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Abstract — New theorems of the alternative are proved for systems of linear
equalities and inequalities, which makes it possible to develop several efficient
numerical methods. These methods are used to find normal solutions to systems
of linear equations and inequalities, to construct separating hyperplanes, to
correct inconsistent systems, and to solve nonlinear programming problems. They
considerably simplify the implementation of the steepest descent method. The
theorems of the alternative proved by Fredholm, Farkas, Gale, Gordan, Stiemke,
and others are particular cases of those presented in this paper.

1. INTRODUCTION

There are several theorems of the alternative (see, e.g., [1] — [10]), which were used mainly in
proving existence theorems and in deriving extremum conditions in optimization problems. In
this paper, we give constructive proofs of new theorems of the alternative, which are designed to
construct new computational methods. These proofs make it possible to find normal solutions
to systems of linear equations and inequalities, to determine the steepest descent directions in
nonlinear programming problems, to construct separating hyperplanes, to correct inconsistent
problems, to construct new algorithms for solving linear programming problems, etc.

For a given linear system, an alternative system is constructed in the space whose dimension
is equal to the number of equations and inequalities in the original system (not counting
constraints on the signs of variables). The original solvable system is solved by minimizing
the residuals of the inconsistent alternative system. The results of this minimization are used
to find the normal solution (with a minimal Euclidean norm) to the original system. The
replacement of the original problem by the minimization of the residuals of the inconsistent
alternative system may be advantageous when the dimension of the new variables is less than
that of the starting ones. In this case, such a reduction results in the minimization problem in a
space of lower dimension and allows one to obtain the normal solution to the original problem.

Many well-known theorems of the alternative (e.g., the Fredholm, Farkas, Gale, Gordan,
and Stiemke theorems) follow from the theorems stated in this paper. However, we believe that
the principal achievement of this study is that the results obtained offer new opportunities
for applying theorems of the alternative in the development of computational methods. A new
method for finding normal solutions to systems of linear equations and inequalities based on
these theorems is presented in Section 2. These theorems make it possible to considerably
simplify the implementation of the steepest descent method (Section 3), to derive simple
correction formulas for unsolvable systems (Section 4), to obtain formulas for separating hyper-
planes (Section 7), and to develop new methods for solving linear programming problems ([17]).

The proofs of the theorems are based on the duality theory. This work is a sequel to our
earlier papers [16] — [19]. The minimization of residuals for proving theorems of the alternative



was first suggested in [5]. We also call the reader’s attention to [8, 20, 21|, where application of
theorems of the alternative in constructing numerical methods was discussed.

2. BASIC THEOREMS

Let an m x n matrix A be given in the form

A Ap }
A e
{ Agy Az |’

where A1y, A1, Asr, and Ayy are rectangular matrices of dimensions my X ny, my X ng, mg X nq,
and mgy X no, respectively. Let vectors x € R", z,u, and b € R™ be represented in partitioned
form as " = [z],27], 2" = [2],2 ], u' = [u],ug], and bT = [b],by], where x; € R™,
x9 € R™, n=mny 4+ no, 21,u1,b; € R™, 25, u9, by € R™, and m = my + msy. The matrix A and
the vector b are assumed to be nonzero ones.

Define the auxiliary sets II, = {[xl,mg] cxp € R 2 € R"Q}, II, = {[21, 2|z €RIM 2z €
€ R™} and II, = {[ul,ug] cup € R uy € Rm"’}; a vector w € R"™ represented as w' =
= [w],w],ws], where w; € R™, wy, € R™, and ws € R'; and the auxiliary set II, =

n
= {[wi,wa,w3] 1wy € R™, wy € R™, w3 € R'}. By ||a|| and |laf, = 3 |ai|, we denote
the Euclidean and first norms of a vector a € R", respectively. =

Consider the system of linear equations and inequalities

Anxy + Apzg > by, Asiwy + Agozg = by, 21 > 0y, (I)

This system can be viewed as a feasible set in the linear programming problem of minimization
of ¢"x, where ¢ = 0,,. For this problem, the dual problem is the maximization of b"u on the
feasible set defined by the system

Afior+ Agzo < 0nyy Alpzr + Agy2o = 0nyy 21 2 Oy ()’

System (I)" is said to be adjoint to (I).
Consider the system

AlTlul + A;ug < Opy, A1T2u1 + A;;uz = 0p,, blTul + b;u2 =p, Uy > 0y, (II)

where p > 0 is an arbitrary fixed positive number. The condition b] u; + by uy = p implies that
the adjoint system (I)" has no trivial solution.
The adjoint of system (II) is

Apwy + Apwy — byws > 0y, Agywy + Aggwy — bows = Oy, w1 > 0y, (IT)’

We denote the sets of solutions to (I), (I)’, (IT), and (II)’ by X, Z, U, and W, respectively. If
systems (I) or (IT) are solvable, we write X # () or U # (), respectively. Unlike systems (I) and
(IT), the adjoint systems (I)" and (II)" always have solutions, since 0,, € Z and 0,41 € W. It
follows from the form of system (II) that, if it is solvable (unsolvable) for a certain p = p; > 0,
then it is solvable (unsolvable) for any other p = py > 0.

Let pen (x, X) denote the penalty for the violation of the condition € X calculated at a
point z € II,. By the definition of the penalty function, = € II,, then pen (xz, X) = 0 if and
only if x € X. The quantity pen (u, U) is introduced by analogy. If u € I1,, then pen (u,U) =0
if and only if u € U.



