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Abstract — The problem of constructing a family of hyperplanes that separate
two disjoint nonempty polyhedra is examined. The polyhedra are given by systems
of linear inequalities or by systems of linear equalities with nonnegative variables.
Constructive algorithms for solving this problem are presented. The construction of
separating hyperplanes relies heavily on theorems of the alternative.
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1. INTRODUCTION

The theorem on the existence of a separating hyperplane plays a key role in functional
analysis, optimization theory, and operations research. In solving practical problems, one
should not only know that there exists a separating hyperplane but also be able to constructively
determine it. We examine the problem of numerical construction of a family of hyperplanes that
separate two disjoint nonempty polyhedra given by systems of linear inequalities or by systems
of linear equalities with nonnegative variables. Our considerations are based on the theorem
on a separating hyperplane of two polyhedra given by systems of inequalities that was proved
by LI. Eremin (see |1, Theorem 10.1]). We use a specific form of a separating hyperplane,
where the normal vector and the shift vector are expressed in terms of an arbitrary solution
to a certain system that is alternative to an inconsistent system. The inconsistent system is
formed of two consistent subsystems, each of which defines a nonempty polyhedron. The entire
system is inconsistent because these polyhedra do not intersect. The construction of separating
hyperplanes relies heavily on theorems of the alternative.

In Section 2, we consider an application of the normal solution of the alternative system
to the construction of a family of separating hyperplanes. The results of [2] allow us to find
the normal solution by solving the unconstrained minimization problem for the residual of the
inconsistent inequality system that determines both polyhedra. The latter problem normally
has a much lower number of variables than the alternative consistent system. Hence, the
proposed method is less labor-consuming than solving the alternative system.

In Section 3, we examine the following problem: how can one distinguish a solution to the
alternative system that generates a family of separating hyperplanes with a maximal thickness,
which coincides with the minimal distance between the polyhedra?

In Section 4, we construct families of separating hyperplanes for two polyhedra given by
systems of linear equalities with nonnegative variables. In contrast to the case of polyhedra
given by systems of linear inequalities, every solution to the alternative system now determines
two distinct families of separating hyperplanes.

In Section 5, we give a brief review of the generalized Newton method for calculating the
normal solution to the alternative system. The normal solution is used for constructing a family
of separating hyperplanes for polyhedra given by systems of linear inequalities. The generalized



Newton method was implemented in Matlab and showed good performance in solving large-
scale test problems.

2. CONSTRUCTION OF SEPARATING HYPERPLANES WITH THE HELP
OF THE GALE THEOREM OF THE ALTERNATIVE

Let x € R" and b € R™, where ||b]| # 0, be given vectors and A € R™ " be a given
rectangular matrix. Define the two sets

X={zecR": Az >b} and U={ucR": ATu=0,, b'u=p, u>0,},

where p > 0 is an arbitrary fixed positive number and 0; is the zero vector of dimension .

The linear systems
Az > b, (1)

and
Atu=0,, b'u=p, u>0,, (2)

which determine the sets X and U, respectively, are alternative for any strictly positive value
of p, which means that exactly one of them is consistent (this is the Gale theorem; e.g., see
[2]). We take the scalar products of both sides of the first equality in (2) with the vector x and
then subtract the second equality from the resulting relation. This yields

u' (Az —b) = —p < 0. (3)

This equality is a key tool for constructing a family of hyperplanes that separate two polyhedra
given as intersections of half-spaces.
We write A, b, and u in the form

. Al . bl o U1l
b e b N

where A; and As are matrices of sizes mi-by-n and ms-by-n, respectively; by, u; € R™; by, us €
€ R™; and my + mo = m. Define the two nonempty sets

Xi={zeR": Ajz > b} and Xo={x € R": Ayx > by},

which determine two polyhedra (or polyhedral sets; see [3]) such that X = X; N X, = 0.

Define the hyperplane ¢z — v = 0, where ¢ € R", ||c|| # 0 is a normal vector and v is a
scalar. We say that this hyperplane ¢’z — v = 0 separates X; and X, if ¢'2 — v > 0 for all
r € X, and ¢’z — v <0 for all z € X,. If we have the strict inequalities in both conditions,
then we say that this hyperplane strictly separates X; and Xs.

Consider the problem of calculating the hyperplanes that separate X; and X,. Taking into
account the partition introduced above, we can rewrite systems (1) and (2) and relation (3) as
follows:

Al.T 2 b17 AQI 2 b27 (4)
Alug + Ajuy =0, blus+bjup =p,  w > Opy, Uy > Oy, (5)
u) (Ayx —by) 4+ uy (Agx — by) = —p < 0. (6)

Define a linear function (z, «) of variable z € R"™ and a scalar parameter « ranging on the
interval [0, 1]:
p(z,a) = uf (A1 —by) + ap. (7)
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Relation (6) implies that ¢(x, ) can be equivalently defined as
(2, ) = uy (by — Asz) + (@ = 1)p. (8)

The equality ¢(z, @) = 0, where u; and uy satisfy (5) and « belongs to [0, 1], determines the
hyperplane that separates the sets X; and Xs. Indeed, if € X, then, according to (7), we
have p(z,a) > 0, while if 2 € Xy, then, according to (8), we have ¢(x,a) < 0. The separating
hyperplane ¢(z, a) = 0 with o = 1/2 was first introduced and studied by Eremin (e.g., see [1]).

