Special Formal Series Solutions
of Linear Operator Equations

Sergei A. Abramov*
Computer Center of
the Russian Academy of Science
Vavilova 40, Moscow 117967, Russia

sabramov@cs.msu.su

Marko Petkovsek!
Department of Mathematics
University of Ljubljana
Jadranska 19, 1111 Ljubljana, Slovenia
marko.petkovsek@fmf.uni-1j.si

Anna Ryabenkot
Department of Computational Mathematics & Cybernetics, Moscow State University
Moscow 119899, Russia
ryabenko@cs.msu.su

Abstract

The transformation which assigns to a linear operator L the recurrence
satisfied by coefficient sequences of the polynomial series in its kernel, is
shown to be an isomorphism of the corresponding operator algebras. We
use this fact to help factoring g¢-difference and recurrence operators, and
to find “nice” power series solutions of linear differential equations.

In particular, we characterize generalized hypergeometric series that
solve a linear differential equation with polynomial coefficients at an ordi-
nary point of the equation, and show that these solutions remain hyper-
geometric at any other ordinary point. Therefore to find all generalized
hypergeometric series solutions, it suffices to look at a finite number of
points: all the singular points, and a single, arbitrarily chosen ordinary
point.

We also show that at a point x = a we can have power series solutions
with:
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e polynomial coefficient sequence — only if the equation is singular at
a—+1,

e non-polynomial rational coefficient sequence — only if the equation
is singular at a.

1 Introduction and notation

The method of solving linear differential equations by means of power series has
been known for centuries. Here we look at formal series that are based on other
polynomial sequences besides the powers, and show how they can be used to
reduce questions about operators of different types (e.g., differential, difference,
g-difference) to questions about operators of a single type, namely recurrence
operators.

We consider a transformation R which assigns to a linear operator L acting
on the polynomial algebra KJz| its induced recurrence operator RgL. The
transformation is defined in Section 2. We show that Rp is an isomorphism
of the corresponding operator algebras. This result is applied in Sections 3,
4, and 5 to the cases of ¢-difference, recurrence, and differential operators. In
particular, we show how transformation Rp can help factor these operators.
This is important because although general factorization algorithms are known
[8], they are still highly impractical.

Subsections 5.1, 5.2, and 5.3 are devoted to the search for “nice” power
series solutions in the differential case. We are interested in series with coef-
ficients which are polynomial, rational, or hypergeometric in their subscript,
respectively.

Call a sequence (¢,)52, hypergeometric if there is a rational function R(x)
such that ¢, 1 = R(n)c, for all large enough n. If ¢, is hypergeometric and even-
tually nonzero then R(z) is uniquely determined and we call it the consecutive-
term ratio of c¢,. Obviously, a rational sequence is hypergeometric, and the
product of hypergeometric sequences is hypergeometric.

Two hypergeometric sequences a,, and b,, are similar if there is a rational
function r(z) such that a,, = r(n)b, for all large enough n. A linear combination
of pairwise similar hypergeometric terms is obviously hypergeometric. Also, if
ay is hypergeometric and k a fixed integer, then a, is similar to a,,.

A formal power series y = Y~ ¢,z is called a (generalized) hypergeometric
series if the sequence of coefficients (¢, )22, is hypergeometric.

Lemma 1 Lety = Y .. c,x™ be a hypergeometric series, and p(z) a polyno-
mial. Then p(x)y is a hypergeometric series.

Proof: Let p(z) = Ei:o upz® and p(z)y = > oo, bya™. Then

min{n,d}

d oo 00
p@)y =Y cpupa™F =3 "a" 3" ugen g,
k=0

k=0n=0 n=0



so b, = ZZ:O UpCn—k for n > d. This is a linear combination of pairwise similar
hypergeometric terms, hence it is hypergeometric. O

Following [9], we denote the rising and falling factorial powers by

n—1 n—1

‘rﬁ:H(x+k)a Iﬂ:H(sz)a

k=0 k=0

respectively.

We use IN to denote the set of nonnegative integers. Throughout the paper,
K denotes an arbitrary field of characteristic zero. We denote by E the shift
operator on polynomials and rational functions over K, so that Er(x) = r(z+1),
for any r € K(x). Similarly, we denote by E,, the shift operator on sequences
over K, so that F,a, = a,1 for any sequence (a,)22 or {(an)ncz-

A preliminary version of this paper appeared as [5].

2 Compatible bases and transformation Rj

Let K be a field of characteristic zero. Denote by K[x] the K-algebra of uni-
variate polynomials over K, and by Lk, the K-algebra of linear operators
L : K[z] — K[z]. Further let B = (P,(x))2%, be a sequence of polynomials
from K[x] such that

P1. deg P, =n forn > 0,
P2. P, | Py, for 0 <n <m.
From P1 it follows that {Fy, P1,...} is a basis of K|[z].

Definition 1 A basis B of K[z] satisfying P1, P2, and an operator L € Lg[,)
are compatible if there are A, B € IN, and elements «;, € K for n > 0 and
—A <i < B, such that

B
LP, = Z QG n Pn—‘ri; (1)
i=—A

with P, = 0 when k < 0. O

In other words, L is compatible with B if the infinite matrix [o;—p, »]

i,neN
corresponding to L in basis B is band-diagonal.

Example 1 Let Dp(z) = p'(z) and Ep(z) = p(x + 1). Let P = (P, (x))2, =
(&™) be the power basis. Then DP, =nP,_, and EP, = ZZ:O (Z) Py, soP
is compatible with D (take A =1, B =0, a_1, = n, o, = 0), but not with
E.

On the other hand, let C = (P,,(2))52 = ((%))2%, be the binomial coefficient
basis. Then EP, = P, + P,_1 and DP, = Z;é(—l)”‘”“/(k —n)Py, so C is
compatible with E (take A =1, B=0, a_1,, = g, = 1), but not with D.



