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Abstract

Some properties of linear difference operators whose coefficients
have the form of infinite two-sided sequences over a field of character-
istic zero are considered. In particular, it is found that such operators
are deprived of some properties that are natural for differential oper-
ators over differential fields. In addition, we discuss questions of the
decidability of certain problems arising in connection with the algo-
rithmic representation of infinite sequences.
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1 Introduction

The need to consider linear difference operators with coefficients in the form
of sequences (or equivalence classes of sequences) arises, in particular, in
connection with the universal Picard-Vessiot extensions of difference fields
8, 5]. As has been noticed already in [4], one has to consider difference-ring
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extensions of difference fields. In the context of such extensions, questions
arise naturally about properties of operators with such coefficients.

In [5, Appx. A], it is found that some properties that are natural for
differential operators over differential fields ([9]) are not satisfied in the case
of difference operators over rings — in particular, over rings of sequences.
Additionally, we point out undecidability of a number of problems related to
linear difference operators with sequences as coefficients.

The rest of the paper is organized as follows. Sect. 2 contains some
preliminary information. In Sect. 3 we consider the question whether for
any m linearly independent sequences there exists an operator of order m
whose solution space is generated by these sequences. It is shown that for
any m there are m linearly independent sequences such that any operator
annihilating these sequences has an infinite-dimensional solution space. In
the same section it is shown that the space of solutions of the least common
left multiple of operators Ly, Lo can be infinite-dimensional while the solution
spaces of L; and Ly have finite dimension. The final Sect. 4 discusses the use
of computable sequences (for each such sequence, an algorithm is known that
computes elements from their indices) as operator coefficients. A number of
questions of decidability of certain problems arising in connection with the
algorithmic representation of infinite sequences is investigated: the problem
of testing invertibility of an operator, testing divisibility of one operator by
another, and testing existence of a nonzero common left multiple of two given
operators.

A preliminary version of this work was presented as [2].

2 Preliminaries

Below, R = Q% stands for the ring of two-sided sequences having rational-
number terms, with addition and multiplication defined termwise, and o is
the shift automorphism on R acting by oc = d with d(k) = ¢(k + 1) for all
k € Z. Clearly, the ring of constants of R is the field Q. By 1 we denote the
sequence in R all of whose terms are equal to 1. For k,m € Z with m > 1



we define two-sided sequences dy, w,, € R by

5e(n) = {1, n==k,

0, otherwise,

0, otherwise;

() = {1, n=m (mod m+ 1),

here dx(n) is the well-known Kronecker delta.

The ring Ro] is the ring of linear difference operators with coefficients
in R. The order of L € R[o| denoted by ord L is the non-negative integer
equal to the degree of the (skew) polynomial L in o (cf. [7, 3]); conventionally
ord0 = —oo. For L € R[o], we denote the Q-linear space of all f € R s.t.
L(f)=0by V.

3 Dimension of solution spaces of operators
in R|o]
3.1 A useful lemma

Lemma 1 Let m be a positive integer. The sequence w,, is such that if L
is an operator with ord L < m, then the equality L(w,,) = 0 implies that
dim V;, = oo

Proof. Let L be of the form
L =an(n)o™+---+ai(n)o+ ap(n) € Rlo].
If L(wy,) =0 then for all n € Z

- ) = d 1
aa(M)m(n + ) Z@z {, n+i=m (mod m+ 1)

Ms

P = , otherwise
= ), n=m—i (modm+1)
= Z = a;,(n) (1)
— |0, otherwise
where i, is the unique i € {0,1,...,m} such that n = m —i (mod m + 1).
Hence for all n € Z and i € {0, 1,...,m} we have the implication

n=m—1i (mod m+1) = a;(n)=0.
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Now let ¢(n) be an arbitrary sequence from R and g(n) € R be the sequence
for which

c(n), n=m (mod m+ 1),
o) = 30 ! )
0, otherwise.