In view of system (5), the hyperplane ¢(z,a) = 0 determined by a function of form (7) or
(8) can be written as

p(r,0) =cle—v=0,
where
c=Alu = —A uy, y=0blu —ap=—byuy — (e —1)p.
Here, u; and uy are arbitrary solutions to system (5).

For fixed distinct vectors u' = [u],uq ] that satisfy system (5), we examine the family of

parallel hyperplanes given by the following equivalent definitions:

MNa) = {#€R":u] Ajx —bjuy +ap=0} = {z € R": p(x,a) = 0}, 9)
Na) = {z€R": —uy Apx +byuy + (e —1)p =0} (10)

All the hyperplanes belonging to this family are parallel, because they have the common
normal vector ¢ = Al u; = —Aj uy.
The hyperplane I'(1) can be obtained from I'(0) with the help of the shift vector y:

I(1) =T(0) +y.

The norm of y (i.e., the distance between the hyperplanes I'(1) and I'(0)) will be called the
thickness of the family of hyperplanes.
According to [2, 3|, the projection Z* of a point Z onto the hyperplane I'(«) is determined
by the formula
5 =7+ c(bjuy — 'z —ap)/|c|*. (11)

Denote by pr(0,,'(«)) the projection of the origin onto the hyperplane I'(«). Setting & = 0,
in (11), we obtain pr(0,, () = ¢(b{ u1 — ap)/||c||>. From this, we find the shift vector y and
the thickness ||y|| of the family of hyperplanes I'(«a):

y = pr(0,T(1)) = pr(0n,T(0)) = —cp/|c]?, (12)
Iyl = p/llell- (13)

System (5) may have many solutions. In this section, we examine the properties of the
family of separating hyperplanes, where u is the normal solution @* to system (5). The results
of [2| allow us to relatively easily construct the normal solution, i.e., to solve the following
quadratic programming problem:

1
leI]l§||uH2, U={uecR": A"u=0, blu=p, u>0,} (14)
ue

Henceforth, we use the Euclidean norm of vectors.
We introduce the following unconstrained minimization problem for the residual vector of
system (1):

1
I = min =||(b — Az), %, 15
= min 56— Ax)| (15)
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Here, a, is the nonnegative part of a vector a; i.e., the ith component of a, is the same as the
1th component of a if the latter is nonnegative; otherwise, the 1th component of a is zero.

The unconstrained minimization problem (15) is dual to the following quadratic program-
ming problem:

1
I = rgeazx{bu— §||z||2},

Z = {2T =[], ER": Al 21+ AJ 20 = 0, 21 > Oy, 22 > Oy}

(16)

Problems (15) and (16) are always solvable. Moreover, problem (16) has a unique solution,
because its feasible set is nonempty and its objective function, which is quadratic and strictly
concave, is bounded above by [|b]|?/2. Theorem 1, given below, asserts the equivalence between
the quadratic programming problems (14) and (16) in the sense that the solution to one problem
determines the solution to the other. The solution z* € R™ to the quadratic programming
problem (16) can be expressed in terms of the solution z* € R" to the simpler problem (15) of
the unconstrained minimization of a piecewise quadratic function. Usually, we have n < m in
the problem of separating polyhedra (4).

Theorem 1. Let Xy and X5 be nonempty polyhedra with an empty intersection. Fvery

solution x* to problem (15) determines a unique solution z*" = [2i7, 257 to problem (16) given
by the formulas
Zik = (b1 — Alx*)+, Z; == (bg - AQIE*)+. (17)

The normal solution u* to system (5) can be obtained from the solution z* to problem (16) by
the formula
ar = pz" /|12, (18)

while the solution z* to problem (16) can be obtained from the solution @* to problem (14) by
the formula
w = it i | (19)

It holds that ||a*||||z*|| = p. The optimal values of the objective functions in problems (15) and
(16) are the same: I = I, = ||z*||*/2.

T:[*T

1 7Z;T]

The assertions of Theorem 1 follow from the results of [2]. The vector z* will

be called the vector of minimal residuals of system (4).
Consider the family of hyperplanes (9), (10) that uses the normal solution @* to system (5).
This family is given by the two equivalent definitions

Na) = {zeR":a (A —by) +ap =0}, (20)
Na) = {z€R": —a} (Ayx —by) + (o — 1)p = 0}. (21)

Note that if @* is replaced by z* using (19), then families (20) and (21) can be written in
yet another equivalent form
D) = {zeR": 2" (A — b))+ of2*|? = 0},
M(a) = {xeR": 2 (b — Asx) + (o — 1)||2*]|* = 0}.

Theorem 2 (on family (20), (21) of parallel separating hyperplanes). Let X; and X,
be monempty polyhedra with an empty intersection. Assume that ™ is a solution to problem
(15), while the vectors z* and @* are determined by (17) and (18). Then, the following is true:

(1) There exists a solution to system (5); for every solution to this system, it holds that
lua]| # 0, Jluall # 0, and | A{wi]| = [|A3 us|| # 0.
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(2) When 0 < a < 1, the set I'(a) determines a family of parallel hyperplanes that separate
X1 and Xo; if 0 < oo < 1, then the hyperplanes I'(«) strictly separate Xy and Xs.

