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B cratse YCTpaHEHBbI HEKOTOPbIC OIeYaTKN

st cucreM JMHEMHBIX PABEHCTB W HEPABEHCTB IOKA33aHBI HOBBIE TEOpPEMBI 00 aJbTepHATHUBAX,
KOTOPBIE JIAJIN BO3MOXKHOCTH [IOCTPOUTH Psifi 3P DEKTUBHBIX YUCTEHHBIX METOOB. DTH METOIbI HC-
TIOJIB30BAaHbI IJIA HaXOXKIAEHNUA HOPMAaJIbHBIX peH_IeHI/Iﬁ JUHEHHBIX CUCTEM PaBEHCTB U HEPABEHCTB,
IS TTOCTPOEHUS PA3AEIA0NINX THITEPIIJIOCKOCTEN, sl KOPPEKIIMA HECOBMECTHBIX CUCTEM, LA Pe-
nieHus 3a7a4 HeauHelHoro nporpammuposanus (HJIII), cymecTBeHHO ypolnas peaau3alyio Me-
TOIA, HAMCKOpeHIero ciycka. /I3 npuBeIeHHBIX TEOPEM KaK JaCTHBIN CIydail CIeayioT TeopeMbl 00
anmprepaaruBax Ppearonsma, Papxaima, leiina, 2Kopnana, Illtumke u ap. buba. 21.

1. BBEJIEHUE

CyIiecTByIoT pa3ndHble BADUAHTHI TeopeM 006 ajbrepHaThBax (cM., Hanpumep, [1] — [10]),
IpUMeHSBIINeCss B OCHOBHOM JIJId JIOKa3aTeIbCTBa TeOpeM CYIIeCTBOBAHUSI, BBIBOJA YCJIOBHI
KCTpeMyMa B 33/1a4ax onTuMu3anuu. B mannoii pabote npuBoAgTCS KOHCTPYKTHBHBIE TOKA3a-
TeJILCTBA HOBBIX TeOpeM 00 aTbTepHATUBAX, OPUEHTUPOBAHHBIE HA TOCTPOEHUE HOBBIX BBIYHCIH-
TEJIHBIX METO/I0B. DTHU J0KA3aTEIbCTBA JIAI0T BO3MOYKHOCTDH BBIYHC/ISITH HOPMAJIbHBIE DEIIeHUsT
CUCTEM JIMHEWHBIX PABEHCTB ¥ HEPABEHCTB, HAXO/WTH HAIPaB/JE€HUE HAMCKOPEHIIEero Ciycka B
zamadax HJIIL ctpouth pa3zaensromue runeprnaiocKOCTH, TPOU3BOAUTD KOPPEKIIHIO HECOOCTBEH-
HBIX 33/1a4, KOHCTPYHUPOBATH HOBbIE aJITOPUTMBI PellleHns 3a/1a9 JIMHEITHOTO TPOrpaMMIPOBAHUS
u T.1.

Juist 3a1aHHOT JIMHEWHOW CUCTEMbl CTPOUTCS aJibTepPHATUBHAS CUCTEMa, PAa3MEPHOCTh Tepe-
MEHHBIX KOTOPOJi paBHA YHCJIy PABEHCTB M HEPABEHCTB B UCXOJAHOI cucTeMe (HCKIIIOYasi Orpa-
HUYeHWs] Ha 3HAK MepeMeHHbIX). MeTos pereHnst NCXOIHON pas3penmMoii CHCTeMbl COCTOUT B
MUHUMU3AINN HEBA3KH aJbTEPHATUBHOI HecoBMecTHO# cucTembl. [lo pesynbraram sToit Mu-
HUMU3AIUA OMpPEeJIeIAeTCsT HOPMATbHOE DelIeHne UCXOJHON CUCTeMbl (pelleHne ¢ MUHHUMATb-
HO# eBKJI1/I0BOIT HOPMOIt ). Birarojaps pasimdaunio pasmepHoOCTeil HepeMeHHbIX aJIbTePHATUBHBIX
CUCTEM MEePEexoJ| OT MCXOJHOI COBMECTHOW CUCTEeMbl K MHUHUMHU3AIUU HEBIA3KU AJIbTEPHATUB-
HOIl HECOBMECTHOI CHCTEMBI MOYKET OKa3aThCsl BEChMA IeJ1eCO00PA3HBIM. DTa PeAYKIAST MOYKET
IPUBECTH K 33/1ade MUHUMU3AINN 110 TepEMEeHHBIM MeHbIIIeil pa3MepHOCTH 1 /IaeT BO3MOKHOCTD
HOJIY9UTh HOPMAaJIbHOE PellleHne MCXOTHON CHCTEeMBI.

W3 mpuBeieHHBIX B paboOTe Pe3yIbTATOB KAK YACTHBIHM CJydail CIeIyI0T MHOTHE U3BECTHHIE
Teopembl 00 asbrepraruBax (Ppearonbma, Papkana, eitna, 2Kopaana, [rumke u ap.). Ho
aBTOPbI CYUTAIOT, YTO IJIABHBIM B CTAThE SIBJISTIOTCS Pe3Y/IbTaThl, OTKPHIBAIONINE HOBBIE BbIYUC-
JIUTeJIbHbIe BO3MOYKHOCTH IpPUMeHeHUs TeopeM 00 ajmbTepHaTuBaX. C HX IMOMOIIBIO B pasi. 2

'Pabora sumomnena npu dbunancosoit nomaepxkke PODU (kom mpoexta 01-01-00804), 110 mporpamMmme rocy-
JIAPCTBEHHON TOIEePXKKY BEIyIIUX HAy4YHbIX 1IKOJ (Kox npoekTa 00-15-96080) u npu yacruyuoli duHaHCOBON
nogyiepzkke [Iporpammst [Ipesuanyma PAH “Maremaruyeckoe mogennposanue”



IIPE/IOZKEH HOBBIA METOJ DEIeHHs CHCTeM JIMHEHHBIX DPABEHCTB H HEPABEHCTB, HAXO/AIINIT
HOPMAJILHOE DeIlleHne, B Pa3jl. 3 CYIIECTBEHHO YIPOMIEHbI PACYeThl B METO/e HAHCKOPEIero
clycka, B pasj. 4 1mosydennl npocrbie (hOpMysibl KOPPEKIUE HECOOCTBEHHBIX CUCTEM, B pa3/l. 7
HaiileHbl pacdyeTHble GOPMYJIBI IOCTPOEHHS CeMefiCTBA PA3/EIAIONINX THIEPIIIOCKOCTEMH, a TaK-
JKe TIOCTPOEHBI HOBbIe METOJIbI PellieHus 3aja4 JHHeHHOTo nporpamyupoBanus (cMm. [17]).

[IpuBesieHHBIE B 9TOji CTaThe JOKA3ATETHCTBA TEOPEM CYIIECTBEHHO OMUPAIOTCS HA TEOPHUIO
nBoiicTBenHOCTH. [JaHHas paboTa sBIsIeTCs TAJIbHEHIINM Pa3BUTHEM Pe3YIbTATOB ABTOPOB (CM.
[16] — [19]). HokaszareabcrBo Teopem 00 ajbrepHATHBAX, OCHOBAHHOE HA MUHHUMU3AIMN HEBS30K
cucreM, BIepBble ObLIO mpeioxkeno B [5]. Ormernm Taxkzke paborst [8] u |20, 21|, B koTOPBIX
TeopeMbl 00 aJbTepHATHBAX MPUMEHSTIOTCSI JJIsl TOCTPOEHHST YUCIEHHBIX METOJI0B.

2. OCHOBHBIE TEOPEMDBI

[Tycts A (MaTpuna m X n) 3ajiaHa B CJIEAYIOMEM BH/IE:

All A12

A=
Agr Az

31ech mpsaMoyrobHbie MaTpuIbl Aqq, Ajs, Asi, Aoy IMEIOT, COOTBETCTBEHHO, Pa3MEPLL: 1M1 X N1,
M1 X Ny, Mg X N1, My XNy. [Iyers Bekropsl € R”, 2,u,b € R™ umeror pazéuenne ' = [z] 2] ],
T (T 2T 0T — 10T 2T 2T — T 3T n ne . _ m

2V =2,z J,u’ =uy,uy], b =1[b,by], rme xy € R™, 29 € R"™ n =ny+ng, 21,u1, by € R™,
29, Ug, by € R™2, m = my + my. [Ipeanonaraerca, uro marpuna A u BeKTOp b HEeHyJIeBbIE.

Bsenem BcriomoraTesibHbIE MHOZKECTBA 11, = {[:cl, xo] twy € RY, @p € R"Q}, II, = {[z1, 2] :

1

2 €RTY, 2z € RmQ}, I, = {[ul,uQ] cup € R, up € RmQ}. Onpeneaum BekTop w € R

N 1
npejacTaBuMblil B Buge w' = [w] ,w, ,ws], rie w; € R™, wy € R™, w3 € R', n Bcnomorare/ibuoe

mrozkectso 11, = {[wi, we, ws] : wy € R, wy € R™, wy € R'}. Bripakenue ||a|| o6oznauaer
n

eBKJINJIOBY HOPMY BEKTODA @, a BeIpazkenue ||a|l; = > |a’| — mepBas Hopma BekTOpa a € R".
i=1
PaceMOTpuM CHCTeMY JIMHEHHBIX DABEHCTB M HEPABEHCTB

Anzy + Apzg > by, Aoz + Aggxg = be, 21 > 0. (1)

DTy CHCTEMY MOYKHO PacCMaTPUBATDH KAK JIOIMYCTHMOE MHOXKECTBO B 3a/[a49e JIMHEITHOTO 1POo-
rpaMMHPOBAHUS 0 MEHAMHU3ANUE ¢, rae ¢ = 0,. JIas 3Toil 331241 BBIIUIIEM IBOHCTBEHHYIO,
B KOTOPO#l MIeTrcsa MakCUMyM bTu ma JOIIyCTUMOM MHOXKECTBe, OlpeneadeMOM JIUHEeHHONl Ccu-

CTeMOI PaB€HCTB U HEpaBCHCTB
T T T T _ /
AHZl + A2122 S Onu A122’1 + A2222 = OnQ, 21 Z Oml- (I)

Cucremy (1) mHazoBem conpsastcennoti x cucreme (I).
3a1a UM CUCTEeMY

AlTlul + AQTlu2 < 0"17 A1T2u1 + AZTQU2 = On27 blTul + bQTu2 =p, U= OTm' (H)

31ech p > 0 — mpou3BoIbHOE GUKCUPOBAHHOE MOTOKATEIBHOE YHCI0. Yeaosue by uy+bg uy = p
MCKJII0YAeT TPUBHAJbHBIE Pelienus coupsizkennoii cucremst (1)
Host cucremst (II) conpsizkennast cucreMa uMeer BHT,

Anwy + Ajpwy — byws > 0y, Asywy + Agpwe — bows = 0y, wy > 0. (1)’

Muozkecrsa perennii cucrem (1), (1)) (IT) u (II) o6o3naunm, coorsercrrento, yepes X,Z,U,
u W. Eciu cucrempr (1) wiu (II) paspemmwmbr, To Gyaem, cOOTBeTCTBEHHO, ucath X # () wiu



U # (. B ormaune ot (I) u (II), conpszxenusie cucremsl (I) u (II) Bcerma nmeror pernenus,
tak Kak 0, € Z u 0,47 € W. I3 Buga cucrems (II) ciemyer, 4ro ecau OHA pa3perinma Wi
HE paspeniuMa mpu HEKOTOPOM p = p1 > 0, TO 9TO CBOHCTBO COXPAHUTCS U MPH JIIOOOM JAPYTrOM
p=p2>0.

Yepes pen (x, X) obosuaunm mrpad, BHUUCAEHHbI B Touke = € 1, 3a Hapymenue ycaoBus
r € X. Ilo ompenenennto mrpaduoii dyukmuu, eciu z € Il 1o pen(z,X) = 0 Torga u
TOJBKO TOrja, Korja © € X. Anamorudno BeegeM obosuadenue pen (u,U). Eciu u € I, o
pen (u, U) = 0 Toraa u Tobko Torja, korga u € U.

B kagectse mrpados Oyiem HCnoab30BaTh €BKINJI0BY HOPMY BeKTOPOB HeBsi30K cucrem (1)
u (II), T.e.

pen (r, X) = [H(bl — Anzy — A12$2)+||2 + b2 — Az1y — A22x2||2} 2 ’

1/2
pen (u,U) = [|[(Afyur + Afun) | + | Afyus + AJyual® + (p — bl us — b us)?] .

