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Abstract

An H-system is a system of first-order linear homogeneous recurrence equations for a single unknown
function T, with coefficients which are polynomials with complex coefficients. We consider solutions of
H-systems which are of the form 7 : dom(7) — C where either dom(7T) = z4 ,ordom(T) = 74 \ S
and S is the set of integer singularities of the system. It is shown that any natural number is the dimension
of the solution space of some consistent H-system, and that in the case d > 2 there are H-systems whose
solution space is infinite dimensional. The relationship between dimensions of solution spaces in the two
cases dom(7) = Z¢ and dom(T) = 7¢ \ § is investigated. We prove that every consistent H-system H
has a non-zero solution 7 with dom(T) = Z¢. Finally we give an appropriate corollary to the Ore—Sato
theorem on possible forms of solutions of H-systems in this setting.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Systems of first-order linear homogeneous multivariate recurrence equations with polynomial
coefficients and a single unknown function play a significant role in combinatorics as well as
in the theory of hypergeometric functions. In applications, it is often not enough to consider
solutions of such systems as abstract algebraic objects. Rather, the user is looking for a solution
which is defined everywhere, or at least at all non-singular points of the system. If there are

* This work has been conducted during the Special Semester on Groebner Bases, February 1-July 31, 2006, organized
by RICAM, Austrian Academy of Sciences, and RISC, Johannes Kepler University, Linz, Austria.
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no singular points, the solution space is at most one dimensional, and the solutions are easy to
compute. However, in the presence of singularities the situation changes radically. In particular,
the question of existence of a non-zero solution defined everywhere can be very non-trivial. In
this paper, we investigate the possible values that the dimension of various solution spaces of
such systems can have, a question important both from theoretical and algorithmic points of
view.

More precisely, let ni,ns,...,ng be variables ranging over the integers. We consider
d-dimensional H-systems, that is to say, systems of equations of the form

ﬁ(nl’n29""nd)T(nl’nz?""ni+1""’nd)
= gi(ny,ny,....,ng) T(ny,no,...,ng),

where f;, gi € C[xy, x2, ..., x4] \ {0} are relatively prime polynomials fori = 1,2, ..., d. The
notion of singular points (singularities) of such systems can be defined in the usual way. Such
singularities make obstacles (sometimes insuperable) for continuation of partial solutions of the
system on all of z°.

In this paper we consider two spaces of solutions of H-systems: the space Vi of solutions
defined everywhere on Z¢, and the space V5 of solutions that are defined at all non-singular points
of Z%. The precise definitions are given in Section 2 where it is also shown that the dimension of
V5 equals the number of components induced on Z¢ by the singularities of the system.

In Sections 3—5 we investigate the dimensions of the spaces Vi, V;, and their relationship.
It 1s well known (PetkovSek et al., 1996) that if (in the case d = 1) one considers the germs
of sequences at infinity (i.e., classes of functions 7 : Ny — C which agree from some point
on), the dimension of the solution space is 1. However, the situation is different with dim V;
and dim V5. In Section 3 we prove for the case d = 1 that if the equation has singularities then
I < dimV; < dimV, < oo, and that for any integers s, ¢ such that 1 < s < ¢ there exists
an equation with dim V; = s and dim V> = ¢ (the case where there is no singularity is trivial:
dim V; = dim V, = 1). In Section 4 we show that in the case d > 1 the possibilities are even
richer: for any s, t € N U {oo} there exists an H-system with dim V| = s and dim V, = 1.

The central part of the paper is Section 5 where we prove that dimV; > 0 for every
consistent H-system. Thus we prove an existence theorem for H-systems, which claims that
for every consistent H-system there is a non-zero solution defined everywhere on Z¢. Since
the coefficients f;(ny,n2,...,ng), gi(n1,n2,...,ng), i = 1,2,...,d, can vanish for some
(n1,np,...,ng) € Zd, this fact is not self-evident.

Example 1. Let H be the two-dimensional H-system

(1 + D>+ 1Ty + 1, n2) = (02 + nd)T(n1, n2),
(% 4 (ny + DHT (1, ny + 1) = (0% + nd)T(n1, na).

The only singularity of H is the point (0, 0), and its space V> is spanned by

1
T(ni,ny) = —5——5
n%+n%

which is defined and non-zero at all points of 7? \ {(0, 0)}. The situation is quite different with
V1. It is easy to check that any solution of H defined everywhere on Z? vanishes at all points of
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7? except possibly at (0, 0), where its value can be chosen arbitrarily. So V; is spanned by

1, mi=ny=0,
T'(ny,np) = {0, otherwise. W

In the light of Example 1, it is not entirely inconceivable that some H-system, even though it
is consistent, might not have any non-zero solutions 7" : 7% — C at all. However, we prove in
Section 5 that this is not the case.

As our proof of this fact is based on the well-known Ore—Sato structure theorem (Ore, 1929,
1930; Sato et al., 1990), we use this opportunity to remark in Section 6 that, contrary to some
interpretations found in the literature (e.g., (Bateman and Erdelyi, 1953; Gel’fand et al., 1992)),
the Ore—Sato theorem does not imply that every solution of an H-system is of the form

)4
nf(ai’lnl +ny+ -+ ajqgng + ;)

R(ny,no,...,ng) iqzl ui'uy?ul)f (1)
1_[ I'bjini+ny+---+bjang + Bj)
j=l1
where R € C(x1, x2,...,X4), @ik, bjr € Z, and «;, B; € C (for the case when the solution of

the system is holonomic, and R is required to be a polynomial, we have already noted this in
Abramov and Petkovsek (2002)). We conclude by giving an appropriate corollary to the Ore—
Sato theorem on possible forms of solutions of systems under consideration.