The penalties are calculated as the Euclidean norms of the residual vectors for systems (I)
and (IT):

pen(z, X) = [||(b1 — Anzy — /112$2)+||2 + [|by — A7y — A22$2||2} v )

1/2
pen (u,U) = [|[(Afyur + ALu) | + | Afyus + AJyual® + (p — bl us — b us)?]"".

Here, a, is the nonnegative part of the vector a; i.e., the ith component of the vector a, is
equal to that of the vector a if the latter is nonnegative and is zero otherwise.

To find out whether a system is solvable and, if it is, to solve it, we apply methods of
unconstrained minimization to either of the following problems:

ho= minfpen (r. X)P /2, ()
I, = min [pen (u, U)]" /2 (2)

In the strict sense, (1) and (2) are not unconstrained minimization problems, since they involve
constraints on the signs of the components of x; and u;. However, since most unconstrained
minimization methods can easily be modified to allow for constraints on the signs of variables,
we will keep this term for problems (1) and (2). Problems (1) and (2) are always solvable, since
quadratic objective functions defined on nonempty feasible sets 11, and II, are bounded by zero
from below.

Two systems are said to be mutually alternative if only one of them is consistent. The
solvability or unsolvability of a system can be characterized by a scalar quantity called the
minimum residual, which is found by solving problem (1) or (2). Therefore, solution of both
problems makes it possible to determine whether the systems are mutually alternative. Let
z* € I, and u* € II, be arbitrary solutions of problems (1) and (2), respectively; i.e., Iy =
= [pen (z*, X)]* /2 and I, = [pen (u*,U)]? /2. Then, the following lemma is valid for systems
(I) and (II).

Lemma 1 (criterion for alternativity). Systems (I) and (II) are mutually alternative if

and only if
pen (z*, X)pen (u*,U) =0, pen (z*, X)+ pen (u*,U) > 0. (3)

Proof. The former equation in (3) implies that at least one of the systems, (I) or (II), is
solvable. The latter equation implies that at least one of the systems is unsolvable. Then, it
follows that systems (I) and (II) are mutually alternative. O

Lemma 2. Systems (I) and (II) are not solvable simultaneously.

Proof. Assume the contrary. Let there exist solutions z* and u* to systems (I) and (II),
respectively. Then, substituting z* into (I), multiplying the inequality in (I) by uj and the
equation (II) by w3, adding the results, and performing simple calculations, we obtain

i (Afui + Agyuy) + a3 (Afyui + Agyuz) > b uj + by .
By virtue of (II), the left-hand side of this inequality is nonpositive, whereas its right-hand side
is strictly positive, since A u} + AJjus < 0,, and b] u} + byu} = p > 0. Thus, we arrive at

a contradiction. Therefore, systems (I) and (II) cannot be consistent simultaneously and meet
the second condition in (3). The lemma is proved. O

The former condition in (3) is proved in Theorem 3 below. The original system (I) is
alternative to the alternative system (II). Indeed, every system alternative to system (II) has
the form

Ajqwy + Ajpgwy — byws > 0y, Agqwy + Aggwy — bows = 0y, pws = p', wy > 0,y (4)
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where p’ > 0 is an arbitrary positive number. Hence, w3 = p'/p > 0 Changing the variables in
(4), x1 = wy /ws and x5 = ws /w3, we obtain the original system ().
Consider the following two quadratic programming problems:

= max {07z — 472} 5)
Iy = max{pws — [lw]*/2} . (6)

Unlike systems (I) and (II), which may be consistent or inconsistent, problems (1), (2), (5),
and (6) always have solutions. Moreover, problems (5) and (6) have unique solutions, since the
feasible sets Z and W in these problems are nonempty, and strictly concave quadratic objective
functions are bounded from above (see formula (32) below).

Formally, the unconstrained minimization problems (1) and (2) do not have Lagrange
functions, which implies that the corresponding dual problems cannot be constructed directly.
Nevertheless, one can introduce additional variables to construct artificial constraints and obtain
equivalent nonlinear programming problems for which dual problems are well defined.

Lemma 3. The unconstrained minimization problems (1) and (2) are dual to problems
(5) and (6), respectively. Problems (1) and (2) reduce to equivalent problems of constrained
minimization of quadratic functions, which are dual to problems (5) and (6), respectively.

Proof. The first assertion follows from the conventional representation of dual problems for
quadratic programming problems (see, e.g., [6, 12, 13, 14]).

The second assertion is not quite conventional. It is based on a two-step representation of
problems (1) and (2). This approach was employed in [14, 15].