3/ech ay — HeoTpUIaTeIbHAs YaCTh BEKTOPA @, T.e. i-s KOMIIOHEHTA BEKTOPA 4 COBIAJAET C
111 KOMIIOHEHTON BEKTOPA @, €CJIW OHA HEOTpUIATeTbHa, U paBHA HYJIIO B MPOTUBHOM CJIyYae.

Jlu1st IpoBepKHU pa3penimMoCcTy TOI WJIM UHOM CUCTEMbl U HAXOXKJIEHUS COOTBETCTBYIOMIEIO
pernienust Oy/ieM UCHOJIb30BaTh METO/Ibl 6€3yCJI0BHON MUHUMU3AIUHU, ITPUMEHEHHbIEe K JII000i 13
CJIeIYOIIUX 3a/a4:

Ii = min [pen (v, X)* /2, (1)
I = min [pen (u, U)]* /2. (2)

Crporo rosops, (1) u (2) me apagioTca 3agadamMu 6€3yCJTOBHON MEHIMU3AIMM, TAK KaK B HAX
IIPUCYTCTBYIOT OrPAHUYEHUsI HA 3HAKU KOMIIOHEHT BEKTOPOB X1 U U1, OJHAKO IIOCKOJIBKY GOJIb-
MINHCTBO METOJOB 0e3yCJOBHON MUHUMM3AIMA ¢ HOMOIILIO IIPOCTERNINX MOAMMUKAINA MOTYT
YUUTHIBATH HAJMYUE OTPDAHNICHHI HA 3HAK [IEPEMEHHBIX, TO coxpanuMm 3a (1) u (2) sror TepmuH.
Bamaqu (1) u (2) Bcerma paspennMbl, Tak KaK KBaJpaTHIHbIE Tie1eBble (DYHKINH OrPAHIIeHbI
CHU3Y HYJIEM Ha HEIyCThIX JIONYCTUMbIX MHOXKecTBax 11, u II,.

JIBe cuCTeMbl HA3LIBAIOTCS AALMEPHAMUGHLLMU, €CJIU PA3PENINMa OJHA M TOJbKO OJHA U3
HEUX. PaspermmMocTh Win Hepa3pemnMoCTh CHCTeMbl MOYKHO XapaKTepH30BaTh CKAJIAPHOI Be-
JMYUHON — MHHUMAJIbHOM HEBSI3KOil CHCTeMbl, 1MOJIydYeHHON u3 pentenus 3agaun (1) win (2).
[TosToMy ajIbTepHATHBHOCTb CHCTEM MOXKHO OIPEJE/IATh Yepe3 pelieHue 3Tux 3ajad. [lycrsb
z* € I, mw u* € I, — npoussBosbuble pemennst 331a4d (1) u (2) coorsercrBenno, T.e. [} =
= [pen (z*, X)]* /2 u I, = [pen (u*,U)]* /2. Torna musa cucrem (I) u (II) nmeer MecTo cieryio-
mas

Jlemma 1 (kpurepuii anprepaarusaoctu). Cucmems (1) u (I1) asvmepramuero, mozda
U MOABKO o200, K020a BUNOAHEHY CACOYIOUNUE YCAOBUL:

pen (z*, X)pen (u*,U) =0, pen (z*, X)+ pen (u*,U) > 0. (3)

HoxkazarenbcTBo. 13 nepsoro coorHomenus B (3) ciejyer, 4To 110 KpaiiHeit Mepe o/Ha u3
cucreM (I) mm (II) paspemmmma. Bropoe coornomenue B (3) mokasbiBaeT, 9To 0 KpaitHeil Mepe
OJiHA U3 CHCTeM HepaspemmMa. Bmecte oba cooTHomenus yreepzxaaot, 4ro cucremsbl (1) u (I1)
aJIbTepHATUBHBI. [

JIemma 2. Cucmemos (1) u (II) ne moeym 6vimo odnospemerto paspeuwsumot.

HoxkazareabcTBo. [Ipenonoxkum odbpaTHoe, MycTh CYIIECTBYIOT T* — peIlleHre CUCTEMbI
(I) u u* — pemtenue cucrempr (II). Torma nogcraBum B (I) pemienue * U CKaJSIPHO YMHOKUAM
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nepsoe HepaBeHcTBO B (I) Ha uj, Bropoe paBeHCTBO — Ha uj. Ilocse cioxeHus! pe3yIbTaToOB U
HPOCTEHIITUX TPEoOPA3OBAHUN MOy IUM

o (Afu] + Aquy) + 23T (Al + AJyub) > bl uf + by b,

Cormacuo (II), meBast 9acTh 9TOrO0 HEPABEHCTBA HEMOJIOKUTEIBHA, & MPABAs IaCTh CTPOTO MO-
JIOsKATeIbHA, Tak Kak A ul+ Agul < 0,y m b ul+bgui = p > 0. [Ipuxomum K NPOTHBOPEUHIO.
Caenosarennno, cucrembl (I), (IT) me MoryT oHOBpeMeHHO GBITH COBMECTHBI, JIJisi HUX BBITIOJI-
HeHO BTopoe yciaorue B (3). Jlemma gokaszana. [

[Tepsoe ycaosue u3 (3) Oymer gokazano Huzke B TeopeMe 3. Cpein albTepPHATUBHBIX K AJTb-
repuaruBnoil cucreme (II) comepxkurcs ucxonuas 3amada (I). [leficTBuTepHO, crucTeMa, ab-
repuatupnas K (I1), umeer B

Anwy 4+ Ajpwy — byws > Oy, Agywy + Agpwy — bywg = Oy, pws = p', wy >0, (4)
rae p) > 0 — mpou3BOJIbHOE MOJIOKUTEIbHOE uncao. [losromy ws = p'/p > 0. Cuoenas B (4)

3aMeHy T = wy/ws, Ty = We/ws, upuaeM K ucxoaHoi cucreme (I).
Beegem ciepyronye e 3aJa4i KBaAPaTUIHOTO IPOrPAMMUPOBAHUS:

i = max{b'z— |z]*/2}, (5)
1= o {pus — [uwl?/2) (6)

B orimane or cucrem (I), (II), koropsie MOryT ObITH COBMECTHBI HJIM HECOBMECTHBI, 331441
(1), (2), (5), (6) Bcerma umeior pemrennst. [Ipu srom 3amaun (5) u (6) UMEIOT €AUHCTBEHHBIE
pellennst, TaK KaK B HUX JIOIMYCTUMbIE MHOXKECTBA Z u W HEIyCThl U CTPOTO BOTHYTHIE KBa/I-
paruvHble meseBble (DYHKIMH OrPAHNYEHbI CBepXy (cM. HuzKe dopmyry (32)).

Dopmasbho 3a7a4un GesycaoBroil MunnMusanun (1) u (2) me nveror dbyuknuio Jlarpanxka
W, CJIEIOBATEIBHO, JJI HUX HEJb3sl HEMOCPEICTBEHHO MOCTPOUTDH JIBOfCTBEHHBIE 3ajadu. Tem
HE MeHee C TIOMOIIbIO BBEJICHUST JIONOJTHUTEBHBIX EPEMEHHBIX MOKHO OCTPOUTH HCKYCCTBEH-
Hble OTPAHUYEHHs] U MOJIyYNTh SKBUBAJEHTHbBIE 33a91 HEJMHEHHOTO TPOrPAMMUPOBAHMUS, JIJIsT
KOTODPBIX OIPEJIEeJICHBI TBOiICTBEHHBIC 33/TaH.

JIemma 3. /J[soticmeennvmu & 3adauam (5) u (6) asasromea sadauu 6e3ycao6nol Munu-
muzayuu (1) u (2) coomeememeenno. 3adawu (1) u (2) ceodames x sKx6USAAEHMHBM 3a0anam
YCA0BHOT MUHUMUBAUUY KEAOPATMUNHUT GYHKUUT, Komopuie Aéaxomcs dsoticmeentomu k (5)
u (6) coomsememeeno.

HoxkazarenbcTBo. [TepBoe yTBep:KIeHue caeayer u3 TPaJuIuOHHbIX TPeACTaBIeHnil 1BOi-
CTBEHHBIX 3aJad /I 33Ja9 KBaJIPATHYHONO MpOrpaMMEUpoBaHus (cM., Hampumep, [6], [12] —
[14]).

Bropoe yTBepzKaeHne HECKOILKO HETPAIUIMOHHO M OCHOBAHO HA JABYXIIATOBOM IPEICTAB-
aenunn 3aja4 (1) u (2). Takoit npuem 6b11 ucnonb3oBan B |14, 15].

BBejieM BeKTOp JIONOJHUTENLHBIX mepeMeHHBX y € R™, yT
Y2 € R™? TakoBwI, 9TO

= [le,y;], rae yi € lea

Y1 =b1 — Az — A1prz, Yo = by — Agiw1 — Apa.
Torma 3a1ada (1) 3aMensieTcst SKBUBAJIEHTHON 3ajiadeil Ha YCIOBHBIH MUHUMYM

I = min_ f(y), (7)

[z.y]€eG



e 1esieBasg (pyHKIUS U JOIIYCTHMOe MHOXKeCTBO (G IMEIOT BH
Fly) = [y)+l?/2 + lly21?/2,
G = {[{L’,y] : A11£L'1 + AlngQ +y = bl, AQICL'l + AQQZEQ + Y2 = bg, x € Hx}

B ormune or muoxkecTBa X MHOXkKECTBO (G BCEra HEIyCToO.
Jlng 3a/1aun KBaIpaTUIHOro nporpamMmupoBanus (7) ompeaenM BeKTOp MHOKuUTeel J1a-
rpamka 2z € I, u Bemmumem dyHKIuo Jlarpanxa;

L(z,y,2) = f(y) + 2 (b — Anay — Ay — y1) + 25 (by — Agiy — Agoty — 1)
[Ipeobpaszyem ee K BHLY
L(z,y,2) = fy) — o1 (Afyz1 + Ag20) — 25 (Apz1 + App2o) + 20 (b — 11) + 25 (b2 — 32). (8)
Bsejem sBoiicTBeHHYIO (DYHKIIUIO

F(z)= min min L(z,y,z2) (9)
z e Ilg yeRn

M PACCMOTPHM JIBOHCTBEHHYIO K (7) 3a7a4y O HAXOXKJIEHUN

max F'(2).

zeIl,

HeoGxouMble 1 JIOCTATOYHBIE YCIOBUSI MEHUMYMa B 3aja4e (9) UMET Bu/

Lxl (1:7 Y, Z) = _Allel - A2le2 > 0”17 D(‘xl)(AlTlZl + A2le2) = Onl’ x> 07117 (10)
Ly, (2,y,2) = —Alyz1 — Ajyzy = 0y, (11)
Ly1 (ZE, Y, Z) = (y1)+ — 2= 0m1; LyQ(xvya Z) =Yz — 22 = Om2~ (12)

3ech u HuzKe depe3 D(z) obo3HaUeHA JUATOHAIBHAS MATPHUIA, ¥ KOTOPOH -l [HATOHATBHBIN
9JIEMEHT eCTh i~ KOMIOHEHTa BEKTOPA 2.

[Tpu z € 11, u3 (12) umeem z = y. [logcraBum 310 coorHomenue B (8) u morpebyem BhIMOJIHE-
Hust yesosust z € Z. Torpa, corsacuo onpenenennto (9) u yeaosusm (10), (11), asoiicTBenHast
bynxmua npumnMaer sua F(z) = b’z — ||2]|?/2. Takum obpasom, mpuxomum K 3azade (5),
KOTOpasi sBJsiercs nBoiicTBenHoit K (7) u, MOKHO cKa3arbh, K (1). Urak, 3amaun 6e3ycI0BHOI
vuaEME3anud (1) ¥ KBaJpaTHIHOrO MPOrpaMMHUpOBaHug (5) MOKHO HA3BATH B3aHMHO JIBOW-
CTBEHHBIMU. AHAJIOrUYHO, 334491 (2) u (6) B yKA3AHHOM CMBIC/IE SIBJISIIOTCS [BOCTBEHHBIME
JApyr K apyry. Jlemma jgokazana. [

Jlsist BBeJIEHHBIX 3a/a4 CIpaBe//InBa TeopeMa JIBOHCTBEHHOCTH O PABEHCTBE ONMTHMAIbHBIX
3HAYEHUil 1es1eBbIX (DyHKIHiT
d d
[1 :Il7 12212. (13)

[Ipoeknueii TOYKN T HA HEIMYCTOE 3aMKHYTOe MHOXKecTBO X HazoBeMm Touky T* € X, O/iu-
JKARTIYIO K TOYKe X, T.e. PelleHne 3aa9n

— ] Yo — 7 o p¥
J=min|lz -zl = ||z -2 (14)
Byaem mucars * = pr(z, X), paccrosiaue oT TOYKU T J0 MHOXKecTBa X 0003HAUUM Uepes3

dist (z, X) = ||z* — Z|.