Now let Lp(z) = ap(z), and take any basis B = (P, (x))32, which satisfies
P1 and P2. Then LP, = Zié ax(n) Py, for some constants ax(n) € K. Be-
cause of P2, ZZ;& a(n)Py is divisible by P,. Being a polynomial of degree at
most n — 1, it must vanish, therefore LP, = ant1(n)Pnt1 + an(n)P,. So any
basis B satisfying P1, P2 is compatible with multiplication by the independent
variable (take A =0, B=1, agn = an(n), a1, = ant1(n)). a

Let I, : K[z] — K Dbe linear functionals such that l,(P,,) = dmn. Property
P2 implies that {,,(PyP,,) = 0 when n < max{k,m}. Therefore K|[x] naturally
embeds into the algebra K[[B]] of formal series of the form

y:ZCnPn(x) (cn € K), (2)

n=0

with multiplication defined by

(chPn(z)> (Z ann(:c)> = (ZenPn(x)>
n=0 n=0 n=0

where

Ep = Z dek- l.,L(Pij).

max{j,k} <n<j+k

If B and L are compatible then L can be extended to K[[B]] by setting

S oo B o) A
LY enPu() =Y > initniPa(@) = > a inricariPal(z) (3)
n=0

n=0i=—A n=0i=—B

with A, B and «;, as in (1), and ¢,, = 0 when n < 0. Clearly, a formal series
y € K|[B]] satisfies Ly = 0 if and only if its coefficient sequence ¢ = (¢y)nez
satisfies the recurrence

A
S i =0 (n20) (4)
1=—B

where, again, ¢, = 0 when n < 0. Thus relative to the basis B, any operator L
compatible with B induces a recurrence operator

A
RBL = Z Oz_i7n+,'E7il (5)
i=—B
where E,, is the shift operator w.r.t. n (Efjcn = Cptk for k € Z).
Example 2 Using (5) and Example 1 we find that

RPD = (n+1)En7
ReE = E,+1.



Also, since z - 2™ = 2"+ and z - (7) = (n+1)(,%,) + n(7), we find that
Rpr = E,°,
Rex = n(E;'4+1). O

Now fix a basis B = (P, (x))52, of K[z] having properties P1, P2, and
denote by L the set of operators L € Lk,) compatible with 5.

Proposition 1 Let o : K[[B]] — K% be the mapping assigning to the formal
series y = Y oo cn Py its coefficient sequence ¢ = (cp)nezm extended by taking
cn, = 0 whenever n < 0. Then for any L € Lpg,

oLy = (RgL)oy

In other words, the following diagram commutes:

K(B)] = K[[B]

ol lo

RBL
—

K% K%,

Proof: Let y = >.0°  ¢yPp(z). Then oLy = <Z?:73 aii’n+icn+i>nez =

<Z£3:_A ai7n,icn,i> . (RpL)oy. Here the first and last equalities follow
ne

from (5) and (3), respectively. a

Corollary 1 For L € Lp and y = Y .. c,P, € K|[B]], we have

LY > genPn =5 (ReL)c),Py.

Proof: LZZO:O Py = Ly = ZZO:O o(Ly), P, = ZZOZO((RBL)Uy)nPn =
Z:;O((RBL)C)nPn- O

Proposition 2 Lz is a K-algebra.

Proof: Let Ay, 2 € K, L1,Ls € L, and

B, Ba
Z ai,nPnJria L2Pn - Z ﬁj,npn+j' (6)
i=—A, j=—As

Then A\ Ly + AzLs is clearly compatible with B (take A = max{A4;, A2}, B =
max{Bi, B2}), hence it belongs to Lg. Also,

B B1+B>
L2L1 § (079 nL2 n+i — § § (673 nﬁ] n+i n+z+j = § ’Yk,npn+k
i=—A i=—A) j=—As k=—A1—A

(7)



where

Vin = D UinBrimti- 8)
7

Here «; ,, and (3 ,, are considered zero, unless —A; < ¢ < By and —A; < j < Bs.
So LoL; is compatible with B (take A = A; + Ay and B = By + By). Hence
IDYRNS CB. O

Definition 2 £ denotes the K-algebra of recurrence operators of the form

M= Z ai(n)E} 9)

1=—S

with r,s € IN and a; : Z — K for —s < i < r. We regard these operators as
acting on the K-algebra of two-way infinite sequences K%. O

Theorem 1 The transformation
Rp:Lp— &
defined in (5), is an isomorphism of K -algebras.

Proof: First we show that Rp is a K-algebra homomorphism. Clearly
Re(MLi+ A2La) = MiRpL1 + A2RpLs. Using (5), (7) and (8) we find that

A1+Az
Rp(LaLy) = Z ’Y_k,n+kE§ = Zai,n+kﬂ—k—i,n+k+1E§,- (10)
k=—B1—B, ik

On the other hand, using (5) and (6),

Bz Bl
(RpL2)(Rpl1) = > BoiniE <Z 04—z',n+iEfl>

j=—A2 i=—A1

Y Bejnti@imtitd BN =Y acininBic ki)
2 ik
which turns into (10) after replacing i by —i. Hence Rp(L2L1) =
(RgL2)(RgLy).

Consider the mapping Sg : £ — L defined as follows. For M € £ as given
in (9), let SgM = L € L where

S

LPy= Y a_i(n+i)Puyi  (n>0), (11)

1=—r

with P, = 0 for £ < 0. It is easy to see that Sp is the inverse of Rg. This
proves that R is one-to-one and onto, and hence a K-algebra isomorphism. O

In the next three sections, we apply these results to the cases of g-difference,
recurrence, and differential operators, respectively.



