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implicit kinetic solver is demonstrated for up to 256 nodes.
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1. Introduction

In recent years, there has been significant progress in develop-
ing numerical methods to solve kinetic equations in three space di-
mensions, see e.g. [11,15,25]. However, most applications have been
in the area of the microchannel flows, whereas modeling of the
high-speed (hypersonic) rarefied flows remains challenging. There
seem to be two main difficulties in using numerical solution of ki-
netic equations to study hypersonic flows. The first one is the rapid
growth of the molecular velocity mesh size with the free-stream
Mach number if a conventional uniform spacing is used. Arslan-
bekov and coworkers [4,5] proposed to use an octree-type veloc-
ity mesh, which is automatically refined where needed. However,
such approaches are in general more complicated as compared to
conventional meshes and require additional steps in the solution
procedure. The construction of conservative procedure to compute
the exact collision integral on such a mesh is also very non-trivial
matter and has not been completely solved.

The use of model kinetic equations appears to be more at-
tractive from the point of view of applications due to lower
computational costs and simpler structure of the collision inte-
grals. However, there exists the second difficulty: the accuracy
of model equations as applied to the very high speed flows has
not been properly accessed. The model collision integral is an
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approximation to the exact one in the integral sense that is
several first moments of the exact and model collision integrals
coincide. The existing publications often evaluate the accuracy of
model equations on the one-dimensional problem of the shock
wave structure. For this problem model equations adequately
describe some quantities, such as peak heat flux, but show some
discrepancy with experimental data for other characteristics, such
as temperature profile in front of the shock wave front. However,
the one-dimensional shock-wave structure problem is not repre-
sentative of the realistic applications of external aerodynamics,
for which the surface characteristics of the flow, such as pressure
and heat transfer coefficient, are of primary interest. The actual
accuracy of the kinetic models for large free-stream Mach numbers
have not been studied in detail with the exception of the work [3],
where the authors considered M., = 10 case. Applications however
require the capability to model the flow with M., > 25.

Very recently, the author has suggested a very simple approach
to construction of the non-uniform unstructured velocity mesh
for high-speed flows, which can be used with the existing code
in a straightforward manner [27]. Calculations of external flows
with the free-stream Mach number M = 10.95 accurately showed
for the first time that the non-uniform velocity mesh allows to
reach adequate accuracy of numerical results for surface distribu-
tion of all necessary quantities as compared to the calculation on
the fine uniform mesh. The S-model kinetic equation of Shakhov
[21-23] was used.
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The present work is a significant generalization of [27] in
the following two directions. Firstly, we compare the numeri-
cal solutions of BGK [6] and S-model [21] model kinetic equa-
tions with the published Direct Monte Carlo Simulation (DSMC)
results for hypersonic M., =25 flow over cylinder and establish
the modelling accuracy of this equations. The high- accuracy DSMC
results are taken from [16] and obtained using fi DSMC code
“MONACO” [8]. Both kinetic models do not account for internal
degrees of freedom and usually used for the monatomic gas flows
only. However, we run calculations not only for the monatomic gas
argon, but also for the diatomic gas nitrogen.

Secondly, we apply our methodology and numerical methods
to compute the hypersonic flow of air over more realistic TSAGI
winged re-entry space vehicle (RSV) with free-stream velocity
U, =7900 m/s and angle of attack o =25° on two both multi-
block hexahedron and unstructured tetra-prism meshes. We study
the impact of the spatial mesh type on the numerical results. These
computations demonstrate for the first time possibility to perform
realistic re-entry calculation using model kinetic equations.

All calculations are carried out using the computational code
“Nesvetay-3D” developed by the author over the recent years [25-
27,29].

2. Governing equations

Consider external flow of a rarefied gas over a three-
dimensional body, described by free-stream values of pressure p.,
temperature T, velocity modulus u. and angle of attack «. A
steady three-dimensional state of the rarefied gas is determined by
the velocity distribution function f{t, x, &), where t is physical time,
&= (&.&). &) are the components of the molecular velocity vector
in the spatial directions ¥ = (x1, X3, X3) = (X, Y, z). This distribution
function is found by solving the kinetic equation with appropri-
ate boundary conditions at free stream and surface of the body. In
what follows it is convenient to use non-dimensional formulation
of the problem. Let us use ps, temperature T, and viscosity oo
as characteristic scales of the corresponding macroscopic quanti-
ties; B = +/2kTo/m is used as the characteristic scale of velocity,
I« is used as scale of length; t,, = l./Bw is the scale of temporal
variable. Here m is molecular mass, k is the Boltzmann constant.
Below we denote non-dimensional variables by the same symbols
are dimensional ones as it does not cause confusion.