We write p L g to indicate that polynomials p, g € C[xy, x2, ..., x4] are relatively prime. We
writew = (uq, uy, ..., ug) for d-tuples of numbers or indeterminates, and u- v = Z?:l u;v; for
their inner product. We denote by e; the d-tuple whose components are zero except the ith one
which is 1. The monomial x{'x5? - --x;¢ is denoted by x". A polynomial p € C[x] is integer-
linear if p(x) =a-x+ B where a € Z% and B € C. The set of positive integers is denoted by N,

and the set of non-negative integers by Nj.
2. H-systems and their solution spaces

Definition 1. An H-system? of dimension d is a system of equations of the form

fimT(n+¢;) = g (mT (n) 2)

fori = 1,2,...,d, where f;,gi € C[x]\ {0} and f; L g;. The rational functions g;/f; €
Cx)\{0},i =1,2,...,d, are called the certificates of (2), and a function T : dom(7) — Cisa
solution of (2) if (2) is satisfied for allm € dom(7) such thatn+e; € dom(7) fori =1, 2,...,d.
A solution of an H-system is called a hypergeometric term.

Definition 2. Rational functions Fy, F3, ..., F; € C(x) \ {0} are compatible if
Fix)Fj(x+e) = FiX)Fi(x+ej)

forall 1 <i < j < d. We call an H-system of the form (2) consistent if its certificates are
compatible.

2 The prefix “H” refers to Jakob Horn and to the adjective “hypergeometric” as well.
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If an H-system has a solution with Zariski-dense® support, then it is consistent, and its
certificates are uniquely determined by this solution (see Abramov and Petkovsek (2002)). Note
that in the case d = 1, every H-system (containing a single equation) is consistent.

Definition 3. Let H be an H-system of the form (2). A pointn € 74 is

e a trailing integer singularity of H if there exists i, 1 <i < d, such that g; (n) = 0;
e aleading integer singularity of 'H if there exists i, 1 <i < d, such that f;(n —e;) = 0;
e an integer singularity of H if it is a leading or a trailing integer singularity of H.

Definition 4. Let S(H) denote the set of all integer singularities of . Denote

e by Vi (H) the C-linear space of all solutions 7 of ‘H such that dom T = 7%, and
e by V»(H) the C-linear space of all solutions 7' of H such that dom T’ = Z¢ \ S(H).

We consider only integer singularities here, therefore we will drop the adjective “integer” in
what follows. Sometimes we will also drop the name of the H-system, and will write Vi, V»
instead of V1 (H), Vo(H).

Definition 5. Two points p, p’ € Z¢ are adjacent if p — p' = +e; forsome i € {1,2,...,d)}.
A finite sequence py, Py, ..., Py € 74 is a path from p; to py of length k — 1 if p; 1s adjacent
top;q fori =1,2,...,k — 1. Given an H-system H, the components induced by H on 7% are
the equivalence classes of the following equivalence relation ~ in 7% p' ~ p” iff there exists
a path from p’ to p” which contains no singularity of . If T is a solution of H, then for each
component C induced by H on Zd, the restriction of 7 to C is called a constituent of T .

Proposition 1. Let H be a consistent H-system. Then dim V, equals the number of components
induced by H on 7%,

Proof. To each component C; induced by H on 74 we assign a solution 7; of (2) whichis 1 ata
selected point p; € C;, and O on all the remaining components. The values of 7; on the remaining
points of C; are uniquely determined by (2). It is clear that the set of all 7; is a basis for V,. [J

3. The univariate case

When d = 1 the system (2) is of the form
FTn+1) =gm)Tn) 3)
where f(n), g(n) € Cln] \ {0} and f(n) L g(n).
Example 2 (dim V| = 1, dim V, = k). Consider the recurrence
T(n+1) = pr(n) T(n) (4)

where k > 1 and pi(n) = ]_[i-:g (n — 2i + 1). Here we use the convention that a product is 1
if its lower limit exceeds its upper limit. Clearly the set of singularities of (4) is {2i — 1; i =

3 Recall that a set S C (Cd is Zariski-dense if the only polynomial p € C[xy, x5, ..., Xx4] which vanishes at each point
of § is the zero polynomial p = 0.
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0,1,...,k—2},sodimV, = k. To compute dim V1, note that any solution 7 (n) of (4) defined
for all n € Z is a constant multiple of

Fon) = (—1)<’<—1>"/]:_]:([)2(2i —n—1!, n<0,
0, n>0.
Therefore dmV; =1. N
Example 3 (dim V; = m, dim V, = m + 1). Now consider the recurrence
gnin+ 1) Tm+1)=qun) T(n) (5)

where m > 1 and ¢g,,(n) = ]_[;":1(71 + 2i 4+ 1). The set of singularities is {—(2i + 1); i =
1,2,...,m},sodimVy, = m + 1. Let T(n) be a solution of (5) defined for all n € Z. By
substituting n = —2(i + 1) fori = 1,2,..., m into (5), we see that T (n) = 0 for these values
of n. Likewise, by substituting n = —3 into (5), we find that 7 (—2) = 0. Using (5) it follows by
induction on n that 7(n) = O foralln < —2(m + 1) and for all n > —2 as well. On the other
hand, it is easy to check that

G,(qi) (n) =8y, —i+1)

(where & is the Kronecker delta) is a solution of (5) fori =1, 2, ..., m. Therefore dim V| = m.
[ |

Before describing the general situation we need a definition and a lemma.
Definition 6. Let H be an H-system of the form (3). An interval of integers
I =1k, k+1,...,k+m}, m=>0, (6)
is a segment of singularities of H if I € S(H) whilek — 1, k+m + 1 ¢ S(H).
Lemma 1. Each segment of singularities (6) of Eq. (3) is of (at least) one of the following types:

(1) all elements of the segment are trailing singularities;
(i1) all elements of the segment are leading singularities;
(1i1) there exists j, 0 < j < m, such that k,k + 1, ...,k + j are leading singularities, while
k+j+1,k+j+2,...,k+ mare trailing singularities.

