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Systems of first-order linear homogeneous multivariate recurrence equations
with polynomial coefficients and a single unknown function play a significant
role in combinatorics as well as in the theory of hypergeometric functions. In
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Abstract

An H-system is a system of first-order linear homogeneous recurrence
equations for a single unknown function 7', with coefficients which are
polynomials with complex coefficients. We consider solutions of H-systems
which are of the form T : dom(7T) — C where either dom(T) = Z%, or
dom(T) = Z*\ S and S is the set of integer singularities of the system.
It is shown that any natural number is the dimension of the solution
space of some consistent H-system, and that in the case d > 2 there are
H-systems whose solution space is infinite-dimensional. The relationship
between dimensions of solution spaces in the two cases dom(T) = 74
and dom(T) = Z%\ S is investigated. We prove that every consistent
H-system H has a non-zero solution 7' with dom(7T) = Z%. Finally we
give an appropriate corollary to the Ore-Sato theorem on possible forms
of solutions of H-systems in this setting.
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applications, it is often not enough to consider solutions of such systems as
abstract algebraic objects. Rather, the user is looking for a solution which is
defined everywhere, or at least at all non-singular points of the system. If there
are no singular points, the solution space is at most one-dimensional, and the
solutions are easy to compute. However, in the presence of singularities the sit-
uation changes radically. In particular, the question of existence of a non-zero
solution defined everywhere can be very non-trivial. In this paper, we investi-
gate the possible values that the dimension of various solution spaces of such
systems can have, a question important both from theoretical and algorithmic
points of view.

More precisely, let n1,ns,...,nq be variables ranging over the integers. We
consider d-dimensional H-systems, that is to say,, systems of equations of the
form

fi(n17n27' .. 7nd)T(n1an2a N 17' .- and)
= gi(nl,ng,...,TLd)T(’I’L17’I’L27...,nd),
where f;,9; € Clxy,x9,...,24] \ {0} are relatively prime polynomials for
i = 1,2,...,d. The notion of singular points (singularities) of such systems

can be defined in the usual way. Such singularities make obstacles (sometimes
insuperable) for continuation of partial solutions of the system on all of z4.

In this paper we consider two spaces of solutions of H-systems: the space
V1 of solutions defined everywhere on Zd, and the space V5 of solutions that
are defined at all nonsingular points of Z%. The precise definitions are given in
Section 2 where it is also shown that the dimension of V5 equals the number of
components induced on Z% by the singularities of the system.

In Sections 3, 4 and 5 we investigate the dimensions of the spaces Vi, V5 and
their relationship. It is well known [7] that if (in the case d = 1) one considers
the germs of sequences at infinity (i.e., classes of functions T': Ny — C which
agree from some point on), the dimension of the solution space is 1. However,
the situation is different with dim V7 and dim V5. In Section 3 we prove for the
case d = 1 that if the equation has singularities then 1 < dim V; < dim V5 < oo,
and that for any integers s,¢ such that 1 < s < t there exists an equation
with dimV; = s and dimV, = t (the case where there is no singularity is
trivial: dim V3 = dimVa = 1). In Section 4 we show that in the case d > 1 the
possibilities are even richer: for any s,t € NU {oo} there exists an H-system
with dim V] = s and dim V5 = ¢.

The central part of the paper is Section 5 where we prove that
dimVy; > 0 for every consistent H-system. Thus we prove an existence
theorem for H-systems, which claims that for every consistent H-system
there is a non-zero solution defined everywhere on Z%. Since the coeffi-
cients f;(ni,na,...,nq4),g:(n1,n2,...,n4q), i = 1,2,...,d, can vanish for some
(n1,na,...,nq) € Z%, this fact is not self-evident.



Example 1 Let H be the two-dimensional H-system

(n +1)*+n3)T(n1 +1,ns) = (nf +n3)T(n1,na),
(0} + (n2 + 1)*)T(n,n2+1) = (n]+n3)T(n1,n2).

The only singularity of H is the point (0,0), and its space V5 is spanned by

1
T = -
(nla 712) n% + ng
which is defined and non-zero at all points of Z*\ {(0,0)}. The situation is quite
different with V;. It is easy to check that any solution of H defined everywhere
on Z? vanishes at all points of Z? except possibly at (0,0), where its value can
be chosen arbitrarily. So V; is spanned by

_ 1, n1=n2=0,
T(ni,n2) = { 0, otherwise.

In the light of Example 1, it is not entirely inconceivable that some H-system,
even though it is consistent, might not have any non-zero solutions 7" : Z¢ — C
at all. However, we prove in Section 5 that this is not the case.

As our proof of this fact is based on the well-known Ore-Sato structure
theorem [5, 6, 8], we use this opportunity to remark in Section 6 that, contrary
to some interpretations found in the literature (e.g., [3, 4]), the Ore-Sato theorem
does not imply that every solution of an H-system is of the form

P
i—1 D(aigni +no+ -+ aiana + @) o, o,

, g ub? oyt (1
)nglr(bj,lnl+”2+"'+bj,d”d+5j) v )

R(ny,ng, ...

where R € C(z1,22,...,%q), Gik,bjx € Z, and «a;,[; € C (for the case when
the solution of the system is holonomic, and R is required to be a polynomial,
we have already noted this in [2]). We conclude by giving an appropriate corol-
lary to the Ore-Sato theorem on possible forms of solutions of systems under
consideration.

We write p L g to indicate that polynomials p,q € Clxy,xa, ..., x4] are rela-
tively prime. We write u = (uq,us, ..., uq) for d-tuples of numbers or indeter-
minates, and u-v = Zle u;v; for their inner product. We denote by e; the
d-tuple whose components are zero except the i-th one which is 1. The mono-
mial 27232 - - x3? is denoted by x". A polynomial p € C[x] is integer-linear if
p(x) = a-x+ 3 where a € Z% and 3 € C. The set of positive integers is denoted
by N, and the set of non-negative integers by Np.