3 ¢-Difference operators

Let ¢ € K \ {0} be such that ¢" # 1 for all n € IN'\ {0}. Define Q € Li[,) by
Qp(z) = p(qx), and consider operators of the form

L= Zpk(ﬂf)Qk (12)
k=0

where r € IN, p, € K[z], and p, # 0. They form the skew polynomial algebra
K[z,Q] with commutation rule Qz = gzQ. As Qz™ = ¢"a", operator Q is
compatible with the power basis P = (2")52, (take A = B =0, apn, = ¢").
To describe transformation Rp on Kz, Q)], it suffices to give it on the two

generators @) and z. Using (5) we have

Rp: Q@ — ¢" (termwise multiplication by ¢"),

x — E; ' (back-one shift).
Thus Rp maps K|z, Q] into K[q", E,!]. For symmetry, write z = ¢". Then
E.¢" = ¢"t!' = gz = Qz. As the coefficients of RpL do not depend on n
directly but only on ¢", the transformation ¢ — z, E, — @ embeds RpL into
Klr,Q,Q7']. Now extend Rp to a mapping of the skew Laurent-polynomial
algebra K|z, 271, Q, Q1] into itself by

RP: Q’_):E> Q_l’_)x_lv

z— Q7L - Q.

In four steps

Rp: QramQlma e,

xHQ_l}—mv_lHQn—nfg?

we are back to where we started, so Rp is an automorphism of K[z, 27", Q, Q"]
of order 4.
Write L € K[z,271,Q,Q~"]\ {0} as

L= cipz'Q" (13)

Then
RpL=> cixQ 2" = cing * 2k Q™" =D ¢ a2’ Qb (14)

where ¢; ), = c_;m-qik. From (14) we see that for ¢-difference operators of the
form (13) transformation Rp has a simple geometric description. Apart from



multiplication by certain powers of ¢, it corresponds to counter-clockwise rota-
tion of the coefficient array c; j around cg o by 90°:

cig |... Q71 Q° Q' Gk ... Q71 Q° Q!
zh L eio1 co10 co1a .. Rp, L el1ag 01 C11q"
IO ... Co—1 €0,0 Co,1 ‘e xo ... C-10 €0,0 C1,0
z! .| C1,0 C1,1 x! C_L_qul Cco,—1 C1,-19
Definition 3 The effective order of L is
p(L) = max{k € Z; ¢, # 0 for some i} — min{k € Z; ¢;  # 0 for some i},
and the effective degree of L is
d(L) =max{i € Z; ¢;, # 0 for some k} — min{i € Z; ¢; , # 0 for some k}.
O

Obviously, p(RpL) = §(L) and 6(RpL) = p(L).

The fact that Rp is an automorphism of K[z,z71, Q,Q '] can be ex-
ploited to find factors of degree 0 and 1 (and any order) for operators in

K[.’IJ, $_17 Q7 Q_l}'
Proposition 3 A g-difference operator L € K[z,x~1,Q, Q~*] has a non-trivial
left (resp. right) factor Ly € Kz, 271, Q, Q7] of effective degree d, if and only

if the induced operator RpL has a non-trivial left (resp. right) factor My €
Klz,z71,Q,Q7] of effective order d.

Proof: If L = LiLy with 6(L1) = d then RpL = (RpL1)(RpL2) and
p(RpLy) = 6(L1) = d. Conversely, if RpL = MM, with p(M;) = d then
L = (Rp'Mi)(Rp'Ms) and §(R5'M;) = p(Rp(Rp'Mi)) = p(M;) = d. For
right factors the proof is analogous. a

To find factors of L of effective degree 0, find factors of RpL of effective
order 0. Write RpL = 2 *MQ " where M = Y, _ pi(z)QF and py(z) are
polynomials. For left factors of effective order 0, compute gedg<j <, pr(x). For
right factors of effective order 0, compute gedy<y <, px(q~ z).

Example 3 Let
Li=Q* = (¢® +1)Q +¢2*, Ly =Q%— (¢°2> +1)Q + g2,
Then

RpLi =2°—(qQ 7+ 1)a+qQ > = (" —2)—qQ *(z—1) = (1 —qQ ) (z— 1),



RpLy =2 —(° Q7 +1)a+qQ™ = (2” —2) —q(z-1)Q7* = (z~1)(z—¢Q ),
giving factorizations
Li=(Q—-qz*)(Q 1), L2=(Q-1)(Q~qz?).

O

To find factors of L of effective degree 1, find factors of RpL of effective
order 1 using algorithm gHyper of [4].

4 Recurrence operators

Let E € Lk, be defined by Ep(x) = p(x + 1), and consider operators of the

form .
L= pilx)Er (15)
k=0

where r € IN, p, € K[z], and p, # 0. They form the skew polynomial algebra
K[z, E] with commutation rule Ex = (2 + 1)E. As noted in Example 1, the
operator E, and hence every operator from KJz, F], is compatible with the
binomial coefficient basis C = ((¥))52,. To describe R¢ on K]z, E, it suffices
to give it on the two generators E and x. Using (5) we have

Re: E — E,+1,
z — n(l+E").

Thus R¢ maps K[z, E] into K[n, E,, E;']. To compute R;' on Re(K|[z, E)),
write L € K|z, E] as
x
L= ’ EF. 16
> () (16)

Note that (*)E~'P,(z) = (¥)(*.") = ("H)( *) = (") Puyi(z), which to-
gether with (5) gives

As R¢E' = (E, +1)!, we have R¢ : (%) — (" )(1+ E; 1), therefore

Rel = Zczk( ) 1+ E; )(1+En)’“zz(?)(1+E;1)iri(En)

%

where r;(E,) = Y, cin(l + E)". So, if M € £ and M = >, (1)1 +
E7Yiri(Ey), then Rg'M =3, (V)ry(E —1).

For symmetry, we could identify = with n and E with E,,. However, we
cannot extend R¢ to K[z, E, E~1] because E~! is not compatible with C:

B = () = Sl )



It may happen that factoring ReL € K[n,E,, E;'] C £ is easier than
factoring L € K|z, E]. If ReL = MyM; then L = LoL; (where L; = RglMi,
for i = 1,2) is a factorization of L in Le. But K[n, E,, E, ] is larger than
Re(Klx, E]), so Ly, Ly will not necessarily belong to K[z, E]. In fact, they
need not even belong to K[z, E, E~1].