(3) If « is equal to a., = ||25]]2/||12*||, then the point x* belongs to the separating hyperplane
corresponding to this value of a.

(4) The shift vector y = I'(1) —I'(0) and the thickness of the family I'(«) are determined by

the formulas
PATﬁl
| AT ]|

o r

y=
[l AT @l

lyll = |

(5) If a« >0, then X1 NT(a) = 0; if a < 1, then Xo NT(«) = 0.

(6) If X;NT(0) #£ 0, then T'(0) is a supporting hyperplane of the set X1; if Xo NT(1) # 0,
then T'(1) is a supporting hyperplane of the set X,.

(7) Every solution x* to problem (15) belongs to neither X, nor Xs.

Proof. 1. System (5) is alternative to the inconsistent system (4); hence, there exists a
solution to (5); moreover, ||A] ui|| = ||Ag ua||. We show that these norms cannot vanish. The
relation b u; + by up = p > 0 implies that at least one of the two summands on the left-hand
side is strictly positive. Without loss of generality, we can assume that

By the condition of the theorem, X; # (). Hence, the system Az, = 0,, b] u; = p1, ug > Oy,
which is alternative to the system A;x > by, is inconsistent. Thus, if (22) is fulfilled and
u; > 0,,,, then the vector A] u; cannot be zero. Therefore, AJu, is not a zero vector as well.
It follows that the solutions u; and us to system (5) are nonzero.

2. The necessary condition for a minimum in problem (15), combined with (17) and (18),
leads to ATz* =0,, and ATa* = 0,,. Define the vector ¢ as follows:

c= Al U = —A) U (23)

Since assertion 1 has already been proved, we have ||c|| # 0. Taking the normal solution @* as
the vector u in formulas (7) and (8), we arrive at the relations

pla,a) = @ (Afz—b)+ap=cTa— bl +ap, (24)
pla,a) = @ (b~ AJ2) + (a—L)p=ca+b]5 + (a—1)p. (25)

If x € X; and a > 0, then p(z,a) > 0. If z € X5 and o < 1, then p(z,a) < 0. Hence, I'(«),
where 0 < a < 1, is indeed a family of separating hyperplanes.

If « > 0and x € X7, then, by (24), we have p(z,a) > 0. Similarly, if « < 1 and z € X, then
(25) implies that ¢(z,a) < 0. Thus, in this case, ['(«) defines a family of strictly separating
hyperplanes.

3. We set Z in (11) equal to the vector z* and set « equal to c.. Then, we find from (11)

that H 2
j* o I'* —c bT * 21 . CTZL'*> )
( ' dEE

Using this relation and taking into account (17) and (18), we arrive at the equality z* — z* =
= 0,; i.e., in this case, the vector =* belongs to the separating hyperplane I'(a.). Similarly,



substituting c, into (21) and taking into account the relation 1 —c, = ||z}||/||2*||?, we conclude
that * belongs to the separating hyperplane I'(a).

4. This assertion follows from formulas (12) and (13).

5. The conditions z; € X; and u] > 0,,, imply that zT{T(Alxl —b1) > 0. On the other
hand, from the condition z; € I'(a), we have @}’ (A2 — b) + ap = 0, which is impossible if
ap > 0. Hence, the intersection of X; and I'(a) is empty for any o > 0. The case @ < 1 is
treated analogously.

6. The set X; has at least one common point z; with I'(0). Moreover, X; belongs to the
half-space ¢' 2y — @} by > 0, because this inequality can be rewritten as 4} (Ajx; —by) > 0. It
follows that I'(0) is a separating hyperplane of the set X at its point x;. The second assertion
is proved analogously.

7. Assume the contrary; i.e., there exists a solution z* to problem (15) such that z* € Xj.
This means that 2 = 0,,,. Then, by (18), the solution to system (5) is such that [|a}|| = 0,
which contradicts assertion 1. The theorem is proved. [

Theorem 2 suggests that the simplest method for constructing a family of separating hyper-
planes is as follows. First, one solves in R" the unconstrained minimization problem (15) for
the residual of the inconsistent system (1) and calculates the normal solution 4* to system (5).
Then, one constructs I'(a) using (20) or (21). The approach of Eremin is to find an arbitrary
solution to the consistent system (5), where the number of unknowns is m. Since we usually
have n < m in the problem of constructing a separating hyperplane, the approach suggested
by Theorem 2 is preferable.

Note that the normal solution @* to system (5) can be found by a different method, namely,
by solving the dual problem to the quadratic programming problem (14). The dual problem is
the following unconstrained maximization problem for a piecewise quadratic function:

max wax {3 - 560 - Ao | (26)
R

BERI T € "

The number of variables in this problem is n + 1.
If 3', 2’ is a solution to problem (26), then the normal solution @* to system (5) is given by

fl,* = (ﬁ,b — A[El)+.
In the following theorem, we determine the distance between the supporting hyperplanes

constructed with the help of the normal solution @* to system (5).