2 H-systems and their solution spaces

Definition 1 An H-system! of dimension d is a system of equations of the form
fim)T(n+ e;) = gi(n)T'(n) (2)

fori=1,2,...,d, where f;, g; € C[x]\ {0} and f; Lg;. The rational functions
gi/fi € C(x)\{0},i=1,2,...,d, are called the certificates of (2), and a function
T : dom(T) — C is a solution of (2) if (2) is satisfied for all n € dom(T) such
that n + e; € dom(T') for i =1,2,...,d. A solution of an H-system is called a
hypergeometric term.

Definition 2 Rational functions Fy, Fs, ..., F; € C(x) \ {0} are compatible if
F(x)Fj(x+e) = Fi(x)Fi(x +e;)

for all1 < i < j <d. We call an H-system of the form (2) counsistent if its
certificates are compatible.

If an H-system has a solution with Zariski-dense? support, then it is con-
sistent, and its certificates are uniquely determined by this solution (see [2]).
Note that in the case d = 1, every H-system (containing a single equation) is
consistent.

Definition 3 Let H be an H-system of the form (2). A point n € 7% is

e ¢ trailing integer singularity of H if there exists i, 1 < i < d, such that
gi (n) =0;
e ¢ leading integer singularity of H if there exists i, 1 < i < d, such that
filn —e;) =0;
e an integer singularity of H if it is a leading or a trailing integer singularity
of H.
Definition 4 Let S(H) denote the set of all integer singularities of H. Denote

o by Vi(H) the C-linear space of all solutions T of H such that domT = z4,
and

o by Vo(H) the C-linear space of all solutions T of H such that domT =
74\ S(H).

IThe prefix “H” refers to Jakob Horn and to the adjective “hypergeometric” as well.
2Recall that a set S C C¢ is Zariski-dense if the only polynomial p € Clz1,z2,...,24)
which vanishes at each point of S is the zero polynomial p = 0.



We consider only integer singularities here, therefore we will drop the ad-
jective “integer” in the sequel. Sometimes we will also drop the name of the
H-system, and will write Vi, V3 instead of Vi (H), Va(H).

Definition 5 Two points p,p’ € Z* are adjacent if p — p’ = +e; for some
i€ {l1,2,...,d}. A finite sequence py,Pg,---,Pr € Z% is a path from p; to
p;, of length k — 1 if p; is adjacent to p,, fori=1,2,...,k —1. Given an
H-system M, the components induced by H on Z% are the equivalence classes
of the following equivalence relation ~ in Z%: p' ~ p" iff there exists a path
from p’ to p” which contains no singularity of H. If T is a solution of H, then
for each component C induced by H on Z%, the restriction of T to C is called a
constituent of T.

Proposition 1 Let H be a consistent H-system. Then dim Vs equals the number
of components induced by H on ze.

Proof: To each component C; induced by H on Z% we assign a solution T} of (2)
which is 1 at a selected point p; € C;, and 0 on all the remaining components.
The values of T; on the remaining points of C; are uniquely determined by (2).
It is clear that the set of all T; is a basis for V5. O

3 The univariate case
When d = 1 the system (2) is of the form
f)T(n+1) = g(n)T(n) (3)
where f(n),g(n) € Cln]\ {0} and f(n) L g(n).
Example 2 (dimV; = 1, dim V; = k) Consider the recurrence
T(n+1) = pr(n) T(n) (4)

where k£ > 1 and pp(n) = Hi:OZ(n —2i 4+ 1). Here we use the convention that
a product is 1 if its lower limit exceeds its upper limit. Clearly the set of
singularities of (4) is {2 —1; ¢ = 0,1,...,k — 2}, so dim V2 = k. To compute
dim V4, note that any solution T'(n) of (4) defined for all n € Z is a constant
multiple of

—D)E=Dr T 2225 — n — 1)!
Fk(n):{(() ) /1izo (28 =n = 1), Zigv

Therefore dim V; = 1. n



Example 3 (dimV; =m, dim Vo = m + 1) Now consider the recurrence
gm(n+1) T(n+1) = gm(n) T(n) (5)

where m > 1 and ¢y, (n) = []";(n +2i + 1). The set of singularities is {—(2i +
1); i =1,2,...,m}, so dimVy = m + 1. Let T'(n) be a solution of (5) defined
for all n € Z. By substituting n = —2(i 4+ 1) for « = 1,2,...,m into (5), we see
that T'(n) = 0 for these values of n. Likewise, by substituting n = —3 into (5),
we find that T'(—2) = 0. Using (5) it follows by induction on n that T'(n) = 0
for all n < —2(m + 1) and for all n > —2 as well. On the other hand, it is easy
to check that

foz) (n) = 5n,—(2z‘+1)

(where 0 is the Kronecker delta) is a solution of (5) for i = 1,2,..., m. Therefore
dim V1 =1m. | |

Before describing the general situation we need a definition and a lemma.

Definition 6 Let H be an H-system of the form (3). An interval of integers
I={k,k+1,....k+m}, m>0, (6)

is a segment of singularities of H if I C S(H) while k — 1, k+m+1¢ S(H).

Lemma 1 Each segment of singularities (6) of equation (3) is of (at least) one
of the following types:

(i) all elements of the segment are trailing singularities;
(ii) all elements of the segment are leading singularities;

(iii) there exists j, 0 < j < m, such that k,k+1,...,k+ j are leading singu-
larities, while k+j+ 1, k4+ 7+ 2,...,k+ m are trailing singularities.