Teopema 1. Bcakroe pewenue x* sadauu (1) onpedeasem eduncmesennoe pewenue z*' =

= [z, 237] 3adavu (5) no dopmyaram

Z = (b1 - Anff - A12$;)+; Z; = by — A21$>{ - A221’37 (15)

U CNPABEdAUBDL CACOYIOULUE YMBEPAHCIEHUA!

l** = 0", (16)

2* L Ax*, 2L (b—2z"), (17)

Z=pr(b,2), |[|z7] =pen(a”, X), [|b— 2" = dist (b, 2), (18)
[pen (*, X)]” + [dist (b, 2))" = [|b]*. (19)

okazareancTBo. B Touke r* HEOOXO/MMbIE U JIOCTATOYHBIE YCIOBHSI MUHUMYMa 331291
(1) 3anuchBAIOTCS B BUJIE

— A (by — Apat — Apas)y — Ay (by — Ana — Agpal) > 0y,
D(x3) [Af (b — Anat — Apas)y 4+ Ay (by — Ana} — Agpas)] = 0,y 2} > 0py, (20)
AIQ(bl — Allﬂj)f — A12x;)+ + A;z(bg — Azlilj'}{ — AzQ.T;) = On2.

B dopmysax (20) BBesem obo3HAUEHMST

* * * * *
= (bl — AHZL’I — A12CL’2)+, 29 = bg — AQl.’EI — Aggl’z (21)
u mokazkeM, uto 2% = [277, 23| asasercs pemennem 3a1aun (5). Heobxomumbie n goctatounbie

ycsoBust MuauMyMa (20) 3amuiiemM B BHe

A1T1 + A212’2 Onys Al 1221 + A, 9973 = Ony, (22)
D(x )(A 121+ A2122> On, 27 2 Opy . (23)

3 (21) u (22) caemyer, uro z* € Z. YMHOXKUB B (21) mepBoe COOTHOIIEHHE CKAJSIPHO HA 27,
BTOPOE — Ha 25, HOJIyYUM

12717 = 2T (b — Anay — Away)y = 217 (b — Anay — Apas) =
= bTZ1 - 33*TA1121 - $2TA12317
HZ;H2 = 2 (b2 — A ] — A22x2) = bTZQ - xlTA;Zz - szA22Z2

CKJ'[a,ZI;bIBaH 9THU COOTHOIIEHUA, HaXOAUM

HZ'*H2 = ”ZTHQ + Hz;HQ = blTZik + b;zg‘ (All’zl + A2122) <A1221 + A2222)

= (b—Az*)T2* = sz*. (24)
B (24) yureno, uto, cormacuo (22) u (23), 27" (A} 27 +Ag 25) +as (Al zi+Ajyzy) = ¥ TAT2* =
= 0. Takum 00pa3oM, JIOKA3aHO PABEHCTBO (16) 1 110Ka3aHo, uTo 2*1 Az* = 0, 1.e. BeKTOpbI 2* 1
Az* oproronanbubt. Yeiaosue (16) mozkno nepenucars B Buje 2% (2% — b) = 0, oTkya ciepyer
nocsienee yreepxaenue B (17).
Bamumem dyukiuo Jlarpanxka g 3agaan (5) B BuIe

L(z,x) = 'z — ”ZH2/2 - 951T(A1T121 + A;Z?) - wQT(Aizzl + AQTQZ'Z) (25)
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n npusesieM ycaoBugd Kyna—Takkepa
LZI (Z,.CE) = bl — 21 — A11:1:1 — A12$2 S Oml, (26)

D(z1)(by — 21 — Ap1x1 — A1axe) = Oy, 21 > Oy, (27)

L., (z,x) = by — 20 — Apyx1 — Agowy = Oy, (28)

Lo (z,2) = —(Al 21 + Agy20) > 0y, 1 >0y, D(x1)(Al21 + AJy2) = 0,y (29)
Ly (2,1) = —(Aly21 + Agy2o) = 0y, (30)

CpaBHEM HEOOXOJMMBIE U TOCTATOYHBIE yCaoBHs MuHuMyMa (21) — (23) mag 3amaun (1) ¢
HEOOXOJMMBIMH M JIOCTATOYHBIME YCJIOBUSIMU onTuMaabHOCcTH (26) — (30) st 3ajiaum KBa/I-
parugroro nporpammuposanus (5). Ecam B yenobusx Kyna-Takkepa (26) — (30) B kadecTse
BEKTODA T B3sITh BEKTOD =¥, a B KadecTBe 2 BeKTOp 2%, onpeensiembrii B (21), To (29), (30) mepe-
xozdar B (22), (23). Jlerko BuaeTh, 9T0 cooTHOIIeHUs (21) 06ecnednBalOT BHIIOJHEHAE YCIOBHUI
(26) — (28). Takum oGpa3om, ceyIoBYI0 TOUKy [2*,2*] dbyukunu Jlarpamka (25) cocTaBasgioT
BeKTOp 2z* — pentenue 3agaun (5) u BeKTOp T — pemenue 3a4a4qu (1), npudeMm MexK/ly STuME
BEKTOPDAMH HMeeTCsl CBsi3b, 3ajaBaeMast popmystamu (15).

Uz (5), (13) u (16) caemyer

I = I = [|2]P/2 = [pen (a*, X)P/2. (31)

Orcioga nosyvaem Bropoe yrBepKaenue B (18).
Bamaay (5) mpeobpasyeM K SKBUBAJEHTHBIM 3aadaM

I = max [—[b— 2[|* + [[b]*/2] = [1b]]*/2 — min b — z]*/2. (32)
Tak Kak z* — eJINHCTBEHHOe pertenne 3aga4u (5), TO MPUXOAUM K BBIBOAY, uTo 2* = pr (b, Z)
u ||b — 2*|| = dist (b, Z), re. noxazann Bee yreepxienus (18). C yuerom (16) nmeem ||2*[|2+
+|b — 2*||* = [|b]|?, orkyna cienyer (19). Teopema jgokazana. [

B teopeme 1 yrBepkaenne (16) sipisiercs cienctsrem apoiicrBernoctTr 3axa4 (1) u (5) (cwm.
(13)). @opmysner (15) HO3BOIAIOT BEIPA3UTH ONTUMAIBHBIN BEKTOP 2* B 3a7a4e (5) depe3 onTu-
MasbHbIH BekTOp ¥ 3amaqm (1). [omyuennstii u3 (15) BekTop 2* OyJaeM HA3BIBATH 6EKMOPOM
MUHUMANLHOT Heeasok. 113 (31) caenyer

Kpurepunii 1. Cucmema (1) paspewuma mozda u moavko moada, Ko2da 6eKmMop MUHUMAAD-
HOLT He6A30K 2* pasen nyato (3adava (5) umeem nyaesoe pewenue).

Bekrtop x*, yaoBieTBopsiioninii HeOOXOAUMBIM U JOCTATOYHBIM yCJa0BUsAM MuHUMyMa (20)
st 3amaan (1), maszosem ncesdopeweruem cucmemor (1). Ecam ncesmopemenne z* € X, 10
9TOT BeKTOp 2™ sBagercs pemrenneM cucteMmbl (I). Takasg TepMHUHOIOTHS MPUHSATA B METOJE
HAUMEHBIINX KBAJIPATOB. AHAIOTHYHO, perenue u* 3ama4du (2) HA30BEM NceglopeteHuem Cu-
cmemui (11).

Anamus 3amaq (2) u (6) amasoruden npuBegeHnoMy st 3a1a4d (1), (5), oHAKO eCTh HEKO-
Topble orinaus. [1osToMy oTHOCHTENBHO 33124 (2), (6) mpuBeeM Teopemy, aHaJIoquon Teo-
peme 1. [lyers A = [—A, b] — matpuma m x (n+ 1), Bektop r € R™ myeer sug rT = [07, pl.

M cmo — npouseoavroe pewenue 3adavwu (2). Toeda pewenue
Teopema 2. II w' = [T up]) — 0 2). Toz0
* 1 [ * T * T

w wi' wi wi] sadavu (6) ewpascaemes wepes pewenue u* 3adawu (2) no dopmyaam

(Allul + A21U2) A12u1 + A22U27 wy = p— blTUT - b;“;ﬁ (33)



U CNPasedsUBs. CACOYIOULUE YMBEPAHCICHUA!

lw*||* = pus, (34)

w* L AT, wt L (r—w), (35)

w* =pr(r,W), |w*||=penw,U), |r—w"=dist(r,W), (36)
[pen (u*, U)]* + [dist (r, W)]* = |Ir]1?, (37)

lw (| < p, 0<ws <p, Jwil*+ [[ws]® < p*/4. (38)

JokazarenbcTBO. 3a/1a49a CTPOro BBIIYKJIOIO KBAIPATHIHOIO IporpaMMupoBanusi (6) sB-
JseTest 3a1a4eil HaxoxKaenust npoeknnn sektopa [0, , p| Ha Hemycroe MuoxkecTBo W, 3amannoe
CHCTeMOil TuHeHHbIX paBeHcTB U HepaseHncts (II). DTa 3amada Bcerma mMeer eIMHCTBEHHOE pe-
IIeHNe, U JJIs Hee CYIIeCTBYeT BeKTOp MHoxkuTeseil Jlarpamxa u € R". Ilpusenem dbyuxuuio
Jlarpanzxka s 3agaau (6):

L(w,u) = pws3 — Hw||2/2 — uf(blwg — AHU}l — Algwg) — U;(bgw:g — A21w1 — A22w2).

st 3aga4m (6) 3auumem HEOOXOAMMbIE M JIOCTATOYHbBIE YCJIOBUS OUTUMAJLHOCTH (YCJ0BUSI
Kyna—Takkepa), BBIYUCJIEHHbBIE B CEJJIOBOI TOUKe [w*, u*]:

—wy + A11U1 + A21U2 Ony D(wf)( wy + A11u1 + A21U2) Oy wy 2 Opy, (39)

—wy + A12U1 + A22“2 = Ony, (40
p—wi — bl ut —byuj =0, (41
(

Alle + A12w; — blw}f Z 0m17 D(UT)(AHUJT + Amw; — b1w§) = O’I’R17 UT Z Oml, 42

)
)
)
Agywi + Agowy — bowi = Oy, (43)

U3 yenoswuit (39) — (41) caemyer, uto w* € W u BekTOp w* BBIparkaeTcs uepes pemnieHue u*
3ajaan (2) mo dhopmynam (33). Moxcrasiss ux B ycaosus (42), (43), mpuxoauM K COOTHOIIe-
HEAM

AII(ATWT + A 1U5) 4+ A12(AT2U1 + A 2“2) bi(p — blT bT 5) > Opyy Uy > Oy
D(uy) [All(A11U1 + Agyuz) s+ Ava(Apul + Agus) — bi(p — bjuj — by UQ)} = Oy
A21(A11u1 + A21U2)+ + A22<A12U1 + A22U2) ba(p — blTUT - b;U;) = Oy

DT COOTHONIEHUST COBIAIAIOT ¢ HEOOXOAUMBIMA U JOCTATOUYHBIMU YCJIOBUIME ONTHMATHHOCTH
3aja4n (2), BoraucjaeHabiMu B Touke u*. Vrak, u3 ycaosuit Kyna-Takkepa u ycsiosuii onru-
MaJILHOCTH 3ajaun (2) cjiejyer, uTo B PaCCMOTPEHHOM cejioBoii Touke [w*, u*] Bekrop w*
pemnenne 3a1aan (6) n u* — perrenne 3a1aun (2).

U3 paBencTBa 1eaeBbx dbyHKIUii npsmoil (6) u ABoHCTBeHHOM (2) 32129 ¢ yIeTOM COOTHO-
mennit (33) momydaem (34).

HokazaresnbcrBo coorHomenuit (35) — (37) coBepIIeHHO aHAJOTUYHO JIOKA3ATEJbCTBY COOT-
nomrennii (17) — (19) B Teopeme 1.

[Tpu [|w*|| # 0 u3 (34) caemyer, aro wi > 0. Paccmorpnwm (34) kak KBajgpaTHOe ypaBHEHHe
OTHOCUTEJIBHO Ws:

(w3)” = pw + Wi + [Jws]* = 0. (44)



U3 toro, uro ||r|| = p u BekTOp w* — npoexrms r Ha W, cirenyer nepBoe HepaBeHCTBO B (38).
Bropast orerka B (38) cieyer u3 yeaoBus HEOTPUIATETHHOCTH CBOGOIHOTO U/IeHA KBAIPATHOTO
ypasnenns wi(p — wi) = ||wi||? + ||wj]|> > 0, a Tperbs — u3 ycja0BUS HEOTPUIATENHHOCTH
JleTepMUHaHTa KBaJpaTHoro ypasuenust (44). Teopema jgokazana. [J

Kpurepuit 2. Cucmema (I1) paspewuma (nepaspewuma) mozda u moavko mozda, kozda
zadaya (6) umeem nyaeeoe (Henyaesoe) pewerue w*.