Let us introduce a vector of additional variables y € R™, y' = [y, ,, |, where y; € R™
and yo € R™? are given by

Y1 =by — Anwy — Appra, Yo = by — Aoy — Agaws.
Then, problem (1) reduces to the equivalent constrained minimization problem

I = min f(y), (7)

[z,y]€G
in which the objective function and the feasible set are
fy) = [y)+lP/2+ lly21?/2,
G = {[%,y] : Aqu’l + Algl‘g + 1y = bl, A21£L‘1 + A22$2 + Y2 = bg, xr € Hx}

Unlike X, the set G is always nonempty.
For the quadratic programming problem (7), the Lagrange function is given by

L(z,y,2z) = f(y) + ZlT(b1 — Ay — Aoy — 1) + ZgT(bQ — Ag1xy — Agoy — o),

where z € I, is the vector of Lagrange multipliers. The expression for the Lagrange function
is transformed into

L(z,y,z) = f(y) — o] (Afy21 + Ay 22) — 2 (Alyz1 + Agyza) + 2 (by — y1) + 25 (b2 — 12). (8)
Define the dual function

F(z)= min min L(v,y,2) 9)

ze I, yeR
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and consider the problem of finding
max F'(z),

zell,

which is dual to (7).
The necessary and sufficient optimality conditions for problem (9) are

xl ($ Y,z ) = _Alel - A;122 > Onla D($1)<A1lel + A;rle) = Onp T > Onla (10)
902 (1; Y,z ) = A1221 A2TQZ2 = On27 (11)
y1 (ZL‘ Y, < ) = (y1>+ — 2 = Om17 Ly2(l‘7 Y, Z) =Yz — 22 = Om2' (12)

Hereinafter, D(z) denotes the diagonal matrix whose ith diagonal element is the ith component
of the vector z.

For z € I1,, it follows from (12) that z = y. Substituting this into (8) and assuming that
z € Z, we find that, by virtue of definition (9) and conditions (10) and (11), the dual function
takes the form F(z) = bz — ||2]|?/2. Thus, we arrive at problem (5), which is dual to (7)
and, in a sense, to (1). Hence, the unconstrained minimization problem (1) and the quadratic
programming problem (5) can be interpreted as mutually dual. Similarly, problems (2) and (6)
are mutually dual. The lemma is proved. [

For the problems introduced above, a duality theorem is valid. It states that the optimal
values of the objective functions are equal:

L=I, L=I (13)

The projection of a point Z onto a nonempty closed set X is the point * € X nearest to Z,
i.e., the point that minimizes the functional

J = min |z — 2] = |}z - 2°|. (14)

We write 2* = pr (z, X) and denote the distance from Z to X by dist (z, X) = ||z* — Z||.

Theorem 1. Any solution x* of problem (1) determines a unique solution z*7 = [2;7, 25"]
to problem (5) as
21 = (b1 — Anay — Apas)y, 25 = by — Anx] — Agas, (15)

and it holds that
HZ*HQ — bTZ*,

2* L Ax*, 2 L (b—2%),
2 =pr(0,2), |2 = pen(a*, X), b — "] = dist b, 2),

16
17

(16)
(17)
(18)
[pen (a:*,X)]2 + [dist (b, Z)]2 = [|p||. (19)

Proof. The necessary and sufficient minimum conditions for problem (1) at the point z*
are written as

— A (by — Anat — Apas)y — A (by — Anaf — Agpal) > 0y,
D(x7) [Af; (01 — A} — Awas)y + Agy (ba — Ana — Apas)] = 00y, 2] > Ony, (20)
AB(bl — 1411(131< — A12x;)+ + A;z(bg — AQliL‘T — A22x§> = OnQ.
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Using

= (bl — AH.T){ — A12I;)+, Z; = bg — Agle — AQQ:U; (21)

n (20), let us show that 2*" = [2;",237] is a solution to problem (5). Conditions (20) are
rewritten as

A1121 AQTlZ* < Ony, A1221 A2222 = On,, (22)

D(x )(Allzl AleZS) = Op, x> Op, . (23)

It follows from (21) and (22) that z* € Z. Multiplying the former relation in (21) by 2} and
the latter by 23, we obtain

1217 = 277 (b — Ana} — Apay)y = 21" (b — Anaf — Apal) =
= blzf — @ T Al 2 —apT A,
HZ;H2 - ZgT(bZ - A21I1 A22$2) = bTZQ — I*TAT 22 — x;‘TA 2:52

Adding the equations obtained, we find that

| 2* ||2 ”le2 + H22H2 = bszf + b;zg‘ - x’fT(AIlzik + A;Z;) (ATzzl + A 222)

= (b—Ax*) 2" =bT 2" (24)
In Eq. (24), we used the fact that 27" (A}, 27 + A, 25) + 25 (Aly2i + Agyzs) = 2" TAT2* =0
by (22) and (23). Thus, Eq. (16) is proved. Moreover, it is proved that z*T Az* = 0; i.e., the
vectors 2* and Ax* are orthogonal. Equation (16) can be rewritten as z*' (z* — b) = 0. The
validity of the former relation in (17) follows from this equation.
Let us define the Lagrange function for problem (5) as

L(Z7$) =b'z— ”Z||2/2 - xlT(AlTyZl + A;ZZ) - xg(AIQZl + A;222) (25)
and write out the Kuhn—Tucker conditions:

L. (z,2) = b — 21 — Anxy — Apawy < 0y, (26)
D(z1)(b1 — 21 — Ay — A1oxg) = Oy, 21 2 Oy, (27)
L., (2,2) = by — 20 — Aoy — ATy = Oppy, (28

(

(

Lm(Z,l‘) - _(AI121 + A;I—IZ?) > 07117 x> Onn D<x1)(AI121 + A;FIZQ) = 0n17 29
sz(zv :U) = _(AlTZZl + AZTQZZ) - Onz'

Let us compare the necessary and sufficient minimum conditions (21) — (23) for problem (1
with those for the quadratic programming problem (5) (conditions (26) — (30)). If we substitut
z* and z* defined by (21) for x and z, respectively, under the Kuhn—Tucker conditions (26) —
(30), then (29) and (30) become (22) and (23), respectively. It is easy to see that Eq. (21) ensures
the fulfillment of conditions (26) — (28). Thus, the saddle point of the Lagrange function (25)
is [2*,2*], where z* and z* are solutions to problems (5) and (1), respectively. Note that the
last two vectors are related by Eq. (15).