In the non-dimensional variables the Boltzmann kinetic equa-
tion with the S-model collision integral [21] for the distribution
function f has the following form:

Foed e dvedl —vgo-p,
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(1)
Here rarefaction parameter § defines the degree of gas rarefaction
and is inversely proportional to the Knudsen number Kn. For a
monatomic gas the Prandtl number Pr = 2/3. Setting Pr=1 one
recovers the simpler BGK kinetic model [6]. The power-law inter-
molecular interaction y = T® is assumed.
The non-dimensional macroscopic quantities are defined as the
integrals of the velocity distribution function with respect to the
molecular velocity:

(n,nu,n(%TJruz),q) =/<1,£,$2, %mﬂ)fdé. (2)

Apart from macroscopic variables, for applications it is neces-
sary to be able to compute surface forces and heat transfer param-

eters. For a unit surface with normal vector n the force P acting on
surface and energy flux vector are given by

P=2 (&5 M= [gesds. 3)

The kinetic Eq. (1) has to be augmented with the boundary con-
ditions. Let n = (ny, ny, ny) be the unit normal vector to a bound-
ary surface, pointing in the outward direction to the surface, &, =
(&, n) projection of the molecular velocity on the normal. Assum-
ing the diffuse molecular scattering boundary condition with com-
plete thermal accommodation to the surface temperature Ty, the
distribution function of reflected molecules is given by:

2
fexg) = 1 XP(‘%,)’ £ = 0. (4)

The number density of reflected molecules n,, is found from im-
permeability condition stating that the mass flux through the walls
is equal to zero:

My = N/Nr, Ny = — f £, fdE,

& <0

2
En>0

On the inflow and outflow boundaries of the spatial domain the
distribution function of the incoming molecules is prescribed as
the locally-Maxwellian one with the corresponding values of the
macroscopic variables.

3. Method of solution

The steady-state solution of the kinetic Eq. (1) is found by time
marching limit t — oo. The details of the algorithm can be found
in previous work [25,27,29]. Below we briefly outline main parts.

The general approach follows conventional discrete velocity
method. We replace the infinite domain of integration in the
molecular velocity space & by a finite computational domain,
which is then discretized using the non-uniform mesh with cell
centers &; = (§1;.62.&3 ]) The key difference from our earlier
works is that this mesh is now fully unstructured, with the cells
of arbitrary shape. The total number of velocity nodes is denoted
as Ng. Let Ej be a vector, each component of which is the k-
component of the velocity vector in all velocity mesh nodes &, =
G- i3 - b, )T. The functions f, £5) are then defined in cen-
ters of the velocity mesh and we interpret them [26] as vectors of
the length N¢ with components f; = f(t,x. &;). f;s) = fO.x.&).
The kinetic Eq. (1) is then re-written as a system of Ng equations:

i+ g (Bae =l J=v(O ). ®)
Here c = ao b is a vector with components ¢; = a;b;. Next, the com-
putational domain in the physical space is divided into cells V;
of arbitrary shape; the total number of these cells is denoted as
Nr.Integrating Eq. (6) over the four-dimensional control volume
Vi x [t", t"*1], we obtain the following one-step implicit scheme:

|V| Zq)?i-ﬂ +]l_n+1’ Afz fln+1 _ n

Afl n+1 n+1
At =R R =

i = /(Enil of)ds, &y =nyE1+nyE;+nyEs. (7)
A
Details of the calculation of the numerical fluxes on arbitrary un-

structured mesh and the collision terms in the right-hand side can
be found in [2,9,18,27,29] and are omitted. See also [2,28]. In the
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present work we use second order accurate methods only. Apply-
ing an approximate linearization of the scheme (7) and regrouping
terms, we obtain

At — 09 At oPn
1+ At + = D)o Afi+ o .
(1 A+ 7 2 g | o A |\4|§<a,¢
oAf, = AR, 8)

Here Iz = diag(1,..., 1T is a unit diagonal matrix. To compute the
Jacobians in the left-hand side of Eq. (8) we assume the first-order
accurate approximation of the numerical fluxes. Finally, an approx-
imate LU-SGS factorization is used [17] to solve the linear system
for the time increments of the velocity distribution function.