Teopema 3. Ilycmo x* u u* — npoussosvrvie pewenus zadayu (1) u (2) coomeemcmeerno,
BEKMOPLL MUHUMAALHOLE He6A30K z* u w* onpedessromes no gopmysam (15) u (33). Tozda
CNPABEINUBDL CACOYOULUE YMBEPHCOCHUA:

1) cuecmemw (1) u (II) arvmepramusno, m.e. paspewuma 00na v MoALKO 00HG U3 HUL;

2) ecau cucmema (1) necosmecmna, mo nopmanvhoe pewenue @* cucmemo, (I1I) u eexmop
MUHUMAAOHOE He6a30% 2° cucmemu (1) Koaruneapro, u

= p/l7|F, 2= pat /@ (45)

T [N*T Sk T

3) ecau cucmema (I1) mecoemecmmua, mo cocmasasroujue T* 7, T3] nopmanvrozo pe-

wenua cucmemnvi (1) umerom eud

Iy =wijwy, Ty = wy/wg. (46)

Hoka3zarenbcrBo. 113 semmbl 2 cieayer, uro cucrembl (I)u (II) He MOryT OBITH COBMECTHBI
OZIHOBpeMeHHO. IIoKazKeM, UTO OJHA M3 HHUX 0043aTeJLHO COBMECTHA. PaccMOTPUM KasKIblii
cayvail OTHeJbHO.

[ycre X = (), Torna pen (z*, X) # 0. Onpenensemsrii u3 (15) Bekrop z* € Z Takos, 4To
||2*|| # 0. YmuoxkuM B iepBoii opmyste (45) JeByto u npaByto dacthb Ha b, yarem (16), mosyanm
bTu* = p, mosromy u* € U, cnemosarennno, U # (). IlokazkeM, 9To0 @* ecTh HOPMAIBHOE PeIIeHIe
cucremsl (II), T.e. 4* gBAgETCSA PEIIEHUEM 3a/1a9H

. 2
min [[u][*/2. (47)

Banummem dyHkImo Jlarpanxka ais 3agadn (47)
L(u, ) = [[ul*/2 + &) (Afyur + Agyuz) + &5 (Afyur + Aggus) + 23(p — bf ur — by us).

JpoiicTBennoit k (47) siBistercst 3a1a9a

- (s — Andy — Apda) (IP [[badis — Agidy — Agplia|?
max max max |pZs— - (48)
T1 € Ril Io € an T3€ Rl 2 2

[Ipusesem yemopua Kyna-Takkepa, BEIMHCIEHHbIe B ceaToBoil Touke [u*, 2*], roe u*' = [u}',
uy'] — pemenne sagaun (47) u %7 = [277, 257, 23] — pemenue 3anauu (48):

UT + AHJAIT + Algi‘; - bll’f?; Z 0m1> D(UT)(UT + Alli'i + Algff; - bli‘;) == 0, UT 2 Omu (49)

uy + Ao 2] + Apo®h — bay = Oy, (50)

Al—lui + A;—lu; S 0n17 D(ZIA?D(AL’LLT + A;u;) = 07117 f{ Z Onl (51)

A]—QUT + A;QUS = Onza (52)
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p—bluf —byul=0. (53)

13 (49) u (50) mosygaem, uro u* — pemrenne 3amaun (47) — CBA3aHO C pelIeHneM T* 3a1adu
(48) coorHOIIEHUSAME

* Ak Ak ok * K X Ak
Uy = (b1$3 — Allxl — A123}2)+, Uy = bgﬂ?g — Agll’l — AQQ.TQ.

Vc1o/ib3yst 9T COOTHOIIEHUS, U3 PABEHCTB ONTUMAJIbHBIX 3HAUEHUH 1eJ1eBbiX QyHKIuil npsamoii
(47) u npoiicrennoii (48) 3amau umeem ||u*||* = pii. Tak xaxk U # Q@ u u* € U, 1o ||u*|| #0 B
city yeaosus b'u* = p > 0. Tlostomy umeem 23 > 0.

Cnenas B (49) — (52) 3amemny

* ok ok

ut = 252", ] = a527, Ty = a505

W COKPATHUB 5TH BBIPAKEHHUs HA MOJOKUTEIbHYIO BEJUYUHY L5, mpuaem K ycaosuam Kymna—
Taxkepa (26) — (30) mas 3agaqu (5), BeIIONHEHHBIM B Touke [2*, x*]. Tlogcrasus u* = T5z* B
(53), ¢ yaerom (16) mosryunm

ol — BT = p/a5 — |22

Orcrona npu 25 = p/||2*||? cnenyer, uro u* = &32* = pz*/||2*||*> = @*, t.e. HOpMasIbLHOE pereHue
cucrembl (II) Beipazkaercs 1o nepBoii dbopmysie B (45).

Vi neproi bopmy B (45) caemyer p = @] [2*], 2* = @*l2*1%/p = 62/ (ol ) =
= pu*/||u*||?, T.e. npuxoaUM KO BTOpOil bopmye B (45).

ITycts Teneps U = (), Torma pen (u*, U) # 0. Oupenensembrii u3 (33) Bekrop w* € W Takos,
aro ||w*|| # 0. Ilpu sTom B cuny yeaosug (34) umeem wji > 0. 13 yenosuit (42), (43) caenyer,
aro BeKTOp ¥ = [r}, 3] ¢ KoMnonenTamu

Ty = wijwy,  xp=w;/wy (54)

siBsisiercsi pernterneM cucrembl (I).
[Tycrs &* — nopmasibHOe perienue cucrembl (1), T.e. ¥ sBisieTcs pereHueM 3a1a9u

2
Hél)l(l == (55)

[IpuBeem dyukiuio Jlarpanzka g 3ToOil 3a1a9u:
Lz, p) = [|2]?/2 4 1 (b — Anzy — Arams) + i (by — Ay — Agpwy),
n ycnosusa Kyma-Takkepa, BHIMHCICHHBIE B ceaaoBoii Touke [T%,u*], tme 7*7 = [#77,757] —

pemenue 3anaun (55), p*' = [pi', u3'] — onTEMaNBHBIH BeKTOp MHOKHTeseil Jlarpam:ka B
zajade (55):

A11M1 A21M2>0n1> D(x7)(Z} A11M1 A21N2) Onyy, 27 2 Opy,s

A12N1 A22N2 Onsy)
by — Ay — Al < Oml, D(ui)(by — An@i — A12@3) = Oy, 45 > Oy,

b2 — AQlfi'T — Aggf; = OmQ.

Stu yenosust Kyna-Takkepa aist 3agaan (55) MOXKHO mOJIyanTh u3 coorHornenuii (39), (40),
(42), (43), Bxoggamux B ycrosusa Kyna—Taxkkepa s 3agaun (6), €cin COOTHOIICHUS PA3IEIUTh
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* * 0k * * 0k * * % * * % *
Ha Wi U 0603HAUUTD T} = wi/wh, x5 = wj /wi, ui = ui/w}i, py = ub/wj. Takum obpazom, mosy-
“qaeM, ITO BEKTOP I*, OmpeeiseMblil cocTaBasgonuMu (54), SBseTcss HOpMATbHBIM PEIeHIeM
cucremsl (I). Teopema jgokazana. [

Urak, Teopema 3 cBojur Bonpoc o pasperuvoctu cucremsl (1) nam (II) k pemenuto 3aaqu
MUHUMU3AIUH HEBSI3KH JTF000# U3 31ux cucreM. [Ipu 5T0M ec/im HOpMa MUHUMAJIBHON HEBSI3KH
OKa3aJ1ach HEHYJIeBOil, TO 9Ta CHCTeMa HECOBMECTHA U 10 9TO HEBsI3Ke IO MPOCTHIM (hopMyIam
HAXOIUTCSI HOPMAJIbHOE PeIlleHNe COBMECTHOl CHCTEMBI.

Ecau B 3a7auax (1) u (2) ucnob30BaTh B3BENIEHHbIE HEBS3KH, TO BBEJICHHBIE TIPH HEBSI3KAX
KO3 DUIMEHTHI T0IZKHBI ObITH YUTE€HbI B 00€MX aJbTepHATHBHBIX cucreMax u (opmyisl (45),
(46) mpUrOAHBI [T BHIYHUCJICHNS HODMAJIBHBIX DEIeHNiT B 9THX BUIOU3MEHEHHBIX CHCTEMAX.

BO3MOKHBI pa3JIndHble BAPUAHTHI MpeIcTaBIennst ajabrepHaTuBHOil cucrembr (11). Kax cire-
JIyeT U3 MPUBEIEHHBIX TEOpeM, cucrema, ajabrepHaruBHas K (I), moyvaercst w3 COMpszKeHHOI
cucremsl (1) myrem nobaBiieHus yea0BUsS, HCKTIOYAIONIETO BO3MOKHOCTH TPUBUATIBHOTO Pellre-
nug 3agaun (5). Haupumep, MoxHO norpeboBarh jyis pemnenuil coupsizkenuoit cucrembr (1)’
BhioHeRns yeaosust b u > 0 (kak B emme aprarna) u6o yeaosus b'u = 1 (kak B Teopeme
leiina), u .. Ecam B cucreme (I) orcyTeTBYIOT OrpaHideHns THITA HEDABEHCTB, TO B Teopeme 3
Ha ) JIOCTATOYHO HAJOKUTH ycaoBue p # 0.

3. OIIPEJEJIEHUE HAIIPABJIEHUSI HACKOPENIIEI'O CIIYCKA B METO/E
BO3MOZKHBIX HAITPABJIEHUI

Huzke Gy/1yT paccMOTpeHbl pa3/inuHble CUCTEMbI, SIBJISIIOIHECs YaCTHBIME CJIyYasiMi CHCTEM
(I) u (IT). Ba srumu cucremamu coxpannm obozuadenust (I) u (II), mobasisiss nHIEKCH, yKa3bI-
BAIOIIe HOMEPA COOTBETCTBYIOIIUX Pa3/IesIOB.

ITycTh He paBeH HY/TIO BeKTOp z* — pemrenne 3aga4u (5). BBegeMm HOpMUpOBaHIbIE BEKTOPHI
zn = 2/||2*]| m 2} = 2*/||2*||. Oupenenaum gomycTnMOe MHOMKECTBO HOPMHPOBAHHBIX BEKTOPOB

Zp=A2 €R™ 1 2, € Z, ||zn]| = 1},

rie Z — conpsizkenHoe MuoxkecTso (1)
PaceMoTpuM ciiejlyony o BCHOMOraTebHy 0 3a/1a4y:

I3 = max b' z,. (56)

Zn€ Zn

*

Teopema 4. IIycmov x* — npoussosvhoe pewenue sadavwy (1), 2 — pewenue sadavu (5),
onpedeasemoe no gopmyae (15); xkpome mozo, ||2*|| # 0. Tozda peweruem 3adavu (56) Acasemes
sexmop z: = z*/||z*||, npuvem

I3 =0b"z = 2" (57)

HdokazarenbcTBo. I3 paBeHcTBa ONTHMAJLHBIX 3HAYEHUIH IEJIEBLIX (DYHKIUNE B3aUMHO
aBoiicTBennbIX 33124 (1) u (5) caeyer, 4To

1/2 = gng)Z( [szn/HZ*H - ||Zn||2/2] :

Tax kak Z,, C Z, TO uMeeM
1 bz lznl? bz lzal? bz, 1
— = max — > max — =max |—— — —|.
2 zez ||z 2 € Zn | ||2%]] 2 wmeZn | |2 2
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Otciona ciemayet
|2*]| > max b z,. (58)

n n

Ecin B kauecTBe z, B3aTh BeKTOp z*/||2*||, KOTOPBIl NpUHAIIEKAT JOMYCTUMOMY MHOMKE-
cTBY Z,, To coraacuo (16), nepaBenctso (58) mepexoaut B paBeHcTBO. Teopema qoka3ana. [J

Bamaua Buga (56) BO3HHKAET B MeTOJE BO3MOYKHBIX HAIPABIEHUH TPU DEIleHUH 3aa4u

HJITI
min f(p), P={peR™:h(p) <0n, g(p)=0n,}. (59)

pe P

3necy f: R™ — RY h: R™ — R™, g : R™ — R"™, dynxuun f(p), h(p), g(p) nenpepsisuo
nnddepennupyembr, MEO)KecTBO P He mycro, 3a1ada (59) nveer pernenue.

