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Abstract

The following computer algebra problem is considered

: how to compute the gcd of the polynomials U(X, a)

and V(Z, a) for various values of the parameter a? This

problem appears, for example, in solving systems of al-

gebraic equations by the elimination methods ~aer53],

in computing the logarithmic part of the integral of a

rational function [Trag76, Laz&Rio90], in solving dif-

ference and differential equations [Abr89], in summing

rational functions [Abr71, Abr75, Gosp78], etc...

A fast algorithm to solve this problem is described,

and some applications of this algorithm are discussed.

1 Subresultants

Polynomial subresultants play an important role in

our consideration. Let us briefly point out the main

properties of subresult ants, considering the polynomi-

als u(x), v($) C I[z]:

u(x) == umx~+. ..+ulz+uo,

(1)

?J(Z) = 7Jn2n+. ..+ti12+vo,

where 1 is an integral domain. It is well known that

the resultant Res(u, v) of the polynomials (1) is equal

to zero iff either u(x) and V(Z) have a nontrivial gcd, or

um =Wn=o.
The notion of subresultant generalizes the one of re-

sultant (cf. [Hab48, Loos83]): the determinant of the

m + n – 2j-dimensional Subresultant matrix $igure 1)

with O ~ j < min(m, n) – 1 is called the ~ subre-

sultant of the polynomials U(Z) and W(Z). Let us write
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“th subresultant of u(~) and V(Z); obvi-S’j (x) for the j

ously, Sj (z) c l[z]. It is easy to see that deg Sj (z) S -i

for j = O, . . . . n; besides, So(z) = Res(u(z), w(x)).

In the rest of this paper, we will ignore the signs of

the subresultants.

The subresult ant chain of the polynomials (1) is

sk(x), sk_l(z),..., so(z), (2)

where

{
k= “

ifm>n,

n+l, otherwise.

Here Smin(m,nj_l(~), . . . . So(x) are determined as

above, Sk(~) = u(x), Sk–l(z) = w(z). For m > n + 1

the subresultants Sk-z(x), . . . . Sn~l(Z) are set to zero

and Sri(Z) = (vn)~-”-l w(z). The sense of the last as-

signments will be clear from the further considerations.

If 1 = K[a], where K is a field and a is a variable

(parameter), then all the Si(x), i = k,..., O are poly-

nomials in z and a over K. Let us rewrite the polyno-

mials (1) as

u(.r, a) = um(a)xm + .+u O(a),

(3)

V(X, a) = vn(a).rn + .+v o(a),

where Um (a), Wn(a) are non-zero elements of I{[a]. One

can construct the subresul-

tant chain Sk(x, a),..., So(a, a) of the polynomials (3).

Let now the parameter a have a value a in some ex-

tension L of the field K (in particular L = Ii). Let a

be such that Um (cr), Vn (a) are not zero simultaneously,

moreover U(Z, cY), V(Z, a) # O as elements of L[x].

It is possible, in turn, to construct the subresultant

chain of U(Z, cr), V(Z, a)

s: (x) ,.. ., S;(X), Z<k.

If Um(cx) # O and Vn(cx) # O, then 1 = k and Sk(.r, a) =

s;(x), . . . . SO(*, a) = S;(z). Suppose that Urn(a) = O

and Vn(a) # O (the case Um(cx) # O and Vn(a) = O is
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um . . . 240

u~ . . . U1

. .

um . . . Uj+l

v~ . . . ‘?)0

“. “.

‘on . . . ’00

‘l& . . . ’01

“.

Vn . . . Vj+l

Figure 1: Subresultant matrix.

analogous). One can introduce the positive integer d

such that

Urn(d) =...= ~~-d+l(@) = O,

u~-d(~) + O.

The following equalities are then satisfied:

Si(z, a) = V;(Q’)S:(E), (4)

O s i s min(n, m – d).

Those equalities are obtained by transformations

of determinants; they point out that the polynomials

S; (z, a) and S}(z) differ by a non-zero ccmstant for some

i’s.

If deg gcd(u(~, cr), V(C, a)) = i tlhen, obviously,

i g min(n, rn – d). The subresultant chain

S~(2, a),..., So (z, a) can have two elements of degree i.

The above reasoning guarantees that the element with

lower index (i.e. the regular element of’ degree i) gives

gcd(u(x, a), V(Z, a)) if a is substituted for a in it.