Proof. If u € Z is a trailing singularity and u + 1 a leading singularity of (3) then f(u) =
g(u) = 0, contrary to the assumption f L g. So any segment of singularities of (3) consists of
a (possibly empty) interval of leading singularities followed by a (possibly empty) interval of
trailing singularities. [

Theorem 1. Let S denote the set of singularities of Eq. (3).

(@) If S =0 thendimV; =dimV, = 1.
() If S £ @ then1 <dimV; < dimV, < oo.

Proof. (a) This is clear.
(b) There is only a finite set of components induced on Z by (3), therefore dim V> < oo.
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Next we prove that dim V| < dim V5. First we show that if (6) is a segment of singularities of
(3), then the restriction of V; to

I={k—1,k,....k+mk+m+1)

has dimension < 1, while the analogous restriction of V, obviously has dimension 2. Indeed,
if u is a trailing singularity, then any element of Vi vanishes at u + 1; and if u is a leading
singularity, then any element of V| vanishes at u — 1. By Lemma 1 we have three possibilities (i),

(i1), (ii1) for (6). Incase (i) wehave T(k+1) =T(k+2) =--- =T (k+m+1) = 0, in case (i1)
Tk—1)=Tk)=---=T(k+m—1)=0,incase (iii) T(k—1)=T(k)=---Tk+j—1)=0
andT(k+j+2)=Tk+j+3)=---=T(k+m+1) =0;in each case T (n) can be non-zero

at most in two points of I, however the value at one of them is uniquely determined by the value
at the other one. Therefore the dimension of the restricted V| is < 1. The same holds for the
dimension of the restriction of V; to the set

k—vk—v+1,.. . kk+1,..  k+mk+m+1,...  k+uw,

where k,k + 1, ..., k + m are singularities, while k — v,k —v+1,...,k—1and k + m +
I,k+m+2,...,k + w are not. Gluing together two such restrictions with coinciding, say,
k+m+41,k+m+2,...,k+ w, and non-intersecting singular parts, we get the dimension
< 2, while the dimension of the corresponding restriction of V5 is 3 and so on. This proves that
dim V| < dim V5.

Finally we prove that dim V; > 1. If there are leading singularities, let no be the largest
leading singularity. Set T'(ng) = 1 and T(n) = 0 for n < ng. None of the points n > ng is
a leading singularity, hence the value of 7" at n > ng is uniquely determined by the recurrence
(3) and the initial condition 7' (ng) = 1. If there are no leading singularities, let no be the least
trailing singularity. Set T (ng) = 1 and T (n) = O for n > ng. None of the points n < ng is a
trailing singularity, hence the value of T at n < ng is uniquely determined by the recurrence (3)
and the initial condition 7' (ng) = 1. In either case V| contains a non-zero solution. [

Theorem 2. For any integers s, t such that 1 < s < t there exists an equation of the form (3)
such that dim V| = s and dim V, = t.

Proof. Consider the recurrence

qn(n+1) T(n+1) = pr(n)gm(n) T (n) (7)

where k,m > 1, pix(n) is as in Example 2, and ¢,,(n) is as in Example 3. Here the set of
singularitiesis {2i —1; i =0, 1, ..., k=2}U{-Qi+1); i =1,2,...,m},sodim V, = k+m.
Let T'(n) be a solution of (7) defined for all n € Z. In exactly the same way as in Example 3 we
can see that T(n) = O forn = -2, —4,..., -2(m + 1), n < =2(m + 1) or n > —2, and that
G,(,i) (n) = 6n,—2i+1) 1s a solution of (7) fori =1, 2, ..., m. Therefore dim V| = m.

Ifl <s <t letm = sand k = ¢t — 5. Then for Eq. (7), dmV; = m = s and
dmVo=k+m=1t. [

We conclude this section by some remarks on the computation of dim V| and dim V;. Let ‘H
denote Eq. (3). According to Proposition 1, dim V;,(H) is the number of components induced on
Z by 'H and is thus easy to compute. We claim that dim V| (H) equals the dimension of the kernel
of a bidiagonal matrix B defined as follows. Let o be the maximum and g the minimum of the
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integer roots of f(x)g(x); if H has no integer singularities then we can take« = 8 = 1. Let B
be the (@ — B+ 1) x (¢ — B + 2) matrix with entries

bijj=1—gla—i+1), j=i+]l,
0, otherwise,

where ]l <i <a—fB+1land1 < j <o — B + 2. Indeed, any vector v such that Bv = 0 can
be extended to a solution of H in a unique way. This mapping is an isomorphism between the
kernel of B and V| (H).

Incidentally, this gives an alternative proof of the inequality dim V| > 1: B has more columns
than rows, hence its kernel is non-trivial.

4. The relation between dimensions of Vi and V> in the multivariate case

If d > 2 in (2) then the dimensions of V; and/or V5 can be infinite as shown by the following
examples.

Example 4 (dim V| = oo, dim V, = 1). Let ‘H be the system

(ny —4ny + )T (n1 + 1,n2) = (n1 —4ny)T (n1, na),
(ny —4ny — 4T (ny,n2+1) = (n; —4ny)T (ny, n2).