[TpeamomozkumM, 4To GUKCHPOBAHA IPOU3BOIbHAS IOMyCTUMAd ToUKa p € P. Beenem BekTop
muozxureneii Jlarpanxa © € R", o7 = [z],2;], tne 21 € R}, 20 € R™, n = ny +ng, 1
oupegeanm pynkuumio Jlarpamnzxka

L(p.x) = f(p) + " (p)x1 + g (p)a2.

Bsegem YCJIOBUSA JONOJIHAIONIEH HEKECTKOCTHU
z'h'(p) = 0, 1<i<ny. (60)

Komnonenta hi(p) sextopa h(p) maswiaercs axmuenoti B Touke p € P, ecom hi(p) = 0. B
cuity (60) BCe KOMIIOHEHTBI BEKTOPA Z1, COOTBETCTBYIOIINE HEAKTUBHBIM KOMIIOHEHTAM BEKTODA
h(p), pasubl Hys10. [Ijist IPOCTOTH OyIeM CYUTaTh, 9TO B (DYHKIUIO JIarpan:ka BXOIUT BEKTOD
h(p), BCce KOMIIOHEHTHI KOTOPOTO akTUBHBL. [TpuBegem ycaosusa Kyna—Takkepa mis 3agaan (59),
BBIYHCJIEHHBIE B TOUKe [p, x|, T1e p € P:

Lp(pa T) = fp(p) + hp<p>371 + gp(p)£132 = O, 21 2 Opy - (D3

[Tpu ukcupoBanHoM p € P 3T yCI0BASA OTHOCUTETHHO T MOXKHO PACCMATPUBATH KAK YACTHBII
cay4uait cucremst (I).

Beenem BekTop p’ = p+ 7z, rae T — ajuHa nara, HanpasJaenune cuycka z € R™ ||z = 1. B
sazade (59) amHeapusyeM reneByo GyHKIUO 1 DYHKIWA, 3a/a101IHe OrpaHnvennst. Beanauny
T cudTaeM MaJioil; 0TOPaChiBas YJIEHbI BBICIIErO IOPS/IKA MAJOCTH, IPUXOAUM K CJIe/LyoIeil
3aj1a4e OTHICKAHMS HAIPABJICHHS HAUCKOPEHIIero CIycKa:

Li=minz"f,(p), Zn={2€R™: ] ()2 <0u, g (p)2 =0, [2l=1}  (61)

ze Zn

Ecau 3amaqa (61) umeer pemenue 2 u npu srom I, < 0, To Takoe HAIpPaBJIEHHE HA30BEM
HANPABNEHUEM HAUCKOPETUWE20 CNYCKa. JTO 3HAYUT, 9TO 10 KpaiiHeil Mepe B JIMHEHHOM IpH-
OIMZKEHUH MOXKHO “yurydimuTh” TOUKY P, B3B HOBBI BekTOp p’. Torma npu 10CTaToIHO MaIOM
mare 7 BeKTOp p’ ocrtaercs B pomycrumom MuoxkectBe P u f(p’) < f(p). Ecaiu 3amaqa (61) ne
IMeEeT TAKOTO PEIeHNs], TO TOUKY P HEBO3MOYKHO JIOKAJIHHO YTy UIIHTh.

Y10o0BI BOCTIOIB30BATHCS paHee TOJYUYeHHBIMI Pe3yJIbTaTaMu, OYAeM CUUTATh, YTO h; (p) =
= Ajy, g, (p) = AJy, —[o(p) = bo; ocTasbHbIE HOAMATPULEL MATPULEL A 1 BeKTOD b1 HyJeBbre.
Torga cucrema (II), anvrepuarnsnas k (I), 3amumercs B Buge

u'hy(p) <0, u'gy(p) =0, —u'f,(p)=p>0. (11);
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Eciu cucrema (I); paspemnma, 1o coryiacHO Teopeme 3 ee HOPMATbHOE DEIIeHNne UMeEeT BUJL
a* = pz*/||2*||, rae 2* = —L,(p, 2*), 1 BEKTOp T* HAXOJUTCS U3 PeIleHNs 3a1a41 6e3yCT0BHOIL
muHEMu3aud (1), KOTOpas B JJAHHOM CJIydae 3allMChIBACTCs B BUJIE

I = min  min [|L,(p,2)||*/2. 62

i, min 100,91 ©2)

Hopmupyem Bektop @*, nonyuum ) = z*/||z*|| = z%. Bekrop z upunamiexxur Zn, U COLTIAC-
1O Teopeme 4 (cMm. dopmyny (57)) umeem I, = —I3 = —||z*||, T.e. HanpaBenue 2! aBageTCHA

HaNpaBJIeHHEM HANCKOPEHIero Ciycka B JUHeapU30BaHHOM 3aj1a4e (61). D10 HampaBieHue cy-
MECTBYET TOTJA U TOJBKO Torja, Korma cucrema (I)3 mpu dbukcupoannom p € P He Moxer
OBITH Pa3perinMa OTHOCHTeIbHO MHOKHTe el Jlarpamka x1 € R, xo € R™ 3amaun (59), re.
I > 0.

Taxum obpazom, /s onpeie/IeHnsT HAMCKOPEHIIero ciycka HeT HeoOXOIUMOCTH PeriaTh 3a-
Jady ycaoBHOi munnMusanuu (61). 1o HanpaBieHne HAXOIUTCS U3 PelleHus 3a1a49u 6e3yCI0B-
HON MuHEMEI3aTUH (62).

Ormerum, 910 TAKOW MOAXO0J O0COOEHHO (PHEKTUBEH, KOTJAa N — KOJUIECTBO aKTHUBHBIX
OrpaHWYeHUiT B TOUKe p € PP — MHOTO MeHbIITe Pa3MEPHOCTH BEKTOPA P, TAK KAaK MUHUMU3AIUS B
3asade (62) BeJeTcs B n-MepHOM pocTpaHcTBe. B Touke p’ mepeonpeiesisiercst HaGOP aKTHBHBIX

OrpaHWYeHuii, KOTOPbIii mo-npe:kHeMy o6o3Hadaercs depes3 h(p).
4. 3AJIAYN [TPOEKTNPOBAHNSA N1 KOPPEKIINI

[TpuBesieM reoMeTpUYECKYI0 MHTEPIPETAIMIO HOJIYyYeHHBIX pesybraros. 113 (16) cieayer,
9TO BEKTOP HEBsI3KHU 2* oproronasen BekTopy b— z*. Ilosromy Tpu TOUKHM: HAYAI0 KOOPIUHAT B
R™, rouku 2* u b — 00pa3y0T NPSAMOYTOJIBHBIH TPEYTOJILHUK, Y KOTOPOro BEKTOP b onpejeisier
TUIIOTeHY3Y, BeKTOp 2* — KareT jinHOl, paBHoil pen (x*, X), Bekrop b — 2* — Bropoii KaTer
amanoit dist (b, Z). U3 Teopemsr Indaropa craexyer (19). Ilycrs bt — mpoexnma BexTopa b
Ha MHOkKecTBO Z. Torma oproromasibubiii k memy sexrop bl = b — bt o6pasosan u3 aByx
cocrasistonux: bl = by — (by — Apyxt — Apal), u bl = Aoy} + Agxl. U3 (16), (17) caenyer,
ato gaa b L bg u by | bg dbopmyabr (18) mpumyT BuI

Z*:bJ'IpI‘(b,Z), HbJ_H :pen(x*,X), Hb”H = dist (b,Z) (63)

B srtux obosznavenusix coornomenust (16) u (19) cTaHOBSTCS COBEPIICHHO OYEBHIHLIMI:

16+]12 = [|b*]|2, |01+ ]61]|? = ||b)|?. Eciu Z — numeiinoe mommpocTpancTso, To b — mpoekis
Bekropa bl Ha Z, a bl — mpoexunst b Ha oproromanbHOE JOMOIHEHHE K Z.

Anajiornvno, B Teopeme 3 numeem
w* =71t =pr(r,W), |t =rpen @, U), rl=r—rt |l = dist (r, W). (64)

U3 reopem 2 u 3, dbopmya (63) u (64) cieayer, uro ycaosus (3) KpuTepust albTepHATHBHOCTH
MOKHO IIPEJICTABUTD B BHUJIE

o=l = M =0, fIoHl+ e = 1127] + [lw[| > 0.

Taxum obpazom, cucremst (I) u (IT) anbrepHATHBHBI.

I3 Teopembr 1 caepyer, uro ||2*]] < |||, b7 z* > 0. Bexrop 2* siezkur B mosycdepe ¢ menrpom
B Havase KoopaumHat npocrpanctsa R™ u ¢ paamycom, pasubim ||b]|, npudem z* jgexur B TOi
noJIoBUHE cephl, TIe BEKTOp 2* 00pasyeTr ocTphiil yrou ¢ BeKTopom b. O4eBHIHO, 9TO BEKTOPHI
r+ u rl nexar B cdepe pagmyca p ¢ menTpoM B Hauase KoopamHAT mpocTpaHcTsa R™T

13



Paccmorpum 3a1auay (14) o mpoektupoBanuu Touku T € R" Ha Hemycroe MHOXKeCTBO X .
Cornacuo Teopeme 3, HOpMaJIbHOe pemnterue cucteMbl (1) ecTh MPoeKIus HAYAIa KOOPIUHAT HA
muozxecrBo X: ¥ = pr(0,, X). Cuenas B (14) 3ameHy 1epeMeHHbIX Y = T — T, CBEJIEM €€ K
3a/a4e MPOEKTUPOBAHUS Havasa KOOPJAUHAT Ha “CJABUHYTOE  MHOYKECTBO

X ={yeR": Ajyys + Aayo > b1, Aqyyr + Asgyo = ba, y1 > —71 1, (65)

rie by = by — Ap@ — AT 1 by = by — ATy — Aas.
Bamaua (14) upumer Buj

J = min|ly|| = [l = [ pr (0, X)|- (66)
yeX
Mezxky pemrennsivu 3aga4 (14) u (66) ecrs mpocras CBsI3b:
T =pr(,X)=7+y" (67)

AHAJOrMYIHO MOYKHO TIOKa3aTh, 910 ecau U # (), To nopmasbhoe pemenue cucremsl (I11) ecrn

@ =pr(0m,,U) n

u =vpr(a,U)=1u+0", (68)
rae v* = pr(0,,0), U= {v e R": Aljv; + Aj vy < di, Al,uy + AJyvg = do, bl vy +bJvy =
= d3, U1 Z l_Ll} n d1 = —Airlﬂl — A;lﬂg, d2 = —Aigal — A;—Qag, dg =p— b]—ﬂl — b;ﬂg

B [11, 12| craBarcs 3amaum oNTHMAIBHONW KOPPEKIMH JIMHEIHBIX HECOBMECTHBIX (Hecob-
cTBeHHBIX) cucTeM. [Ipumenuresnbao K cucreme (I) pedb maer 0 HAXOXKJIEHHH TAKOrO BEKTOPA
l~), 9TOOBI IIPU 3aMeHe BeKTopa b Ha b — b HECOBMECTHAS CHCTEMA (I) cTanOBUIACH COBMECTHOI
(COBCTBEHHOM) U TIPH TOM €BK/III0BA HOPMA BEKTOPa b ObIIA MIHHMATIBIA.

Teopema 5. ITycmb x* — npoussoavhoe pewenue zadawu (1), z2* — 8exmop MUHUMANHVLE

He6A30k, evuucaernuil 6 mowke r*. Toeda onmumanvras koppexyusa cucmemo, (1) cocrmoum
6 samene sexmopa b na eexmop b — z*. Ilcesdopewenue * cucmemo, (1) asasemesn peweruem
CKOPPERMUPOBAHHOT CUCTIEMDL

Anzy + Apzg > by — Zik, Aoy + Agarg = by — Z;; Ty 2> 0n1- (69)

Coryacuo (63), cocTaBasiomue BeKTopa z* TpecTaBUMbl B Buje 2; = by, z3 = by; Toraa
bl = by — b, bl < by, bl = by — b u (69) MozkHO 3aIMCATH B BrE

Anzy + Apzs > b!, A1y + Agory = bg, 1 2> 0y, (70)

pu 3amene b na bl anpreprarusnas cucrema (II) cTaHOBHTCS HECOBMECTHOM 1 PelTeHIe 3a,1a i
MUHUMH3AINN €€ HEeBA3KU COIVIACHO TeopeMe 3 MO3BOJIeT ONpe/IeJUTh HOPMAJTbHOE DelleHne
T* ckoppekTupoBanuoil cucrembt (70). Vrak, Koppekius HecoBMecTHOl 3ajgaqu (I) u HAXO-
JKJIEHHe HOPMAJBHOTO DelIeHHsl CKOPPEKTUPOBAHHOMN cucTeMbl (70) COCTOMT B pelleHuu JIBYX
3aa4 Oe3yciaoBuoit munumusamuu B R™ u R™. Jljig HaX0XKI€HUS M-MEPHOIO BEKTOPA b=z
¢ MUHUMAJIBHOIl eBKJIMIOBOH HOPMOii perraercst 3aada Ge3ycjoBHoit munnvusannu (1) ¢ n
epeMeHHBIMHE, & JI/IsT HAXOKJCHUsT N-MEPHOTO HOPMAaJIbHOTO BEKTOPa I* — permeHus CKOpPeK-
THpOBaHHOI cucreMbr (70) — MPUXOJAUTCS PeIIATH 3a1ady Oe3ycaoBHON MunnMu3ammu (1) ¢ n
nepeMeHHbIM.