As it was already mentioned, the use of conventional uniform
velocity meshes for high-speed flows is not possible due to the
rapid growth of the number of velocity nodes. For a typical cal-
culation one can estimate Ng ~ (5My)3. In the present work we
further develop much simpler method, which is suitable for en-
gineering applications. Using integration of a locally Maxwellian
function

f=n(@T)>exp(— (& —u)?/T)

as a guide for choosing the cell size and domain size, we have the
following constrains on the velocity mesh:

« at any position of physical domain A& < (0.5...1)vT
« velocity domain size is estimated as |£| < Uy +3vVTy, Tp=
1+ IM2.

Here T is the stagnation temperature. Next, we introduce cu-
bical subdomains near £ =0 and & =u, and mesh them with
A& = 1. Rest of the velocity domain is filled by tetrahedrons; their
size grows up to ~ 0.5\/%. As a result, N dependence on the free-
stream Mach number is rather weak, close to linear.

In order to speed up calculations, the numerical method is ex-
tended to run on multi-processor computers, using velocity mesh
decomposition between processors. In order to make computations
on modern many-core processors more efficient, a two-level par-
allel model is employed [30], which has been very actively de-
veloped in recent years as applied to the aerodynamical calcula-
tions [1,10]. Our experience shows that its use gives a significant
increase in parallel efficiency.

4. Results
The outlined numerical algorithm is applied to two test prob-

lems. The first test problem serves to validate the use of the model
kinetic equations for orbital free-stream velocities. The second one

(a) Spatial mesh

illustrates the capability of the approach as applied to complex ge-
ometries.

For the analysis of the results it is useful to define the pressure,
friction and heat transfer coefficients as follows

Py —pe Py En
Cp = ugo s Cf:@, Ch:z@’
P,=P-n, P,=P—Pmn, E,=M-n. (9)

In general, for each test problem calculations have been orga-
nized as follows. First, the numerical solution was computed us-
ing the first-order accurate scheme on the selected pair of spa-
tial and velocity meshes. If the velocity mesh was deemed insuf-
ficiently fine, the solution is re-calculated on a finer mesh, us-
ing as the initial guess the Maxwellian distribution function with
the computed macroscopic variables. Next, second-order accurate
this first-order solution is improved by running the second-order
accurate TVD scheme. If the solution has to be computed for a
range of Knudsen numbers, we start from the largest Knudsen
number value and then march with respect to Kn towards smaller
values.

The numerical solution is considered to be converged to the
steady state if the integral residual R; in the macroscopic conser-
vation laws drops below the specified tolerance. It is usually pos-
sible to reduce the residual by 6-7 orders of magnitude for simple
geometries, for which a good-quality spatial mesh is constructed.
For complex geometries the level of the residual decrease depends
significantly on the mesh quality. However, integral characteristics
as well as distribution of all essential flow quantities on the front
part of the geometry are always formally converged.

4.1. Flow over 6-inch circular cylinder

We consider the M, = 25 rarefied gas flow and compare the re-
sults, obtained using BGK and S-model kinetic equations with that
of the Direct Monte Carlo Simulation code “Monaco” [8]. The ac-
tual DSMC results are taken from the Ph.D. thesis of Lofthouse [16].
The kinetic solution was obtained on the hexahedral spatial mesh,
with 115 x 40 cells in x-y plane and 3 cells along z axis, and ve-
locity mesh of 35,720 cells. Both meshes are shown on Fig. 1. The
calculations have been run on the RSK Petastream system [20], in-
stalled at Joint Supercomputing Center of the Russian Academy of
Sciences.

We first consider flow of the monatomic gas argon, for which
both kinetic models are directly applicable. Furthermore, the DSMC
results for the monatomic gas can be considered as “exact”, that
is equivalent to the solution of the Boltzmann equation with
the exact collision integral. The following dimensional parame-
ters are used: Uy = 6585 m/s, T, =200 K, surface temperature

(b) Velocity mesh

Fig. 1. Spatial and velocity meshes for the flow over 6-inch cylinder.
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Fig. 3. Pressure ¢, friction ¢; and heat transfer ¢, coefficients for argon flow over cylinder and § = 40 (Kn ~ 0.0225).

w = 1500 K and two values of free-stream density: po, = 1.127 x

1076 kg/m3 and p, = 2.818 x 10> kg/m?3. The cylinder radius R =
0.0762m is used as the characteristic length I, so that the cor-
responding values of the rarefaction parameters are 6 = 1.6 (Kn
~ 0.56, rarefied flow regime) and § ~ 40 (Kn ~ 0.0225, nearly-
continuum flow regime). In the non-dimensional variables free-
stream velocity Sy, = 22.82, surface temperature T, = 7.5. Viscos-
ity law pu = T0734,