Theorem 3. Let the conditions of Theorem 2 be fulfilled. Then, there exist & < 0 and
& > 1 such that the family of parallel hyperplanes (20), (21), where & < a < &, separates
X1 and Xs. The hyperplanes I'(&) and I'(&) are supporting hyperplanes of the sets X1 and X,
respectively. The hyperplane T'(&) can be obtained from T'(&) by the formula T'(&) = I'(&) + v,
where the shift vector y and its norm are given by y = (& — a)c/||c||? and ||ly| = (& —&)/||c|.

Proof. The form of ¢(z,«) implies that the inequalities

p(r,a) = @ (Alz—b)+ap=c'a—bu+ap>0, (27)
c'x > blaf—ap (28)

are fulfilled for all x € X; and o > 0. Similarly, the inequalities

olr,a) = @ (by—Agx)+(a—Dp=c'az+byas+ (a—1)p <0, (29)
c'r < —byuy— (a—1)p (30)



hold for all z € X, and o < 1. According to (28) and (30), there exist & € X; and & € X, such
that

c'#=minc'z, c'F =maxc' . (31)
zeX1 reXo
Setting = = 2 in (27) yields
c'd—bla +ap>0. (32)
If = 0, then we have
blaf —c'# <0, (33)

Therefore, (32) is valid for any o > &, where
a=(bjal—c'2)/p<O0. (34)
Relation (29) implies that
o(r,a) =c' T +byis+pla—1)<0
for x € Xy and a < 1. If @ = 1, then we have
"&by <0. (35)
Hence, the inequality ¢(z, @) < 0 holds for all x € X5 and « such that o < &, where
a=1—(c"d+byas)/p>1. (36)

The hyperplane I'(&) = {z € R" : ¢z = ¢" 4} has the common point # with the set X;. In
view of (31), every point of X; belongs to the half-space ¢'(# — ) < 0. It follows that T'(&)
is a supporting hyperplane of X;. The vector c is a supporting vector of X; at the point Z.
In particular, if @ = 0, then I'(0) is a supporting hyperplane. In a similar way, we show that
['(@) is a supporting hyperplane of X5 at the point Z. The shift vector y is obtained by simple
calculations similar to those in (12) and (13). The theorem is proved. [

In certain cases, knowledge of the normal solution @* makes it possible to easily determine
the optimal values of the objective functions in problems (31) and find out whether the hy-
perplanes I'(«) corresponding to & = 0 and a = 1 are supporting hyperplanes for X; and X,
respectively. Denote by w; € R} and w, € R’ the Lagrange multipliers, and define the
Lagrangian functions for problems (31):

Li(z,wy) = c¢'o+w (b — Arz), Lo(x,wy) = —c' 2 4w, (by — Agx).
The pair [z, w] is a Kuhn—Tucker point for the first problem in (31) if it holds that
c=Alw;, D(wy)(by —Ax) =0, w >0, Az >b. (37)
Analogously, the pair [zq, ws] is a Kuhn—Tucker point for the second problem in (31) if
c=—Ajwy, D(wy)(by — Agxs) = 0y, Wy > 0py,  Asy > by. (38)

We take @} as the vector w; in (37). If there exists a vector x; that satisfies (37), then
[z1a7] is a Kuhn—Tucker point. Moreover, (34) implies that & = 0; i.e., I'(0) is a supporting
hyperplane of X; at the point x;. Similarly, let us set wy = @} in the second problem in (31).
If there exists a vector x5 that satisfies (38), then, in view of (36), we conclude that & = 1.
Thus, I'(1) is a supporting hyperplane of X5 at the point xo. If & < 0 or & > 1, then we seek
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the optimal Lagrange multipliers w} or w} for the corresponding problems in (31). The first
conditions in (37) and (38) imply that these vectors satisfy the relation

Al wi + A wh = 0.
Setting & = 7 and T = x5 in (33) and (35), respectively, we obtain
clay > biuj, —clag > batl.
Adding these inequalities, we find that
bl wt +bywy = c' (xy —x9) > b U} +byity =p > 0.

It follows that the vector w*' = [w ", w} '], together with @*, satisfies system (5). The family
of separating hyperplanes can be represented as

Na) = {zeR":w ' (Ax—b)+ap=0}, (39)

Fa) = {zeR": —w} (Ayx —by)+ (e —1)p =0} (40)

Thus, we have constructed two families of separating hyperplanes of form (20), (21) and
(39), (40), respectively. For the first family, we use the normal solution to system (5); for
the second, the optimal Lagrange multipliers for the linear programming problems (31). Both
vectors 4" and w* satisfy (5). The following theorem asserts that the normal vector ¢ and

the scalar v, which determine an arbitrary strictly separating hyperplane, can be expressed in
terms of a solution to system (5).

Theorem 4. Let the hyperplane c¢'x = v strictly separate two nonempty disjoint polyhedra
Xy and X5. Then, there exists a solution uy, us to the system

Aluy + AJuy =0, bl uy + by ug = p >0, up >0, wuy >0, (41)
such that the vector ¢ and the scalar v are given by
c=Alu; = —Ag u, v =bluy — p1 = —by us + pa,

where p1 and ps are arbitrary positive constants such that p1 + ps = p.