Finally, let (1) be polynomials in z over a field, and

sj be the coefficient of z~ in Sj (z). It is known that if

. . . = O and St # O, then the gcd of the

~ol~nomi&~jlis equal to St(z).

2 Subresultant chain computa-

tion

Let us define the notion of a regular (and, correspond-

ingly irregular) subresultant. The subresult ant Sj (z) of

the polynomials (1) is regular iff deg Sj (z) = ~. The

zero subresultant is always irregular. The first mem-

ber of the chain (2) is always regular; the second one is

regular iff m < n + 1.

d+-%(~)

u(x)
~~–~–iv(z)

d V(X)
#lv(~)

v(x)

Let us recall that the polynomial T(Z) c

the pseudo-remainder prem (u(z), v(z)) of

l[z], if there exists q(z) G l[z] such that

(lC ~(x))deg~~~J-degWfCJ+lu(~) = q(z)v(x)

1[s] is called

u(z), v(z) e

+ r(z), (5)

and either r(x) = O, or deg r(z) < deg v(z).

The algorithm to compute the subresultant chain is

based on a theorem of Habicht [Hab48]. That theorem

states that if one has polynomials (1) with m > n > 0,

and has already constructed the part

Sk(x),.. .,sj+l(z), sj(z), o <j < k (6)

of the subresultant chain (2), where Sj+l (x) is a regular

subresult ant and S’j (z) is non-zero, then one can easily

add some new members to (6). This process results in

either the complete chain (2) or a part of (2)

sk($), s&l(z),..., si(z), 0< i < j,

such that again Si+l (x) is a regular subresultant and

S;(x) is non-zero.

For an irregular Sj (x) (deg Sj (z) = ~), one has to

set Sj-l(~) = . . . = Sr+l(Z) = O, then set

s.(x) =

{

(lcsj(~))j-’sj(~), ifj = k -1,

(lCSj(C))J-’Sj(C)
otherwise,

(7)

(1c sj+,(z))~-r ‘

and after that, if r >0, set

sr_l(x) =

prem(sj+l(~),s j(~)),
prem (Sj+l (Z),SJ (z))

(1c sj+, (~)p-r+a ‘

ifj=k —1,

otherwise.
(8)

153



If Sj (z) is now a regular subresultant, then one has

to add to (6) only Sj _ 1(z) which is computed by formula

(8) with r = j.

Finally, if the last computed subresultant is equal

to zero, then all the noncomputed subresultants must

be set to zero. We know the first two members of

the chain (6), and for sk (z), Sk_ 1(~) the conditions of

the theorem hold, so we can construct the complete

chain (2).

One can prove that the theorem is correct form < n.

In [Loos83] the theorem is extended by mistake to the

case m = n. This causes a gap in algorithm 4.1, which

computes the sub result ant chain. To overcome this gap,

the following fact can be used: when one evaluates the

pseudo-remainder of two polynomials of the same degree

by formula (5), then U(Z) is multiplied by the first power

of lC V(Z); in all the other cases U(Z) is multiplied by at

least the square of lC v(c). This makes it possible to

conclude that for m = n formula (7) must include one

more case: S.(%) = (lc Sj(.r))~-rSj(x) if j = k – 2;

and formula (8) also has one more case: Sr - 1(x) =

Prem(S~+l(~), ‘j(z) )/(lcsj+l(~)) if j = k – 2.

3 GCD with a parameter

Let u, v E K[u] [i-c], where K is a field and a is an un-

determined parameter. The question is what is the gcd

of the polynomials U(Z, a) and v(~, a) for various values

of a. The simple example U(Z, a) = z, V(Z, a) = z + a

gives

Let us turn back to the property of subresultants

mentioned at the end of Section 1. This property to-

gether with the equalities (4) point out that if the

polynomials (3) have a non-zero resultant R(a) =

Resx(u, v) = SO(Z, a), and if a is a root of R(a) then

one can obtain gcd(u(iz, a), V(Z, a)) as the first subre-

sultant Sj (z, a) among SO(Z, a), Sl(~, a), . . . such that

deg Sj(z, a) = j. If a is not a root of R(a) then

gcd(u(z, a), V(Z, a)) = 1.

Suppose that U(Z, a) and v(x, a) have a nontrivial

gcd in K[a, z]. Then, So (~, a) is the zero polynomial.

Let St (z, a), t > 0 be the first non-zero subresultant

among S1 (r, a), . . . . Sn(Z, a). In accordance with the

subresultant theory, degZ St (z, a) = t. One can set

R(a) = lC ~ St (~, a) and carry out the actions above for a

root a of R(a). If R(a) # O then gcd(u(x, a), V(Z, a)) =

St(x, a).