Example 4 Let L = R;'E;!. Then, using (11), we have LP,, = P, 1. As

i;é P, (k) = P,41(x), we see that L acts as the summation operator Lp(x) =
S _op(k). Also, (E —1)LP, = (E = 1)Pyy1 = P,, so (E — 1)L — 1 acts
as the zero operator on K[z]. If L € K[z, E,E~!] then it is not hard to see
that (F — 1)L — 1 € K|z, E, E7'] \ {0}, and, consequently, that its kernel is
finite-dimensional. Therefore L ¢ K|z, E, E~1]. 0

When Ly, Ly do belong to K[z, E,E~!], we can factor L for the cost of
factoring Re¢L. In this case the following formulese are useful to compute the
inverse transformation:

R E, +— E-1,
n — x(l—Eh),

() = ()

Example 5 Let L = (v + 4)E* — (7w + 24)E3 — (2% — 8x — 28)E? + (622 +
10z — 1)E — 5(z + 1)2. Algorithm Hyper of [10] shows that L has no right or
left first-order factors in K (z)[E] where K is any field of characteristic 0, so
the full factorization algorithm of [8] needs to be used to check for existence of
second-order factors. Instead, we compute here the induced recurrence operator

ReL = (n+4)E,—(2n48) E) —(n*+10n+20) E2+(2n°+3n—1) E,+(Tn*4+8n+2)+2n(2n—1)E,, ',
for which Hyper finds the factorization

E,(R¢L) = MaM,
where My = B2 +2E3 — (n+1)E%2 — (2n+3)E, — (n+1) and M; = (n+1)E,, —

2(2n+1). Thus
L =Rz E,*My)R; M.

Luckily, both ’Rgl(E;lMg) and ’RglMl belong to K[z, E, E~!], namely

RUE,'My) = E*-FE*—(v+1)E = (E*—E—(z+1))E,
Re'My = (z+1)E—3Q2z+1)+52E7",

so we have found a factorization L = LoL; where

Ly=E*~E—(x+1), L =(x+2)FE-322+3)E+5x+1). O

10



5 Differential operators

Let D € Lk, be defined by Dp(z) = d%p(x), and consider operators of the
form

L= Zpk(x)Dk (17)
k=0

where r € IN, p, € Klz], and p, # 0. They form the Weyl algebra K|z, D]
with commutation rule Dz = 1 4+ zD. As noted in Example 1, the operator
D, and hence every operator from K|z, D], is compatible with the power basis
P = (2")22,. To describe Rp on K|z, D], it suffices to give it on the two

n=0"
generators D and z. Using (5) we have

Rp: D — (n+1)E,, (18)
r — Ejt

For symmetry, we extend Rp to the skew Laurent-polynomial ring K[z, 21, D]
by letting Rpz* = E; k for all k € Z. Then Rp becomes an isomorphism of
Klz,z71, D] onto K|[n, E,, E, 1], the inverse being given by

R;lz n — xD,
Ef s 7R for ke Z.

Example 6 Let ¥ = xD. Then RpY = E;'(n + 1)E, = n, hence for any
polynomial p € K[z] we have Rp : p(¥) — p(n). Therefore

()Y cua™ = 3 p(n)eqa”, (19)
n=0 n=0

by Corollary 1. o

In the rest of the section we consider the problem of finding “nice” power
series solutions of linear differential equations. Note that for any a € K, the

shifted power basis Py, = ((z — a)")22, is also compatible with operators from
K[z, D]. If
y = chx" € K[[P]] (20)
n=0

is a formal series in basis P, then for any a € K we denote by y, the corre-
sponding formal series having identical coefficients as y, but in basis Pj:

Yo = ch(gc —a)" € K[[P.]l. (21)

Our goal is to find all @ € K and all formal power series which satisfy Ly, = 0,
and whose coefficients ¢,, have a “nice” explicit representation in terms of n.
Let

Lo=Y_ pi(z+a)D". (22)
k=0

The following lemma allows us to consider only the basis Py = P.

11



Lemma 2 Let L, y,, La, and y be asin (17), (21), (22), and (20), respectively.
Then Ly, = 0 if and only if L,y = 0.

Proof: Write ¢;(x) = p;(x + a). Then
(x —a) anZ (x —a) anzx—a (x—a)""

and

anlx+a anl "t

Comparing these two expressions we see that the infinite matrix representing
L in basis P, agrees with that representing L, in basis P. Therefore Rp, L =
RpL,, hence

Ly,=0 & (Rp,L)c=0 & (RpLy)c=0 < L,y=0. O
Write
k(z+a) Zuzkac (0<k<r) (23)

where d and r are chosen so that some uq; and some u;, are nonzero. Define
u;, = 0 whenever ¢ < 0, ¢ > d, k <0, or k> r. Then, using (18), we obtain
the corresponding recurrence operator

R, = RpLo=) ujsRpa'DF= ZuLkE* n+1E)" = uinE, (n+ 1)FEE
i,k i i,k

> uik(n—i+1) E’“—Zumknﬂ EES. (24)

Lemma 3 Let L, and y be as in (22) and (20), respectively. Then L,y = 0 if
and only if the recurrence

> up_jr(n+ 5 =0 (25)
7.k

holds for all n € 7.