It is easy to check that
Ti(ny,n2) = 8u,,4i6n,,i» fori € Z,

are linearly independent solutions of H on all of ZZ, hence dim Vi = o0. On the other hand,
S(H) = {(n1, n2); n; = 4ns}, so H induces a single component on Z?,anddimV, =1. W

Example 5 (dim V| = 1, dim V, = 00). Let B be the system

(n1 —4n2)T(ny + 1,n2) = (n1 —4ny + )T (n1, n2),
(n1 —4n2)T(n1,n2 +1) = (ny —4ny —4)T (ny, n2).

It can be shown that any solution of B defined on all 77 is a constant multiple of n; — 4n», so
dim V; = 1. On the other hand, S(B) = {(n1,ny); n1 — 4ny € {—4, —1, 1, 4}}, so each of the
points (4i, i) for i € Z is a separate component of 7? induced by B, hence dimV, =oco. N

Example 6 (dimV| = dimV, = 00). Let C be the system
(mi—ny—Dm —nay+ DT (1 +1,n2) = (1 —ny)(ny —no+2)T(ny, ny),
(mi—ny—Dm —na+ DT (my,ny+1) = (n1 —n2)(ny —np —2)T(ny, ny).

It is easy to check that
T;(n1,n2) = 8y,,ibn,,i,» fori € Z, (8)

are linearly independent solutions of C on all of Z?, hence dimV, = oo. As S(C) =
{(n1,n3); n1 —np € {—2,0,2}}, each of the points (i,i — 1) and (i,i + 1) fori € Zis a
separate component of 7 induced by C,sodimV, =occaswell. W

The following theorem describes the general situation.
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Theorem 3. Let 1 < s,t < o00. Then there exists an H-system such that dim V|, = s and
dim V, =1t.

Proof. Letr > 2 and p;(ny, ny) = ]_[f;%(nl — ny + 3i). Then the set of singularities of

pi(ni + 1,n2)T (ny + 1, n2) = pr(n1, n2)T (n1, n2),

pi(ni,na+ DT (ny, np + 1) = pi(ni, n2)T (n1, n2)
18§ = {(n1,n2); ny —ny € {=3i; 0 <i <t —2}}. As in Example 6, the functions (8) are
linearly independent solutions of this system on all of Z?, hence dim V; = oc. On the other hand,

the number of components induced on 72 is t,sodimV, =t¢.
Lets > 2 and

s—1
gs(n1, n) = [ J((n1 = 2i)* + n3). ©)

i=1
Then the set of singularities of
(n1 —4n2)qsr1(ny + 1L,np)T(ny + 1,n2) = (ny —4no + Dgs11(n1, n2)T (ny, no),
(n1 —4n)gsy1(ny,ny + DT (ny,ny + 1) = (n1 —4ny —4)gs11(n1, n2)T (ny, na)

is § = {(n1,n2); n1 —4ny € {—4, —1,1,4}} U {(2i,0); 1 <i < s}. Each of the points (4i, i)
fori € Z is a separate component, so dim V, = oo. It can be shown that any solution 7' (ny, n)
defined on all Z? vanishes everywhere except at the points (2i, 0) where 1 <i < s, and that

Ti(n1,n2) = 84y,2i0n,.,0, (10)
fori = 1,2,...,s, are linearly independent solutions of this system defined on all Z2. Hence
dim V| = o0.

Together with Example 4—6 this proves the assertion in the case when at least one of s, ¢ is
infinite.

Now assume that s, ¢ are natural numbers, and let r;(n1, ny) = ]_[f;{ (n1 4+ 2i + 1). Consider
the system

qgs(n1 +1,n2)T(n1 +1,n2) = qs(ny, np)ri(n1, n2)T (ny, nz),

where ¢; is as in (9). It can be shown that any solution 7' (ny, ny) defined on all 7? vanishes for
all (ny, ny) suchthatn; > — (2t — 1) and (n1, ny) is not of the form (2i,0) with 1 <i <s — 1.
Further, a basis of Vj is given by the s functions 7;(n1, ny) fori =0,1,...,s — 1 where

(—H—bm

— — . om = —Qr=1,
To(ni,n2) = | [ [0y = 20)* +n3) [ [(—n1 = 2i = 1!

0, otherwise,

and T;(n1, np) are asin (10) fori =1, 2, ..., s — 1. It follows that dim V| = s. The set of singu-
larities of this systemis S = {(2i,0); 1 <i <s—1}U{(—Qi+1),j); 1 <i<t—1,jeZ},
and the number of components induced on 72 is t,sodim V> =t as desired. [
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We considered the case d = 2 here. The corresponding H-systems for the case of an arbitrary
d > 1 can be obtained by adding equations 7(n +e;) = T(n), i = 3,4, ...,d, to the systems
withd = 2.

5. Existence of solutions in the multivariate case

In this section we assume that H is a consistent H-system of the form (2), and show that
dim Vi (H) > 0.

At first glance, it seems that obtaining a non-zero solution 7" of H, defined everywhere on 74,
is trivial: Select any point s € Z¢ and define T'(s) = 1, then extend T to all of Z¢ by recursion
using ‘H. However, if S(H) # ¢ this simple idea may fail: for instance, in Example 1 the only
possible starting point is s = (0, 0). Since this is a singularity of H, we refine the idea by always
selecting s € S(H). That this, too, can fail, is shown by the following system.

Example 7. Let H be the consistent H-system
(n1 —na +2)((n1 + D? +nd)T(ny + 1, n2) = (n1 —na)(nF 4+ n3)T(ny, na),
(n1 —ny — D@2 + (2 + DHT(n1,n2 + 1) = (n1 —ny + D3 +n3)T(n1, na)

with S(H) = {(n1,ny) € 7Z2: (ny —ny)(ny —ny + 1)(n% + n%) = 0}. It is easy to check that, as
in Example 1, V| (H) is spanned by

)1, ny=ny=0,
T(n,m) = {O, otherwise.
Selecting s = (0,0) and defining 7(s) = 1 will indeed produce the non-zero solution

T (ny,n2) = 68u,,00n,,0. However, as every element of Vi(H) vanishes at all n # (0, 0), any
other choice of s, including all the other singular points of H, will lead to contradiction. W

In general, it is not clear how to select s, or even if a “good” s exists at all. We will now show
that it does.