Proof: If u € Z is a trailing singularity and u + 1 a leading singularity of (3)
then f(u) = g(u) = 0, contrary to the assumption f 1 g. So any segment of
singularities of (3) consists of a (possibly empty) interval of leading singularities
followed by a (possibly empty) interval of trailing singularities. a

Theorem 1 Let S denote the set of singularities of equation (3).
a) If S =0 then dim V) = dim V, = 1.
b) If S # 0 then 1 < dimV; < dim Vs < co.

Proof: a) This is clear.
b) There is only a finite set of components induced on Z by (3), therefore
dim V5 < oo.



Next we prove that dim V; < dim V,. First we show that if (6) is a segment
of singularities of (3), then the restriction of V; to

IT={k—1,k,....k+mk+m+1}

has dimension < 1, while the analogous restriction of V5 obviously has dimension
2. Indeed, if u is a trailing singularity, then any element of V; vanishes at u+1;
and if u is a leading singularity, then any element of V; vanishes at u — 1. By
Lemma 1 we have three possibilities (i), (ii), (iii) for (6). In case (i) we have

Tk+1)=Tk+2)=...=T(k+m+1)=0,in case (ii) T(k —1) =T(k) =
.=T(k+m-—1)=0,incase (ili) T(k—1)=T(k)=.. T(k+j—1)=0
and T(k+j+2)=Tk+j+3)=...=T(k+m+1) =0; in each case T(n)

can be non-zero at most in two points of I , however the value at one of them is
uniquely determined by the value at the other one. Therefore the dimension of
the restricted V7 is < 1. The same holds for dimension of the restriction of V;
to the set

{k—vk—v+1,... kk+1,....;k+mk+m+1,...,k+w},

where k, k+ 1,..., k +m are singularities, while k — v,k —v+1,...,k—1 and
k+m+1,k+m+2, ..., k4w are not. Gluing together two such restrictions with
coinciding, say, k + m+ 1,k +m+ 2,..., k + w, and non-intersecting singular
parts, we get the dimension < 2, while the dimension of the corresponding
restriction of V5 is 3 and so on. This proves that dim V; < dim V5.

Finally we prove that dimV; > 1. If there are leading singularities, let ng
be the largest leading singularity. Set T'(ng) = 1 and T'(n) = 0 for n < ng.
None of the points n > ng is a leading singularity, hence the value of T' at
n > ng is uniquely determined by the recurrence (3) and the initial condition
T(ng) = 1. If there are no leading singularities, let ny be the least trailing
singularity. Set T'(ng) =1 and T'(n) = 0 for n > ng. None of the points n < ng
is a trailing singularity, hence the value of T" at n < ng is uniquely determined
by the recurrence (3) and the initial condition T'(ng) = 1. In either case V;
contains a non-zero solution. ]

Theorem 2 For any integers s,t such that 1 < s < t there exists an equation
of the form (8) such that dimV; = s and dim V, = ¢.

Proof: Consider the recurrence
gm(n+1) T(n+1) = pr(n)gm(n) T(n) (7)

where k,m > 1, pr(n) is as in Example 2, and ¢,,,(n) is as in Example 3. Here the
set of singularities is {2i —1; i =0,1,...,k—2}U{—(2i+1); i =1,2,...,m},
so dimV, = k 4+ m. Let T(n) be a solution of (7) defined for all n € Z. In
exactly the same way as in Example 3 we can see that T(n) = 0 for n =



—2,—4,...,=2(m+1),n < —2(m+1) or n > —2, and that G\ (n) = 6, _(2i11)

is a solution of (7) for ¢ = 1,2,...,m. Therefore dim V; = m.
If1 <s <t letm=sand k =t—s. Then for equation (7), dimV; =m =s
and dim Vo =k +m =t. O

We conclude this section by some remarks on computation of dimV; and
dim V5. Let H denote equation (3). According to Proposition 1, dim Vo(H) is
the number of components induced on Z by H and is thus easy to compute. We
claim that dim V4 (H) equals the dimension of the kernel of a bidiagonal matrix
B defined as follows. Let o be the maximum and S the minimum of the integer
roots of f(x)g(x); if H has no integer singularities then we can take a = 8 = 1.
Let B be the (¢ — 8+ 1) x (o — § + 2) matrix with entries

fla—i+1), j=i,
bij =9 —gla—it+l), j=i+l,
0, otherwise,

where 1 <i<a—fF+1land 1< j <a—F+ 2. Indeed, any vector v such that
Bv = 0 can be extended to a solution of H in a unique way. This mapping is
an isomorphism between the kernel of B and Vi (H).

Incidentally, this gives an alternative proof of the inequality dimV; > 1: B
has more columns than rows, hence its kernel is nontrivial.

4 The relation between dimensions of V; and V5
in the multivariate case

If d > 2 in (2) then the dimensions of V; and/or V5 can be infinite as shown by
the following examples.

Example 4 (dimV; = oo, dim V5 = 1) Let H be the system

(’17,1 — 4ng + 1)T(TL1 + l,ng) = (711 — 4712)T(TL1,TL2),
(nl —4ny — 4)T(n1,n2 +1) = (nl — 4n2)T(n1,n2).

It is easy to check that
Ti(n1,n2) = O, 4i0n,.is for i € Z,

are linearly independent solutions of H on all of Z*, hence dim V; = co. On the
other hand, S(H) = {(n1,n2); n1 = 4nz2}, so H induces a single component on
7%, and dim V5 = 1. -

Example 5 (dimV; =1, dim V5 = o0) Let B be the system

(n1 — 4n2)T(n1 + 1, 77,2) = (77,1 — 477,2 + 1)T(n1, TLQ),
(77,1 — 4n2)T(n1,n2 + 1) = (n1 —4ng — 4)T(n1,n2).



