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Abstract

The notion of indicial rational function is introduced for ordinary differential equations
with polynomial coefficients and polynomial right-hand sides, and the algorithms for its
construction are proposed.

1 Introduction
It is known that if an analytic solution of a differential equation
ag(x)y' (@) + -+ ar(2)y () + ao(x)y(z) = 0, (1)

where ag(x),ay(z), ..., aq(x) are polynomials over C, has a singularity (in particular, a pole) in
a point «, then a4(a) = 0 (we assume that aq(x) is a non-zero polynomial). One can compute
a lower bound of the order of the pole using the least integer root of the indicial equation. This
equation is an algebraic equation of degree not exceeding d, and it corresponds to equation (1)
and to the point « |5, 6]. If the indicial equation has no integer root, then equation (1) has
no non-zero solutions that either are regular, or have a pole at . Assume that every indicial
equation corresponding to the roots of polynomial ay4(x) has integer roots. Let g, aq, ..., ax
be all complex roots of the polynomial a4(z), and Iy, [, ..., I be the least integer roots of the
corresponding indicial equations (they may be arbitrary, not necessarily negative, integers).
Then any solution of (1) that is meromorphic in the whole complex plane C can be represented
as a product of the rational function

V(z) = (r — )z — o)™ ... (x — ag)* (2)

by some entire function. In this paper we call V(x) the indicial rational function of equation (1).
The problem of recognizing the existence of an indicial function for (1) and its construction

if it exists can be also considered in the case when ag(x), a;(z), ..., aq(x) are polynomials over
an arbitrary field K of characteristic zero. In this case ag, a1, ..., a; belong to the splitting
field K’ of the coefficient a4(z). The substitution

y(x) = u(z)V(x), (3)

where V (z) is the indicial rational function, and u(x) is a new unknown function, reduces the
problem of finding rational solutions of (1) to finding polynomial solutions.
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In Section 3 we extend the notion of the indicial rational function to the case of inhomoge-
neous linear equations with coefficients and right-hand sides belonging to K[z].

In Proposition 6 of Section 4 we show that an indicial rational function is in a sense the
optimal choice of rational factor for substitution that reduces finding rational solutions to
finding polynomial ones (the algorithm for constructing a rational factor of that kind for the
difference case was given in [8]; rougher, but also simpler algorithms for the difference case were
proposed in [2, 3]).

In [11] it is described how a rational function of the form

V(z) = (z—ap)™(x — o)™ ... (x — ag)™, (4)

where mg < lp, my < ly,...,my < i, can be constructed without a computation in algebraic
extensions of K by means of the factorization of a4(x) into factors irreducible over K, and p-adic
decompositions of rational functions. The resulting function has the form ﬁ, where v(x) is a
polynomial. This algorithm does not use the fact, useful for further computation, that some
of irreducible factors of the polynomial a4(z) can be included into rational function V(x) with
positive degrees. In Section 5 of the present paper we describe in elementary terms the algorithm
for constructing the indicial rational function V' (x) based on the complete factorization of a4(x),
which is a slightly modified version of the algorithm from [11].

In [2] an algorithm which, similarly to the algorithm from [11], constructs a rational function
of the form (4) has been proposed. This algorithm is based on a computation of greatest
common divisors and resultants of polynomials over K, without computing roots of a4(x) and
the complete factorization of polynomials. It was noticed in [4] that the algorithm from [2] can
be improved such that its result will be the indicial function (2). The substitution (3) with
the indicial function V' (x) reduces finding rational solutions to finding polynomial ones, which
have in the general case smaller degrees in comparison with f/(z) In Section 6 of the present
paper we give a detailed description of the improved version of the algorithm from [2].

It is worth to note that algorithms from [11, 2| as well as new algorithms use finding integer
roots of polynomials in K[z].

In Section 7 we discuss an implementation of algorithms described in Sections 5 and 6 in
the computer algebra system Maple, and also demonstrate results of some experiments.

The article is a kind of a review in a sense, and a part of the text is a summary of the special
course lectured by the first author to the students of the faculty of Computational Mathematics
and Cybernetics of Lomonosov Moscow State University. At the same time, Proposition 6, the
sub-partition procedure from Section 6 and the implementation of some algorithms described
in Section 7 are new.

2 Indicial equations

It is convenient to use formal series to introduce the notions of the indicial equation and the
indicial rational function. If K is a field then, as usual, K[[z]] denotes the ring of formal power
(Taylor) series over K, i.e., the series of the form

2
Co+C1T + Cx” + ...,

Co,C1,C2, -+ € K. The quotient field of this ring K ((x)) is the field of (Laurent) series of the
form
. (5)

Cms Cma1, Cmao, - - - € K. The number m is an arbitrary integer, not necessarily non-negative.
The least m such that the coefficient at 2™ in s(x) is non-zero is called the order of the series
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w.r.t. x (or simply order) and is denoted by v(s); for the zero series we assume v(0) = co. By
tc(s) we denote the coefficient at 2*(*) assuming tc(0) = 0.