A sketch of the route to be taken is the following. To each rational function R(x) we will
associate the sequence of rational functions R (n) := R(n + x). Using the Ore—Sato theorem
(Theorem 4), we will construct a sequence of rational functions ¢ : 74 — C(x) which solves
the modified H-system

fimpm+e) =gGmem), i=1,2,....d

over C(x). We will define an integer valuation val R(x) for any R(x) € C(x). The key point of
our proof will be the fact that the sequence val ¢ (n) is bounded (Proposition 4), which will enable
us to associate with H the set My = {n € Z4; val ¢(m) = m} where m = minnezd val p(n).
Then we will prove that for any s € M3, we can construct a solution 7 (n) € Vi(H) such that
T(s)=1.

Let K be a field. For k € Z and o € K, denote by g («; k) the Pochhammer symbol

k—1
[[e@+i. k=o.
1y = ]i=0
o k) = 17 .
[]— k<0 a#L2. .. k.

=147
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Theorem 4 (Ore—Sato). Let {Gn(x) € C(x); n € Z%) be a family of rational functions
satisfying the cocycle condition

vomeZ': Gpim(X) = Gn(X) - Gm(X +n). (11)
Then we can write
P . .  R(x+n)
Ga)=Cm)-[] p@? -x+Bj; 2 -m)% - “Ro) (12)

j=1

where C : 7Z¢ — C satisfies C(n +m) = C(m)C(m), p € Ny, a¥) € Z9\ {0}, B; € C,
s; € Z\ {0}, and R(x) € C(x).

For a proof, see Sato et al. (1990, pp. 26-33).4

Corollary 1. Let F|(x), Fo(X), ..., Fy(x) € C(x) be compatible rational functions (see
Definition 2). Then fori = 1,2, ...,d we can write
P
: (s, Rx+e)
Fi(x):ci-]]:[1 p @’ x+ By a) - (13)

where ¢; € C, p € Ny, alV) = (agj), aéj), e aff)) e 74 \ {0}, Bj € C, s; € Z\ {0},
R(x) € C(x)\{0}, the complete factorization of the numerator and denominator of R(X) contains
no integer-linear factors, gcd(a](] ), aéj ), cee, a[(/ )) = 1, and the first non-zero component of at/)
is positive, for j = 1,2, ..., p.

Proof. Write B = {ej,e,...,ey}. To each sequence of unit vectors dj,ds,...,d, from

B U (— B) assign the rational function

r
Ga,.4y....a,(X) = | | Fa;(x+nj_1)
—1

J

where

~ Fi(x), d=e;,

Fay = |10 d=en

E(X_el) ’ d__el’

and n; = Z{Zldi, for 0 < j < r. As F, F,, ..., F; are compatible, Gdl,dz 77777 d, (xX)
does not change if two consecutive terms in the sequence dp,dy,...,d, are transposed.
Hence Gq,.4,...4.X) = Gd,).dy....dy ) (X) for any permutation 7 of {1,2,...,r}
In particular, we can sort the sequence di,dj,...,d, into a sequence of the form
€,...,€,—¢€1,...,—€1,...,€4,...,€4, —ed,...,—ed.Since Gdi7di+1(x) = lifdl' = _di—i-l’

by definition of Fq, and

Gd, dy....d.d,y...d,(X) = Gy dy...a,(X) - Ga, .4, (X +1,), (14)

4In fact, a more general version of the Ore—Sato theorem is proved in Sato et al. (1990), with 7 replaced by
an arbitrary abelian group = generated by d elements, and with C replaced by an arbitrary algebraically closed
field {2 of characteristic zero. However note that in the statement and proof of this theorem in Sato et al. (1990),

[Ti<k<_1 ¥i(x + k)1 should be replaced by [Tj<;<_; ¥i(x — k)~ L.
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by definition 0f~(~;, this sequence can be reduced by omitting each consecutive pair of e; and —e;.
It follows that Ggq, d,,....a, depends only ond; +dy + --- +d, =n,.
Thus we can define a family of rational functions {G(x) € C(x); n € z4) by setting

Gn(%) = Gy, .dy.....d,(X)

where dy, dy, . .., d, is any sequence of vectors from B U (—B) summing to n. Because of (14),
the family {Gp(X); n € Zd} satisfies the cocycle condition (11), hence by Theorem 4, G (x) has
the form (12). Notice that G¢, (x) = F;(x) and al) . e = ai(J), so withn = ¢; and C(e;) = ¢;,
(12) turns into (13).

If Rx) = Rx)(a-x+ B)° where R(x) € C(x),a € Z, B € Cand s € Z, then
R(x+e)/R(x) = R(x+¢€)/RXx)-p@a-x+ B+ 1; a)/p(a-x + B; a;)°. Thus we can
extract all integer-linear factors from R and replace them by appropriate Pochhammer symbols
in the product in (13).

The last two claims follow from the formulae

5—1
p@-x+p; a) = & 1_[ p(@-x+pB+k)/s; ai/d)
k=0

where § = ged(ay, as, ..., ay), and

p@x+pa)p(l—a-x—p; —a) = (D%,
both easily verifiable by direct computation. []

To each rational function R(x) € C(x) we associate a sequence of rational functions
R : 7% — C(x) by setting R(n) = R(n + x). Obviously we have

Proposition 2. If R(x) is not identically zero, then for alln € Z%, R(n) is not identically zero.