By virtue of (5), (13), and (16), we have

)
)
30)
)

I =I{ = ||z"]|*/2 = [pen (2", X)]*/2, (31)

which proves the second assertion in (18).



Transforming problem (5)into the equivalent problems

d _ R 12 2 _ 2/ oo 2
I} = max [=[b— 2" + [[b]]*/2] = [[b]]*/2 — min || — 2]*/2 (32)

and using the fact that z* is the unique solution to (5), we find that z* = pr (b, Z) and ||b—z*|| =
= dist (b, Z). Thus, all assertions in (18) are proved. Using (16), we obtain |2*[|* + [|b — 2*||* =
= ||6]|?, which proves (19). The theorem is proved. [

Assertion (16) in Theorem 1 follows from the duality of problems (1) and (5) (see (13)).
Equations (15) can be used to express an optimal vector z* for problem (5) in terms of the
optimal vector z* for problem (1). The vector z* defined by (15) is called the minimum residual
vector. Equation (31) leads to the following criterion.

Criterion 1. System (I) is solvable if and only if the minimum residual vector z* is zero
(problem (5) has a zero solution).

The vector z* satisfying the necessary and sufficient optimality conditions (20) for problem
(1) is said to be a pseudosolution to system (I). If 2* € X, then x* is a solution to system (I).
Note that this terminology is used in the least square method. Similarly, solution z* to problem
(2) is referred to as a pseudosolution to system (II).

The analysis of problems (2) and (6) is analogous to that of problems (1) and (5), but
is somewhat different. The following theorem is the analogue of Theorem 1 that applies to
problems (2) and (6). Let A = [—A,b] be an m x (n + 1) matrix and 7 € R™™ be a vector of
the form r" = [0,, pl.

Theorem 2. Let u*" = [u}",u3'] be an arbitrary solution to problem (2). Then, a solution
w*" = [wiT, wi", wj] to problem (6) can be expressed in terms of u* as

(A U+ A 1“2) = A, 12U + A, oolly, Wz = p — blTu“f - b;uz (33)
and satisfies the following relations:
Jw*||* = pw, (34)
w* L AT, wt L (r —w"), (35)
w* =pr(r,W), |w*||=penw",U), |r—w"=dist(r,W), (36)
[pen (u*, U))* + [dist (r, W))* = |||, (37)
[w | < p, 0<wi <p, [wil]®+ [Jws]]? < p*/4. (38)

Proof. The strict convex quadratic programming problem (6) is the problem of finding the
projection of the vector [0, p] onto the nonempty set W specified by system (II)’ of linear
equations and inequalities. This problem always has a unique solution. For this problem, there
exists a vector of Lagrange multipliers u € R", and the corresponding Lagrange function is

L(w,u) = pws — ||[w|*/2 — u] (byws — Ayywy — Ajpws) — ug (baws — Agjwy — Agows).

The necessary and sufficient optimality conditions (Kuhn—Tucker conditions) for problem (6)
calculated at the saddle point [w*, u*| are

—wy + A11U1 A21U2 Ony, D(wf)( A11u1 A21U2) Oy wy 2 Oy, (39)
p—ws — blT b2 uy =0, (41)



Allwf + A12w; - blw§ > 0m17 D(“T)(Anwf + A12w§ - blw§) = Omn u>1k > 0m17 (42)
AQIU}T —+ Azgw; — bgw§ = OmQ. (4.3)

It follows from (39) — (41) that w* € W and w* can be expressed in terms of u* by formulas
(33). Substituting them into (42) and (43), we obtain

An(Afuy + Agyus) ¢ + Aw(Alpui + Agus) = bi(p — bl uy — by ul) > Oy 1} > Oy,
D(u7) [All(A11u1 Agus) s + Arg(Aluy + Agyus) — bi(p — bj uj — by U2)} = Oy
Aoi (A} + Agyus) . + Asa(Apui + Agpti) — ba(p — bl uf — by ) = Oy

These relations coincide with the necessary and sufficient optimality conditions for problem (2)
calculated at the point u*. Thus, it follows from the Kuhn—Tucker conditions and the optimality
conditions for problem (2) that the vectors w* and u* at the saddle point [w*, u*] solve problems
(6) and (2), respectively.

Equating the objective functions of the primal and dual problems (6) and (2) and using
relations (33), we obtain (34).

Relations (35) — (37) are proved by analogy with (17) — (19) in Theorem 1.

It follows from (34) that w} > 0 if |jw*|| # 0. Let us rewrite (34) as the quadratic equation
in w;

(w3)? = pws + [Jwi|* + w3 ]* = 0. (44)

Since w* is the projection of 7 onto W the first inequality in (38) follows from the equation
|7]| = p. The second and third inequalities in (38) follow from the nonnegativity of the absolute
term (wi(p — w}) = |wi|* + ||w3]|> > 0) and the determinant of quadratic equation (44),
respectively. The theorem is proved. [

Criterion 2. System (II) is solvable (unsolvable) if and only if problem (6) has a zero
(nonzero) solution w*.