Note that the set (parameterized by c¢(n) € R) of all such g(n) is an infinite-
dimensional subspace of the Q-linear space R. Then by (1)

Zai(n)g(n—l—i) — Z a;(n)g(n+1) = a;,(n)g(n+1i,) = 0,

=0 0<i<m
n+i=m (mod m+1)

so L(g) = 0 for all such g, implying that dimker L = oc. O
Recall that in the differential case we can find a differential operator L
annihilating elements f1, ..., f,, of a differential field, such that the dimension

of the solution space of L is equal to the maximum number of elements
from among fi,..., f,, that are linearly independent over constants of the
differential field under consideration.

Example 1 Let m = 2. Then wy(3k) = we(3k + 1) = 0, wa(3k + 2) = 1 for
all k € Z. If L = ay(n)o? + a1(n)o + ag(n) annihilates wy(n) then

&0(3k' + 2) = (11(3]6‘ + 1) = a2(3k) =0.

Such an operator L annihilates also any sequence gg(n) such that gs(3k) =
gs(3k +1) = 0, gs(3k + 2) = k*. Note that sequences gs(n) for s € Z are
linearly independent over the constants.

3.2 Annihilating operators in R[o]

Proposition 1 For any positive integer m there exist fi,..., fn, € R such
that if for some L € R[o] with ord L < m the equalities

L(fi)=0
hold fori=1,...,m, then dim V}, = oc.

Proof. This is a consequence of Lemma 1: Any fi,..., f,, € R such that
f1 = wy, possess the formulated property. [l

The following example shows that there are other (but similar) ways for
constructing f1,..., f,, beside the one used in the proof of Proposition 1.
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Example 2 Consider two sequences fi, fo where
Fi(4k) =0, fi(4k+1) = fi(dk +2) = fi(4k +3) = 1,

If L =ao?+ bo + c annihilates f; and f5 then

b(4k) = c(4k) = —a(4k),
b(dk +1) = —a(4k + 1), c(4k+1) =0,
a(dk +2) =0, c(4k+2) = —b(4k + 2),
b(4k + 3) = —c(4k + 3) = a(4k + 3).
This implies that L(y) = 0 for any sequence y which satisfies

y(4k +1) = y(2) — y(4k),
y(dk +2) = y(4k +3) = y(2),
while y(2), y(4k) can be arbitrary constants for all .

Note that an even stronger form of the statement of Lemma 1 is possible:

Lemma 1* There exist sequences, say c, such that if an operator L an-
nihilates ¢ then dim Vi = oco.

Indeed, let c(n) be equal to 1 if n = k? for some integer &, and 0 otherwise.
Using the same idea as in the proof of Lemma 1, it is possible to show that
if L(c) = 0, ord L = m, then L annihilates any sequence d such that the
inequality d(n) # 0 implies that n = k%, k > /m.

The general consideration is the following: Let v be a sequence of positive
integers v(0),v(1),... such that v(k+1) —v(k) tends to infinity with &, e.g.,
v(k) = k* or v(k) = 2. Define ¢ € R by c(n) = 1 if Jp>1: |n| = v(k),
and c¢(n) = 0, otherwise. Then the distance between two consecutive 1’s
in ¢ increases and tends to oo, which is not the case for sequences w,,. —
Accordingly, the statement of Proposition 1 can be strengthened as well.

Recall that in the differential case we can find an operator L, ord L < m,
annihilating given fi,..., f,, such that the dimension of the solution space
of L is equal to the number of linearly independent elements from fi, ..., f,,.



3.3 Least common left multiple of operators in R|o]

Definition 1 We define lclm (Lq, Ly) as the set of all operators L such that
e [ is not zero,
e [ is a common left multiple of L; and Lo,

e there is no operator M such that M is not zero, M is a common left
multiple of L and Lo, and ord M < ord L. 0

Remark 1 It can happen that L does not belong to lclm (L, L). For ex-
ample, let L := ao + 1, where a = w;. Let f = o(a). Then fa = 0, so
fL = faoc + f = f is a left multiple of L. Since ord f = 0 is the lowest
possible order for a nonzero operator, f belongs to lelm (L, L), but L itself
does not because ord L = 1. It is easy to see that L is invertible in R[o| and
L' = —aoc+1 (since o(a)a = ac(a) = 0). This implies that 1 € lelm (L, L).