Define a valuation val : C(x) — Z in the following way: For p(x) € C[x] let

e| e

val p = min{e; + e + -+ 4+ eg; x]'x5% -+~ x;" is a monomial of p}.

If R(x) € C(x) \ C[x] and R = p/q where p,q € C[x] and p L g, let
val R = val p —valgq.
Proposition 3. (i) If p € C[x] then Y"¢_, deg, p > val p > 0, and
val p >0 < p(0) =0.
(i1) If Ry, R, € C(x) then val R{ R, = val R| + val R;.

Proof. Assertion (i) is obvious, and so is (ii) when Ry, Ry € C[x]. To prove (ii) in general,
write R; = p;/q; where p;,q; € C[x] and p; L g;, fori = 1,2. Denote r = gcd(p1, q2),
s = ged(pa,q), py = pi/r. @5 = @/r, p5 = p2/s, q¢ = qi/s. Then RiRy =
p1p2/(q192) = p|P5/(q1q;) where p|p5 L g q;. Hence val Ri Ry = val p\p) — val q1q; =
val p|+val p}—val g; —val g5 = val p|+val r+val p)+val s —val gy —val s —val g} —val r =
val pir + val pis — val g5 — val g;r = val p; + val p, — val g1 — val g» = val Ry + val R,
as claimed. [

Proposition 4. Let R € C(x). Then the sequence val ﬁ(n) is bounded everywhere on 78,
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Proof. Let R = p/q where p, q € C[x] and p L ¢g. By Proposition 3(i) we have

d d
Z degxi P = Z degxi ﬁ(n)
i=1

i=1
> val p(n) > val R(n) > —val §(n)

d
> — ) deg,, 4(n)

i=l1
d

= - Z degx,- q
i=1

foranyn e Z¢. O
The following proposition is obvious.

Proposition 5. If Fi,Fp, ..., Fq € C(x) are compatible rational functions (see Definition 2),
then the sequences . F 1, Fz, . Fd are also compatible in the sense that for any n € 7%, the
rational functions F (n)F (n —|— e;) and F (n)F (n +e;) are equal in C(x), for1 <i < j <d.

Let 'H be a consistent H-system of the form (2). By Corollary 1 we can write its certificates
F; = g;/fi in the form (13). Fori =1, 2, ..., d, define

p .
Fx=c-[]p@? x+ 8 ay, (15)
j=1
v Rx+e)
F/'(x) = R (16)

Then F; = F/F/ fori = 1,2,...,d. Since Fi, F,..., Fg as well as F', F), ... F} are
compatible, so are F|, F,, ..., F).

We will associate with H three sequences &, 1, ¢ : Z? — C(x) with rational-function values,
defined by the following requirements:
e (0)=1¢6n+e)=EmFMm),i=12,....d,
e n(m) = R(m),
e p(n) = &Emnm).

Notice that the existence and uniqueness of & follow from the compatibility of F , I::z’, ceey ;7;.
Fori =1,2,...,d set

/ /!
Fi/:g_l/’ Fi//:g_lw
fi fi

where g7, f/, g/, f/" € C[x], g L f/, g/ L f". Then &, n satisfy the systems

flmEm+e) =g/mEm), i=1,2....4d a17)
flmnm+e) =g/mnm), i=12,....4d. (18)
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Since R(x) contains no integer-linear factors, no cancellation occurs on the left-hand side of

f'i/f‘i// _ ﬁ
N —

8; &; _gi'

Therefore f/ f/ = f; and g/g;" = g;, hence ]/”:/]/f? — F and g (g:? = g; as well. As a consequence

of equalities (17), (18) we have

fmeom+e)=gmem), i=12,....4d. (19)

Our next goal is to show that the sequence val ¢(n) is bounded.
With any factor p (a'/) - x + 8;; al.(] )) in (15), we associate |al.(] )| hyperplanes in C%: those
hyperplanes are defined by the equations

a(j),x_|_’8j+l:0, l:O,l,...,al.(j)_l
if ¢/ > 0, and by
al) x4+ B, +1=0, I=—-1,-2,....,a"

if al.(j ) < 0. All the factors from (15) generate a finite set of hyperplanes which we will denote

by P. The number of elements of P will be denoted by N. We call a point n € Z¢ special if it
belongs to at least one hyperplane from P.

Proposition 6. If two points n, 0’ € Z¢ are adjacent and val £(n) # val £(0'), then at least one
of these points is special. In this case [val £(m) — val E()| < |s1]| + [s2] + -+ - + |sp], where
51,82, ...,8p are as in (15).

Proof. From the definition of §(n) and from Proposition 3(ii) it follows that |val §(n) —
val )| = val F/(n) for some i € {1,2,...,d}. From the definition of F it follows that

val F(m) = Y7 sjval @7 (n+3)+;: o). Note that |val @/ (n+3)+;: 4’| =
1, hence |val £(m) — val )| < 3F_Is;|. O

In order to show that val ¢(n) is bounded, we prove three lemmas.

Lemma 2. Assume that neither of W', n” € Z¢ is special. Then there exists a path between them
which contains no more than (2d — 1)N special points.

Proof. By induction ond. If d = 1, there are N special points in all, so the claim is true. Assume

thatd > landn' = (n},n), ..., n)),n" = (n{,n}, ..., n)). Consider the two discrete lines
L' = {(n/l, n/z, R n;,_l, t); t € 7}, L' = {(n'l/, n/zl, R ng_l, t); t € Z}.