The derivative of the series s(z) = > 7° ¢’ (in our case only finitely many coefficients
with negative indices may be non-zero) is defined as D(s(z)) = s'(x) = > o0 d;z", where
d; = (i 4+ 1)ciqq for all 4. It follows that the coefficient d_; is always zero.

Let K be a field of characteristic 0 and L be a differential operator

CLd(LU)Dd + -+ al(a:)D + CL()($), (6)

where ag(z), a1(z), ..., a4-1(z) € K|[z]], ag(x) € K[[z]]\ {0}. We consider the equations of the
form

L(y) = f(=), (7)
where f(z) € K[[z]]. The main question we are interested in concerns a bound for the orders

of the series s(x) € K'((z)) such that L(s(x)) = f(z).
Given the operator L and equation (7), we consider the integer

b= min (v(a;) - j) (8)
and the algebraic equation
I(t) =0,

where

It)= Y te(ayt, (9)

0<j<d
V(u.j)fj:b
tL=t(t—1)---(t—j+1). The equation I(t) = 0 is called the indicial equation, corresponding
to the operator L and the equation L(y) = f(z).
Let N be the set of all integer roots of the indicial equation. We put

)\:{ minN, 1fN7£®, (10)

00, if N =10.

It is easy to check that s(x) € Kl[z]], v(s) = m, imply v(L(s(x))) > m + b, and the
coefficient at ™% of the series L(s(x)) is equal to s,,/(m), where s,, = tc(s). Therefore, this
coefficient is equal to zero iff I(m) = 0. Thus, we have

Proposition 1. Let L has the form (6), f(z) € K|[z]]. Let s(z) € K((x)) and L(s) = f(x).
Then we have
v(s) > min(v(f) — b, ), (11)

where b and X\ are defined by (8) and (10).

(The detailed proof can be performed by considering the cases m+b = v(f) and m+b < v(f);
the inequality m + b > v(f) is impossible when L(s(z)) = f(z).)

As a consequence, we get that a homogeneous differential equation L(y) = 0 has no non-zero
solution in the field K ((x)) if the indicial equation I(¢) = 0 corresponding to the operator L
has no integer roots.

We denote by [ the value of the right-hand side of inequality (11):

I =min(v(f)—0b, ). (12)

If f(x) is zero series, i.e., equation (7) is homogeneous, then [ = . The values A and [ do not
depend on the way the solutions of the differential equation (7) are considered: as series over
K or over some its extension.



If v(ag) = 0 in equation (6), and L(s(z)) = f(z), then v(s) > 0. This follows from the
following fact: if v(ay) = 0 then the series a4(z) is inverible in K[[x]]. We add that for v(as) =0
we have b= —d and I(t) =t(t—1)---(t —d+1).

Consider the accuracy of the estimation (11). In the following proposition, speaking about
solutions of the equations of the form (7) with coefficients and right-hand sides in K{[z]], we
mean solutions in K((z)).

Proposition 2. Let an equation L(y) = f(x), where L is the operator of the form (6) and
f(z) € K|[z]], have a partial solution, and additionally the equation L(y) = 0 have d linearly
independent solutions. Then the equation L(y) = f(z) has a solution of order .

Proof. At first, we show that the indicial equation has d different integer roots, and that
for each root there exists a solution of L(y) = 0 whose order is equal to this root. Indeed,
performing Gaussian elimination on d linearly independent solutions of L(y) = 0, one can
construct d new solutions with pairwise different orders. These orders must be the roots of the
indicial equation, and the degree of this equation cannot exceed d. Thus, the indicial equation
cannot have “extraneous” roots.

Now we turn to the proof of the proposition. We shall prove the stronger statement: the
equation L(y) = f(z) has a solution of the order v(f)—b, and if A < v(f) — b then it also has a
solution of the order A. Let v(x) be a solution of the equation L(y) = f(x). Using d solutions
of L(y) = 0 described above and performing Gaussian elimination we can find a solution o(x)
of L(y) = f(x) of the order different from all roots of the indicial equation. For ©(x) we have
v(0) = v(f) —b. It X < v(f) — b then we take 0(x) + w(z), where w(x) is a solution of the
homogeneous equation such that v(w) = \. O

3 Indicial rational functions

We turn to the case when the coefficients of our operator L and the right-hand side of the
equation L(y) = f(x) are polynomials. >From now on we assume that in this equation