Note that it is also possible that for two given operators Li, Ly € R[o],
their only common multiple is 0.

Example 3 Consider the following operators L; and Lo of order zero: L,
is the sequence ¢ = wy, and Ly is the sequence d = ow;. Then their only
common multiple is the zero sequence.

Indeed, assume that ML, = MLy where M; is an operator whose -
th term is of the form a;0?, and M, an operator whose i-th term is of the
form b;0° where a; and b; are arbitrary sequences. Then the i-th term of
ML, = Mc is of the form a;(c%c)o’ = a;(n)c(n + i)o’, and the i-th term
of MyLy = Mad is of the form b;(o'd)o’ = bi(n)d(n + i)o*. For each i
and n, (exactly) one of ¢(n + i), d(n + i) is zero. If MyLy = MLy then
ai(n)c(n +14) = bi(n)d(n +1i) = 0 for all i and n, hence a;(c'c) = b;(c'd) for
all 7, therefore ML, = ML, = 0.

Proposition 2 There exist first-order operators Ly, Ly such that
(1) dim VL1 = dim VL2 = 1,
(ii) there exists a second-order common multiple L of Ly, Lo,

(iii) for any common multiple A of Ly, Ly such that ord A < 2, the relation
dim V4 = oo holds.



Proof. (i),(iii): Set
Li=0—-b(n), Ly=0—1, (2)

where b(3k) = 1, b(3k + 1) = b(3k + 2) = —1. Then V;, and V;, are one-

dimensional: V7, is generated by the sequence s(n) such that s(3k) = s(3k+

1) = —1, s(3k+2) = 1, while V7, is generated by the sequence 1. If V, , V;, C

V4 for some operator A, then V4 contains f(n) = (s(n) + 1(n))/2 = ws(n).

By Lemma 1, if ord A < 2 then dim V4 = co. Thus, (i) and (iii) are proven.
(ii): It is easy to check that

(1= b(n))o +b(n+1) — 1)Ly = ((1 — b(n))o + b(n)(b(n + 1) — 1)) Ly. (3)

It is evident that each of the left- and right-hand sides of (3) is a non-zero
least common multiple of Ly, Lo. [JAs a consequence, we have that for
L € lelm (Ly, Ly) the equality

Vi =V, + Vi, (4)

does not hold in general.

Recall that in the differential case, when L1, L, the operators over a differ-
ential field K the equality (4) holds if we consider solutions from the Picard-
Vessiot extension of K. Similarly, this holds also for the case of differen-
tial systems, see [1]. The equality (4) takes place in the scalar difference
case when the coefficients belong to a difference field possessing some special
properties [6].

Remark 2 The statement of Proposition 2 as well as its consequence that
the equality (4) is in general not satisfied, hold if one considers solutions
as sequences having their elements in any extension of the field Q. Indeed,
the leading and trailing coefficients of operators (2) do not vanish and so-
lution spaces of L; and L, are one-dimensional, while the solution space of
lelm (Lq, Ly) has infinite dimension.

4 On some undecidable problems

4.1 A consequence of a classical Turing’s result

Below, we prove undecidability of some problems related to the operators
having coefficients in R. The proofs are in general based on the consequence
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of classical Turing’s result on undecidability of the well-known halting prob-
lem [10]:

Let M be a set containing at least two elements and such that there is
an algorithm to test the equality of any two given elements from M. Then
there is no algorithm to answer the question whether a given computable
sequence (one-sided: ¢(0),c(1),..., or two-sided: ... ,c(—1),¢(0),c(1),...)
s such that each of its elements is equal to a given u € M; the same for the
case of a sequence having no element being equal to a given element of M.

4.2 Testing for invertibility and divisibility of opera-
tors in R[o]
The problem of representing infinite sequences is an important one in com-
puter algebra. A general formula for the n-th element of a sequence is not
always available and may even not exist. Another way to represent a se-
quence is the algorithmic one, where a sequence is given by an algorithm
for computing its elements from their indices. We will call such sequences
computable. The algorithmic representation of a concrete sequence is not, of

course, unique. This non-uniqueness is one of the reasons for the undecid-
ability of the zero-testing problem for such computable sequences.

