknown
function and the rational function R,(x) is defined by

(6), results in a new equation, which, after simplifica-
tion, takes the form L'(z) = 0, where

L'=x""E- (x+71)...(x+1,_)x+T,,)...(x+71,)
form>2.If m=1, then L' = E — 1, and equation
L'(z) = 0 has a solution that is identically equal to one,
which proves (ii).

If some of the numbers 1, T,, ..., T,, are not integer,
then, after several substitutions of the above form with
integer t,, we obtain equation L (z) = 0, where u is a
new unknown function,

L= XIE—(X+G])(X+02)...(X+G,),

and all numbers 6, G5, ..., G;are not integer. Let equa-

tion L (u#) = 0 has a nonzero polynomial solution p(x).
Then,

Xp(x+1) = (x+06)(x+6,)...(x + 5,)p(x).
It is evident that x|p(x). Let & be the greatest integer

such that (x + /)|p(x). For some polynomial g(x), we
have p(x) = (x + h)q(x) and

X(x+h+1)g(x+1)
= (xX+0))(x+0G,)...(x+c)(x+ h)g(x).

Hence, (x + & + 1)|g(x), which implies (x + & +
1)|p(x). The latter contradicts the selection of 4. Thus,
we arrived at the contradiction with the assumption

that equation L (#) = 0 has a polynomial solution.
In [4], it is proved that, if operator a,(x)EP + ... +
a,(x)E+ ay(x) with polynomial coefficients, where
a,(x) and a,(x) are nonzero polynomials, is applied
to some nonpolynomial rational function resulting
in a polynomial, then a,(x — p) and a,(x) are not

coprime polynomials. Thus, equation L (u) = 0
cannot have nonpolynomial rational solutions either.
This proves (i).

(iii) None of rational functions (6) may have mul-
tiplier (x — 1) in its numerator. OJ

Theorem 2. There does not exist an algorithm that,

Jor an arbitrary operator L of form (5) with r{x, t,, t,, ...,
t,) e Qlx, 1,1, ...,1,],i=0,1, ..., p, answers the ques-
tion of whether numerical values of parameters t,, t,, ...,
t,, exist for which equation L(y) = 0 has a solution that is
a nonzero rational function of x. This assertion is true for
polynomial solutions either.

Proof. Suppose that there exists an algorithm A that
determines whether there exist solutions given by non-
zero rational functions. Let P(¢, #,, ..., t,,) be an arbi-
trary polynomial in the specified variables with integer
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coefficients. Consider the following difference opera-
tor L with parameters 7, t,, ..., £,

X" E— (x4 Oty by ooy 1)+ 1) (X 1) (X + 1),
where

1
1+ Pty tyy oy t)

By virtue of assertions (i) and (ii) of the above lemma,
equation L(y) = 0 has a nonzero rational solution if
and only if there exist 7|, T,, ..., T,, € Z such that Q(t,,
Ty, ..., T,,) € Z. In this case, P(ty, T, ..., T,,) = 0, since,
otherwise, 0 < Q(ty, 15, ..., T,,) < 1. Thus, with the help
of algorithm A, it is possible to learn whether the given
algebraic equation P(t, f,, ..., t,) = 0 has an integer
solution (equation L(y) = 0 is transformed to an equa-
tion with polynomial coefficients by multiplying it by
1 + PXt, t,, ..., t,)). Hence, the assumption of exist-
ence of an algorithm A is not true.

If there existed an algorithm A' determining exist-
ence of nonzero polynomial solutions of algebraic
equations with integer coefficients L(y) = 0, then, by
virtue of assertion (iii) of the above lemma, there
would exist an algorithm that determines existence of
integer nonnegative solutions of algebraic equations
with integer coefficients. Hence, algorithm A' does not
exist. O

o(t, ty, ...

2 tn) =

4. THE CASE OF ONE PARAMETER

In the previous sections, we discussed the case of
operators with an arbitrary number of parameters. The
fact that there do not exist algorithms in this general
case does not imply that there do not exist algorithms
for operators with one parameter that answer the ques-
tion of whether there exists a parameter value for
which the corresponding equation has a nonzero poly-
nomial (rational) solution. To the best author’s knowl-
edge, the problem of existence of such algorithms is
not solved yet both for differential and difference
operators. A priori, the assumption of existence of
such an algorithm does not contradict the Mati-
yasevich theorem, since the latter states that there does
not exists an algorithm that is capable of determining
the existence of integer solutions in the case of an alge-
braic equation with integer coefficients and an arbi-
trary number of unknowns. As for equations in one
unknown, such an algorithm is well known from high-
school mathematics.