Proof: By (4), (5), and (24), L,y = 0 if and only if (25) holds for all n > 0.
Now assume that n < 0, and consider the nonzero terms in the sum in (25).
They must have k > j and n + j > 0 lest ux_;x or c,4; should vanish. But
thenn+7+1<75<k, so

n+j—k+1<0<n+j

implying that (n + 7)& = 0. Thus (25) holds trivially when n < 0. O

12



Example 7 Let (F,)3°, be the sequence of Fibonacci numbers defined by Fy =
=1 F,=F, 1+ F,_5 for n > 2. To find a homogeneous linear differential
equation satisfied by their generating function f(z) = Y oo F,2", apply R;l to
a recurrence operator R which annihilates the sequence (F,),cz where F,, =0
for n < 0. Note that the operator 1 — E;; 1 — E.-2 won’t do because Fy = 1 while
F_ 1+ F_5 =0. However, R = n(1 — E;! — E,2) does annihilate (F,,)ncz,
and R5'R=2D(1 —x — 2?) = 2(1 — 2 — 2%)D — (1 + 27) indeed annihilates
f@) = 1/(1 -2~ a?). 0

To avoid negative powers of E,,, multiply R, on the left by E? where —b is
the least exponent of E, appearing in R,:

b =— uﬂlgo(k —i) =— 0<kH<1r (k—degpr) = U<I?§r (deg pr, — k).

Then (25) is equivalent to

r+b
qu(n)cn+j =0 (neZ) (26)
§=0

where ¢;(n) = Y, uk—jrok(n + j)% Note that by the definition of b, the
coefficient of ¢, in (26) is nonzero.

Thus the problem of finding “nice” power series solutions of Ly, = 0 splits
into two steps:

S1 Find all candidate values of a for which Ly, = 0 may have solutions of
the form (21) with “nice” ¢,.

S2 For each candidate value of a, find “nice” solutions ¢ = {(¢,)52, of the
corresponding recurrence (26).

Once S1 has been solved and the candidate expansion points a have been
found, the algorithms of [2], [1], and [10], resp., can be used at each a (assuming
there are finitely many of them) to find all polynomial, rational, resp. hyperge-
ometric solutions of the corresponding recurrence (26). In particular, a detailed
description of an algorithm to find all hypergeometric series solutions of Ly, = 0
given the expansion point a is presented in [11]. This solves S2.

A short discussion of S1 in the case of hypergeometric coefficients is given
in [11, Sec. 3.2], but a completely satisfactory solution has not been provided
yet. Here we show how to find all a € K and all solutions (21) of Ly, = 0 for
which there exists:

1. a polynomial p € K[z] such that ¢,, = p(n) for all large enough n (subsec-
tion 5.1),

2. arational function r € K (x) such that ¢, = r(n) for all n > 0 (subsection
5.2),
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3. arational function R € K (x) such that ¢,11 = R(n)c,, for all large enough
n (subsection 5.3).

Of course, the first two problems are special cases of the last one, but they
are sufficiently interesting to warrant individual treatment. We also show that
existence of a power series solution with rational coeflicients implies existence
of a solution with rational logarithmic derivative.

Let L be as in (17), and a € K. If p.(a) = 0 then L is singular at = a,
and a is a singular point of L. Otherwise a is an ordinary point of L.

If f(x) and g(x) are two formal power series such that f(z)— g(x) is a poly-
nomial, we write f(z) ~ g(x). In particular, f(x) ~ 0 iff f(z) is a polynomial.

5.1 Solutions with polynomial coefficients

Let ¢, = p(n) for some polynomial p € K[x] and for all large enough n. Then,
as it is well known, ¢,, satisfies a linear recurrence with constant coefficients,
and its generating function (20) is a rational function of z, of the form

v~ Do p” = pl) 3" =) = e (20)
n=0 n=0

where ¥ is as in Example 6, P is a polynomial, P(1) # 0, and deg P = s = degp.
By Lemma 4 given in Section 5.3 below, L,y = 0 implies that L, is singular at
x =1, so L is singular at x = a + 1. Thus we have

Theorem 2 Let L be a linear differential operator with polynomial coefficients,
and ¢, a polynomial function of n. If a series yo ~ Y oo cn(z — a)™ satisfies
Ly, = 0, then L is singular at x = a + 1.

Therefore to find solutions (21) of Ly, = 0 with polynomial coefficients ¢,
it suffices to consider all the roots of p,.(z+1) = 0 as candidate expansion points
a, and to use the algorithm of [2] at each of them to find polynomial solutions
of the corresponding recurrence (26).

5.2 Solutions with rational coefficients

Next we look for rational solutions ¢, of (26). We request here that there is a
rational function r € K (x) such that ¢,, = r(n) for all n > 0. In particular, r(x)
can have no nonnegative integer poles. Solutions which are eventually rational
are covered in subsection 5.3.

For polynomials f,g € K[z], f ¢ K, g # 0, denote the order of g at f by

vs(g) = max{k € N; f*|g}.

Theorem 3 Let y, = p(n)/q(n), with p,q € K[x] relatively prime polynomials,
be a rational solution of the recurrence

> ai()ynti = h(n) (n=0) (28)
=0
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where qo,q1, - --,qs, h € K[z], and qo,qs # 0. Then, for any irreducible polyno-
mial f € K[z]\ K,

oo o0
vf(g) < min ZVEif(EﬂQs),ZVE—Jf(QO)
=0 =0

Note that because of characteristic zero, the two sums on the right have only
finitely many nonzero terms.