Theorem 3. Let z* and u* be arbitrary solutions to problems (1) and (2), respectively, and
let the minimum residual vectors z* and w* be defined by (15) and (33). Then, the following
assertions are valid:

(1) systems (I) and (II) are mutually alternative; i.e., only one of them is solvable;

(2) if system (1) is inconsistent, then the normal solution u* to system (I1) and the minimum
residual vector z* of system (1) are collinear, and

= p /|7 2= pat /@ (45)

(3) if system (11) is inconsistent, then the components of the normal solution T*" = [T}, 757
to system (I) are

B wifuy, 3= wful (46)

Proof. Tt follows from Lemma 2 that systems (I) and (II) cannot be consistent simultane-
ously. Let us show that one of them must be consistent. Consider the two possible cases
separately.

If X =0, then pen (z*, X) # 0. The vector z* € Z defined by (15) is such that ||z*|| # 0.
Multiplying both sides of the former equation in (45) by b and taking into account (16), we find



that b'@* = p. Then, it follows that @* € U; hence, U # (). Let us show that @* is the normal
solution to system (II), i.e., a solution to the problem

i ?/2.
min [[u][*/ (47)
The Lagrange function for problem (47) is written as
L(u, @) = ul*/2 + &1 (Afyur + Apyuz) + & (Ajyus + Agyus) + Z3(p — bj ur — by uy)

and the dual problem is

biis — Apdy — Ajadin) 4| bois — Aoy — Agolin||?
max max max |pis — | (b13 1171 1222) ¢ || - 6223 2171 22| (48)
T € Ril Io € an i’gGRl 2 2
The Kuhn—Tucker conditions calculated at the saddle point [u*, 2*], where u*T = [uiT, u3"]

solves problem (47) and #*" = [277, 257, 23] are solutions to problems (47) and (48), respecti-

vely, are
’LL}< + All.’f{ + Algii'; — blii';g Z Omp D(UI)(UI + Alliif{ + Algi; - bl.i';) = 0, ’LL?< Z Omla (49)

20
ol
52
53

U; -+ Agli'i + Aggii'; — bgii'; = OmQ,
T T A T T A
Ajuy + Agyus < 0y, D(E7) (A uy + Agyuz) = 0y, 27 2> 0y,

(50)
(51)
Ay} + Agyuly = Oy, (52)
p—bluj —byuz = 0. (53)

It follows from (49) and (50) that u* and 2* are related by the equations
UT = (bli‘g — Alliﬁf — Algf;)_ﬂ U; = bgi’é — Aglfi‘i — AQQ.’,%;.

Using them and equating the optimal values of the objective functions of the primal and dual
problems (47) and (48), we find that |u*||> = p@%. Since U # 0 and u* € U, it holds that
|u*|| # 0 by virtue of the condition b'u* = p > 0. Hence, &} > 0.

Changing variables in (49) — (52),

oo Sk Ak
ut = 2327, ] = T327, Ty = T3T5,

and cancelling out the common factor 23 in the expressions obtained, we arrive at the Kuhn—
Tucker conditions (26) — (30) for problem (5) at the point [2*, z*]. Substituting u* = #32* into
(53) and taking into account (16), we obtain

p/is =" 2" = p/ay — ||2*|*

Hence, it follows that u* = 232" = pz*/||2*||* = u* for % = p/|2*||*; i.e., the normal solution
to system (1I) is given by the former expression in (45).
The former expression in (45) implies that p = ||@*|| [|2*|| and

=2 p=ap?(plla|*) = pu /a1,

which proves the latter formula in (45).



If U = (), then pen (u*,U) # 0. The vector w* € W determined from (33) satisfies the
condition ||w*|| # 0, and w} > 0 by virtue of (34). It follows from (42) and (43) that the vector

*

x* = [z}, 23] with the components

of =wijws, b =wj/w; (54)
is a solution to system (I).
Let 2* be the normal solution to system (I), i.e., a solution to the problem

min || z||%. (55)

ze X

The Lagrange function for this problem is

L(z, p) = [|z]|*/2 + pi (by — Anwy — Aizwz) + py (by — Agjay — Agas),

and the Kuhn-Tucker conditions calculated at the saddle point [Z*, u*], where 2*7 = [Z7", 73]

is a solution to problem (55) and p*" = [} ", 3 "] is the optimum vector of Lagrange multipliers,

are
A11N1 A21M2 Ony 5 D(%)( A11N1 A21N2) Onys @7 2 Opy,

A12N1 A22/~L2 Ony s
by — Ay — Ap; < 0m17 D(p3)(b1 — Ay — A1275) = Oy, 1] > Oy
b2 - Agli’T - Azgf; - Omg-

These conditions are obtained from the Kuhn—Tucker conditions (39), (40), (42), and (43) for
problem (6) by dividing the latter by w} and introducing x} = wi /w3, x5 = w}/w}, ui = uj/wi,
and pj = uj/wji. Hence, the vector * whose components are defined by (54) is the normal
solution to system (I). The theorem is proved. O

Thus, Theorem 3 reduces the problem of solvability of system (I) or (II) to minimizing the
residual of either system. If the norm of the minimum residual is nonzero, then the system is
inconsistent and the residual can be used in simple formulas to find the normal solution to the
consistent system.