The results of calculations of surface coefficients are shown on
Figs. 2 and 3. Excellent agreement is observed between S-model
results and DSMC computation for all coefficients and both values
of the rarefaction parameters. Especially important is good compar-
ison for the heat transfer coefficient as this is rather delicate char-
acteristic of the flow. The use of the BGK model provides equally
good accuracy for the pressure coefficient, worse accuracy for the
friction coefficient and rather large error for heat transfer. The lat-
ter coefficient is especially poorly computed for § =40. This is
to be expected since the BGK model does not provide the cor-
rect Prandtl number as Kn — 0. Fig. 4 depicts temperature pro-
files along the stagnation line. There is good agreement between
S-model and DSMC results for § = 40 and acceptable for § = 1 ev-
erywhere expect the shock wave profile, which is expected. The
BGK model is again significantly less accurate.

Secondly, we consider the rarefied flow of nitrogen. It should be
noted that the kinetic models used in the present work can pro-
vide only evaluative results as their do not take into account inter-
nal degrees of freedom. The DSMC solution accounts for both ro-
tational and vibrational degrees of freedom and is more appropri-
ate to this regime. The following dimensional parameters are used:
Ux = 7208.7 m/s, T = 200 K, surface temperature T, = 1500 K
and two values of free-stream density: 0., = 7.8995 x 10~7 kg/m3
and 0, = 1.974 x 10> kg/m3. The corresponding values of the rar-
efaction parameters § = 1.59 and § = 39.7. The non-dimensional
free-stream velocity S, = 20.92, temperature Ty, = 7.5. Viscosity
law p = T%7. Unlike the case of calcualtions for argon, the Prandtl
number was set to Pr = 0.72. Also note, that molar mass of nitro-
gen is used to compute non-dimensional input data, such as free-
stream velocity and rarefaction parameter.

The results of calculations are shown in Figs. 5 and 6. Ac-
ceptable agreement is observed between S-model results and
DSMC computation. Such agreement is explained by the rela-
tively low surface temperature, which results in low input of
the rotational degrees of freedom. However, in the flow field
and particularly on the shock wave front the difference between
DSMC results for nitrogen and kinetic models results are quire
large. Details will be reported in a separate study and omit-
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Fig. 4. Comparison of dimensional temperature profiles along the stagnation line for argon and & = 1.6, 40.
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Fig. 6. Pressure ¢, friction ¢; and heat transfer ¢, coefficients for nitrogen flow over cylinder and § = 39.7.



V.A. Titarev/Computers and Fluids 169 (2018) 62-70 67

KRS A KA
R
‘E?‘é‘ "gﬁ‘g

V(‘L

Pans

o
YAY;
\/
%

Fig. 8. Multi-block hexa mesh mesh for the RSV calculation.

ted here. The BGK model again performs poorly for the heat
transfer.

It can be concluded that for computing aerodynamic coeffi-
cients and heat transfer S-model equation provides good accuracy
for the hypersonic monatomic gas flows and can be used for eval-
uative calculations of flows of gas with internal degrees of free-
dom. The flow pattern in case of the gas with internal degrees of
freedom, however, may be different from the more accurate DSMC
calculation simply because there will be different relations across
the shock wave.

4.2. TsaGI RSV calculation

In the second series of calculations we consider external hyper-
sonic flow over the TsaGI re-entry space vehicle (RSV) model. The
RSV model has a complicated shape and consists of fuselage with
blunted nose, wings, vertical keel and flap. The total length of the
model is 10 m.

We consider flow conditions at altitude 100 km, dimensional
free-stream velocity 7900 m/s and angle of attack o = 25 degrees.
At this altitude we have for air My =28, P = 5.5507 x 10-8
kg/m3, T, = 196.6 K. The characteristic length L is set to 1 m;
the corresponding value of the rarefaction parameter per meter
is 6 = 0.71 /m. Non-dimensional problem parameters are given by
Ux = 23.5, Ty = 5. For this evaluative computation viscosity law
corresponding to the hard-sphere intermolecular potential = T3
is used.