One can notice that the complete subresultant

chain (2) is redundant for this procedure: it is sufficient

to consider the regular subresultant chain, i.e. the sub-

chain of (2) which consists of the regular subresultants

only.

It is not necessary to build up an explicit form of

the roots of R(a). Let r(a) be the squarefree part of

R(a), and consider a subresultant Sj (z, a) and h(a) =

gcd(r(a), lc~ Sj (z, a)), UJ(U) = r(a)/h(a). Obviously,

the leading coefficient of Sj (~, a) is non-zero for any root

a of w(a) and gcd(u(z, a), V(X, a)) = Sj(x, a). Con-

versely, lC ~Sj (z, a) is zero for any root of h(a), so one

can act as above, considering the gcd of h(a) and the

leading coefficient of Sj+l (Z, a), etc...

We assumed before that the value. a of the param-

eter a satisfies some restrictions: u~ (a), Vn (a) are not

simultaneously zero, and U(Z, a), v(~, a) are non-zero

polynomials in z. Now let a be free of the assump-

tions. First, one haa to extract the contents (poly-

nomials in a) of U(Z, a) V(Z, a) and consider the case

where they are zero. If now the polynomials (3) are

primitive and b(a) = gcd(um(a), vn(a)), then r(a) can

be decomposed in the product of two factors: rl(a) =

gcd(r(a), b(a)), rz(a) = r(a)/rl(a). For any root of

T2 (a) the values of u~ (a) Vn (a) are both non-zero, and

the above algorithm can be applied. Otherwise, one

has to consider gcd(u(z, a), v($, a)) under the condition

rl(a) = O.

The algorithm can now be presented in the following

manner: its input contains the polynomials (3) and in

addition an algebraic condition p(a) = O (the trivial

condition O = O may occur). The algorithm returns a

list of pairs of one of the forms

(all(a), G1(z, a)), . . . . (dk(a), Gk(z, a)), (9)

(all(a), G1(z, a)), . . . . (dk(a), G~(%, a)),

(O, G~+l(~, a)), (lo)

where the di (a)’s are polynomials providing conditions

d;(a) = O on the values of the parameter a, and the

Gi (z, a)’s are the gcd’s corresponding to those. The

polynomials dl (a), . . . . dk (a) are relatively prime and

squarefree; moreover, for any root a of di(a) the leading

coefficient of Gi(~, a) is non-zero (i = 1, . . . . k). If the

last pair in the list has the form (O, Gk+~(z, a)) then for

all values a of a such that all(a) # O, . . . . dk(a) # O the

identity gcd(u, v) = Gk+l (z, a) holds (this situation ap-

pears only when the input condition p(a) = O is trivial).

To compute the gcd of polynomials which depend on

an undetermined parameter, it is sufficient to apply the

above algorithm with initially the trivial condition. But

the algorithm can be applied in other ways: for instance,

to compute the gcd of polynomials with algebraic coef-

ficients. Here the defining polynomial of the algebraic

number plays the role of p(a). The algorithm can be

used also to implement the D5 method [Del et al.] of

algebraic numbers handling; it also generalizes to the
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case of multiple algebraic numbers. Moreover, the list

(9)-(10) provides in a sense the solution of the system

U(Z, a) = V(Z, a) = O of two algebraic equations with

two variables. Indeed, one obtains the set of triangular

systems all(a) = Gl(z, a) = O, . . .,d~(a) = G~($,a) =

O, and, maybe the equation G~+l(z, a) = O.

Other application of the algorithm is to obtain for

given polynomial ~(z) its “shift-free double” – polyno-

mial g(z) such that all roots of g(z) are also the roots

of ~(x) and the difference of any two roots of g(x) is

not integer (rational). The algorithm can be applied to

solve the following commonly occurring in the theory

of differential equations problem: select such roots a of

polynomial ~1 (z) and /3 of polynomial ~2(z) as a +,8 is

integer (rational). One can see also the other applica-

tions of the algorithm.