L =ag(x)D* + -+ a1 (z)D + ao(x), (13)

and ao(x),a1(x),...,aq-1(x) € K|z], aq(z) € K[z] \ {0}. We also assume that f(x) € K[z].
Turning from the field K to some its extension K’ containing all roots of the polynomial
aq(z), for each root @ we can construct the equation

Lyto(y(z)) = f(z + o), (14)

where
Lova = ag(x +a)D 4 - 4 ay(x + a)D + ag(z + a). (15)

Polynomials can be viewed as (Taylor) series, that is why we can determine the value of [
using (12). For convenience, we denote it by [, (similarly, one may write \,). We call the

rational function
[T G- (16)

aq(a)=0

the indicial rational function (indicial function for brevity) of the equation L(y) = f(z). If
any exponent [, is infinity then the indicial function (16) does not exist.

We show that one can find the values [, without necessarily using shifted equations of the
form (14). First of all, for f(z),p(z) € K|x], where p(x) is irreducible, we define the value
Vp(x) (f) as the maximal k € N such that p*(x) | f(z), for a non-zero f(z), and oo for f(z) = 0.
Let a be fixed such that as(«) = 0. In our case f(z) and a;(z), j =0,1,...,d, are polynomials.
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We have v, (f(x + «)) = v,_o(f(2)), and the value te(f(x + «)) can be found using the Taylor
formula, which is true for polynomials over any field of characteristic 0O:

f™(a)

m)

te(f(r +a)) =

Y

where the order of the derivative m is equal to v,_,(f(z)). One can obtain similar relations for
aj(z), j=0,1,...,d. Using the notation

Moy = Ve—alaz(z), j=0,1,... d,

we can rewrite (8) as

ba = min (ma,; = j), (17)
Formula (9) becomes
(Ma,s)
a, () .
I,(t) = T r 18
W= Y 4 (18)

0<j<d
Ma,j —j=bq

and, eventually, v(f(x)) can be rewritten as v, _,(f(x)) in (11). Thus, Proposition (1) yields

Proposition 3. For each root « of the polynomial ay(x) the exponent l, in (16) is

min(vz—o(f(2)) = bay Aa)s (19)

where A, is the least integer root of the indicial equation I,(t) = 0 (if there are no integer roots
then A\, = 00).

Proposition 4. Let the indicial function V(x) exist for the equation L(y) = f(x). Then
V(z) € K(x).

Proof. Let an irreducible over K polynomial p(z) be a divisor of a4(x), and K’ be an extension
of the field K that contains all roots of the polynomial a4(x). For a fixed j, 0 < j < d, the
values v,_,(a;(z)) coincide for all a such that p(a)) = 0: over the field K’ we have v,_,(a;(x)) =
Vp(z)(aj(x)). >From this it follows that the values b, defined via (17) also coincide for these a.
Similarly, v,—o(f(2)) = vp@)(f(x)). Obviously, the values ), also coincide, since the equations
I,(t) = 0 have the same sets of integer roots. Thus the values [, defined via (19) coincide too
for all o such that p(a) = 0. Denote these values I, by [,), then the expression (16) for the
indicial function can be rewritten as

H plp(z) <x>7 (20)

p(z)E€lrr(K)
p(@)lag(z)

where Irr(K) is the set of normalized irreducible polynomials over K. The proof follows from
this. 0

4 Rational solutions

Proposition 5. Let our equation L(y) = f(x) have a solution F(z) € K(x). Then
(i) the indicial function does exist for the equation L(y) = f(x);

(1)) F(z) = q(x)V(x), where q(x) € K[z] and V(x) is the indicial function of the equation.



Proof. Let K’ be an extension of the field K that contains all the roots of the polynomial a4(x).

For any rational function we put G(z) = %,

() (G(2)) = V() (9(2)) — Vp(ay (A()).

The last definition is correct (it does not depend on the choice of f(x), g(x)).

Since every polynomial in z over K can be viewed as a (Taylor) series, we can write
K[z] C K][[z]]. A rational function represented as a quotient of two polynomials g(x) and h(z),
can be viewed as a Laurent series obtained by multiplying g(z) by h~'(z) in K((z)). This
series doesn’t depend on a specific representation of the original rational function. In terms of
this correspondence the field K (z) can be isomorphically embedded into the field K((z)). If
the series G(z) corresponds to the rational function G(x) then v,(G(z)) = v(G(z)), and the
derivative of the series G/(x) corresponds to the derivative of the rational function G(z). Tt
follows that a rational solution can have a pole only in a such point « that a4(«) = 0. The last
statement also holds true when considering rational functions over arbitrary extension of the
field K.