Lemma 2 Testing for an arbitrary computable sequence ¢ € R and a positive
integer r the truth of the statement

P(c,r) = 3kez k>0 Vnez: (c(n)e(n +1r)c(n+2r)---c(n+kr)=0)
15 algorithmically undecidable.

Proof. Define the sequence a(n) as follows. For n > 0 we set

c(0) if n=0,
a(n) = <0, if n>0 and ¢(n) =0, (5)
a(n — 1), otherwise.
For n < 0 we set a(n) = 0. The condition that ¢ is a computable sequence

implies that the sequence a is computable too. The sequence a is such that
if there is no zero element in

c(0),¢(1),¢(2),. .. (6)
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then V,ez n>0: a(n) # 0, hence also V), ez n k>0 a(n)a(n+1) - --a(n+kr) # 0.
On the other hand, if ¢(m) = 0 for some m > 0, then we have

Virm nez: (a(n)a(n+r)---a(n+kr) = 0)

since the product a(n)a(n + kr) is the zero sequence. Thus, P(a,r) is true if
and only if there is at least one zero element in (6).

If an algorithm A allows us to test for the truth of P for any sequence
from R and any positive integer r then using this algorithm we could test
for the existence of a zero element in a given sequence of the form (6): one
could apply A to the sequence

in) = {c(n) if n>0,

0, otherwise.

The sequence (6) has a zero element if and only if P(¢,r) is true (r can be
an arbitrary positive integer). However testing for the existence of a zero
element in an arbitrary computable sequence is undecidable (see Sect. 4.1),
therefore A cannot exist. 0

Proposition 3 Let r be a nonnegative integer. There exists no algorithm

for testing for an arbitrary L € Rlo], ord L = r, whether L is invertible in
Rlo].

Proof. If r = 0 then L is a sequence from R. The sequence is invertible if
and only if the sequence does not contain zeros. There is no algorithm to
test this property.

Let » > 0. Consider the set of operators of the form

1—e¢(n)o’, (7)

where ¢ € R is such that ¢(0) = 1 and thus ¢ is a nonzero sequence. The
order of each L of the form (7) is r. If the inverse L~! for L exists then there
exists k > 1 such that L' has the form

1+c(n)o"+c(n)e(n+r)o® +- - +c(n)e(n+r)c(n+2r) . . . e(n+(k—1)r)oct=Hr,
with
Voez: (c(n)e(n+r)e(n+2r)...c(n+kr)=0). (8)

Therefore, L of the form (7) is invertible if and only if (8) holds. So, if
we have an algorithm for testing invertibility then we can use it for testing
validity of (8). By Lemma 2, the problem is undecidable. O

9



Remark 3 Let r be a nonnegative integer number. Then there exists an
invertible operator of order r in R[o]. Indeed, if r = 0 then 1-1 = 1.
Otherwise, (1 — dp(n)o")(1 + do(n)o”) = 1.

Proposition 4 Let s,r be nonnegative integer numbers. There exists no
algorithm for testing for arbitrary Ly, Ly € Rlo|, ord Ly = s, ord Ly = r
whether Ly is right-divisible by Ly in R[o] or not.

Proof. If such an algorithm existed then one could use it to test for
invertibility of a given L € R[o] of order r. Indeed, take any operator M of
order s, for example, M = ¢®. It is evident that L is invertible if and only if
M and M + 1 are both right-divisible by L. So, if one can test for divisibility
then one can test for invertibility. But by Proposition 3, the latter problem
is undecidable. U

4.3 On testing for existence of a nonzero common mul-
tiple

Below, we discuss the problem of possibility or impossibility of algorithms
for testing for existence of a nonzero common multiple for given L, Ly € R.

Notice that the impossibility of a general algorithm for testing for exis-
tence of a common nonzero multiple can be proven easily by considering the
case of zero-order operators, i.e., the case of sequences.

Proposition 5 There is no algorithm for testing for existence of a non-zero
common multiple of two given sequences a,b € R.