One of the goals of the computation is to study the influence
of the spatial mesh on the quality of the solution. To this end we
consider two meshes in the physical space. The first mesh is a fully
unstructured tetra-prism mesh and consists of N; = 401 x 103 cells.
The first element in the prismatic near-surface layer is of 5 mm
height; there are three cells in the layer. This mesh is shown in
Fig. 7. The second mesh is more traditional multi-block hexahedral
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Fig. 9. Half of the velocity mesh for the RSV flow, u., = 7900 m/s and o = 25.

mesh containing Ny = 436 x 103 cells, with the height of the first
cell near surface around 7 mm. The mesh is illustrated in Fig. 8.

The velocity mesh consists of Ny =45 x 103 cells and is clus-
tered around & =0 and & = (21.3,9.9,0) accounting for the angle
of attack. Fig. 9 shows half of the velocity domain in order to illus-
trate better cell clustering.

Therefor, the total number of cells in the six-dimensional mesh
Ng x Nr can therefore reach 18 billions. Using 256 Intel Xeon Phi
5120D co-processors of the RSK Petastream system [20] of the Pe-
ter the Great St. Petersburg Polytechnic University, implicit scheme
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Fig. 10. Surface distribution of pressure coefficient ¢, for the air flow over RSV.
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Fig. 11. Surface distribution of the friction coefficient ¢; for the air flow over RSV.
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Fig. 12. Surface distribution of heat transfer coefficient c, for the air flow over RSV.

with Courant number 10° the calculation requires 36 hours of the
computing time.

Surface distributions of all coefficients for both meshes are
shown on Figs. 10, 11 and 12. We observe a typical high-altitude
flow pattern of a hypersonic flow over a re-entry body with
blunted nose and sharp edges. The largest heating and normal
force occur at the nose, whereas friction attends large values at
sharp edges as well. It should be noted that two aerodynamical
coefficients ¢, and ¢ are of comparable magnitude at this flight

altitude. This is in good agreement with flow results for the circu-
lar cylinder. Comparing the results for different spatial meshes, one
can conclude that for this flow regime the tetra-prismatic mesh
provides almost as good quality as does the block-structured hex-
ahedral mesh. The actual values of all coefficients on the surface
are very similar, with the calculation on the hexahedral mesh pro-
viding somewhat smoother distribution of friction and heat flux.
However, for the purpose of the evaluative computations the dif-
ference is small.
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Fig. 13. Shown are pressure levels and streamlines for RSV flow on hexa mesh.
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Fig. 14. Scalability study for the RSV geometry and free-stream velocity 1500 m/s.

Fig. 13 shows pressure levels distributions and streamlines on
hexa mesh. We can see a typical supersonic flow pattern, with a
forming bow shock wave and clear recirculation zone.

Finally, we show some results of the scalability study of our nu-
merical method and code for the flow over RSV using free-stream
velocity of 1500 my/s and slightly coarse velocity mesh. Fully im-
plicit unstructured TVD solver is employed with least-square re-
construction for tetra-prism mesh and directional reconstruction
for hexahedron mesh. The two-level parallel model implemented
in the code is set to launch the combination of one MPI pro-
cess and 240 hyperthreads in each node of the system. Results for
up to 256 Intel Xeon Phi 5120D co-processors plotted in Fig. 14
show good scalability with parallel efficiency 75% for both spatial
meshes.

5. Conclusions

In the present work we have extended our numerical method
and its parallel implementation to solve the problems of hyper-
sonic rarefied gas flows over blunt bodies of complex shape. The
following new results have been presented. The actual accuracy
of two popular model kinetic equations as applied to the hy-
personic rarefied gas flows have been assessed for the first time
by comparing the results with the DSMC calculations On the

example of argon flow it has been shown that for monatomic gases
S-model equation provides excellent accuracy for surface distribu-
tion of forces and heat fluxes, which are relevant for the appli-
cations. For gases with internal degrees of freedom the S-model
equation allows to have a good evaluative calculation The BGK
model provides reasonable accuracy for forces, but quite inaccu-
rate for heat transfer as expected. Finally, for the first time we
have been able to compute an external rarefied gas flow over a
complex three-dimensional body with wake effects for the orbital
velocity, using the direct numerical solution of the kinetic equa-
tions. The required computing time is very reasonable. This shows
that kinetic equations can potentially complement DSMC approach
for hypersonic rarefied flows.

Further work will include proper incorporation of the kinetic
models accounting for the internal degrees of freedom, such as the
model of Rykov [12,13,19]. Recent calculations of rarefied gas flows,
using such models, have shown great promise [7,14,24].
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