Mo2KHO 1peIozKUTh UHON cHocoO KOppeKiuu HecoBmecTHON cucrembl (1), npu Koropom
BMECTO TPUBEIEHHBIX JBYX 3a/a4 0e3yCJOBHON MUHUMHU3AIUHU PENIAeTCs TOJIHKO OJIHA 3ajada
Ge3ycsioBHO MuHUME3anuu B nmpoctpanctBe R™. 3agady koppekmun cucrembl (I) ¢ omHOBpe-
MEHHBIM HAaXOZK/IEHHEM pellleHus MpeJICTABIM KaK 3371a1y HAXO0K/IeHUs HOPMAJIbHOTO PelleHust
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COBMECTHOIi CHCTeMBbI, KOTOpas MoJydeHa u3 cucreMbl (I) ¢ MOMOIIBIO TOMOJTHATETHHBIX Tepe-
MEHHBIX b1 € R, b2 R™2;

Az 4 Avag + by > by, Agay 4 Agay + by = by, 21 > Onys by > O - (71)

OTa cucrema, BCerJga COBMeCTHa. HOSTOMy aJIbTepHAaTUBHadA K Hell cucTeMa BCerJga HECOBMECTHA
n UMeeT BU/L

A 1U1 + A21'U,2 < Onl, A U1 —+ A22U2 = On2, Ul S Om17 Uy = 0m27
blTul + b;ug =p>0, u; > 0p,.
PeIHI/IB 3a/a1y MUHUMU3AIIUN HEBA3KU ITON aﬂbTepHaTHBHOﬁ CUCTEMBI

i min [(Afyur + AJyug) |2 4 | Afour + Agyus||® + [Jua]]® + [Jus]|? 4 (p — b) ug — by ug)?
uleRTI ugERm2 2 ’

B cooTBerTcTBUN ¢ hopMmyJIoil (46) mosryunm HOpMasbHOE perierne cucrembl (71):

o= (An“l + A21u2) Fr— A12“1 + A22U2
1 * ) 2 — * s
Wy Wg
B* - * * Tx % * * bT * bT *
1 = ul/w?n 2—u2/w3, Wy = P — 01 Uy — Oy Uy

5. CUCTEMBI JINHENHBIX YPABHEHUI

Pacemorpum wactbrit cay4aii, korga B (I) u (IT) orcyrerByior Hepasencrsa. Toria cucrema
(I), onpenensitonast MHOZKeCTBO X, HMeeT BUJL

Ax = b, (D5
a aJbTepHATHBHAS CHCTeMa, OIPeJIeJIsIoNas MHOKeCTBO U, 3aMnChiBaeTCs B BU/IE
Alu =0, b'u=p#0.
D1y cucremy yj00HO HPEJCTAB/IATH B BUJIE
ATu=r, (II)5
rie A= [=A b urT =07, p], p#0.

13 Teopemsbl 3 crenyer anbrepHaTusa OpearoabMa: BCEraa pa3peIlnMa OJHA I TOJLKO OTHA
cucrema: jubo (I)s, mu6o (1I)s.

Bextop b passioxum B cymmy oproronaibueix sekTopos: b = bl +b%, rae bl = pr (b,im A),
bt = (bker AT), Z =ker AT. Ecou |0 =0, 170 X #0 u U = 0. Ecom ||b*|| #£0, 70 X =0 u
U # 0.

JINs BBIAB/IEHUS Pa3peIIMMOCTH TOil MM MHOH CHCTEMBI M OJHOBPEMEHHOIO HAXOXKICHHS
PEIIeHUsT pa3pelIuMOil CHCTeMBI JOCTATOYHO HAWTH XOTA ObI OJMH BEKTOP & WIM u*, pemms
JIIOOYIO U3 CjIe/ Iy oKX 3a/1a4 0e3yCJI0BHOW MUHUMUBAIMN:

1o — Az _ ||b— Az*| Ir = ATul* |l = ATur|?

. _ : _ . 79
TR 2 2 oRm 2 2 (72)

STI/I 3aJa91 MO?KHO paCCMaTpUBaATh KaK METOAd HaWMMEHBINTNX KBaJdpaTOB, HpI/IMeHeHHbIP'I, CO-
orsercrenno, K cucremam (I)s m (II);. 3 Teopem 1 — 3 moayumm 2* = b — Az*, w*' =
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= (w3, wi] = [r— ATu*||", wi = ATu*, wi = p— b u*. Heobxommmble I JOCTATOUHbIC YCIOBHS

MHUHEMYMa B 33ja4ax (72), 0ObIYHO HA3bIBAEMBIE “HOPMAJBHBIME YPABHEHUSIMU ', UMEIOT BUJL
AT(b— Az*) =0,,  A(r—ATu*) =0,,. (73)

Orcioza cieayeT, 9To BeKTOphl 2% = bt € ker AT w w* = r+ € ker A. BexkTopwr z*, u*, yaosie-
reopstiomue (73), apigorca ncesaopemenusivu cucrem (I)s u (II)s coorsercrsenno.
Ecan ||bY)| =0,10 X # 0, U =0, b =bl, 2* = 0,,, w} # 0 n HopMabHOE pelienye cucTeMbl
(I)5 BeIpazkaercst hopmy.ioii
P =ATu(p—b"u"), (74)

rae u* — ncepgopemtenne cucrembl (I1)s. Tloacrasagas sty dopmyny B (I)s, mocsie mpocrbix
1peoOpa30BaHuil 110J1yYaeM

(AAT 4 bb")u* = pb. (75)

Ecmu [[bt|| # 0, To X = 0, U # ) uw nopmasnsroe pemenne cuctemsr (I1)5 npeacrasuvo B
BHJIE

it = p(b— Az")/[|b— Az"|%, (76)

rie ©* — ncesopemntenue cucremsl (1)s. Cucrema ()5, ckoppekTupoBanHas 110 BTopoii hopmy.ie
B (69), npeacraBuma B Bujge Ar = Az* = bl. Ee nopmasbroe permenne x* onpesessiercs 1o
dbopwmyiie (74), B koropoit b = bl, a u* naxoanres uz Bropoit 3axaun B (72) npu b = bl. Ecin y
mMaTpuibl A panr paBeH n, TO CKOPPEKTUPOBAHHAS CUCTEMa UMEeT eIMHCTBEeHHOE Pentenue ™,
KOTOpPOE COBIIaIaeT C ee HOPpMAaJbHBIM pellleHueM T*.

Huzke moTpebyeM, 9To6b1 panr MaTpunbl A pasMepa m X n GbLT MAKCAMAJIbHBIM. depes AT
oboznauum (n X m)-marpuiy, ncesgpoooparnyio Kk A. PaccMorpum Ba clenuaibHbIX Caydast,
korga 3aga4au (1), (2), (5), (6) pemaiorcs aHAJIATHICCK.

Cayuaii 1. ITycts rank A = m.

Torma n > m, X # 0, [bY]| =0u U = 0, At = AT(AA")", AAT = I, crpokn
marpune A muneiino nesapucumsl, (A7)l = AT A — marpuna n x n npoexTuposanusa na im AT,
I, — (ATl = (AT)* — marpuna mpoexTupoBanus ma ker A. ITo Teopeme KponekepaKanemn
rank A = rank A < rank[AT,7] = m + 1. Hopmausnoe pemenue Z* cucremst (I)5 MozkHO
HPEJICTABUTH B Pa3JIUYHBIX (pOpMax:

it =Atb = AT(AAT) b = pr (0, X) = (A")lz, (77)

rjie T — HPOU3BOJIbHBIN BEKTOP U3 X .

Marpuna AT mMeeT Kommuecrso CTpok Gosibliee, deM KOIHYECTBO CTOAGHOB. Ilosromy
(ATYt = (AAT) A, (AT)y*AT = 1,,, (ATl = AT(AT)* — xpagpaTuas MaTpuIa mOpSIKA
n+ 1 npoexruposanns ma im AT, (AT)L =1, — (AT)I. [Icesnopemenne cucremsr (I1)5 3amm-
mercd B BUIe

uw = (AT)Fr=(AAT)Ar. (78)
Bexrop u* yaosaersopsier ckoppektuposanuoii cucreme ATu* = rll pre rl — npoexmms sexropa
7 Ha IOJIPOCTPAHCTBO im AT

rl = pr(rim A7) = (AT)lr = AT(AAT) T Ar.

BekTop w* — HpoeKmus r Ha OPTOrOHAJIbHOE JomosHeHme ker A K mommpocrpancTBy im AT,
JleficTBUTEIHHO, TTOCTE PSAa OUEBUIHBIX MpeoOpa30BaHMil MOXKHO IMOKA3aTh, ITO



OnpegeuM KBaJApaTHYIO IMOPSIKa 1M HEBBIPOKIAEHHYIO MaTpuily = (AAT)_I = (AAT+
+bb")~1; Torma uz (78) caemyer
u* = pdb. (79)

Dra dopmyrna caenyer Takzxke u u3 (75), ecau B (75) mpeanonoKuTh, 4To Marpura P cyrie-
creyer. [loacrasnss (79) B dopmyry (74), moaydaem

= AT®b/(1 — b DD). (80)

Tak Kak HOPMAJTHHOE pellleHHe eJIUHCTBEHHO, TO MOYXKHO HPUPABHSITH Bbipazkenus (77) u
(80). B pesyabrare MOJIyIuM MATPUIHOE TOKJIECTBO

AT®b/(1 —b"®b) = AT(AAT) b, (81)

C momombio ONTHMATBHOIO BeKTOpa MHOXKHTeeil Jlarpamka p* € R™ B 3amade naxoxme-
HUSI HOPMAJIBHOI'O pemntenust coBmecTHoii cucrembl (I)5 npeacrasum (77) B Buje

Tr=ATpr, = (AAT) M (82)

Cornacuo dopmyJe (80) nveem
p=®b/(1—b"u*). (83)

113 (82) u (83) mosyduaem TOXKIECTBO
db= (1 —0b"®b)(AAT) "D, (84)

O603HAYNM Uepe3 7y HaMeHbIIee cobeTBeHHOe 3HaueHne MaTpuisl AA . Tak kak rank A =
=m, 10 v > 0 u u3 (82) nosyunm

el < 11307 = w T AAT s = 7o < bl I,
(72 I 11V P | R (L [VAVAR

[Iycrs Bexrop T* — upoekuus T na X. Toraa uz (67) umeem T° — T = pr (0,,, X). Corac-
Ho (65), MuokecTBo X mpegcrasumo B Buge X = {y € R" : Ay = b}, rie b = b — AZ. Bumecre
¢ tem pr(0,, X) — BekTop u3 X ¢ HauMeHbIIeli eBKIUIOBOII HOpMOIi, moIToMy, Kak B (77),

Oy YAM

(85)

T —1=A"(AAT) . (86)
Anasornuno (82), (85) mveem
T*=Atb=ATp*, pr=(AAT)1b,
e < llz*)? = aTAAT R = o < lasfllioll, - E I < 118ll/, (87)
dist (7, X) = [|lz* — 2|l = (276)"/* < [|bll/ /7 = pen (7, X)/ /7.

1

DopwmyJsl (86) u (87) 3anmchBaIOTC 0COGEHHO TIPOCTO, ecn m = 1, B 9ToM caydae b € R,
MaTpuna A sBjsieTcs n-MepHoit BeKTop-cTpokoit a' . @opmysa (86) 3a1aeT TPOEKINIO BEKTOPA
T Ha ILIOCKOCTb a' x = b, hopmyna (87) onpesessger paccToguue oT T J10 3TOM ILIOCKOCTH, T.e.

7 =7 +alb—a'3)/|al?, dist(z,X)=|b—a z|/|al. (88)
Ecin & = 0, To 2* = ab/||al?, [|7*|| = |b|/al].