Proof. First, we prove that there is no algorithm for testing the relation
Vnez: (a(n)b(n) = 0) 9)

for given computable sequences a, b. Indeed, if we had an algorithm for test-
ing this relation, this would make it possible to test algorithmically whether
the sequence a is identically zero. If we take b such that b(n) = 1 for all n,
then (9) holds if and only if a is identically zero.

Now we show that the problem of testing the existence of a nonzero
common multiple is undecidable even in the case of zero-order operators, i.e.
when the operators Ly, Ly are some sequences a and b. It is easy to see that
a and b have a non-zero common multiple if and only if (9) does not hold. In
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fact, the proof of the absence of a non-zero common multiple in the case (9)
is similar to the proof from Example 3. If for some n the product a(n)b(n)
is not equal to zero, then a(n)b(n) is a non-zero common multiple. O

This implies that an algorithm for testing for existence of a non-zero
common multiple of given arbitrary operators Ly, Lo is not possible. We will
prove a stronger statement:

Proposition 6 Let r,s be nonnegative integers. Then there is no algorithm

for testing the existence of a mon-zero common multiple of given operators
Ly, Ly € R[o] of the form

L1 = CLTO'T + ar,la“l + ..., L2 = bSO'S + 1)8710'871 + ..., (10)
with nonzero sequences a,., b.
The proof is based on the following lemma.

Lemma 3 Let a,b be nonzero sequences and r,s nonnegative integer num-
bers, r > s. Then ac”, bo® have a nonzero left common multiple if and only
if there exists an integer m such that

a(m) #0, b(m+r—s)#0. (11)

Proof:
= Let Uaoc”™ = Wbo® where both sides are nonzero operators. Let

u=ordU, w=ord W. Clearly
u+r=w+s. (12)

Let co® and do® be the leading terms of U and W, respectively. The nonzero
sequences c(n)a(n 4+ u) and d(n)b(n + w) are equal. This implies that the
equality

c(n —u)a(n) =d(n —u)b(n +w — u)

holds for all n. By (12), the latter equality can be represented as
c(n —u)a(n) =d(n —u)b(n +r —s).

Since the left and right sides of the latter equality are nonzero sequences,
there exists an integer m such that

c(m —wu)a(m) = d(m —u)b(m +1r — s) # 0.
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This implies that a(m) # 0, b(m +r — s) # 0.

< : If m exists then we set U := #m)(Sm(n) and W :=
b(Tlr_s)Csm(n)Ur’s. We obtain

Uac” = Wbo® = §,,(n)o".

OJ
Proof of Proposition 6: First, we prove the following: Let ¢ be a nonnegative
integer. There is no algorithm A; for testing for arbitrary a,b € R whether
there exists an m € Z such that a(m)b(m+t) # 0. We show that if A, existed
then one could use this algorithm for testing whether a given sequence

¢ =¢(0), (1), ¢(2), ... (13)

at least one nonzero element. However, the latter problem is undecidable
(see Section 4.1), and this will imply nonexistence of A;.
Let ¢ be as in (13). We define two-sided sequences a and b as follows:

a(ﬂ):{c(n), nz(),’ b(n):{c(n—t), n >t

0, n <0, 0, n < t.
Then
>0 2 >0
b(n+t) = o(n), n=0, , a(n)b(n +t) = c(n), n=0,
0, n <0 0, n < 0.

It follows that the two-sided sequence a(n)b(n+t) contains a nonzero element
iff the one-sided sequence ¢? contains a nonzero element, and this is true iff
the one-sided sequence ¢ contains a nonzero element.

The sequences a, b are computable and nonzero. It is easy to see that there
exists m € Z such that a(m)b(m +t) # 0 if and only if ¢(m — 2) # 0. So, if
the algorithm A; existed then for any sequence ¢ one can test algorithmically
the existence of a nonzero element in c¢. But this problem is undecidable, as
it follows from the statement from Sect. 4.1. This implies that the algorithm
A; does not exist for any nonnegative ¢t. By Lemma 3 this means that the
statement of Proposition 6 holds. 0
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5

Conclusion

Difference equations are the foundation on which modern numerical methods
are built. The article presents results which indicate that difference equations
with coefficients in the form of sequences are complicated objects that require
very careful handling.
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