Consider an arbitrary root « of the polynomial a4(z). The differential equation L, ,(y) =
f(z + «) (see (14), (15)) has the rational solution G(x) = F(x + «) and, respectively, the
solution in the form of the series G(x), whence the indicial equation I,(t) = 0 has integer
roots. Thus we conclude (i). The least integer root does not exceed v(G(z)), i.e., does not
exceed v, _o(F(z)), therefore we have (ii). O

Proposition 5 reduces the problem of finding rational solutions of equations of the type being
concerned to finding polynomial solutions of the same type. It is well known (e.g., [1, 10]) that
for a given differential equation L(y) = f(x) of this type one can a priori give an upper bound
to the degrees of its polynomial solutions. Let’s find

¢ = max(dega;(z) — j)

and construct the algebraic equation I, (¢) = 0, where

Lo(t)= Y le(g)t

0<j<d
dega (x)—j=c

(as usual, lc denotes the leading coefficient of a polynomial). If ¢(z) € K[z] and L(q(z)) = f(x)
then

deg () < max(deg f(z) — ¢, p), (21)

where p is the greatest integer root of the equation I (t) = 0, and if there are no integer roots
then py = —o0.

This proof of Proposition 2 can be modified to the case of polynomial solutions: if a differ-
ential equation has “many” polynomial solutions then the estimate (21) is precise, i.e., among
polynomial solutions there is a solution such that its degree is equal to the degree of the right-
hand side of (21).

After setting the upper bound for finding polynomial solutions, the method of undetermined
coefficients can be applied. It reduces the problem to solving a system of linear algebraic
equations with coefficients in K.

A rational function U(z) € K(z) such that any rational solution of the original equation
can be written as u(x)U(x), u(x) € K[z] will be called a universal factor of the equation being
considered. >From Proposition 5(ii) it follows that the indicial function is a universal factor.

The following proposition shows that the indicial rational function in some sense is the
optimal variant of a universal factor.



Proposition 6. Let the indicial function V(x) exist for an equation L(y) = f(x) and have the
form (20). Let p(x),pa(x), ..., pr(x) be all different irreducible factors of the leading coefficient
aq(x) of the operator L. Let the equation L(y) = 0 have d linearly independent solutions in
K(z) and let U(z) € K(x) be its universal factor. Then U(z) = pi*(x)ps?(x) ... pi* (x)r~ (),
where r(x) € K[zx], r(x) is not divisible by p(x),pa(x), ..., pr(x), and

S1 fg lpl(x), S92 f; lp2($), e 5 SE f; lpk(x)-

As a consequence, if F(z) € K(z), L(F(z)) = f(x) and F(z) = u(x)U(z) = v(z)V(x),
u(z),v(x) € Klz|, then degv(x) < degu(x).

Proof. It is possible to represent a rational solution of the original equation as a series. Using
Proposition 2 we get v, (U(x)) > L), © = 1,2,...,k, and also vy)(U(z)) < 0 for all
irreducible ¢(z) that does not divide aq(x) (in this case ly;) = 0). O

Thus, using the substitution with a universal factor, we get the problem of finding polyno-
mial solutions. We may find an upper bound for the degrees of all polynomial solutions and use,
for example, the method of undetermined coefficients. In the case considered in Proposition 6
we get an equation that has “many” polynomial solutions, and the estimate of the form (21)
is precise in the sense of our discussion. That is why the order of the system of linear alge-
braic equations we need to solve using the method of undetermined coefficients will reach its
minimum when the indicial function is used as a universal factor.

5 Constructing the indicial rational function using the
complete factorization

Suppose that all different irreducible factors p;(z),ps(z),. .., pr(x) of the leading coefficient
aq(x) of operator L are known. Let p(z) be one of these factors. We can find

Mp(2),j = Vpa)(aj(7)), j=0,1,...,d,

and

bp(z) = Orgjigd(mp(z),j —J)

and construct a polynomial in two variables

aonp@ﬁd)($)

Twtr)= Y <. (22)
0<j<d mp(x)u] :

“=b

Mp(x),j p(x)

By construction, this polynomial is such that the substitution of any root « of the polynomial
p(x) for = gives I,(t). We noticed above in the proof of Proposition 4 that for all « such that
p(a) = 0 the sets of integer roots of equations I,(t) = 0 are the same. We denote the set of
these roots by N,,) and show two ways of computing it.

The first method. Rewrite the equation Jp;)(t,2) = 0 in the form

Uy ()7 + U1 ()t 4 - Fug(z) = 0, (23)

where ug(x), ..., uy,_1(x), u,(x) are polynomials in x of degree smaller than degp(z) (each poly-
nomial in x can be replaced by its remainder of division of this polynomial by p(z)), and u,(z)
is a non-zero polynomial. Expand this equation by powers of x:

wi ()™ + wp_ (2" - we(t) = 0, (24)
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where k < degp(z) — 1, w;(t) € K[t], i =0,1,...,k, wi(t) € K[t] \ {0}. After substitution of
some root « of the polynomial p(x) for x, the equation obtains an integer root ng iff all w;(?)
occurring in (24) becomes zero when t = ny (because an element of the field K(«),p(a) = 0,
written as a polynomial in « of degree smaller than degp(«a) is zero iff all its coefficients are
zero). The set of common integer roots of polynomials w; € K[t], i = 0,1,...,k, is finite,
because wy(t) € K[t] \ {0}. This set is just Npy).