If weighted residuals are used in problem (1) or (2), then the multipliers of these residuals
must be taken into account in both alternative systems and formulas (45) and (46) can be used
to calculate the normal solutions to these modified systems.

The alternative system (II) admits various representations. According to the theorems stated
above, the system alternative to (I) is obtained from the adjoint system (I)’ by supplementing
it with a condition that rules out the existence of the trivial solution to (5). For example, we
may require that solutions of the adjoint system (I)" satisfy the condition b'u > 0 (as in the
Farkas lemma) or b'u = 1 (as in the Gale theorem), and so on. If system (I) does not contain
inequalities, then it is sufficient to impose the restriction p # 0 on p in Theorem 3.

3. DETERMINATION OF THE STEEPEST DESCENT DIRECTION IN THE METHOD
OF FEASIBLE DIRECTIONS

Below, we consider various systems that are special cases of (I) and (II). We refer to them
as systems (I) and (II) indexed by the number of the corresponding section.

Let z* be a nonzero solution to problem (5) and consider the normalized vectors z, = z/||2*|
and z¥ = 2*/||z*||. The feasible set of normalized vectors is defined as

Zn={z2 €eR": 2z, € Z, ||z =1},
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where Z is the adjoint set in (I)".
Consider the following auxiliary problem:

I3 = max b z,. (56)

Zn€ Zn

Theorem 4. Let x* be an arbitrary solution to problem (1) and z* be the solution to problem
(5) given by formula (15). Let ||z*|| # 0. Then, 2z} = 2*/||z*|| is a solution of problem (56) and

I=0"2 = |2 (57)

Proof. The equality of the optimal values of the objective functions of the mutually dual
problems (1) and (5) implies that

1/2 = max [b" 20 /[|2"[| = [l2nl|*/2] -

Since Z, C Z, we have

1 bz, |2all? bz, ||2al? bz, 1
— = max — > max |——— — = max —=1.
2 Zn€ Z ||Z*|| 2 2Zn€ Zn ||Z*|| 2 Zn€ Zn ||Z*|| 2

Hence, it follows that

|2*|| > max b 2,. (58)
Setting z, equal to the vector z*/[|z*||, which belongs to the feasible set Z,,, and using (16),
we reduce (58) to an equation. The theorem is proved. [

Problem (56) arises when the nonlinear programming problem

min f(p), P ={p€R":h(p) < On, g(p) =00} (59)
is solved by the method of feasible directions. Here, f : R™ — R h: R™ — R™ ¢ : R™ — R™;
the functions f(p), h(p), and g(p) are continuously differentiable; the set P is not empty; and
problem (59) has a solution.

Let p € P be an arbitrary fixed feasible point. We introduce a vector x € R"™ of the Lagrange
multipliers, ' = [z],z]], where z; € R, 25 € R™, and n = ny + ny; define the Lagrange
function as

L(p,z) = f(p) + 1" ()1 + g (p)2s

and introduce the complementary slackness conditions
zthi(p) =0, 1<i<ny. (60)

A component hi(p) of the vector h(p) is said to be active at the point p € P if h'(p) = 0. By
virtue of (60), all components of the vector x; corresponding to the inactive components of
h(p) vanish. For simplicity, we assume that all components of the vector h(p) in the Lagrange
function are active. The Kuhn—Tucker conditions for problem (59) at the point [p, x|, where
p € P, are

Ly(p,x) = fp(p) + hp(P)z1 + gp(P)x2 = Oy @1 = 0py. (Ds

If p € P is fixed, these equations in x may be interpreted as a special case of system (I).
We introduce the vector p’ = p + 7z, where 7 is a step along the descent direction z € R™
(Ilz]l = 1), and linearize the objective and constraint functions in problem (59). Assuming that
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7 is small and neglecting the terms of higher order, we arrive at the following problem of finding
the steepest descent direction: HampaB/IeHHS HAUCKOPEHIIIErO CIIyCKA:

[y = min 2 fo0), Za={z €R™ D, (p)2 < 0nys g, ()2 =0y, [lz] =1} (61)
If problem (61) has a solution z;; such that I, < 0, then this direction is said to be the steepest
descent direction. This implies that, at least in the linear approximation, the point p can be
improved by taking a new vector p’. When the step 7 is sufficiently small, the vector p’ belongs
to the feasible set P and f(p’) < f(p). If problem (61) has no such solution, then the point p
cannot be improved locally.
To make use of the results obtained earlier, we assume that k) (p) = Ay, g, (p) = AJ,, and
—fp(p) = be, while the remaining submatrices of A and vector b; are zero. Then, system (II)
alternative to (I) can be written as

u'hy(p) <0, u'gy(p)=0,,, —u'fy(p)=p>0. (1),

If system (I)3 is solvable, then, by Theorem 3, its normal solution has the form @* =
= pz*/||2*||?, where z* = —L,(p, z*), and z* is found by solving the unconstrained minimization
problem (1), which has the following form in this given case:

I, = min  min ||L,(p,)|*/2. (62)

$1€R11 T2€ "2
Normalizing the vector @*, we obtain @* = z*/||z*|]| = z*. The vector z* belongs to Z,, and
Iy = —I3 = —||z*|| by Theorem 4 (see Eq. (57)), which implies that z} is the steepest descent

direction for the linearized problem (61). This direction exists if and only if system (I)s with a
fixed p € P cannot be solved for the Lagrange multipliers ; € R}' and x5 € R™ of problem
(59), i.e., if I; > 0.