It can be shown that any solution of B defined on all Z? is a constant multiple
of n1 — 4ng, so dimV; = 1. On the other hand, S(B) = {(n1,n2); n; —4ng €
{—4,—1,1,4}}, so each of the points (4i,%) for i € Z is a separate component of
7? induced by B, hence dim V; = 0. =

Example 6 (dimV; = dim V3 = o0) Let C be the system

(nl — No — 1)(7’7/1 — No + 1)T(n1 +1, ’I’LQ) = (’I’Ll — ng)(nl — No + 2)T(n1,n2),
(np—n2—1)(ng —n2+1)T(n1,na+1) = (n1 —n2)(ng —ne —2)T(ny,na).

It is easy to check that
Ti(nl,ng) = (57,171‘(5”271‘, for i € Z, (8)

are linearly independent solutions of C on all of Z?, hence dimV; = oco. As
S(C) = {(ny,n2); n1—ng € {—2,0,2}}, each of the points (¢,4—1) and (¢,i+1)
for i € Z is a separate component of Z? induced by C, so dim V5 = oo as well. g

The following theorem describes the general situation.

Theorem 3 Let 1 < s,t < oo. Then there exists an H-system such that
dim Vi = s and dim V5, = t.

Proof: Let t > 2 and pi(ng,ng) = H:;g(nl — ng + 3i). Then the set of

singularities of

pe(n1+ 1,n0)T(ng +1,n2) = pi(ny,ne)T(ng,ne),
pe(ni,ne + 1)T(n1,ne +1) = pe(ni,n2)T(n1,n2)

is S = {(n1,n2); n1 —ng € {=3i; 0 <i<+t¢t—2}}. As in Example 6, the
functions (8) are linearly independent solutions of this system on all of 72,
hence dim V; = co. On the other hand, the number of components induced on
7% is t, so dim Vy = t.

Let s > 2 and )
gs(n1,n2) = [[((n1 = 20)* + n3). (9)
i=1
Then the set of singularities of
(n1 —4ng)gsy1(n1 + L,na)T(n1 + 1,n2) = (n1 —4na + 1)gsq1(n1,n2)T (N1, n2),
(n1 —4ng)gsy1(n1,ne + T (ny,ne +1) = (ng —4ns — 4)qsr1(n1,n2)T (n1,n2)

is S = {(n1,n2); n1 —4ns € {—4,-1,1,4}} U {(24,0); 1 < i < s}. Each of
the points (44,4) for ¢ € Z is a separate component, so dim V5 = co. It can be



shown that any solution T'(n,ns) defined on all Z* vanishes everywhere except
at the points (2¢,0) where 1 <1 < s, and that

T;(n1,n2) = Oy ,2i0n,,0 (10)

for i =1,2,...,s, are linearly independent solutions of this system defined on
all Z2. Hence dim V] = .

Together with Examples 4 — 6 this proves the assertion in the case when at
least one of s, t is infinite.

Now assume that s, ¢ are natural numbers, and let r;(nq,ng) = Hz;i
2i+1). Consider the system

(n1 +

gs(n1 +1,n2)T(n1 + 1,n2) = gs(ng,n)ri(ng, ng)T(ng,ng),
gs(ni,na +1)T(n1,ne +1) = ¢s(n1,n2)T(n1,n2),

where ¢, is as in (9). It can be shown that any solution T'(n1, ng) defined on all
Z? vanishes for all (ny,ns) such that ny > —(2t — 1) and (n1,n2) is not of the
form (2,0) with 1 <¢ < s—1. Further, a basis of V] is given by the s functions
T;(n1,ne) for i =0,1,...,s — 1 where

(_1)(t71)n1

Tyo(n1,mz) =< [I-, (=202 +n3) [T}-} (=na—2i-1)"
0, otherwise,

ny < —(2t — 1),

and T;(n1,ne) are as in (10) for i = 1,2,...,s — 1. It follows that dimV; = s.
The set of singularities of this system is S = {(24,0); 1 <i<s—1}U{(—(2i +
1),§); 1<i<t—1,j € Z}, and the number of components induced on Z? is t,
so dim V, =t as desired. O

We considered the case d = 2 here. The corresponding H-systems for the case
of an arbitrary d > 1 can be obtained by adding equations T'(n + e;) = T'(n),
1=3,4,...,d, to the systems with d = 2.

5 Existence of solutions in the multivariate case

In this section we assume that H is a consistent H-system of the form (2), and
show that dim V4 (H) > 0.

At first glance, it seems that obtaining a non-zero solution 1" of H, defined
everywhere on 7%, is trivial: Select any point s € 7% and define T(s) =1, then
extend T to all of Z¢ by recursion using H. However, if S(H) # () this simple
idea may fail: for instance, in Example 1 the only possible starting point is
s = (0,0). Since this is a singularity of H, we refine the idea by always selecting
s € S(H). That this, too, can fail, is shown by the following system.

10



Example 7 Let H be the consistent H-system

(n1 = n2 +2) (1 +1)° +n3)T(n1 +Lina) = (n1 —n2)(nf +n3)T(n1,na),
(n1 —ny — 1)(n? + (ng + 1)) T (ng,np + 1) (n1 —ng + 1)(n? +n2)T(ny,no)

with S(H) = {(n1,n2) € Z% (n1 —na)(ng — ng + 1)(n} +n3) = 0}. Tt is easy
to check that, as in Example 1, V1 (H) is spanned by

_ 17 ny =mng = 0’
T(ni,n2) = { 0, otherwise.