The second method is based on the fact that INV,,) is the set of integer roots of the equation

Resy (Jp) (L, ), p(x)) =0

(the resultant in the left-hand side is a polynomial in ).

After finding N,(,) in some way, we put A,() equal to the minimal element of this set if it
is not empty, and equal to oo in the other case. Further we easily find the value [, of degree
of polynomial p(x) in (20):

lp@) = min(Vp@) (f(2)) = bp)s Ap(a))-

If the exponent [, is equal to infinity for some irreducible factor p(x) of the polynomial
aq(x), the indicial function does not exist.

Example 1. Let p(z), ¢(x) be irreducible over Q, m,n € N*. Consider the differential equation

p(@)q(z)y" = (mp(z)q () — ng(x)p'(z))y = 0. (25)
Taking the factor () of the leading coefficient, we get by) = 0 and Jyu)(t, 2) = p(z)q'(x)t —
mp(x)q'(r). Hence, lym) = M@ = m. Similarly, taking p(z) we get [y = Ap@) = —n.
Therefore V(z) = p~™(2)¢™ (x). The substitution y(z) = u(x)V (x) in (25) leads to the equation

q" ()
p™(x)’

u’ = 0, therefore the general rational solution of the original equation is C where C' is an
arbitrary constant.

Now we consider the inhomogeneous equation

p(@)q(z)y" — (mp(x)q (z) — ng(x)p'(x))y = (26)
p(x)q(x)q (x) — mp(x)q(z)q (x) + ng?(x)p' (x).

The left-hand side of the equation is not changed, hence by(y), by(z), Jp)(t, %), Jo@) (L, ), Ap(a)
and Ag(;) remain the same. Denote the right-hand side of equation (26) by f(x); we get
Vo) (f(2)) = 1, vp)(f(x)) = 0. Thus we have lp,) = —n, lye) = 1 and V(z) = p7"(z)q(z).
After substitution y(z) = w(z)V(z) we obtain an equation having the polynomial solution

Cq™1(x) + p"(x). This corresponds to the fact that the general rational solution of (26) is
Cq’"(w)ﬂzqgw)p(w)
p"™(z ’

6 Constructing the indicial rational function using a bal-
anced factorization and the sub-partitioning

In the algorithm from Section 5 one needs to find all irreducible factsors py(z), pa(z), ..., ps(z)
of the polynomial a4(x). If the complete factorization is undesirable by some reason, it is
possible to use the other variant of this algorithm based on a balanced factorization [2]. We
give necessary definitions.

Let f(x),g(z) € K|[z|, deg f(z) > 0. The polynomial f(z) is called balanced w.r.t. g(x) if
either g(x) is zero, or g(z) = fl(x)g(x), g(x) € K[z], I > 0, and polynomials f(z), §(z) are
relatively prime. A factorization



degu;(z) > 0,i = 1,2,...,k, is called a balanced factorization of f(x) w.r.t. g(z) if every
polynomial u;(z) is balanced w.r.t. g(z). Let S be a finite subset of polynomials in K[z] and
f(z) € Klz], deg f(x) > 0. Then f(z) is called balanced w.r.t. S if it is balanced w.r.t. every
element of S. A representation f(z) in the form of product of factors balanced w.r.t. S is called
a balanced factorization of the polynomial f(z) w.r.t. S.

The algorithm for constructing a balanced factorization using base operations on polynomi-
als and computation of the greatest common divisors of polynomials (gcd-technique) is given
in [2]. A more formal definition (a pseudocode) of this algorithm can be found in [7].

We can make the polynomial a4(x) square-free taking the quotient of ag(x) by
ged(aq(z), aly(z)). Denote the result by A(x). Let a balanced factorization of A(z) w.r.t.
the set of polynomials

f(z),a0(x),a1(x),. .., aq(x) (27)
has the form
hy(z)ho(x) - - - he(x). (28)

Let g(x) be one of polynomials (27), and h(z) be one of the factors of the product (28). We
denote by

Vn(a)(9(2))

the greatest exponent such that the power h(x) divides g(z). It follows from the balanced
factorization definition that for any irreducible factor p(z) of h(z) we have

Thus the approach described in Section 5 can be used for factors that may not be irreducible
but are balanced in this sense. However, we need to introduce clarity into finding integer roots
of equation (24), since we cannot assume that all w;(¢) are be zero if the left-hand side of the
equation is zero. Thus the first method of computing integer roots described in Section 5 does
not work in this case. But the formal application of the second method creates no difficulties.
By analogy with (22), find the polynomial Jy(,)(t,2) using h(x) instead of p(x) and consider
the set of integer roots of the equation

Resy (Jn@) (t, ), h(x)) = 0.
We can define \y(y) similarly to Ay, and then define the exponent for h(x) as

In(z) = miﬂ(Vh(x)(f(x)) — bn(a), /\h(x)).