Thus, to determine the steepest descent direction, it is not necessary to solve the constrained
minimization problem (61). This direction is found by solving the unconstrained minimization
problem (62).

Note that this approach is particularly efficient when the number n of active constraints at
p € P is considerably less than the dimension of p, because the minimization problem (62) is
solved in the n-dimensional space. At the point p’, the set of active constraints is updated (and
denoted by h(p) again).

4. PROJECTION AND CORRECTION PROBLEMS

Let us give a geometric interpretation of the results obtained. By (16), the residual vector
z* is orthogonal to the vector b — z*. Hence, the origin in R™ and the points z* and b make up
a rectangular triangle in which b is the hypotenuse. The vectors z* and b — z* are the legs of
length pen (z*, X') and dist (b, Z), respectively. Then, relation (19) follows from the Pythagorean
theorem. Let b be the projection of b onto the set Z. Then, the vector bl = b — b* orthogonal
to it is the sum of two vectors, bg = by — (by — Apx} — Appxl) . and bl = Ao} + Agoxl. It
follows from (16) and (17) that, for b7 L bl and bt L bl Egs. (18) have the form

=t =pr(b,2), bt =pen(a,X),  [bl]| = dist (b, 2). (63)

In this notation, Eqs. (16) and (19) obviously become ||b*||2 = ||b*]|? and [|b* % + ||o!|?> =
= ||b||?, respectively. If Z is a linear subspace, then bt is the projection of b onto Z and bl is
the projection of b onto the orthogonal complement to Z.
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Similarly, in Theorem 3,
w* =7t =pr(r,W), |rt| =penw,U), rl=r—rt ||7“H|| = dist (r, W). (64)

It follows from Theorems 2 and 3 and from relations (63) and (64) that conditions (3) in
the criterion for alternativity can be represented as

o=l = 2 Ml =0, fIoHl + e = 112"[ + [lw”[} > 0.

Hence, systems (I) and (II) are mutually alternative.

It follows from Theorem 1 that |z*|| < ||b]], b"2* > 0. The vector z* belongs to the
hemisphere of radius ||b|| centered at the origin in R™ where the vectors z* and b make an
acute angle. Tt is evident that the vectors 7+ and 7!l belong to the sphere of radius p centered
at the origin in R™™.

Consider problem (14), i.e., the problem of finding the projection of a point z € R" onto
a nonempty set X. By Theorem 3 the normal solution to system (I) is the projection of the
origin onto the set X: #* = pr (0,, X). Changing variables in (14), y = x — Z, we reduce it to
the problem of projecting the origin onto the “shifted” set

X ={yeR": Apyi + Aoys > by, Anyyr + Asoyo = by, y1 > — 1}, (65)

where Z_)l = bl — Alljl — A121_32 and 62 = b2 — Agli’l — AQQJ_ZQ.
Then, problem (14) takes the form

J = min [yl = lly"ll = | pr (0, X)I- (66)
yeX
The solutions to problems (14) and (66) are related by the simple equation
Tr=pr(z,X)=z+y". (67)

Similarly, it can be shown that, if U # (), then the normal solution to system (II) is u* =
= pr (0,,,U), and

u =vpr(a,U)=u+", (68)
where v* = pr (0,,U), U = {v € R™ : Aljv; + Ajyvg < dy, Alyvi + Agovg = dy, bl vy +bJ vy =
= d3, (%1 Z ﬂl} and d1 = —A;rlﬁl — Aérlﬂg, dg = —AIzﬂl - A;gﬂg, and d3 =p— birﬂl - b;fbg

Problems of optimal correction of linear inconsistent systems were stated in [11, 12]. With
regard to system (I), the problem is to find a vector b with a minimum Euclidean norm such
that the substitution of the vector b — b for b makes the inconsistent system (I) a consistent
one.

Theorem 5. Let x* be on arbitrary solution to problem (1) and z* be the minimum residual
vector calculated at the point x*. Then, the optimal correction of system (1) consists in the
replacement of the vector b by b — z*. The pseudosolution x* to system (1) is a solution to the
corrected system

Apxy + Aoy > by — 27, Ay + Agpxo = by — 25, 1 > 0. (69)

By virtue of (63), the components of z* can be represented as z; = b, z; = by. Then
bl =0, — b, bl < by, bl = by — b2, and (69) takes the form

Anzry + Apzg > b!, Aoy + Agory = bg» 1 2 0y, (70)
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After substituting bl for b, the alternative system (II) becomes inconsistent. By Theorem 3,
minimizing its residual, we find the normal solution * to the corrected system (70). Thus, an
inconsistent system (I) is corrected and the normal solution to the corrected system (70) is found
by solving two unconstrained minimization problems in R" and R™. The m-dimensional vector
b = z* with a minimal Euclidean norm is found by solving the unconstrained minimization
problem (1) in n variables, and the n-dimensional normal vector * that solves the corrected
system (70) is found by solving the unconstrained minimization problem (1) in n variables.