Proof: Let r(n) = Ynt1/yn. Write
r=—=— (29)
where A, B,C € K[| and ged(A, E¥B) = ged(A, C) = ged(B, EC) = 1 for all
k € IN. This is possible for any nonzero rational function r (cf. [10, Lemma

3.1]). Because r = Ey/y and y is rational, [10, Lemma 5.1] implies that there
is a polynomial v € K[x] such that

B Ev
Z 27 30
1= (30)
It follows that
By _ v EC
y Ev C’

hence y = A C/v for some constant A. Since by assumption y = p/q with p and
q relatively prime, g divides v. Thus v¢(q) < v (v).
Rewrite (30) as
Bv = A(Ewv). (31)
It follows that v divides A(Ewv), and, using this repeatedly, that v divides
A(EA)---(E"YA)(E™) for any positive integer n. Since we work in char-
acteristic 0, v and E™v will be relatively prime for large enough n. Therefore

vi(v) < Y vp(ETA) = Y vp-ip(A).
j=0 j=0
In an analogous way we obtain from (31) that
vi(v) < Y wp(ET'B) = Y vpi(ET'B).
i=0 i=0
We claim that A|qy and B | E~**1q,. Assuming this, the theorem follows.
To prove the claim, note that in the homogeneous case (h = 0) it follows

from [10, Theorem 4.1]. In the general case, express all y,,4; in (28) as rational
multiples of y, = AC(n)/v(n), use (29), and clear denominators to find that

s i—1 s—1 s—1
A aEC) | [[EA) [[EB=vh ][] E'B. (32)
i=0 Jj=0 j=i j=0
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¢From (31) it follows that A divides v and hence the right side of (32). Note
that all terms with ¢ > 0 on the left of (32) contain A as a factor, therefore A
divides the term with ¢ = 0 as well:

s—1
Al xqC [ E'B.
§=0

Because A is relatively prime with C and with all BB, 0 < j < s — 1, we
conclude that A | qq.

Similarly, all terms with ¢ < s on the left of (32), as well as the right side of
(32), contain E*~'B as a factor, therefore E*~!B divides the term with i = s
as well:

s—1
E*'B | Aqs(E°C) [] B/ A
j=0

As E57!B is relatively prime with E°C and with all E7A, 0 < j < s —1, we
conclude that E*~1B | gs. ]

Theorem 4 Let L=, _ (x)D* be a linear differential operator with poly-
nomial coefficients, and r € K(x) \ K[z] a non-polynomial rational function
which has no poles in IN. If the series y, = > cn(x — a)™ where ¢, = r(n)
for all n € IN satisfies Ly, = 0, then L is singular at x = a, and the equation
Ly = 0 has a solution with rational logarithmic derivative over K, the algebraic
closure of K.

Proof: Assume that L is not singular at x = a, hence that p,(a) = ug, # 0.
Then the leading term of (26) is the one with k = r+b, and its leading coefficient
is

gr+p(n) = Z Up—r (N + 7+ b)ﬁ =uo,(n+7r+0b=
k
We are going to use Theorem 3 on recurrence (26). The order of (26) in this case
is s =740, 50 qs(n — s) = ug,,n-, therefore vgi(E~°qs) > 0 for an irreducible
f only if f(n) = n — « for some a« € IN. As ¢, has no poles in IN, it follows
from Theorem 3 that ¢, is a polynomial in n. We conclude that (22) can have
non-polynomial rational solutions only when L is singular at z = a.

To prove the second assertion, recall that a function f is called d’Alembertian
over K if it is annihilated by an operator L = LiLo---L; where each
L; € K(z)[D] is of order one [3]. A d’Alembertian function satisfies f(z) €
fi(z) [ fa(z) [+ [ fe(z)dx---dxdz where the f; have rational logarithmic
derivatives. Let

T
f(x) _nz::O (n—a)k
where o € K\ IN. It is easy to see that the operator

L:(D—1 ! )(a:D—a)k

— X
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annihilates f(x), which is consequently d’Alembertian over K. Now, if ¢, is a
rational function of n, its partial fraction decomposition

together with (27) and the fact that d’Alembertian functions form a ring [6],
shows that (20) is d’Alembertian as well. But if L,y = 0 has a d’Alembertian
solution then it also has a solution with rational logarithmic derivative [3, The-
orem 4], and so does Ly = 0. o

Therefore to find solutions (21) of Ly, = 0 with non-polynomial rational
coefficients ¢, it suffices to consider the singular points of (17) as candidate
expansion points a, and to use the algorithm of [1] at each of them to find
rational solutions of the corresponding recurrence (26).

Example 8 The equation
20(e — 1)y (@) + (7o — 3)y/(x) + 2y(x) = 0 (33)

is singular at * = 0 and * = 1. Let us find power series solutions at x = 0.
Recurrence (26) in this case is

(n+1)2n+3)cps1 — (n+2)2n+ 1), =0 (34)

and is satisfied by the rational sequence ¢,, = 2(n + 1)/(2n 4+ 1). Thus (33) has
a power series solution with rational coefficients

ow=2n+1) 1 IR
@) = n;) mt+1 _1fz+§n¥0n+1/2

1 1 dx 1 1 1+vz K
+ = + log + —,
l—z 2z ) Ve(l—2) 1—2 2z “1—yx x

which is d’Alembertian. Since f(0) = 2 it follows that f(z) = - +

ﬁ log iﬁ Note that (33) is also satisfied by g(x) = 1/+/x which has rational

logarithmic derivative. O

S

Remark 1 If, in notation of Theorem 4, ¢, = r(n) for large enough n but
not for all n € IN, then L need not be singular at x = a. For instance, the
equation (z —1)y” 4+ y' = 0 has solution y(z) = —log(1 —x) = Y.~ | ™ /n with
non-polynomial rational coefficients, although it is not singular at = 0. This
is because ¢g = 0 while r(n) = 1/n has a pole at n = 0. Such solutions are
covered in the next subsection. a
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5.3 Solutions with hypergeometric coefficients

To find power series solutions with hypergeometric coefficients, instead of (20)
and (21) it is more convenient to write

y= b, (35)

and
—, (z—a)"
Ya = Z bnT (36)
n=0

respectively, where b,, = ¢,n! is hypergeometric iff ¢, is. Note that b,, is unde-
fined for n < 0. Then, after replacing k with k + j — b and multiplying both
sides with (n + b)!, (26) turns into

r+b

Z gj(n)bp4; =0 for large enough n, (37)
=0

where gj(n) = Y, ug k+j—b(n+b)E. Since k+j—b < r, it follows that deg g;(n) <
r 4+ b — j. In particular, ¢,44(n) is a constant polynomial.