Finding the product of all balanced factors with such exponents we obtain the rational function

The substitution y(z) = u(z)V(z) allows, for example, to turn from problem of finding
rational solutions of original differential equation to the problem of finding polynomial solutions
of the new equation of the same order [2], but V(z) in the general case is not the indicial
function, and the substitution described above may be more crude in the sense of Proposition 6
than the substitution y(z) = u(z)V (x) with the indicial function V(x).

However, V (z) will be the indicial function if every balanced factor h(z) is flat with a finite
exponent, i.e., for all roots «, 3,... of the polynomial h(x) the indicial equations

I(t) =0, I5(t) =0, ... (29)

have integer roots and the least integer roots of these equations equal the same number n.
Then n is the exponent of the factor h(z) in V(x). If all equations (29) have no integer roots



then we say that the balanced factor h(x) is flat with the exponent co. The existence of a flat
factor with the exponent oo implies that the indicial function does not exist.
Let Ny(y) be the set of integer roots of the equation Res,(Jy)(t, z), h(xz) = 0. Starting with

h(SC), Jh(z) <t7 27), Nh(@

a factorization of h(z) into flat factors can be done by a simple procedure based on the ged-
technique. This procedure is called the sub-partitioning. We describe this procedure using for
simplicity the notation J(t,x) instead of Jy)(t, x).

Let N = {ng,n1,...,ns} and ng < ny < --- < ng. Then for ny we find hp,,(z) =
ged(J(no, x), h(x)) and change h(x) replacing it by the quotient of h(x) by hp(x). Then
we do the same with J(¢, z); using changed h(x) and n;, we obtain the polynomial hp,,j(x) and
so on. As a result we decompose h(x) into the factors

hinol ()5 Ay} ()5 - Bng) (). (30)

If after computing hp,,)(¢) and changing h(x) we get degh(x) > 0 then the indicial function
does not exist. If it is not the case then the polynomials from (30) that is equal to 1 can
be excluded from the further consideration; the remained polynomials of the form Ay, (),
0 <1 <9, are flat with the exponent n,.

Example 2. Let us turn to equation (25). The leading coefficient (denote it by a(x)) is square-
free, and its possible balanced factorization consists of the single factor h(x) equal ai(z). We
get byy) = 0 and

I (t,7) = (p(2)q(2))'t = (mp(x)q'(x) — ng(x)p'(x)).

The set of integer roots of the equation Resy(Jnw(t,),h(x)) is N = {—n,m}. If the
sub-partitioning is not used, we obtain V(z) = (p(z)q(z))™". Let us apply the sub-
partitioning. We have gcd(Jh(z)(—n,x), h(z)) = p(x). Changing h(x), we get h(zx) = ¢(z)
and ged(Jp)(m, x), ¢(z)) = q(x). We obtain the indicial function V(z) = p™™(x)q(z)™.

The substitution y(x) = u(x)V (z) leads to the equation
q(x)u'(z) = (n+m)q (z)u(x) =0

having polynomial solution C¢"™™(x). The substitution y(z) = u(z)V(x) results in the equa-
tion «/(x) = 0, its polynomial solutions are constants.

Treating in the similar way equation (26) we get (p(z)g(z))~™ before the sub-partitioning,
and p~"(z)q(z) after it.

In this example p(z) and ¢(x) are not necessary irreducible. A balanced factorization, as
well as a balanced factorization with the sub-partitioning, can be performed in the same way
under the weaker assumption that p(x),q(x), and also p(x),p'(z) and ¢(x), ¢ (z) are relatively
prime.

7 Implementation and experiments

The algorithm for constructing a universal factor has already been implemented in computer
algebra system Maple [9] as an auxiliary procedure used for finding rational solutions of a
differential equation with polynomial coefficients in procedure DEtools[ratsols]. There exist
even two such procedures. One of them uses the complete factorization and constructs the
indicial function for a homogeneous equation. The other uses a balanced factorization (without
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the sub-partitioning) and constructs a universal denominator (i.e., U(x) from Proposition 6
with 51 <0,..., s, <0).