Since n’, n” are not special, each of the lines L, L” contains a finite number of special points, and
there exists #p € Z such that both ny, = (n},n},...,n),_,, 1) and ng = (n},n3, ..., nl_,, to)
are not special. The straight path from n’ to n;, contains no more than N special points, as
well as the straight path from n{j to n”. By induction hypothesis, there is a path in the set
{((n1,n2,...,nq-1,10); (ni,n2,....,ng—1) € Z¢ 1Y from n; to ng that contains no more
than (2d — 3)N special points. So there is a path from n’ to n” that contains no more than
2N + (2d — 3)N = (2d — 1)N special points. []
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Lemma 3. Leta € 7¢ \ {0}, BeC q¢e 74 andr € No. Denote
A:{neZd; a-n=p8,nj—qi|<rfori=1,2,...,d}.
Then |A| < 2r 4+ )21,

Proof. Since a # 0, there exists k € {1, 2, ..., d} such thata; # 0. Denote B = {n € Zd; ng =
qi,ni —qil < rfori = 1,2,...,dandi # k}. The orthogonal projection  : A — B,
n — n— (nx — g)ey is injective, hence |A| < |B| = 2r + D471, O

Lemma 4. Letn = (ny, na, ...,ng) € Z4 be special. Then there exists a non-special point n*,
and a path from n to n* which contains at most W special points.

Proof. The set P of hyperplanes is finite, so not all points in Z¢ are special. Let r + 1 be the
length of a shortest path from n to a non-special point n*. This path contains r + 2 points, out of
which at most » + 1 are special. Notice that by the definition of r, the set

Cr = {(f1, 72, ..., 1q) € 2% |a; —ni| <r/d,i=1,2,...,d}

contains only special points. By Lemma 3, a hyperplane from P contains at most (2| r/d |+1)%~!
points from C;, hence |C,| < N(2|r/d] +D4"1. But |C,| = (2|r/d] +1)4 soN > 2lr/d]+1 >
2(r —d + 1)/d + 1, and consequently (N + 1)d/2 > r + 1, which proves the assertion. []

As a consequence we have
Proposition 7. The sequence val £(n) is bounded on 74,

Proof. Let ng € Z¢ be a fixed non-special point, and let n € 7% be arbitrary. We distinguish two
cases:

(a) If n is non-special then, by Lemma 2, there exists a path from ng to n that contains at most
(2d — 1)N special points.

(b) If n is special then, by Lemma 4, there is a non-special point n* and a path from n to n*
that contains at most (N + 1)d /2 special points. By Lemma 2, there is a path from n* to ng that
contains at most (2d — 1) N special points.

In either case, there is a path from ng to n that contains no more than M := (2d —
I)N + (N + 1)d/2 special points. By Proposition 6 we then have |val £(n) — val £(ng)| <
M(|si| + Is2| + -+ Isph. U

Finally we get the following result.
Proposition 8. The sequence val ¢(n) is bounded on 7.

Proof. By Proposition 3(ii), val ¢(n) = val £(n) + val n(n) for all n € 7% . So the sequence
val ¢(n) is bounded by Propositions 7 and 4. []

Definition 7. Let H be an H-system of the form (2).

We say that a point ' € Z¢ is accessible from a point n € Z w.rt. H if there exists a
path nj, ny, ..., ng such that n; = n, ny = n’ and for each j € {1,2,...,k — 1} there is
i € {l1,2,...,d} such that either nj;; = n; +¢; and f(n;) # 0,0orn;;; = n; — ¢ and
gi(mj41) # 0. Otherwise n’ is inaccessible from n w.r.t. H.

If M C Z% then M is inaccessible w.rt. H if every ' € M is inaccessible from any
neZ\ Mwrt. H.
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We will omit the qualification “w.r.t. H” when the system H is clear from the context. Informally,
n’ is accessible from n if for any solution 7' € V;(H), the value of T at n’ is uniquely determined
by H and the value of T at n. Also note that the accessibility relation is reflexive and transitive.

Since the sequence val ¢(n) is bounded on 7%, we can define

m = min val ¢(n)
neZ®

and associate with H the non-empty set
My = {n € Z% | val p(n) = m}.
Lemma 5. My, is inaccessible.

Proof. It is sufficient to prove that if a is adjacent to b, a ¢ M2y and b € My, then b is
inaccessible from a. W.l.o.g. assume that b = a + e;. By (19) we have

fi@e®) = gi(@)¢(). (20)

By Proposition 3(ii), val fl (a) + val ¢(b) = val g1(a) + val p(a). Asa ¢ My, and b € My, we
have val ¢(a) > val ¢(b), therefore

val fl (a) > val g1(a).

Since val gj(a) > 0, this implies that val fj(a + x) = val ?1 (a) > 0. So by Proposition 3(i),
f1(a) = 0. This proves that b is inaccessible from a. [

Lemma 6. Let H be an H-system of the form (2). If a,b € My, are such that b is inaccessible
Jfrom a, then a is inaccessible from b as well.

Proof. It suffices to prove the statement for the case where a is adjacent to b. W.1.0.g. assume that
b = a+e;. As in the proof of Lemma 5 we find that val f; (a) +val ¢(b) = val g1(a)+val p(a),
but this time val ¢(b) = val g(a), so val fj(a) = val gj(a). Since b is inaccessible from a,
f1(a) = 0, which implies that val ﬁ(a) > 0. Hence val gj(a) > 0 as well. Therefore g;(a) = 0,
and the claim follows. [

Theorem 5. Let H be a consistent H-system. Then dim Vi (H) > 0.

Proof. Pick any a € M3 and let S(a) = {p € M4y; p is accessible from a}. We claim that S(a)
is inaccessible. Indeed, take p € S(a) and q ¢ S(a). Then either q € My, \ S(a) or q ¢ M3. In
the former case, p is inaccessible from  because otherwise, by Lemma 6, q is accessible from p
and hence from a, which is impossible since q ¢ S(a). In the latter case, p is inaccessible from
q because p € M3, q ¢ My, and M4, is inaccessible by Lemma 5. This proves the claim.