Theorem 5 Let x = a be an ordinary point of L = 22:0 pe(x)D*, and y, =
Yoo o bn(z—a)™/n! a hypergeometric series which satisfies Ly, = 0. Then there
are polynomials A,C € Klx] with deg A <1, such that

C(n+1)

bn+1 = A(n) C(n)

b, (38)

for all large enough n.

Proof: If Ly, = 0 then by Lemma 2, L,y = 0 where L, and y are as in
(22) and (35), respectively. By the preceding discussion, b,, is a hypergeometric
solution of (37).

If b, is eventually zero then the theorem holds trivially. Otherwise b,, is
eventually nonzero (because it satisfies a homogeneous first-order recurrence
with rational coefficients). Let R(n) be the rational function equal to b,y1/by
for all large enough n. As any nonzero rational function, R can be written in

the form
AEC

R=(=——
CB C
where ¢ € K \ {0}, 4, B,C € K|[z] are monic, and ged(A, E¥B) = ged(A,C) =

ged(B, EC) =1 for all k € IN.
By [10, Theorem 5.1], B divides the leading coefficient of recurrence (37)
which is

(39)

Gran(n) =Y gy (n + bE = ug, = py(a),
k
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a nonzero constant because r = a is an ordinary point of L. So B =1, and it
remains to show that deg A < 1.
Again by [10, Theorem 5.1], ¢ is a nonzero root of the algebraic equation

r+b

Z aka =0, (40)
k=0

where ay, is the coefficient of n™ in Pi(n) = qu(n) Hf;é EVA, and M =
maxo<p<r+bdeg Pr. Write § = deg A. Since deg ¢,4, = 0 and degqr, < r+b—k
for k < r 4 b, it follows that deg Pr4p = (r + b)d and deg P, <7 +b— k(1 —9)
for k <r+b. If 6 > 1 then for k < r + b,

deg Pryp—deg Py > (r+b)0 — (r+b—k(1-90)=0—-1)(r+b—k) >0,

so deg P, < deg P4p. Therefore M = (r 4+ b)d and all the a’s are zero except
a,4p. Hence (40) has no nonzero roots, and (37) has no hypergeometric solution
with 6 > 1. It follows that deg A = 0 < 1. Writing A for (A in (39) we obtain
(38). O

Corollary 2 Let x = 0 be an ordinary point of L, and y = > > b,z"/n! a
hypergeometric series solution of Ly = 0. Then y is of one of the forms

a) y ~ p(x)es”, or

b) y ~ p(x)(1 = Cx)*, or

¢) y~p(x)/(1 = Cx)" +q(z)log(l — (x),
where p,q € K[z] are polynomials, ( € K \ {0}, a € K, and s € IN.

Proof: If y is a polynomial, this is trivially true. Otherwise, Theorem 5
implies that for all large enough n, b,41/b, = CA(n)C(n + 1)/C(n) where

¢ € K\ {0} and either A(n) = 1, or A(n) = n — « for some o € K. We
distinguish three cases according to the form of A and the nature of a.

Case a) A(n) =1
In this case, b(n + 1)/b(n) = ¢C(n+ 1)/C(n), so b, = AC(n)¢"™ where A is a
constant. Hence by (19),

Yy~ A Z C(n) (C::')n = \C(19)es = p(z)e® (41)
n=0 ’

where p(z) is some polynomial of degree s = deg C(n).

Case b) A(n) =n — a, where a ¢ IN B
In this case, b(n + 1)/b(n) = {(n — a)C(n+ 1)/C(n), so b, = AC(n)(—a)"¢"
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where X is a constant. Hence by (19),

Y~ /\ZC’(n)(ia !
n=0

(42)
where p(z) is some polynomial and degp = s = deg C.

Case ¢) A(n) =n —a, with a € IN
Here we still have the solution

y ~AC0)(1 = ()

which in this case is simply a polynomial in x, corresponding to s = ¢ = 0. But
now there is another hypergeometric solution of (37), namely

by = AC(n)(n —a — I forn>a+1,
which, using (19), yields

yN/\ZC 1)<na1$n

n=a+1

- ﬂznﬂw

0[]

where there are av+ 1 integral signs. It is straightforward to verify by induction
on k that for any n, k € IN,

Cn n+a+1

m

k
(= G log(1 = @) = MO — o) fla) ()

where

(71)k<2) (Hn —Hy_ + 10g(1 - C‘T))7 E<n
Fk(@) = (qye) (k(kgl)), k>n

and H, = Y ,_,1/k. Taking n = o and k = a + 1 in (43), we see that the
nested integral of 1/(1 — ¢x) has the form P(z)log(1 — (z)+ Q(x) where P and
@ are polynomials of degree < «. Finally

p(x)

Yo 1 —Ca) + q(x)log(1 — Cz), (44)

where p,q are polynomials, degp < a + s, degq < «a, and s = degC. In
fact, a more careful analysis shows that p(z) is divisible by (1 — (x)" where
t = min{a, s}. O
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Lemma 4 Let L = Y, _ o ar(x x)D¥* be a linear differential operator with poly-
nomial coefficients. If y(x) = p(x)(1 — (x)® satisfies Ly = 0 where a € K \ IN,
¢ € K\ {0}, and p € K|x] is relatively prime with 1 — (x, then 1 — (x divides
the leading coefficient a,.(x) of L.

Proof: By Leibniz’ rule,

k—j z o |
Z e Z <k> ddTp—(j)(_ojal(l —(x)*7 =0.

703

Multiplying this by (1 — {z)"~% we see that 1 — (x divides a,-(z)p(z) and hence
ar(x). m|

Lemma 5 Let L = Y, _,ax(x)D* be a linear differential operator with poly-
nomial coefficients. If

y(x)(1?fjgﬂs+q<z><1cxylog<1<x> (45)

satisfies Ly = 0 where p,q € K[z], ¢ # 0, s,t € IN, ( € K \ {0}, and g(x) is
relatively prime with 1 — (x, then 1 — (x divides the leading coefficient a,(z) of
L.