Proof. For definiteness, we assume that the given strictly separating hyperplane is such
that all z € X, satisfy the inequality ¢' 2 > 7, while all z € X, satisfy the inequality ¢’z < ~.
Then, the system

Ax > by, clr < y

is unsolvable, whereas the alternative system is consistent. Hence, there exist a vector ¢ > 0,,,
and a scalar > 0, € R* such that

Alg—=cn=0,,  blg—"n=p>0. (42)

Here, p; is an arbitrary positive constant. The scalar n cannot vanish, since, otherwise, the
consistent system (42) has the form

Alg=0,  blg=p >0 ¢>0,,.

Therefore, the alternative system A;xz > by is inconsistent, which contradicts the condition
X1 # 0. Thus, (42) yields ¢ = A q¢/n and v = b] q/n — p1/n. Using the notation u; = ¢/n and
p1/m = p1, we obtain

AIU1 =G b]—ul —Y=p > 0, up > 0m1' (43)
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In a similar manner, we arrive at the relations
Ajuy = —c,  byug+y=py>0. (44)
Adding (43) and (44), we obtain the consistent system (41), which is alternative to (4). The
theorem is proved. [J
Example 1. Let n=2, m =6, p=1,

X, = {zeR*: —2'>2, —2'—2*>1, —z'+22>2 2'>-4}
X, = {zeR*:2'>1, 2" —22>0, ba' +2°>2 —2' > -2}

Solving problem (15) and using formulas (17) and (23), we obtain

. [omn o [ -5.34
P {0.63 } . 12 =313, c¢= [ 096 } )

Solving problems (31) and using formulas (34) and (36), we find that

- 1 . —2 - .
x—l_?)}, x—{ 1 ], a=1.18, «a=-0.13.

From (18) and systems (37), (38), we have

@7 = [0.18 0.15 0.13 0.00], @' = [0.08 0.04 0.07 0.00],
wT = [0.44 0.02 0.00 0.00,  wiT = [0.35 0.00 0.02 0.00].

Figure 1 shows the sets X; and Xs; the separating hyperplanes corresponding to a = @,
a =0, a=1and a = &; the vector z*; and the unit vector @ = ¢/||c||. The set X; belongs to
the positive half-space with respect to ¢, whereas X, belongs to the negative half-space. The
thickness of the family of hyperplanes corresponding to 0 < a < 1 is ||y|| = 2.13. The extension
of this family with the use of & and & results in ||y|| = 2.80.

X2

H=1.18

X* 1

o =0 a=1

— 8 1
-3 -2 -1 0 1 2



3. FAMILY OF SEPARATING HYPERPLANES WITH A MAXIMAL
THICKNESS

The problem of finding the minimal distance between two disjoint sets can be written in
the form

1
“llay — 4
min min - |1 — 2. (45)

We change the variable to p = x1 — 25 and rewrite problem (45) as

1
min  min =|p||? (46)
pe " 22€ Xo 2
subject to
Ay + Aip > by, Apwy > by. (47)

The norm ||p|| is the same as the distance between the convex sets X; and X,. The vector
p obtained by solving problem (46), (47) will be called the vector determining the distance
between these sets. The vector y introduced above is not always the same as the vector p
produced by solving problem (46).

The Lagrangian function for problem (46) has the form

L(p, T2, U) = ||p||2/2 + U;r(bl - Alp — Al.TQ) + U;(bg — AQ[EQ).
Using this function, we can write the dual problem:

max max min min L(p,xs,v). (48)
v1eRT 0eRY? 2,eR" peR"

The optimality conditions for the inner problem in (48) are as follows:
Ly(p,z9,v) = p— Alv, =0,, (49)
Ly, (p,22,0) = —Alvy — AJvy, = 0,. (50)

Relations (49) and (50) imply that p = Av; = —AJvy. The substitution of this expression
into the Lagrangian function results in the dual Lagrangian function

E(Z'Q, 'U) = HAIU1|‘2/2 + 'UlT(bl — AlAir’Ul - All'z) + ’U;(bg — AQiL’Q) =
= blog by — [|A0n]*/2 = 25 (A v1 + Ag vs).
Taking into account (50), we obtain the dual problem to problem (46), (47):

max max {b vy + by vy — ||A] v1]?/2} (51)
vleRTI v2€E RTQ

subject to
A;rl)l + A;—’Ug = On, U1 Z 0m17 (%) Z Om2~ (52)

Denote by [p*,z3] a solution to problem (46), (47) and by [v},v;] a solution to the dual
problem (51), (52). By the duality theorem, we have

by vy + by v5 — | Ay vf||*/2 = [Ip"]1*/2. (53)
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Substituting p* = A v} into (53), we obtain
by vy + by v5 = || Ay vf|*. (54)

Thus, we have the following assertion.

Theorem 5. Every solution v*' = [v:,v3"] to the dual problem (51), (52) determines the
unique first component p* in a solution [p*,x3] to problem (48), which is given by the formulas

pt=Alv] = —Aj v} (55)

Moreover, it holds that
blot = [ Al vi|* = [[ Az v3* = [Ip"[|*.

Theorem 5 implies that the vector v* found from (51), (52) satisfies system (5) for p = ||p*||*.

Note that a solution v* to the dual problem (51), (52) determines only the first component
p* in a solution [p*, z3] to the primal problem (46), (47). To determine x3, one should substitute
p* into the constraints of the primal problem and solve the resulting system of inequalities

Arzy > by — Arp”, Agrg > bo,
with respect to the vector 5. Thus, the situation here is different from that of a pair of mutually

dual problems, which was examined above.