Ciayuaaii 2. Ilycts rank A = n.
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Torma n < m. Ilycrs U # 0, ||b*|| = 0, Torma X = (. Tak Kax cTonOIB MaTpHITHL A THHEHHO
nesapucumel, 1o AT = (ATA)TAT, ATA = I,, Al = AA* — maTpumna m X m IpoeKTHpOBaAHM S
na im A, I, — Al = AY — marpuna npoexTupoBannst Ha OPTOrOHAIBHOE HOAIPOCTPAHCTBO, T.€.
na ker A", U3 reopemnl Kponekepa-Karmesu ciemyer, uro rank A=n+1 [TceBnoperienue
cucrembl (I); n HOpmasbHOe perenne cucrembl (11)5 3amumnryTest B Buje

tt=ATh, At =(ATA)TAT, @ = AATA) Y = pr (0, U) = (Al (89)

e u € U. BexTop o* y10B/IeTBOpsieT CKOPPEKTUPOBAHHOM coBmecTrOl cucreme Ax* = bl rie
bl = pr(b,im A) = A(ATA)"'ATb — npoekius BexTopa b Ha momupocrpancTso im A. Bexrop
z* — mpoexmus BekTopa b Ha ker AT — oproronasnuoe fgomnosnnenne k im A. JleficTBATeNLHO,
MOKHO IOKa3aTh, 4T0 2% = Atb = bt.

B (89) marpura AT A kBaspaTHas mOpsaaKa N+ 1, HeBBIPOKIEHHA I IPEICTABUMA B GJIOTHOM

BHUJE:

AT 2 ATA —ATh
TA —
A A= { —b'A  bb ]
C nmomomrsio dhopmysibl Dpobernyca onpegeanm o6paTHyo MaTpuily u u3 (89) moaydum

Aroa —HA™b
T A\-1,. _
(A A) rpﬂ|:1—|—ﬁbTAHATb:|’
a* = Pp[(1+BbTAHA )b — AHATY]

(90)

re 3= 1/||b||>, H=(ATA—B3ATbb" A)~! — xBaaparnas marpuna nopsxa n. [Ipupasausas
dbopmynbr aist @ w3 (76) u (90), mosydaem BTOpoe MATPHYHOE TOXKJIECTBO:

Un = AATHTATD  ry T A AT — AHATS o1
||[Im_A(ATA>—1AT]bH2 6[< + 0 ) } ( )

[Tocte Toro xKak Marpudnbie ToxgaectBa (81), (84) u (91) ycTraHOBIEHDBI, UX CHPABETHBOCTD
MOYKHO JIOKa3aTh W HEMOCPEJCTBEHHO, Oe3 MpuBjIedeHns TeopeM 1 — 3.
O6oznaunm 4depes 1) HauMenblnee cobeTsennoe 3nadenue Marpuns A A, Torma 3 (89) cie-

AYyeT R IO
@ = Agr, & =(ATA) M,

€)1 < [|la*|)? = & TATAE < &Tr < |1€7|/p,
1€ < 1/(pm), [la*]| < 1/(py/0),
dist (a,U) = ||@* — a|| < ||r — ATall/ /7.

Ucnonb3ys (68) n nociaearon dopmyray B (89), mosydaeM BbIpazkeHWe sl TPOEKINH BEK-
TOpa U Ha HeIycToe MHOXKecTBO U:

(92)

— ~ ~

o =pr(a,U) =a+pr (0, U) =a+ AATA) "y,
6. CICTEMBI JINHEIHBIX HEPABEHCTB

HyCTb CHCTeMa, OIIpedeIdroIIad MHOXKEeCTBO X, uMeeT BHI
Ax Z b, (1)6

rae A — marpuna m x n, b € R™, ||b]| # 0. Ansrepnarusuas cucrema, OnpeIesrONas MHOKE-
crBo U, 3anuchiBaeTcsi B Bujie

-
Alu=r, u>0,,, (IT)g



r7le, KaK U B pa3/. 5, pacmmpennad MaTpuna nveer sug A = [—A bl ur" = 1[0, p], p > 0.
CornacuHo Teopeme 3, coBMecTHa 0fHa U TOJIbKO ofHa u3 cucreM (I)g wm (I1)g. ro yrBep-
JKjeHue Juist p = 1 u3BecTHO Kak Teopema [eitia.
BBe,ZLeHHbIe paHee MHO2KeCTBa IIPUHUMAIOT BUL

Z={z€eR}, AT2=0,}, W ={weR": Aw < 0,,},
X={yeR':Ay=b=b—Az}, U={veR™: ATv=i=r—ATa},
pen (z, X) = (b — Az), | pen (u,0) = |Ir — ATl

Bekropsl ¥, u* onpejesorcs u3 3aj1a4

o 2 _ * 2 AT N2 AT, %2
oA P 6= A) = ATl = AT

FAS Rn 2 2 ’ ue RT 2 2

(93)

HeoGxouMble 1 JOCTATOYHBIE YCJIOBUSI MEHUMYMa B 3aja4ax (93) uMeoT Bu
AT(b— Az*) L = 0, fl(r — ATu*) < 0pm, D(u") [fl(r — ATu*)] =0, u" >0,

Orciona caeayer, 9T0 BEKTOPbl MEHUMAJIbHBIX HEBA3OK 2° € Z u w* € W.
U3 teopem 1 — 3 momyunm 2* = (b — Ax*), w*' = [wi",wi] = [r — ATu*]", wi = ATu*,
wi = p—>bu*; ecrm X # ), To wi > 0 n nHopmambHoe pemenne cucteMbl (I)g BbIpazkaeTcs

CJEYIONUM 0Opa30M:
=AM (p—b"u"). (94)
[Tpu p = 1 sra dbopmyna Oblia noiaydena B [8]. Tak kak T° € X, 1o u3 (94) BbITeKaeT aHaIOr
bopmyanr (75): (AAT +bb")u* > pb.
Ecmn X =0, To 2* > 0,, m nopmansuoe pemenne cucrembl (I1)g mpeacraBumo B Bue

@ = p(b— Ax*)y /|0 — Az")4||* = pb™ /[0 (95)

Huzke morpebGyem, utoObr panr marpunbl A pazmepa m X n ObL1 MakcnmaababiM. Hepes AT
0603HAIUM (1 X M )-MaTpUILy, ICeBI00OpaTHYIO K A.

Cuywuaii 1. IIycts X # ().

Torga U = (). Pemus 3ama4y (2) (Bropyio 3amaqy B (93)), u3 (94) onpegennm HOpMATLHBII
BekTOop ¥ € X, mosromy AZ* > b. IlpeanosoxKum, 910 B 3TOH CUCTEME HEPABEHCTB B TOYKE
T* mepBble S yCJIOBUIl BBINOJIHSIFOTCS KaK PABEHCTBA, OCTAJIbHBIE C = 1M — § — KaK CTPOrUe

HepaBeHCTBa. B cooTBeTCTBHE ¢ 3TUM pa3zobbem Marpuiy A u sexktopwt byu : AT = [A], A]],
bT =[], 0], u" = [u],u]]. Paccmorpum cucreny
Asx = bs. (96)

[Iycts s < n u panr Ay paseH s; Torga cucreMa (96) paspenmuma u ee HOpMAJbHOE DeIIeHue,
cornacHo (77), MOKHO TIPEJICTABATH B BHJIE

T = Arb, = pr(0,, X,),
rme Af = AT (A, AN X, = {z e R": Ajz = b,}. Tax kaxk &* = 7, To moaydaem

AT/ (p=bTu) = AJuy/(p — byuy) = A (AAL) b,

19



Ecnu Bce orpanmveHuss B TOUKe I* OKa3aJlMCh AKTUBHBIMHU, TO HPUXOIUM K (HOpMY/IaM
npeapiaymero pasaena. Ecoim b < 0,,, To 2* = 0,. [Ipu b < 0, B Touke I* HeT aKTUBHBIX
orpaHuYeHuit; Kpome Toro, ecau rank A =m, o u* = 0,,.

PaccmorpuM 3aj1ady HaXOXKAeHHst HOpMaabHoro pemenus ©* = pr(0,, X). Beimmumem s
sroit zamaan dynxnmnio Jlarpanwa L(z, 1) = ||z]|?/2 + pu" (b — Az) n yeaosus Kyna—Taxkepa

[IpejcTaBuM ONTHMAJBHBIA BeKTOp MHOzuTeneii Jlarpanxa kax p*' = [pi', ui'], roe pt =
= (A,AD) 7Y, pf = 0,. 31eCh 479 IPOCTOTH CIATACTCS, UTO HePBhIe S OTPAHUTCHHl AKTHBHEL,
re. A3 = by, A3* < b.. Torna pu*'m AA T = piTA,Al pr. Tlyers 4 — maumMenbiuee cob-
crBenHoe 3Havenue Marpunbl AgA] . Ouesnmno, uro v < 7, Tae Y — HamMeHbIIee cOBCTBEHHOE
snauenne Marpunsl AAT. Cornacno yeaosnio rank A = m mveem ¥ > v > 0 n
= 2 T T T =
Mpdll® < ps AAgpl = pi 0s 20, gl < [loll /7,
% (|2 T (2 T 2 /%
[Z*[* = [[Ag p5l]* = 37 bs < [[bs]%/7-

g BBIYHCIEHUS MPOEKINH BEKTOPAa T HAa MHOXKECTBO X BOCIOIb3yeMCs pe3yIbTaTaMu

pazz. 4: yarem, uTo 31ech ¥ = (AAT)7b, b= b — AZ, n momyanm
[dist (z, X)* = [[z* — [|* = [pr (z, X)]* = [pr (0n, X)J* = p*" (b — Az) <
< gl (os = Asz) 4| < [[(bs = Asz)[I/7 < [I(b— AZ) 4 [/7-

Onenknu (87), (92) u (97) anmamornunsl HepaBencrBam Xoddmana (cM., Hampumep, [2, 3]).
3ameruM, 9TO B HOJIy4€HHBIX (DOPMYJIaX €CTh CYIIECTBEHHbIE OT/in4usi. BO-1epBbiX, KOHKPe-
TH3UPOBAHBI KOIDDUIIMEHTRI 7Y, 1) U 7, BO-BTOPBIX, JaHBI TOYHBIE (DOPMYJIBI JIJIsI BHITUCICHUS
paccTosinus MeXK1y T u T, MexKIy U* u U. B mpuBeieHHOM U3/I02KEHUH COBEPIIEHHO OYEeBUIHBI

YTBEP:KJIEHUsT O TOM, 4UTO 7, 7 He 3aBucaT OT b, a 1 He 3aBucut or r (cM. Teopemy 10.1 B [3],
aemmy 35.5 B [2]).

Cuayuaii 2. IIycts X = ().
Torpa ||z*|| # 0, cucrema (I)g mecoBmecTHa, cpean KoMnoneHt Bekropa Ar* — b ectb oTpu-
naresbubie. CKOppeKTHPOBaHHas CHCTeMa OyJleT UMeTh BHIL

Az > bl =b— (b — Az*),.

Caenosarensuo, ecan (b — Ax*)" < 0, ro (b)' = b7, T.e. i-a KoMmOHenTa BekTOpa b He MeHs-
erca. Ecmm (b — Az*) > 0, To (bI)" = (Az*) u BMecto b? Geperca (Ax*)', uro obecreunBaer
JOTYCTAMOCTD BEKTOpa I* B CKOPPEKTHPOBAHHOMN 3ajade.

7. SAZTAYA O PASJIEJIAOIINX TTNTTEPITTIOCKOCTAX

[Mpeacrasum A, b, u u z B Bujie

Ay b U1 <1
A = A ) b - b Y u = ) Zz = )
2 2 U2 Z2
rne Ay, Ay — MATPHIBI, COOTBETCTBEHHO, pa3MepoB k X n, { X n; BeKTopsl by, ui, 2z € R* u
by, Us, 2o € RY: k + ¢ = m. Cumraem, 40 MHOKECTBO X COCTOHT M3 JABYX HEIMYCTHIX MHOMKECTB

Xy ={xeR": Ajxz > b}, Xy ={x e R": Asx > by}
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takux, 4ro X1 N X, = (. [TocTaBuM 3ama4y 00 OTHICKAHHH THIEPILIOCKOCTH, CTPOrO Pas3ieis-
IOHIefI X1 n X2.

Beesem ckansipubiii napaverp « € [0, 1].