Selecting s = (0,0) and defining T'(s) = 1 will indeed produce the non-zero
solution T'(n1,n2) = O, ,00n,,0. However, as every element of V4 () vanishes at
all n # (0,0), any other choice of s, including all the other singular points of H,
will lead to contradiction. =

In general, it is not clear how to select s, or even if a “good” s exists at all. We
will now show that it does.

A sketch of the route to be taken is the following. To each rational function
R(x) we will associate the sequence of rational functions R(n) := R(n+x). Us-
ing the Ore-Sato theorem (Theorem 4), we will construct a sequence of rational
functions ¢ : Z% — C(x) which solves the modified H-system

fi(n)@(n + ei) = g;(n)@(n)’ i=1,2,....d

over C(x). We will define an integer valuation val R(x) for any R(x) € C(x).
The key point of our proof will be the fact that the sequence val p(n) is bounded
(Proposition 4), which will enable us to associate with H the set My = {n €
Z% ; valp(n) = m} where m = min _-a valp(n). Then we will prove that for
any s € My, we can construct a solution 7'(n) € Vi (H) such that T(s) = 1.

Let K be a field. For k € Z and « € K, denote by p(«a; k) the Pochhammer
symbol

k—1
[Te+4), k>0,
=0
plosk) = ]|k|
[I— k<0 a#12.. |k
=

Theorem 4 (Ore-Sato) Let {Gn(x) € C(x); n € Z%} be a family of rational
functions satisfying the cocycle condition

VnmeZ: Guim(x) = Gn(X) - Gm(x +n). (11)

Then we can write

p
Gu(x) = C(n) - H p(@? . x +p;; a9 . n)% .

J=1

(12)

11



where C : Z* — C satisfies C(n 4+ m) = C(n)C(m), p € Ny, a¥) € 74\ {0},
B; € C, s; € Z\ {0}, and R(x) € C(x).

For a proof, see [8, pp. 26-33]3.

Corollary 1 Let Fy(x), Fa(x),..., Fq(x) € C(x) be compatible rational func-
tions (see Def. 2). Then fori=1,2,...,d we can write

R(x+e;)

R0 (13)

P
Fi(x) =G H p(a(J) . X+ﬂj; ag]))sj .
7j=1

where ¢; € C, p € Ny, all) = (ay),aéj), .. ,agj)) e z4\{o0}, B; € C, s; € Z\{0},
R(x) € C(x)\{0}, the complete factorization of the numerator and denominator

of R(x) contains no integer-linear factors, gcd(agj)7aéj), o ,aglj)) =1, and the
first non-zero component of al) is positive, for j =1,2,...,p.
Proof: Write B = {ej,es,...,eq}. To each sequence of unit vectors

dy,ds,...,d, from B U (—B) assign the rational function

Ga, ds,.a,(x) = [ [ Fa,(x + ;1)

j=1

where )

n Fi X), d= €;,

Fd(x) o { Fi(x—ei)_l, d= —e;,
and n; = 25:1 d;, for 0 < 57 < r. As F,F,...,F; are com-
patible, Gaq, d,,..d,(x) does not change if two consecutive terms in
the sequence di,ds,...,d, are transposed. Hence Gaq,.d,,.d,(X) =
Gd,1y.dnaydy (X) for any permutation 7 of {1,2,...,r}. In particu-
lar, we can sort the sequence di,ds,...,d, into a sequence of the form
€,...,e1,—€1,...,—€1,...,€q,...,€4, —€q,...,—€q. Since Gq,.a,,,(x) = 1 if

d; = —d; 1, by definition of Fy, and
édl7d27---ad7‘7d1‘+1»--~7ds (X) = édl,dQ,m,dr (X) . édr+11~~»7ds (X + nr‘)v (14)
by definition of G, this sequence can be reduced by omitting each consecutive

pair of e; and —e;. It follows that éd17d27---7dr depends only on dy +dy + -+ - +
d, =n,.

31n fact, a more general version of the Ore-Sato theorem is proved in [8], with VA replaced
by an arbitrary abelian group Z generated by d elements, and with C replaced by an arbitrary
algebraically closed field €2 of characteristic zero. Note however that in the statement and proof
of this theorem in [8], Hl<k<—1 ;(x + k)~ should be replaced by Hl<k<—1 iz — k)~ L.

12



Thus we can define a family of rational functions {Gy(x) € C(x); n € Z%}
by setting ~
Gn(x) = Ga, 4s....a,(X)
where dj,ds,...,d, is any sequence of vectors from B U (—B) summing to n.
Because of (14), the family {Gy(x) ; n € Z?} satisfies the cocycle condition (11),
hence by Theorem 4, Gy, (x) has the form (12). Notice that G, (x) = F;(x) and
at) . e; =a so with n = e; and C(e;) = ¢i, (12) turns into (13).

If R(x) = R(x) (a-x+ ()° where R(x) € C(x), a€ Z*, 3 € C and s € Z,
then R(x+e;)/R(x) = R(x+e;)/R(x)-p(a-x+8+1; a;)*/p(a-x+3; a;)°. Thus
we can extract all integer-linear factors from R and replace them by appropriate
Pochhammer symbols in the product in (13).

The last two claims follow from the formulse

5—1
pla-x+ 8 a;) = 8% [ o((@-x+ B+k)/6; ai/s)
k=0
where § = ged(ay,as,...,aq), and
pla-x+6;a;)p(l—a-x—0F; —a;) = (-1)%,
both easily verifiable by direct computation. |

To each rational function R(x) € C(x) we associate a sequence of rational
functions R : Z% — C(x) by setting R(n) = R(n + x). Obviously we have

Proposition 2 If R(x) is not identically zero, then for alln € Z, R(n) is not
identically zero.