Theorem 6 (on a family of parallel separating hyperplanes). Let X; and Xs be

nonempty polyhedra with an empty intersection, and let v*, p*, x5 be a solution to problem

(48). Then, the family of parallel hyperplanes that separate X; and X can be represented in
the form

() = {zeR":p" "z —blv+a|p? =0}, (56)
T(@) = {zeR":p" a+bv;— (1—a)|p|* =0}, (57)

where o € [0,1]. Moreover, if 0 < o < 1, then these hyperplanes strictly separate X, and Xs.
The hyperplanes I'(0) and I'(1) are supporting hyperplanes for the sets X1 and X,, respectively.
The thickness of the family T'(«) is equal to ||p*||; it is the same as the distance between the
polyhedra X, and Xs.

Proof. Since v* is a solution to problem (51), (52), we have
Ajvi + Ay g =

Multiplying this relation on the left by 27, where z is an arbitrary vector in R", and subtracting
the resulting equality from (54), we obtain

z" Af o] + 2T Ay vy — b vy — byvy = —[|Afvp|%. (58)
Using the coefficient o € [0, 1] and the equality ||A]v;]| = || A5 vi]|, we can rewrite (58) as
v (A = by) + | AT = 05 (b — Agw) + (= 1)[| A7 3.

Taking into account (55), we arrive at the equivalent representations (56) and (57) of the
hyperplane I'(a).
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The triple [v*, p*, 23] is a Kuhn—Tucker point for problem (46). Therefore, the following
complementary slackness conditions must hold:

* 1 * ok k) * 1 * ok k) * *
Uy Lvl(p7$27v)707 ) LUQ(p,l'Q,U)—O, Ulzomn U220m2>

L’Ul(p*’x;7v*) S OTL? LUQ(p*7:U;7,U*) S 0m2‘
From these conditions, we derive
UTT(bl — Alx’{) = O, U;T(bg — AQQT;) = O, Alﬂfi Z bl, Ang Z bQ. (59)

The relations obtained imply that =7 € X, 27 € I'(0), 25 € Xy, and 25 € T'(1).
For an arbitrary point x in X;, we have Ajx > b;. Taking the scalar product of this
inequality with the non-negative vector v}, we obtain v} ' (A;z — b;) > 0. Taking into account

(55), we arrive at the relation
p* Tz —blv; > 0. (60)

From (59), we find that
bl or = p* ot (61)
From (60), we conclude that plr > p*Tx’{ for any x € X; and that at least one point ] € X;
belongs to the separating hyperplane p* 'z = p*' 2%. Hence, X, belongs to one of the half-spaces
determined by the hyperplane I'(0), and I'(0) is a supporting hyperplane for this set at its point
x;. In a similar way, we show that I'(1) is a supporting hyperplane for X, at the point x3. It
holds that
byvy = —p*' . (62)

All the points in X5 satisfy the inequality p* "2 < p* "z and at least one point 5 € X, belongs
to the hyperplane p* 'z = p* "z},

The distance between the supporting hyperplanes is the same as the distance between
X, and X5; both are equal to ||p*||, which follows from the formulation of problem (46), (47).
The theorem is proved. [

Note that, if relations (61) and (62) are taken into account, then hyperplanes I'(«) of form
(56), (57) can be represented as

Ta)={zeR":p 'z —(1-a)yp =8 —ap* 25 =0}, (63)

i.e., each member of the family of separating hyperplanes can be represented as a convex
combination of supporting hyperplanes for X; and Xs5. To construct a family of hyperplanes
of form (63), one needs to solve problem (46), (47) in a space of variables of dimension 2n.
To represent the same family in form (56), (57), it is required to solve the dual problem (51),
(52) in a space of variables of dimension m. The vector p* appearing in this representation is
expressed in terms of v* by formula (55).

Now, we examine the following issue: is it possible to distinguish a solution to system (5)
that determines a family of hyperplanes whose thickness is equal to the distance between the
sets X7 and X537 According to formulas (12) and (13), the shift vector y and the thickness

ly|| of the family of separating hyperplanes I'(a) are given by y = —pA]u/||A{ui|* and
lyll = p/||AT w1]], respectively; here, u' = [u],uq] is a solution to system (5). It is then
natural to pose the problem of finding a solution u*' = [u}',u}'] € U to system (5) for which

the thickness of the family of separating hyperplanes is maximal:

1 . 1
SIATw P = min 3 AT w (64
ue U
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U={ucR™: Aluy + Ajuy = 0, b uy +byuy =p, ug >0y, ts > Oy} (65)

In this case, the shift vector y = I'(1) — I'(0) yields the thickness of the family of hyperplanes,
which is identical to the minimal distance between the polyhedra X; and Xs. This is explained
by the fact that the solution u* to problem (64), (65) allows us to find the minimal distance
between X; and Xs. It turns out that problems (64), (65) and (51), (52) are equivalent in the
sense that the solution to one of them can be found from the solution to the other.