The classical example is as follows: the solution of
the differential equation
(1-x")y" —xy' +£y = 0 (7

with parameter ¢ € N is the Chebyshev polynomial
T(x). The fact that Eq. (7) has a polynomial solution
for any ¢ € N can be established even if one knows
nothing about the Chebyshev polynomials. Suppose
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that solution to this equation is given by a series (in
particular, by a polynomial),

y(x) = c0+c1x+c2x2+

Then, it is not difficult to show that its coefficients sat-
isfy the following difference equation:
(n+1)(n+2)c,,,+(—n)c, = 0.

The facts that we arrived at a second-order difference
equation not containing c, , ; and that 2 — n? vanishes
when n = t and the leading coefficient vanishes when
n+2=0and n + 2 = 1 allow us to conclude that
Eq. (7) actually has a polynomial solution of degree ¢
containing only even degrees of x when ¢ is even and
only odd degrees when ¢ is odd. If numerical value of ¢
does not belong to N, then the equation has no poly-
nomial solutions.

Another example is the equation

(1 —xz)y" =2xy'+t(t+1)y =0,
the solution of which for ¢ € N is the Legendre poly-
nomial L.(x). The corresponding difference equation
in this case takes the form (n + 1)(n + 2)c,, , + (#(t +
I)—nn+1)—nm+1))c,=0.

The assumption that there may exist algorithms for
arbitrary differential and difference operators of the
discussed form with one parameter is substantiated by
an example related to systems of first-order algebraic—
differential equations. Using the idea of the proof of
Theorem 1, it is not difficult to prove that there does
not exist an algorithm that recognizes existence of
solutions to these systems all components of which are
nonzero rational functions. Indeed, let us multiply
Eq. (3) by (x — 1)(x — 2)...(x —m), consider y, ¢, t,, ...,
t,, as unknown functions of variable x, and supplement
the equation obtained with the additional m equations

=0, tb=0,...,%,=0.
By virtue of the discussions in Section 2, this equation
has a solution with the components ¢, t,, ..., t,,, y in the
form of nonzero rational functions if and only if equa-
tion P(¢, t,, ..., t,) = 0 has integer solutions and all of
them are not zero. The recognition of existence of
such a solution is an undecidable problem, since the
problem of existence of arbitrary integer solutions
reduces to this problem (for example, equation P(¢,, t,,
..., t,,) = 0 has integer solutions if and only if Eq. (4)
has integer solutions and none of them is equal to
zero). Thus, for systems of first-order algebraic—dif-
ferential equations, there does not exists an algorithm
that recognizes existence of solutions all components
of which are nonzero rational functions. However, for
one first-order equation in one unknown function,
such an algorithm exists [9]. This algorithm finds all
rational solutions, whatever they are, including zero
ones. By the results of operation of this algorithm, it
can easily be determined whether the equation has a
nonzero rational solution. In this example, the equa-
tions have no parameters, but this is not important.
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The important thing is that there exists an algorithm
for m = 1, whereas no algorithms exist for arbitrary m.

On the other hand, the very fact that undecidability
of a certain algorithmic problem for an arbitrary num-
ber of variables has been proven with the help of the
Matiyasevich theorem gives no grounds to state that
the restriction of this problem to the case of one vari-
able will turn out decidable. In paper [10] by Richard-
son (see also [8, Chapter 9]), it is established that, for
the functions of real variables that are constructed
from these variables, rational numbers, constant T,
operations + and -, function sin, and superpositions,

the problem of existence of a point in R” where the
function is positive is undecidable (strictly speaking, in
the paper [10], which was published in 1968, when
Hilbert’s Tenth Problem had not been solved yet, a
weaker assertion was proved; however, the use of the
Matiyasevich theorem, which was proved in 1970,
makes it possible to reformulate Richardson’s result in
this form). Then, starting from the functions A(x) =
xsinx and g(x) = xsinx®, Richardson [10] defines
functions

f[i(x) = h(x), fi(x) =h(g(x)), ..., [n(x)
= h(g(g(...g(g(x))...)), -,

and shows that, for any m > 1, the set of points
([i(), o), s (), x e R,

is everywhere dense in R". Together with the function
of m variables F(x, x,, ..., X,,), the function of one vari-
able F(f,(x), f,(x), ..., f,,(x)) is considered. Since these
functions are continuous, we find that, for the func-
tion of one real variable x constructed from x, rational
numbers, constant 1, operations + and -, function sin,
and superpositions, the problem of existence of a point
on a number line where the function is positive is
undecidable.

The last two examples demonstrate that the transi-
tion from an arbitrary m to m = 1 poses a problem the
answer to which cannot be found from general consid-
erations.
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