Define a valuation val : C(x) — Z in the following way: For p(x) € C[x] let
valp = min{e; +ex+---+eq; 7' x5 - 2" is a monomial of p}.
If R(x) € C(x)\ C[x] and R = p/q where p,q € C[x] and p L g, let
val R = valp — valq.
Proposition 3 (i) If p € C[x] then Z?Zl deg,. p > valp > 0, and
valp >0 < p(0) =0.

(i) If Ry, Ry € C(x) then val Ri Ry = val Ry + val Rs.

Proof: Assertion (i) is obvious, and so is (ii) when R;, Ry € C[x]. To prove
(ii) in general, write R; = p;/q; where p;,q; € C[x] and p; L ¢;, for i = 1,2.
Denote r = ng(p17q2)7 s = ng(p27ql)a pll = pl/ra q/2 = q2/7’7 p/2 = p2/57
¢ = q1/s. Then RiRy = p1p2/(q142) = p1p3/(41¢5) where pip5 L ¢iq;. Hence
val R Ry = valp)pl, — val ¢} ¢5, = val p} +val py — val ¢j — val ¢, = val p} + valr +
val p}, +val s — val ¢] —val s —val ¢4 — valr = valpr+val phs —val g} s —val ghr =
val p; + valps — val g1 — val go = val Ry 4 val Rs, as claimed. O

13



Proposition 4 Let R € C(x). Then the sequence val R(n) is bounded every-
where on Z°.

Proof: Let R = p/q where p,q € C[x] and p L q. By Proposition 3(i) we have

d d
D deg,.p = Y deg, p(n)
=1 i=1

> valp(n) > valR(n) > —valj(n)
d
i=1
d
i=1
for any n € Z%. ]

The following proposition is obvious.

Proposition 5 If F1, Fs, ..., Fy € C(x) are compatible rational functions (see
Def. 2), then the sequences ﬁ, E, . 71/7; are also compatible in the sense that
for any n € Z%, the rational functions ﬁi(n)f’;(n—l— e;) and ﬁ;(n)ﬁl(n +e;) are
equal in C(x), for 1 <i<j<d.

Let H be a consistent H-system of the form (2). By Corollary 1 we can write
its certificates F; = g;/f; in the form (13). For ¢ = 1,2,...,d, define

P
F/(x)=c¢;- H p(@ . x 4 g;; az(-J))SJ', (15)
j=1
R(x +e;)

£ == 16
0 = T (16)
Then F; = F/F/ for i = 1,2,...,d. Since Fi,Fs,...,F; as well as

F{',Fy,... F] are compatible, so are F|, F3,..., F}.

We will associate with H three sequences &, 7, ¢ : Y/ C(x) with rational-
function values, defined by the following requirements:

—

e {(0)=1,¢n+e)=¢Mn)F/(n),i=1,2,...,d,

o 7(n) = R(n),
* p(n) = &(n)n(n).

14



Notice that the existence and uniqueness of £ follow from the compatibility of
Fl,F, ..., F). Fori=1,2,...,d set

/ 1"
Fl = %, Fl = %,
where ¢, f1, g/, fI' € C[x], g; L f!, g/ L f!’. Then &, n satisfy the systems
flm)Em +e)) = gin)é(n), i=1,2,....4, (17)
Fmnm+e) = g (mn(n), i=12....d (18)

Since R(x) contains no integer linear factors, no cancellation occurs on the
left-hand side of o
fifi _h

i

9; 9; B i

Therefore f/f!' = f; and ¢}g; = ¢;, hence fl’fz’\’ = 7 and g{?;? = g; as well. As a
consequence of equalities (17), (18) we have

fim)pn+e) =gim)p(n), i=1,2,....d. (19)

Our next goal is to show that the sequence val p(n) is bounded.
With any factor p(al?) - x + 3;; agj)) in (15), we associate |a§J)| hyperplanes
in C%: those hyperplanes are defined by the equations

a) x4+, +1=0,1=0,1,...,a" — 1
()

if a;”’ > 0, and by

a’) . x4+ 8, +1=0,1=-1,-2,...,a""

if az(-j ) < 0. All the factors from (15) generate a finite set of hyperplanes which
we will denote by P. The number of elements of P will be denoted by N. We
call a point n € Z¢ special if it belongs to at least one hyperplane from P.

Proposition 6 If two points n,n’ € Z¢ are adjacent and valé(n) # val&(n'),
then at least one of these points is special. In this case |val&(n) — val&(n’)| <
[s1] + [s2| + -« + |sp|, where s1,82,...,5, are as in (15).
Proof: From the definition of £(n) and from Proposition 3(ii) it follows that
|val{(n) — val{(n’)| = val F}(n) for some ¢ € {1,2,...,d}. From the definition
of F] it follows that val Fj(n) = >>0_, s; val p(al?) - (n + x) + B;; agj)). Note
that [ valp(al@ - (n+x) + 655 a{’))| < 1, hence | val€(n) —val€(n')| < 327_ |s;].
O

In order to show that val o(n) is bounded, we prove three lemmas.
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Lemma 2 Assume that neither of n’,n” € Z% is special. Then there exists a
path between them which contains no more than (2d — 1)N special points.

Proof: By induction on d. If d = 1, there are IV special points in all, so the claim
is true. Assume that d > 1 and n’ = (n},n5,...,n,), n” = (n{,ny,...,nY).

Consider the two discrete lines
L' ={(ni,nb,....n5_,t); teZ}, L'={(n{ny,....n5_1,t); t€Z}.