Theorem 7. Let X; and X be nonempty polyhedra with an empty intersection. Then, the
solution v* to problem (51), (52) and the solution u* to problem (64), (65) satisfy the relations
. pu” L pv

(% ||ATu |2, U :m (66)

The family of separating hyperplanes can be represented in each of the following forms:

Na) = {zeR":wAx—blul+ap=0}, (67)
(o) = {zeR": —u} Apx+byu}+ (a—1)p =0}, (68)

where 0 < o < 1. The thickness of this family is identical to the minimal distance between
X1 and Xs.

Proof. The vector u* satisfies system (5); hence, ||A]uj|| # O (see the first assertion in
Theorem 2). By Theorem 5, it holds that b"v* # 0. Formulas (66) are obtained by comparing
the Kuhn—Tucker conditions for problems (51), (52) and (64), (65). Using (55), (66), and (12),
we have pATu

p* — ATU* — = —.
P AT ||2
It follows that, for the family of separating hyperplanes (67), (68), the thickness is identical to
the minimal distance between X; and Xo:

. p
Il = o = -
|A] ]

The theorem is proved. [
The dual problem to problem (64), (65) is as follows:

Lo
max  max max 4 p§ — Slqf
€R" 2cR" ¢cR' 2

subject to
Al(q+x)_b1520m1a A2x_b2620m2'

The unknown vector g can be obtained from the solution u* to the primal problem (64),
(65) by using the formula ¢* = A]u} = —AJuj. By the duality theorem, the solutions u*
and [¢*, 2%, £*] to the primal and dual problems satisfy the relation p¢* = ||A] uf||?>. Therefore,
& >0, and p* = ¢* /€, x5 = 2 €.

Thus, we have constructed the three equivalent representations (56), (57), (63), and (67),
(68) for the same family of separating hyperplanes whose thickness is equal to the minimal
distance between the polyhedra. Each representation requires solving its own optimization
problem.
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4. CONSTRUCTION OF SEPARATING HYPERPLANES WITH THE HELP
OF FARKAS’ LEMMA

Consider the case where two polyhedra are represented by equality systems given on the
nonnegative orthant; i.e., we have two nonempty sets

Xy ={zeR": Ajx =0, z>0,}, Xo={x eR": Asgx =by, x>0,}

such that X = X; N X, = 0.
According to Farkas’ lemma, the inconsistency of the system

Az =b1, Ax =0y, x>0y,
where the variables are nonnegative, implies that the system
AlTul + AQTU/Q < On, blTul + bZT'UQ =p (69)

is consistent. Here, p is a positive constant.

System (69) is solvable, and every of its solutions satisfies the inequalities ||uy]| # 0, |lua|| #
# 0, |Alui|| # 0, and ||AJus|| # 0. Indeed, assume the contrary; namely, let Al u; = 0,.
Since X, is nonempty, the alternative system A]wu; < 0, bju; = p; # 0 is inconsistent. By
assumption, A/u; = 0,; hence, bju; = 0. In this case, (69) converts into the consistent
system A;Uz < 0,, b;uQ = p. However, this is the alternative system to Asx = by, x > 0,,.
By assumption, the latter system is consistent, because X, is nonempty. The contradiction
obtained proves that the equality A u; = 0,, is impossible. If u; = 0,,,, then A]u; = 0,,, which
is impossible.

Taking the scalar product of the inequality part in (69) with a nonnegative vector x and
then subtracting the equality part, we obtain

u) (Arz — b1) 4 uy (Agz — by) < —p < 0. (70)
Define two linear functions of variable x € R" and a parameter « € [0, 1] as follows:
o1(z, ) = u] (A — by) + ap, o, ) = —uy (Asx — by) — (1 — a)p.
Then, inequality (70) can be rewritten as
o1(z,0) = u] (Ajz —by) +ap < —uy (Agx — by) — (1 — a)p = pa(w, Q). (71)

Fix vectors u; and wuy constituting an arbitrary solution to system (69). Using ¢ (z, «)
and ¢o(x, @) we obtain two families of hyperplanes that correspond to « € [0, 1] and separate
X1 and X2.

If z € Xy, then ¢1(z,a) > 0for a € [0,1]. If z € Xy, then po(z, ) <0 for a € [0,1]. Then,
(71) implies that ¢1(x,a) < 0. It follows that the hyperplanes in the family ¢;(z,a) = 0,
a € [0,1] separate X; and X,. If 0 < o < 1, then inequality (71) shows that the hyperplane
¢1(x, ) = 0 strictly separates these sets.

Now, we show that the condition ¢y(x, @) = 0 determines the family of hyperplanes that
separate X; and X, for a € [0,1] and strictly separate these sets if 0 < o < 1. Indeed, if
r € Xy, then po(z,a) < 0 for a € [0,1] and po(z, ) < 0if 0 < a < 1. If x € X, then (71)
implies that pa(z, ) > 0 for a € [0, 1] and pa(z, ) > 0if 0 < a < 1.
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Thus, by solving the alternative consistent system (69), we obtain two families of separating
hyperplanes determined by ¢;(z, &) and ps(x, ). Tt follows that the case under analysis differs
from the case of polyhedra given by inequality systems, which was examined above.

Define a nonnegative linear combination of ¢;(z, @) and ¢s(x, ) by setting

%03(1:7 04) = /\1S01(='U; O[) + )\2%02(1', O./).