Now define T : Z¢ — C as follows. Set T(a) = 1 and define T on S(a) \ {a} recursively,
using the system H. This is possible because if p € M7, is accessible from a along some path
t;, to, ..., ty where t; = a and t; = p, then the entire path belongs to M7, (otherwise there is
aj,1 <j=<k—1suchthatt; ¢ My, t;;; € My, and t;; is accessible from t;, which
contradicts Lemma 5). Finally, set 7 (p) = O for all p ¢ S(a).

We claim that this 7 satisfies (2) for all n € 74 and all i € {1,2,...,d}. Indeed, if
n, n+e; € S(a) then (2) is satisfied by definition of 7T and by consistency of H. If n, n+e; ¢ S(a)
then both sides of (2) are zero by definition of 7. If n € S(a) and n + e; ¢ S(a) (or vice versa)
then again both sides of (2) are zero by definition of 7" and because S(a) is inaccessible. Hence
T € Vi(H). Since T # 0, the claim follows. []
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Example 8. Let H be the system

(n1 +n2+2)T(ny +1,n2) = (n1 +nz)(n1 —n2)T (ny, n2),
(ny+n24+2)(ny —np — DT (ny,nay+ 1) = (ny +n2)T (ny, na).

It is easy to check that H is a consistent H-system with certificates

Fi(ny. na) = (n1+n2)(ny —nz) o (1 — na: 1)R(n1 + 1, n7)
’ ny+ny+2 ’ R(ny, n2)
ny +na Ry, ny+1)
Fy(ny,np) = =pn —ny; —1)———
(n1 +n2+2)(n; —ny—1) R(ni, ny)

(cf. (13)), where

1
(1 +n2)(ny+ny+1)°
Note that for (n; + n2)(n; + ny + 1)(n1 + ny + 2) # 0, 'H is satisfied by

R(ny, np) =

(=1
T(ny, ny) = R(ny, ny),
(n1, n2) T —n tn2) (n1, n2)
but this solution does not belong to Vi (H).
In this case &(n1, ny) satisfies

£(0,0) =1,
Eny+1,np) = (ny —ny+x1 —x2)€(ny, na),
E(ny,ny+1) = &(ny, na)

np—ny—1l+x —x

It is straightforward to verify that £(ny, no) = g (x1 — x2; n1 —ny) and

0, n; <ny,
val §(ny, np) = {1 otlherwizse.

Next, n(n1,n2) = 1/((n; +n2 + x1 +x2)(ny +n2 + 1+ x; 4+ x2)), and

—1, n —I—I’l n +n +1 :0’
val n(ny, ny) = !() E)tlierwizf):.( ey

Hence m = min(nl’nz)ezz val ¢(ny,ny) = —1, and

My ={(n1,n2) € Z* (ni+n2)(ny+na+1)=0 A ny <ny}.

By taking a = (0, 0) in the proof of Theorem 5, we have S(a) = M4, and the corresponding
non-zero solution belonging to Vi (H) is

1
A a0 :O A =< ’
Tem+1) niy+np ny <np
Ty, ny) = 1 1
_— 1=0 A < ny,
Tn +2) ny+ny+ ny <np
| 0, otherwise. W
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6. The Ore-Sato theorem and its consequences

The Ore-Sato theorem (see Theorem 4) is commonly believed to imply that every
hypergeometric term is of the form (1). For example, in Bateman and Erdelyi (1953, p. 223)
one reads: “From Ore’s result it can be deduced that the most general form of Ay, is of the form

Apn = R(m, n)ymna™b"

where R is a fixed rational function of m and n, a and b are constants, and vy, is a gamma
product (... ) that is to say it is of the form

Yn = | | T'(ai + wim + vin) /T (a;)
i

where the a; are arbitrary (real or complex) constants, and the u; and v; are arbitrary integers
which may be positive, negative, or zero.” A similar quote can be found in Gel fand et al. (1992,
p.5).

It may be the case that in the literature referred to above, A, is implicitly assumed to be non-
zero for all m, n € Z. This possibility is supported by the fact that, e.g., in Bateman and Erdelyi
(1953) the corresponding H-system is given in terms of the two quotients A, 41 ,/An, and
A n+1/Amn- But such a severe restriction would exclude from consideration many important
functions, such as the binomial coefficient A,,, = (’:Z) and all polynomials with integer roots.

However if we do not adopt this restriction, then there are hypergeometric terms which cannot
be written in the form (1), as illustrated by the following example.

Example 9. Take the H-system

pny,n)T(ny +1,n2) = p(ny +1,n2)T (ny, n2), (21)
pni,n2)T(ny,ny + 1) = p(ny,na + 1T (ny, n2),

where p(ni,ny) = (ny —ny — 1)(ny — ny + 1). It can be checked that any 7 : 7? — C which
satisfies T'(n1, np) = O unless n1 = n» is a solution of (21). In particular,

2
2™ ny =np
T(ny, ny) = ’ =
(21, 12) {0, otherwise

is a solution of (21), even though it does not have the form (1) because it grows too fast along
the diagonal. M

There are examples which look less artificial and where the solution has Zariski-dense support,
such as T'(n1,ny) = |n1 — na|. In Abramov and Petkovsek (2002, Example 6) it is shown that
this hypergeometric term cannot be written in the form (1) if R is assumed to be a polynomial. In
a similar way it can be shown that the same is true even if R is allowed to be a rational function.

The following statement does follow from the Ore—Sato theorem.

Corollary 2. Let T be a hypergeometric term. If T has Zariski-dense support, then any
constituent® of T is of the form (1).

5 See Definition 5.
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