Since n’, n” are not special, each of the lines L', L” contains a finite number of
special points, and there exists to € Z such that both nj = (nf,n),...,n}_1,to)
and nj = (n{,ny,...,n_,,to) are not special. The straight path from
n’ to nj contains no more than N special points, as well as the straight

path from n{ to n”. By induction hypothesis, there is a path in the set

{(n1,n2,...,nq-1,t0); (n1,n2,...,n9-1) € Zd_l} from ny to nj that contains
no more than (2d — 3)N special points. So there is a path from n’ to n” that
contains no more than 2N + (2d — 3)N = (2d — 1) N special points. O

Lemma 3 Letac Z%\ {0}, € C, q € Z%, and r € Ny. Denote
A:{nezd; a-n=0|n—¢ql|<rfori=12,...,d}.

Then |A] < (2r + 1)4-1.

Proof: Since a # 0, there exists k € {1,2,...,d} such that a; # 0. Denote

B={neZ np = qu,ni —q| < rfori =1,2...,dandi # k}. The
orthogonal projection 7 : A — B, n — n — (n; — gi)e is injective, hence

|A| < |B| = (2r +1)¢7L. O
Lemma 4 Let n = (ny,n9,...,nq) € Z% be special. Then there exists a non-
special point n*, and a path from n to n* which contains at most W special

points.

Proof: The set P of hyperplanes is finite, so not all points in 7% are special.
Let r+1 be the length of a shortest path from n to a non-special point n*. This
path contains r + 2 points, out of which at most » 4+ 1 are special. Notice that
by the definition of r, the set

Cp = {(ny1,ng, ..., 0q) € Z% |y —ny| <r/d,i=1,2,...,d}

contains only special points. By Lemma 3, a hyperplane from P contains at
most (2|r/d] 4+ 1)¢~1 points from C,., hence |C,.| < N(2|r/d| + 1)¢4=1. But
|C| = (2|7/d] +1)%, s0 N > 2|r/d] +1>2(r —d+1)/d+ 1, and consequently
(N +1)d/2 > r + 1, which proves the assertion. O

As a consequence we have
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Proposition 7 The sequence val&(n) is bounded on Z.°.

Proof: Let ng € Z¢ be a fixed non-special point, and let n € Z? be arbitrary.
We distinguish two cases:

a) If n is non-special then, by Lemma 2, there exists a path from ngy to n
that contains at most (2d — 1) N special points.

b) If n is special then, by Lemma 4, there is a non-special point n* and a
path from n to n* that contains at most (N 4 1)d/2 special points. By Lemma
2, there is a path from n* to ng that contains at most (2d — 1) N special points.

In either case, there is a path from ng to m that contains no more than
M := (2d — 1)N + (N + 1)d/2 special points. By Proposition 6 we have then
[val€(n) - val¢ ()| < M(jsi| +[sel +- -+ Is,l): :

Finally we get the following result.
Proposition 8 The sequence valp(n) is bounded on A

Proof: By Proposition 3(ii), valp(n) = val£(n) + valn(n) for all n € Z%. So
the sequence val p(n) is bounded by Propositions 7 and 4. a

Definition 7 Let H be an H-system of the form (2).

We say that a point n’ € 7% is accessible from a point n € Z¢ wrt. H
if there exists a path ni,ng,...,ny such that ny = n, n, = n’ and for each
Je{L,2,...,k—1} thereisi € {1,2,...,d} such that either n;; = n;+e; and
filn;) #0, ornji; =n; —e; and g;(n;411) # 0. Otherwise n’ is inaccessible
from n w.r.t. ‘H.

If M C Zd, then M is inaccessible w.r.t. H if every n’ € M is inaccessible
from any n € 72 \ M w.rt H.

We will omit the qualification “w.r.t. H” when the system H is clear from the
context. Informally, n’ is inaccessible from n if for any solution T € V;(H), the
value of T' at n’ is uniquely determined by H and the value of T' at n. Note also
that the accessibility relation is reflexive and transitive.

Since the sequence val ¢(n) is bounded on Z¢, we can define

m = min val p(n)
nEZd

and associate with H the non-empty set
My = {n e Z| valp(n) = m}.
Lemma 5 My, is inaccessible.

Proof: It is sufficient to prove that if a is adjacent to b, a ¢ My and b € My,
then b is inaccessible from a. W.l.o.g. assume that b = a+e;. By (19) we have

fi(a)p(b) = g1(a)e(a). (20)



By Proposition 3(ii), val J/”\l(a) +valp(b) = valgi(a)+valp(a). Asa ¢ My and
b € My, we have val p(a) > val ¢(b), therefore

val fi(a) > valgi(a).

Since valgi(a) > 0, this implies that val fi(a + x) = val]?l(a) > 0. So by
Proposition 3(i), fi(a) = 0. This proves that b is inaccessible from a. a

Lemma 6 Let H be an H-system of the form (2). If a,b € My are such that
b is inaccessible from a, then a is inaccessible from b as well.

Proof: It suffices to prove the statement for the case where a is adjacent to
b. W.lLo.g. assume that b = a + e;. As in the proof of Lemma 5 we find that
val f1(a) + valp(b) = val g;(a) + val¢(a), but this time val p(b) = val p(a), so
val fi(a) = val gi(a). Since b is inaccessible from a, fi(a) = 0, which implies
that Valfl(a) > 0. Hence valgi(a) > 0 as well. Therefore g;(a) = 0, and the
claim follows. a

Theorem 5 Let H be a consistent H-system. Then dim V;(H) > 0.

Proof: Pick any a € My and let S(a) = {p € My; p is accessible from a}.
We claim that S(a) is inaccessible. Indeed, take p € S(a) and q ¢ S(a). Then
either q € My \ S(a) or q ¢ M. In the former case, p is inaccessible from g
because otherwise, by Lemma 6, q is accessible from p and hence from a, which
is impossible since q ¢ S(a). In the latter case, p is inaccessible from q because
p € My, q ¢ My, and My is inaccessible by Lemma 5. This proves the claim.