Here, \; > 0 and Ay > 0.
Consider the following three families of separating hyperplanes and their unions:

[i(a) ={z € R" : p;(z,a) = 0}, I, = U [i(a), i=1,2,3.

It is easy to show that the hyperplanes in I's(«) separate X; and X, for any nonnegative scalars
A1 and A9 of which at least one is nonzero.

As in the preceding section, we denote by p* the vector joining the two nearest points in
X; and Xo; then, the distance between these sets is ||p*||. It is often possible to choose A; and
A such that the vector

p* = )\1AIU,1 — )\QA;—UQ,
where v = [u] ,ug ], satisfies condition (69). In this case, p* is the normal vector of I's(z, a),
and the thickness of this family is equal to the minimal distance between X; and Xs5. The
following theorem is an analogue of Theorem 4.

Theorem 8. Let the hyperplane ¢'x — v = 0 strictly separate two nonempty disjoint
polyhedra X1 and Xo. Then, there exists a solution uy, us to the system
AlTul + A;FUQ <0, blTul + b;—UQ =p> 0
such that
A;rul S ¢, A;“Q S —C, V= bful —pP1 = _b;—u2 + P2,
where py and ps are arbitrary positive constants such that p; + ps = p.

The proof is an almost word-for-word repetition of the proof of Theorem 4.

Theorem 8 asserts that the polyhedra given by equality systems on the nonnegative orthant
are different from the polyhedra given by inequality systems in the sense that it is not always
possible to find u; and uy that satisfy the consistent alternative system (69) and, at the same
time, satisfy either the condition ¢ = A u; or the condition ¢ = —AJ uy. In other words, there
may not exist vectors u; and uy that satisfy (69) and have the property that the separating
hyperplane ¢"x — v = 0 belongs to either I';(a) or ['y().

Example 2. Let the polyhedra be given by the conditions

X, = {zeR: 2t +22 =1, 2 <0y},
X, = {zeR*: 22" — 22 =6, x> 0,}.

We set p =1 in system (69). Figure 2 shows three unions of the families of separating hyper-
planes: I'y, I'5, and I's; it also shows the vectors

of =[-1/2 —1/2), ¢ =[-1/2 1/4], ¢ =[-10, 2" =[26 0]
From the formulas given above, we obtain

Pl =2, M =4/3, A=8/3, uj=-1/2, u;=1/4,
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pi(w,a) = —a' 22?2+ 1/2 4,
()02(1:7(1) = —I1/2+$2/4+3/2—(1—Oz),
3(r, ) = —22' 4+ 24 4da.

Using the last formula, we find the family with a maximal thickness:
I3(a) = {r e R": 2! =1+ 2a}.

On the other hand, we arrive at the same family T's(a) by setting 2" = [1 0], 23" = [3 0],
and p*" = [—2 0] in (63).

A X2
5
a=1 o=0 oa=1 a=0
4
r
2
3 r
_ 3
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a=1
2 r
! X
2
1 -
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2| X 1
X
0 - 1 >
*
C3 X
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_l .
-2 L
-2 -1 0 1 2 3 4 5
Fig. 2

5. THE GENERALIZED NEWTON METHOD

Since we usually have n < m in the problem of separating polyhedra given by inequality
systems (4), it is preferable to solve problem (25): minimize the function F(z) = ||(b—Ax)(||?/2,
which depends on n variables. The unconstrained minimization of F'(x) can be performed by
any method, such as the conjugate gradient method. However, Mangasarian showed that
the generalized Newton method is especially efficient for the unconstrained optimization of a
piecewise quadratic function (see [4, 5]). We give a brief description of this method.

The objective function F(z) of problem (15) is convex, piecewise quadratic, and differen-
tiable. Such a function does not have the conventional Hessian matrix. Indeed, the gradient

Fy(z) = —AT(b— Az),

of F(z) is not differentiable. However, for this function, one can define the generalized Hessian
matrix, which is an n-by-n symmetric positive semidefinite matrix of the form

O*F(x) = AT D¥(2)A.
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Here, D*(z) denotes the m-by-m diagonal matrix whose ith diagonal entry 2% is equal to one
if (b— Ax)" > 0; 2" is equal to zero if (b — Az)" < 0 (i = 1,2,...,m). Since the generalized
Hessian matrix can be singular, the following modified Newton direction is used:

— [0*F(z) + 0L,] ' F.(),

where § is a small positive number (in our calculations, we typically set § = 107%) and I, is the
identity matrix of order n. In this case, the modified Newton method has the form

Tor1 = x5 — [0°F(z4) + Mn}_l F(zy). (72)
We used the following stopping criterion for this method:
|xse1 — 25| < tol.

Mangasarian has studied the convergence of the generalized Newton method as applied to
the unconstrained minimization of a convex piecewise quadratic function of this type with the
step size chosen by the Armijo rule. The proof of the finite global convergence of the generalized
Newton method can be found in [4] - [6].

The generalized Newton method as applied to the unconstrained minimization problem (15)
was implemented in Matlab and showed good performance in solving large-scale test problems.
For instance, problem (15) with n = 500 and m = 10*, whose matrix A was fully filled with
nonzero entries, was solved in less than one minute on a 2.24 GHz Pentium-IV computer.
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