To compare the effectiveness of algorithms described in Sections 5, 6, we had to modify the
existing code, to implement the sub-partitioning and to design all as a separate procedure that
is available to users.

Thus, the package IndicialFunction has been implemented in Maple 11. We demonstrate
the work of the main procedure of the package using the equation from Example 1. The
equation (25) is written as usual in Maple

> ode := p(x)*q(x)*diff (y(x),x)-m*p(x)*diff(q(x),x)-
> nxq(x)*diff (p(x), x))*xy(x):

We put p(z) =2°+2,m=5¢q(x)=2+2 -3, n="T:

> odel := eval(ode=0, {p(x) = x"5+2, m = 5,
> q(x) = x"3+x-3, n = 7}):

Compute the indicial function:

> IndicialFunction(odel, y(x));

(23 + 2 — 3)°
(@5 1 2)7

Similarly, for the inhomogeneous equation (26)

> £ := p(x)*q(x)*diff (q(x),x) - (m*p (x)*diff (q(x),x)-

> n*q(x)*diff (p(x), x))*q(x):
> ode2 := eval(ode=f, {p(x) = x"5+2, m = 5,
> q(x) = x"3+x-3, n = 7}):

we get

> IndicialFunction(ode2, y(x));

¥ +r—3
(25 +2)7

The package contains three procedures for constructing the indicial function:

e IndicialFunction:-ByFactors: uses complete factorization of the leading coefficient;
calls standard Maple procedure factors;

e IndicialFunction:-ByFactorsAndResultant: uses complete factorization and compu-
tation of Np,) by a resultant;

e IndicialFunction:-BySubpartition: uses a balanced factorization followed by the sub-
partitioning.

The Maple procedure for a balanced factorization ‘DEtools/balancedfacts‘’ has
also been modified and included into the package IndicialFunction. The procedure
‘DEtools/balancedfacts‘ returns a balanced factorization of the polynomial f(z) =
popit () -+ - piF(z) w.r.t. g(x) in the form of the list [po, [p1(x), s1], - .., [pk(2), sk]]. For example,
for:

!Such double (and also triple) names with apostrophes were given to auxiliary procedures in older versions
of Maple until the module structure had been introduced. The procedure ‘DEtools/balancedfacts‘ has not
its own help page but is available for use.
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> f = x713+x711-3*x"10+4*x"8+4*x"6-12*%x"5+4*x~3+4*x-12:
> g = xT4+x72-2%x+x"3-3:
we get

> ‘DEtools/balancedfacts‘(f, [g], x);
[17 HxE) + 27 2]7 [x3 +r— 37 1”]

This means that
f(z) = (:Jc‘5 + 2)2(x3 +x—3).

During the factorization process we obtain the representation

g(x) = pi(x)” gi(z).

Since this information is necessary for constructing the indicial function, we programmed the
procedure IndicialFunction:-BalancedFactorization to return it in the second list of the

form [go(2), Vp(2)(9(2)), - - - s Vpp(w) (9(@))] -
> IndicialFunction:-BalancedFactorization(f, [g]l, x);
1, [[2° +2,2], [2° + = = 3,1]]], [z + 1,0,1]]

This means that
g(x) = (x + 1)(2° + 2)°(2* + = — 3)*.

Several experiments were made in order to compare the effectiveness of algorithms for con-
structing the indicial function. In the following way we get the working time of each algorithm
(in seconds):

> 8t := time();
> IndicialFunction:-BySubpartition(odel, y(x)):
> time()-st;

0.012

> st := time();
> IndicialFunction:-ByFactors(odel, y(x)):
> time()-st;

0.016

> st := time();
> IndicialFunction:-ByFactorsAndResultant(odel, y(x)):
> time()-st;

0.014

The working times of all procedures are rather small and are practically the same. Let’s
increase the degree of polynomial p(x) in equation (25). We use the standard Maple procedure
randpoly to generate a random polynomial of desired degree:

> randpoly(x, degree = 10);
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—562'0 — 6227 + 972% — 7323 — 422

We tested the equation for 50 < degp(z) < 100. The working times for the degrees 50, 60, 70,
80, 90, 100 are given below:

degp(x) \ 50 60 70 80 90 100

ByFactors 0.036 0.032 0.040 0.072 0.104 0.080
ByFactorsAndResultant | 0.052 0.044 0.052 0.096 0.148 0.100
BySubpartition 0.328 0.380 0.732 2.360 2.464 3.021

These experiments showed that, as a rule, ByFactors and ByFactorsAndResultant
have the same speed and work essentially faster than BySubpartition. Probably, the reason
is that polynomial factorization in Maple is implemented more thoroughly than the search for
the greatest common divisor.