Proof: If y is as in (45) then clearly
Ly(x) = A(z) + B(x)log(1 — ()
where A, B € K(x) are rational power series. As log(1 — (z) is not a rational

power series, Ly = 0 implies A = B = 0. We distinguish three cases.
Case 1 (t > r): Using (43) and Leibniz’ rule,

Bm=i%mi@y%%bw>gyp@w

k=0 7=0 J

As B(z) = 0, and all terms with j < r — 1 above contain (1 — ¢z)!~"*! as an
explicit factor, it follows that the term with j = k = r is also divisible by this
factor. Thus 1 — ¢z divides a,(x)q(x) and hence a,(z).

Case 2 (t < r, s > 0): In this case we can assume that p(z) is relatively
prime with 1 — {z, and use the fact that A(z) = 0. Consider the exponent of
1 — ¢z in the denominators of various contributions to A(z). In those terms
arising from applying L to ¢(z)(1 — ¢z)*log(1 — {x) this exponent is at most
r — t, according to (43). On the other hand,

1 — Cx Za )s+k
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where pi(z) is a polynomial relatively prime with 1 — (z, and p, #0. As s >0
we have s+ > r —t. It follows that 1 — (x divides a,(z)p,(z) and hence a,(z).

Case 3 (t <r,s=0): As Lp(z) is a polynomial, A(z) contains a term which
is a constant multiple of a,(z)q(z)/(1 — {z)"~! while the exponent of 1 — {x in
the denominators of all other terms of A(z) is at most r — ¢ — 1, according to
(43). Tt follows that 1 — ¢z divides a,(z)q(x) and hence a,(z). O

Corollary 3 Let x = a be an ordinary point of L, andy, =Y ., cn(z—a)™/n!
a hypergeometric series satisfying Ly, = 0. Then for any other ordinary point
x=b of L, there is a hypergeometric series wy, =y dn(x —b)™/n! satisfying
wa = 0.

Proof: By Lemma 2, Ly, = 0 implies that L,y = 0 where y = >~ ;¢ 2™ /nl,
and L, is as in (22). Because z = 0 is an ordinary point of L,, the series
y has one of the three forms listed in Corollary 2. Note that all three are
d’Alembertian. Let Luyi, € K(z)[D] be the monic operator of minimal order
annihilating y. Then Ly, is a right factor of L, in K(z)[D]. We claim that
in each of the three cases, and for any ordinary point b of L, there exists a
hypergeometric series of the form w. = Y~ d,(z — ¢)"/n! where ¢ = b — q,
such that Lyjaw. = 0 and hence that L,w. = 0. By Lemma 2, it then follows
that Lwe4, = Lwy = 0 as desired.

To prove the claim, we give Ly, and w,. separately for the three cases of
Corollary 2. In each of them, it is easy to check that indeed Lyjzw. = 0. We
write z for  — ¢. In what follows, po,p,q € K[z] and ¢ € K \ {0}.

Case a) y(z) = po(r) + p(z)es® with p # 0: As Lpg(z) is rational while
L (p(x)e™) is not unless it vanishes, Ly(z) = 0 implies that also L (p(z)e®) =
0. Thus we can take po(z) = 0 and y(z) = p(z)e$*. Then

L. - D<p’(w)+c>’

p(z)
w, = p(z+c)e. (46)

Case b) y(z) = po(x) + p(z)(1 — (x)* with o € K\ IN and p # 0: As in
Case a), we can take po(z) = 0 and y(x) = p(z)(1 — (z)*. Then

Fomin = D= (Z/((f)) 1 ag@) |

we = plz+c)(1-€2)° (47)

with &€ = ¢/(1 — Ce).
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Case c) y(z) =po(x)+p(x)/(1—C(x)® +q(z)log(l — (x) with s € IN and
q # 0: Here

o (0 42) (022,
p(z +c)

(1—Co)*(1—&2)
with g = q(y/q)" and £ = /(1 — (o).

Q

we = po(z+c)+ - ta(z+c)log(l—€z)  (48)

In the latter two cases, we need to show that 1 — (¢ # 0. According to
Lemmas 4 and 5, L, is singular at x = 1/¢ (unless s = ¢ = 0). But then L
is singular at x = a+ 1/(, so a +1/¢ # b as b is an ordinary point of L, and
Co=Clb—a) # 1.

In the first two cases, w. is a polynomial multiple of a hypergeometric series,
which by Lemma 1 is again a hypergeometric series. In the last case, w, is the
sum of two such series. But the coefficients of 1/(1—£2)* =S 0° , ("T57 )¢
as well as those of log(1 — &z) = — > 77 | (£"/n)z" are rational multiples of £",
hence, as in the proof of Lemma 1, so are the coefficients of w. which is thus a
hypergeometric series as claimed. g

Therefore the following algorithm will find all solutions (21) of Ly, = 0
with hypergeometric c¢,,:

1. For each singular point a of L, find all solutions y = > ; ¢,z" of Loy = 0
with hypergeometric ¢,, using the algorithm of [11]. Then the correspond-
ing y, give all the hypergeometric series solutions at = = a.

oo

2. Pick any ordinary point a of L. Find all solutions y = >°" jcpa™ of
L,y = 0 with hypergeometric ¢,,, using either the algorithm of [11], or,
since these solutions are d’Alembertian, the algorithm of [7], or a custom-
designed algorithm for finding solutions of the three types described in
Corollary 2. Then the corresponding y, give all the hypergeometric series
solutions at x = a. For any other ordinary point b of L, the series w,
given in (46), (47), and (48), respectively (with z replaced by  — b and ¢
by b — a), give all the hypergeometric series solutions at z = b.
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