Teopema 6 (0 cemeiicTBe mapaJIeIbHBIX PA3AEJIMIONUX TUIEPIJIOCKOCTE ). [Tycmo
noausdpv. X1 u Xy nenycmu, ux nepecevernue X = X1 N Xy = 0; pewenuem nepeoti zadauu 6

(93) asasemca x*, sexmop MunuMarvHOL Heeazok z* = (b — Ax*), umeem ceoumu cocmas-
asowumy 27 = (by — A1x*)y u z5 = (by — Agx®) . Tozda sepro caedyrowee:

1) cemeticmeo napanresvnox zunepniockocmed, paszdessowur muostcecmsea X1 u Xo, Mo-
orcem O6vimov NPEICMasAeHo 08YMs IKEUBANECHMHBLMU HOPMYAAMU:

21T (A — b)) + a|2*||> = 0, (98)
23 (by — Agx) + (o — 1)[|2*|]* = 0, (99)

npuvem ecau 0 < o < 1, mo amu 2unepniockocmu cmpozo pasdesstom X1 u Xo;

2) ecau 6 Kawecmee o 63AMb
o = |21/l (100)

Mo MouKa T AeHcum Ha Pa3oeaiowets 2unepniockocmu, coOMBEMemeyowet Mmomy
3HAYEHUIO O

3) paccmoarue d mencdy pazdessousumy 2unepniockocmamy, coomsememeyroujumu o = 0
u a =1, onpedeasemcs no popmyie

d=1z"|*/1 Ay 2]

JdokazareancTBo. I3 Teopembl 1 ciemyet, 9To
ATz =0,, bl =272

YMHOKast IEPBOE COOTHOIEHNE CJIEBa Ha MPOU3BOJIBHBINA BeKTOp T € R" m BhuMTas U3 HEro

BTOpPOE, IIOJIyYaeM
2T (Az —b) + ||2*]|* = 0. (101)

Ounpegeum smueiinyio Gynkuuio ¢(x, «) or nepemennoit © € R" u mapamerpa a aByms
SKBUBAJEHTHBIMH CHOCOOAMME:

p(r,a) = 2T (A —b1) + ol 2", (102)
olr,a) = Z;T<bg — Apx) + (o — 1)||2*]| (103)

Yeaosue ¢(x, o) = 0 mpu kaxaom dukcupoBannom « € [0, 1] onpeeser runepIiockKoCcTb,
pazensontyo MHOKecTBa X U Xo, Tak Kak ecmu o > 0 mw o € Xy, To, cormacuo (102),
o(x,a) > 0,aecim a < 1, 2 € Xy, 1o, corsacuo (103), umeem ¢ < 0. Takum 06pazoM, moJry4eHo
ceMelicTBO mapa/LIeIbHBIX THIEePILIOCKocTeil, koTopbie ipu 0 < o < 1 ¢Tporo pasgensror X, u
Xo.

[Ipoeknus T* TOUKH * HA PA3IEISIONIYIO THIEPILTIOCKOCTD (98) coryacHo (88) ompemensercs
o dpopmyie

& = o+ AL [T (0 — Ara®) — a2 2] /AT .

Baecn 27" (b — Ajx*) = ||27||*. Tlosromy ecm « 3amaetcs dbopmymoit (100), To T* = z*, T.e. x*
IPUHAIEKUT pasjessitonieii runepmiockoctu (98).

21



Awnasornuno, nogcraaga o uz (100) B (99), yuursiBag, uro 1 — o* = ||25]]2/]|2*||?, nomy-
qaeM, 4TO ¥ IPUHAJIEXKUT pasessionieil runepiockocta (99).
O6Go3nauum vepe3 pr (@) HPOEKIMIO Havasla Koopuuar Ha runepiiockocrs (98). Torua co-

racHo (88) mmeem
pro) = Ay 21 [2] b1 — all2"|P] /] A 271

IToce mpocteiimmx Borauciennit mveeM d = || pr (1) — pr(0)|| = [|2*]|?/||A] 27]|. Teopema
JokazaHa. [l

JokazarenbeTBo 1. 1) TeopeMmbl 6 GJIM3KO K JIOKA3aTeIbCTBY Teopembl Epemuna (cm. [2,
teopema 10.1]), KOTOpoe OCHOBAHO HA MCIIOJIB30BAHUH T€OPEeMbl 00 ajibrepHaTuBax. B Teope-
Me u3 [2| pasgensionias runepIOCKOCTh B 0003HAUEHUSAX HACTOAMIEHT PABGOThI MPEJCTABIEHA B
CJIEAYVIOINUX IKBUBAJIEHTHBIX BHIaX:

ul' (Ajz —by) +p/2 =0, wy' (by — Asz) — p/2 =0,
rjie U] M Us — ITPOU3BOJIBHOE DellleHne CUCTeMbl BIIA
AlTul + A;—UQ = On, blTul + b;—UQ =p> 0, Uy > Ok, Uy > 0y. (104)

Takum 06pa3oM, /1 HOCTPOEHH Pa3ae/Idionieil IHIepILIOCKOCTH COrJIacHO Teopeme 6 Tpe-
Oyercst pemuThb 3aa9y 6€3yCJI0BHON MUHUMU3AINYE HEBI3KH HECOBMeCTHOM cucreMbl (1) B mpo-
crparctBe R", a cornmacHo Teopeme u3 [2| Tpebyercsa pemuTh coBMecTHYIO cuctemy (104) ¢ m
HEU3BECTHbBIMU.

8. TEOPEMBI KOPIAHA 1 HITUMKE OB AJIETEPHATVBAX

Teopema 006 anprepunaruBax zKopjana yTBep:KiaeT, 9TO pa3peniuMa OJHA U TOJHKO OJIHA
U3 CJIEYIONIUX CUCTEM: 0O

Az > 0,,, (D)s

/00
ATu =0, u > O, ||lul|1 > 0. (I)s

DTOT pe3y/bTaT HEINOCPEJICTBEHHO He ciejayer u3 TeopeMmbl 3. [Ipeobpasyem cucrembr (I)g u
(I)¢, momoxkuB b = pe,y,, e e, — eauaudnbii m-mepubiii Bektop. Torma cucremst (I)g u (II)g
IPUMYT B

Az > pey, (D3

Jinb0o
Alu = Ony, w2 Opy, pHqu =p- (II);

Cucrema (I)s paspemmma omxoBpemenno ¢ cucremoii (1), T.e. ecam paspemmnma cucrema
(I)s, TO 1O ee pemieHnIo T’ MOXKHO ONPEEJUTh HAPAMETD p, PABHBIN MUHIMAJIBHON KOMIIOHEHTE
BekTopa Az’. Ilpu srom p Bextop x' ynosiersopsier cucreme (I)i. Obparno: ecau cucrema (I)§
MMeeT Kakoe-ju00 PEelIeHHe, TO OUEBH/HO, YTO ITO pemieHue OyJeT yJIO0BJETBOPATH CHCTEME
(I)s. Anasornuno, ecim v — penrenne cucremsr (I1)g, To BekTOop u = u'/||v/||; ecTb penrenme
cucrembl (II)f. Crnpasegympo n obparHoe. lrak, aasreprarnsa B Teopeve zKopmaxna mozxer
OBITH 3aMeHeHa Ha aJbTepHATHBY, Koropas mpencrasiena cucremamu (1)5 u (I11)§, samaromummu
3aMKHyTBIe MHOXKecTBa. [losromy, B omiumume ot (I)g m (II)g, /s anbTepHATHBHBIX CHCTEM
()3 u (II)§ moryr cymecrBoBaTh HOPMAJIbHBIE DEIEHHsI M UX MOXHO MCKATh HA OCHOBAHHU
pe3yJIbTaTOB TEOPEMBI 3.
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Bamernm, uro B mocsegneM pasencTse cucrembl (II)i mMoxkHO paszmenuts 0be yacTu Ha p,
OJTHAKO TPH 3TOM HAJI0 YIECTh COMHOKNTETb p? B BBIPAYKEHNH

1/2
pen (z, X) = [|A ul* + p*(1 — [lulh)*] ",

9T00BI 06eCIednTh BhIOIHeHNe yTBep K IeHus (46). TosbKo mocie 3Toro Bee pesyabrarsl pasi. 6

nepenocstes Ha ciaydait cucrem (I)g u (I1)s. @opmyssr (94), (95), B 9acTHOCTH, TPHHAMAIOT BH

ATy _ plpem — Ax*),

~ K ~ %

= —, u = .
p(1 = [lu*]1) [(pem — Az*) |2

Brmskasg o ¢popme Teopema 06 aabTepHaTnpax [IITuMKe yTBep:KIaeT, UTO pa3pelInMa oIHa
M TOJILKO OJIHA U3 CJACAYIOMUX cucreM: 6o Az > 0,,, |Az| > 0, mubo ATu = 0,, u > 0,,.

Kaxk u B cryqae teopemnr 2Kopana, ajprepHaTuBHbIe cucTeMbl B TeopeMe [IITuvke MOKHO
3aMEHUTD CHCTeMaMH, /I KOTOPBIX MOZKeT CyIecTBOBaTh HOpMaJbHOe pelllenue. Begem Bekx-
TOpP JIONOJHUTEILHBIX HepeMenubix & € R™, Torna nepsyio cucremy B TeopeMe LIITHMKe MOKHO
IepenncaThb B BIIE

Ax — § - Om7 ||€|l1 =P 5 > 0. (I)g*

DTa cucTeMa paspenrnMa OJHOBPEMEHHO ¢ mepBoii cucremoit u3 teopemsbl Llltumke. Cucrema
(I)§* aBagerca yacTHbIM cirydaem obmieit cucremsbl (I) U3 pasf. 2 U MOTOMY aTbTepHATHBHAS K
HEell cucremMa IpUMeT BUJT

ATu=0, —u+eno<0,, po=p>0.
DTy CUCTEMY MOYKHO MEPernucaTh 00Jjiee KPaTKo:
ATu=0, u>ep. (1)

Cucrema (II)§* paspermuma oJHOBpeMEHHO €O BTOPOil aJbTePHATHBHON CHCTEMOIl B Teopeme
)k

Mruvke. K anpreprarusubiv cucremam (1)§* u (I1)5* Temeps MozkeT GBITH TpUMEHEHA TEOpPe-
ma 3.

9. CUCTEMBI JIMHENHBIX YPABHEHNI C HEOTPULIATE/ILHBIMU
[TEPEMEHHBIMNI

[TycTh cucrema, OIpeae/saionas MHOKECTBO X, IMeeT BHIL
Ar=0b, z>0,, (D

rie A — marpuna m x n, b € R™ ||b]| # 0. AnbrepHaTuBHas cucTeMa, OMPeIeIsIIONAs MHOKE-
crBo U, 3anuchiBaeTcsi B BU/jie

ATy <0, b'u=p>0, (IT)g

rje p — IPOU3BOJIbHASA (PUKCHPOBAHHAA KOHCTAHTA.

CornacHo TeopeMe 3, cCOBMeCTHa OJfHA U TOJIbKO ofHa u3 cucreM (I)g wmu (II)g. 1o yrBep-
Kjerne mpu ucnoab3osanun B (I11)g zammen b’ u > 0 n3BecTHO Kax Jemva Paprarma.

Bekrop =¥ nim u* naiijem u3 3aja4

reninm 16— Az||?/2 = ||b — Az*|]*/2, (105)
i, [JATu P+ (= 870 /2 = (A7) P+ (o= 0T ] 2. (106)

23



HeobxoauMble U TOCTATOYHBIE YCAOBHs MUHEMYMa B 331a4ax (105), (106) nmeror Buj
—A'(b—Az*) >0,, D@*)[A"(b—Az")] =0,, z*>0, AA W), —blp—>b"u*)=0,.

T:[ * T

13 Teopem 1 — 3 u pesyibraTos pasi. 4 mmeem bt = z* = b—Ax*, bl = Ax* w* L wil,

wi = (ATu*), wi=p—Dblu*.
Ecmm X # 0, mo ||b*]| = 0, U = 0, w} > 0 u nopmambroe pemenne cuctems (I)g Brrpaskaercst
depes perrenne 3a1a9n (106) caeayommm 06pa3oM:

= (ATu)y /(p— ).
[Ipu sTom u3 ycaosust ¥ € X nonydaem ananor dopmyssl (75):
A(ATu) . + b u = pb.

Ecmu ||bY]| # 0, 70 X =0, U # 0, ||2*|| # 0,, u mopmanbroe pemrenne cuctemsr (I11)g myeer
BH]T

@ = p(b— Az")/||b — Ax*|* = pb™ /|||,

necopmectnas cucrema (I)g B pesy/brare onrnmainbuoii koppexiuu npuver sug Ar = bl x>
> 0, u TOorJa aJIbTepHATHBHAS K Hell HECOBMECTHAsl CHCTeMa 3aIUINeTCst CJIe/LyFOIIUM 00pa30M:
ATu <0, 2¥TATu = p > 0.
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