In some special cases the algorithm can be sim-

plified. For instance, the integration of rational

function [Laz&Rio90] calls for the computation of

gcd(u($), V(Z) – au’(z)), where a is a parameter, u(x)

is squarefree and deg v(~) < deg u(~), Only the roots

of the resultant

Resc(u(z), V(Z) – au’(x)). (11)

provide a nontrivial gtd. By means of squarefree fac-

torization one can present the resultant (11) as

fro”r~az

i=l
(12)

It is proved in [Laz&Rio90] that for any a such

that r;(a) = O: g:~(u(~), V(Z) – cd(x)) = Si(z, es),

where Si(Z, a) is z subresultant of the polynomials

u(z), v(z) – au’(z). Thus as soon as the subresultant

chain is computed and the factorization (12) is obtained

the answer can be written as

(n(a), sl(~, a)),. j (m(u), Sn(z, a)), (O, 1).

This approach is not acceptable in the general case. For

example, ResC(x2 – a2, z2+a2) = 4a4, a = O is a root of

the multiplicity 4; but the degree of the corresponding

gcd is equal to 2.

4 The algorithm

Let us describe briefly the algorithm to compute the gcd

of the polynomials U(Z, a) and V(X, a), which depend

on a parameter a. We assume that p(a) is either the

zero polynomial or a squarefree polynomial of positive

degree. We assume also that a pair (d(a), G(z, a)) is

included in the returned list iff d(a) $! 1{ \ {O}.

ahzorithm GCDpar(ti, v, p)

12@l
Step 1 : Preliminary computations

u:=umodp; v:=vmodp;

jfu = O -return (p, v); a

~W = O ~return (p, u); a

Step 2 : Investigation of the contents

G’u := cont=u; Cu := cont=v;

u := ppzu; v := pp$v;

~f p(a) is the zero polynomial ~

Cu := SQfree Cu;

Cv := SQfree Cu

&

Cu := gcd(C’ti, p);

C“ := gcd(Cv, p)

&

C := gcd(Cu, Cu);

Tesu/t := (c, o), (cU/c, ‘u),(cU/c, u);
P:= p/lcm(Ctil CV); % p(a) correction

% (all the considered values of a are excluded)

Step 3 : Simple cases

if deg= u = 0 v deg$ v = O ~ return reszdt, (p, 1); E

% either U(Z, a) or V(X, a) is in K

Step 4: Investigation of the leading coefficients

6 := gcd(lcru,lc=v);

&p(a) is the zero polynomial ~ 8 := SQfree 6

~ 6 := gcd($, p)

&

~dega6>O~

result := GCDpar(u, v, 6), result;

p := p/b % p(a) correction

&

Step 5: Investigation of the snbresultant chain

construct the regular subresultant chain of the

polynomials U(Z, a), V(Z, a):

S~_I, S~-,,.,., S. [n = deg= V(Z, a))

and remove from it all subresult ants S, with i ~ n;

~ the resultant chain is empty ~ return result, (p, v);
5

% v divides u

Let St be the subresultant of lowest degree in z

in the resultant chainr := lC ~st;
ifp(a)is the zero polynomial k

r := SQfree r;

T := r/ gcd(r, lcm(cti, C., 6)

~ r := gcd(r, p)

&
% all the values of a considered above are excluded

Step 6: Final efforts

p := p/r;
result := result, (p, St);
&ra:=t+l @n-l&
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h := gcd(r,lc&, (z, a));

W := r/h;
T :Z h;

result := (w, S,), result
~

TeSU/t := (r, 27), result;

return result
~

5 Implementation

The algorithm above was implemented in REDUCE.

The program in Standard LISP contains about 600 lines.

The examples below were obtained on IBM-PC/AT 286

running at 12MH2.

GCIl of the polynomials i.n the variable < X >

with the parameter < A >

X2+(A–l)X+A

(A+ 1)X2 + 2A

is equal to:

{{A-1, X2+1},

{3A2 + 2A, X + 3A},

{0, 1}}

Time: 440 ms

GCD of the polynomials in the variable < X >

with the parameter < A >

AX3+(A3– A+1)X2+(A2 +2) X+3A2–3

AX3+(A+ 1)X2+4X+3

is equal to:

{{A2 -2, 2X3 +X2(A+ 2) +4XA+ 3A},

{A, X+3},

{O, X2A+X + 3}}

Time: 600 ms

GCD of the polynomials in the variable < Y >

With the parameter < S >

Y4 – S2Y2 + (s2 + S)Y – S3 – S2

SY3 + (–s’ + 1)Y2 – SY

under condition

S7+S6+3S5+ 4S4+2S2– 3=0

is equal to:

{{s+ 1, Y’ -Y},

{s4+s-1, Y’+Y(S4+S’)-S’-S},

{s2 + 3, Y - s}}

Time: 1040 ms
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