Now define T : Z% — C as follows. Set T'(a) = 1 and define T on S(a) \ {a}
recursively, using the system H. This is possible because if p € My, is accessible
from a along some path ti,ts,...,t; where t; = a and t; = p, then the entire
path belongs to My, (otherwise there is a j, 1 < j < k — 1, such that t; ¢ My,
tj11 € My, and t;1; is accessible from t;, which contradicts Lemma 5). Finally,
set T(p) =0 for all p ¢ S(a).

We claim that this T satisfies (2) for all n € Z and all i € {1,2,...,d}.
Indeed, if n,n +e; € S(a) then (2) is satisfied by definition of 7" and by consis-
tency of H. If n,n + e; ¢ S(a) then both sides of (2) are zero by definition of
T. If n € S(a) and n + e; ¢ S(a) (or vice versa) then again both sides of (2)
are zero by definition of 7' and because S(a) is inaccessible. Hence T € V4 (H).
Since T' # 0, the claim follows. m]

Example 8 Let H be the system

(711 =+ Up) + 2)T(TL1 =+ 1,77,2) = (n1 + ng)(nl — ng)T(nl,ng),
(Tll + no + 2)(77,1 — Ng — 1)T(ﬂ17n2 + 1) = (n1 + ng)T(nl,ng).
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It is easy to check that H is a consistent H-system with certificates

(n1 + n2)(n1 — n2) R(ni + 1,n2)
Fi(ni,n2) = =pn, —ne; 1)————-—
1(n1,m2) ny +ng +2 plm 2 1) R(ni,n2)
+1
Fy(nn, na) ni + no R(ny,ma )

) = @(nl —ng; —1)

(m + no + 2)(77,1 — Ng — 1 R(nl,ng)

(cf. (13)), where
1

(’fbl + ng)(nl +n9 + 1) '
Note that for (n; + na)(n1 +na + 1)(n1 +ng + 2) # 0, H is satisfied by

R(n1, ng) =

(_1)n1+n2
T =—"R
(nl,nQ) F(l—n1+n2) (n17n2)7
but this solution does not belong to V;(H).
In this case £(n1,n9) satisfies

£(0,0) = 1,
f(ni+1,m2) = (n1—n2+ a1 —22)€(n1,n2),
{(ni,na +1) = s, )

ny—ng —1+x —372.
It is straightforward to verify that £(ny,n2) = p(z1 — 22; n1 — n2) and

07 ni S na,
1, otherwise.

valé(ny,ng) = {

Next, n(n1,n2) = 1/((n1 +n2 + 1 + 22)(n1 + ne + 1+ 21 + z2)), and

-1, (n1+n2)(ni+n2+1)=0,
valn(ni, na) = { 0 E)t;lerwizgz.( ' :

Hence m = min, ) 72 val p(ni,ne) = —1, and

M'H = {(nl,ng) S Z2; (Tll +n2)(n1 + no + 1) =0 A n < 77,2}.

By taking a = (0,0) in the proof of Theorem 5, we have S(a) = My, and the
corresponding non-zero solution belonging to Vi (H) is

1 _
INCTPESE ny+ng =0 A ny < no,
I

T@ns12)" ni+neg+1=0 A ny <ng,
0, otherwise.

T(nl, ng) =
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6 The Ore-Sato theorem and its consequences

The Ore-Sato theorem (see Theorem 4) is commonly believed to imply that
every hypergeometric term is of the form (1). For example, in [3, p. 223] one
reads: “From Ore’s result it can be deduced that the most general form of Apn
s of the form

A = R(myn)ymna™b"
where R is a fized rational function of m and n, a and b are constants, and ~Ymn
is a gamma product (...) that is to say it is of the form

Ymn = H T(a; +uym +vn)/T(a;)
i

where the a; are arbitrary (real or complex) constants, and the w; and v; are
arbitrary integers which may be positive, negative, or zero.” A similar quote can
be found in [4, p. 5].

It may be the case that in the literature referred to above, A,,, is implicitly
assumed to be non-zero for all m,n € Z. This possibility is supported by the
fact that, e.g., in [3] the corresponding H-system is given in terms of the two
quotients Apmi1,n/Amn and Ap, ny1/Amn. But such a severe restriction would
exclude from consideration many important functions, such as the binomial
coefficient A,,,,, = (7:), and all polynomials with integer roots.

However if we do not adopt this restriction, then there are hypergeometric
terms which cannot be written in the form (1), as illustrated by the following
example.

Example 9 Take the H-system

p(n1,n2)T(n1+1,n2) = p(ny +1,n9)T(n1,n2), (21)
p(ni,n2)T(n1,me +1) = p(ni,ng + 1)T(n1,n2),

where p(ni,n2) = (n1 —nge — 1)(n1 —ny + 1). It can be checked that any
T : 7Z? — C which satisfies T(n1,m2) = 0 unless ny = ng is a solution of (21).
In particular,
an ny =ng
T — ) )
(n1,n2) { 0,  otherwise
is a solution of (21), even though it does not have the form (1) because it grows
too fast along the diagonal. -

There are examples which look less artificial and where the solution has
Zariski-dense support, such as T(n1,n2) = |[n1 — nz|. In [1, Example 6] it is
shown that this hypergeometric term cannot be written in the form (1) if R is
assumed to be a polynomial. In a similar way it can be shown that the same is
true even if R is allowed to be a rational function.

The following statement does follow from the Ore-Sato theorem.
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Corollary 2 Let T be a hypergeometric term. If T has Zariski-dense support,
then any constituent* of T is of the form (1).
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