After experiments we chose ByFactors as a default procedure for constructing the indicial
function. Our package has been used for finding rational solutions of a differential equation.
For the inhomogeneous equation ode2 we have already obtained the indicial function:

> V := IndicialFunction(ode2, y(x));
B P +x—3
(2% 4+ 2)7
Let us make a substitution y(x) = V(z)u(z):
> ode3 := eval(ode2, y(x) = V¥xu(x));

()5 3 35(2* + x — 3) u(z) z*
ode3 := (z° + 2)(2z” + z — 3) (— @ 128 +
(322 + Du(zr) (2 +z—3) Lu(z) B
(x5 +2)7 (x> +2)7
(5(2®+2)(B2*+1) =35 (@* + 2z —3)a?) (2® + =z — 3 u(x)
EED -

(°4+2) (2° + 2 —3) (32 + 1) — (5(z° +2) (32* + 1)—
35(z® + 2 —3)2t) (z* + 2 - 3)
and construct a polynomial solution of the new equation using DEtools[polysols]:

> Psol := DEtools[polysols](ode3, u(x));

Psol = [[81 — 108z + 542 — 1202° + 1092 — 362° + 582°—
362" 4+ 62° — 1207 + 42" + 2'?), 128 4 4482° 4 5602+
280220 + 842% + 142*° + 2% + 67227

This answer means that the general polynomial solution of the equation ode3 is:

> Psol[1] [1]*C+Psol[2];

(81 — 108z + 54z — 1202 + 1092* — 362° + 582°—
362" + 62° — 1227 + 42" + 2% ) C + 128 + 4482° + 5602+
28022 + 842% + 1420 + 2*° 4 6722"°

where C'is an arbitrary constant. Multiplying it by V' (z) we obtain the general rational solution
of the equation ode2:
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> V*Psol[1] [1]1*C+V*Psol[2];

3
-3
x(j+2)7 (81 — 1082 + 542 — 1202° 4 1092 — 362"+
X
582° — 3627 + 62° — 122° + 42'° + 2'?) O+
24+ -3 5 15 20 95 30 25 o
G (128 + 4482° + 5602 + 2802 + 842 + 142 + 2% + 6722'°)

Using the procedure DEtools[ratsols] we can also get the general rational solution (in another
form):

> DEtools[ratsols] (ode2, y(x));

(2% + 2 — 3)°
(5 +2)7 7 (25 +2)7
1453202482% — 7926552022 — 162934680z + 29364322 + 146855223+
56020 + 560x'8 + 28022 + 28027 + 8427 + 84228 + 1423+
14233 4+ 236 + 238 — 264213922% — 968796322° 4 807334002" — 176165762+
291896x° — 440364022 + 293576002 — 8402 — 2522%° — 4223 — 32%)]

Il (—71339352 + 118898408 + 795577522+

Now compare the running times of the new procedure:

> st := time();

>V := IndicialFunction(ode2, y(x)):

> ode3 := eval(ode2, y(x) = V*u(x)):

> Psol := DEtools[polysols](ode3, u(x)):
> [Psol[1][1]1%*V, Psol[2]*V]:

> time()-st;

0.068
and the procedure DEtools[ratsols]:
> st := time():
> DEtools[ratsols] (ode2, y(x)):
> time()-st;
0.372

The new program is faster.
In the package IndicialFunction for a differential equation with the leading coefficient
aq(x) the program first gets its factorization (complete or balanced)

aq(z) = pi*(z) ... pp (),

then it successively constructs indicial equations for all factors, finds its integer roots and
computes the exponents [,,.. The factors p;(z) with finite exponents are included into the
product

Ip; lp;,
V= PZ H@)epy, (@),
that is not always the indicial function. The factors with [,, = oo are saved in the list
B = [pj(z),....pj(x)].

The procedure returns the pair (V, B). E.g., for the equation
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> oded := (2+2%x73+2 x)*y(x)+(x"3+x74)*diff (y(x), x):
we get

> IndicialFunction(ode4, y(x));

. ]
—7 x
(1+ x)?
This answer means that this equation cannot have rational solutions, at the point x = —1 it

has solutions in the form of a formal (Laurent) series, and at the point = 0 such solutions do
not exist. Applying the substitution y(z) = u(x)/(x +1)? to ode4 and multiplying by common
denominator, we get the equation with coefficients of lower degree:

> odeb := numer(normal(eval(ode4, y(x) = u(x)/(1+x)"2)));

d
odeb = x?’%u(x) + 2u(x)

for which V = 1:
> IndicialFunction(ode5, u(x));
1, []

If only rational solutions are needed then one can stop the execution of the program as soon
as it gets [,, = oo to reduce the working time. To do this, use an additional argument ’ratsols’:

> IndicialFunction(ode4, y(x), ’ratsols’);

Here the program returns NULL, and this means that the indicial function does not exist.
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