In another method for correcting an inconsistent system (I), a single unconstrained minimi-
zation problem in R™ is solved instead of the two aforementioned unconstrained minimization
problems. We represent the problem of correcting system (I) and finding its solution as that of
finding the normal solution to the consistent system

Ay + Ajpxo + by > by, Anwy + Axpxs + by = by, 1 > 0,,, by > Oy 5 (71)

which is obtained from (I) by introducing additional variables b; € R™ and b, € R™2. This
system is always consistent. Therefore, the alternative system

Airlul + A;l“? S On17 AIQUI + A;QU/Q = Onga Uy S Om17 Ug = 0m27
b1Tu1+b;uQ:p>O, u120m1

is always inconsistent.
Having solved the problem of residual minimization for the alternative system,

(AT + Afw) P+ AT + Ay |+ |2+ sl + (0 — b — b )’

9
(751 GRZH UQERm2 2

we use formula (46) to obtain the normal solution of system (71)

T, ,* T, %
Ajqui + Agyus

*
Wy

T, ,* T, %
_(Afjul + Agjug) —w
‘rl - ) 1’2 -
*
Wy

b= uijwl By =upwg,  wi=p—blui—bjuj,
5. SYSTEMS OF LINEAR EQUATIONS

Consider the special case when systems (I) and (II) do not contain inequalities. Then, system
(I), which determines the set X, has the form

Az = b, (D)
and the alternative system, which determines the set U, is written as
ATu=0,, bTu=p#0.
For the sake of convenience, the latter system is represented as
Aty =r, (II)5
where A = [—A,b] and 77 = (0], p], p # 0.

By Theorem 3, we have the Fredholm alternative: only one of these systems—either (I)5 or
(IT)s — has a solution.
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We represent b as the sum of two orthogonal vectors, b = bl + b, where bl = pr (b,im A),
bt = (b,ker AT), and Z = ker A" If ||b4]| = 0, then X # 0 and U = (. If ||b*|| # 0, then X =0
and U # ().

To find out which system is solvable and to solve it, it is sufficient to find either x* or u* by
solving one of the following unconstrained minimization problems:

L |lo— Azf®[|b — Az*|? = ATl = AT
min 5 = 5 ,  min = : (72)
zeR ue R 2 2

These problems can be interpreted as the application of the least-squares method to systems
(I)s and (II)5. By Theorems 1 — 3, we have z* = b — Az*, w*T = = [wi",wi] = [r — ATu*||T,
wi = ATwu*, and wi = p — b u*. The necessary and sufficient conditions for the existence of
minima in problems (72), the so-called “normal equations”, are

AT(b— Ax*) = 0,, A(r — ATu*) = 0y, (73)

From these equations, we determine the residual vectors z* = b+ € ker AT and w* = r* € ker A.
The vectors 2* and u* satisfying (73) are pseudosolutions to systems (I); and (II)s, respectively.
If |oY) =0, then X #0, U =0, b=0bl, 2* =0, wi # 0, and the normal solution is

T =ATu(p—b"u"), (74)

where u* is a pseudosolution to system (II)s. Substituting it into (I)s and performing simple
calculations, we obtain
(AAT +bb")u* = pb. (75)

If ||bt]| # 0, then X = (), U # (), and the normal solution of system (II); is
= p(b— Az")/|Ib— Az, (76)

where x* is a pseudosolution to system (I)s. System (I); corrected by using the second formula
in (69) can be represented as Ar = Az* = bl. Tts normal solution z* is given by (74), where
b = bl and u* is found by solving the second problem in (72) with b = bll. If the rank of the
matrix A is n, then the corrected system has a unique solution z* equal to its normal solution
T

In what follows, we assume that the m xn matrix A has the maximum possible rank. Denote
by A" the n x m pseudoinverse of A. Consider two special cases in which problems (1), (2),

(5), and (6) can be solved analytically.

Case 1: Let rank A = m.

Then, n > m, X # 0, [b*|| = 0and U = 0, AT = AT(AAT)"!, AAT = I, the rows
of A are linearly independent, (A7)l = A*A is the n x n matrix of projection onto im AT,
and I, — (AN = (AT)! is the matrix of projection onto ker A. By the Kronecker-Capelli
theorem, rank A = rank A < rank [AT,7] = m + 1. The normal solution Z* to system (I); can
be represented in several forms:

it =Atb = AT(AAT) b = pr (0, X) = (A")lz, (77)

where x is an arbitrary vector in X.
_ The number of rows in the mautrix{lT is greater than the number of columns. Therefore,
(AT)r = (AAT)TA, (AT)*AT = 1,,, (AT = AT(AT)* is the square matrix of order n + 1 of
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projection onto im AT, and (AT): = I,.; — (AT)Il. A pseudosolution to system (II); has the
form

uw = (AT Fr=(AAT)Ar. (78)
The vector u* satisfies the corrected system ATy = rll, where rll is the projection of the vector
r onto the subspace im AT,

I =pr(r,im A7) = (AT)lr = AT(AAT) 1 Ar.

The vector w* is the projection of r onto the orthogonal complement ker A to the subspace
im AT. Indeed, performing some straightforward transformations, one can show that

w* = (AT)tr =t

Let us introduce the square nonsingular matrix ® = (AAT)™' = (AAT+ +bb")~! of order
m. Then, it follows from (78) that
u* = p®db. (79)

This formula can also be derived from (75) by assuming that the matrix on the left-hand side
of (75) is invertible. Substituting (79) into (74), we obtain

7= AT®b/(1 — b db). (80)

Since the normal solution is unique, we can equate (77) to (80). As a result, we obtain the
matrix identity

AT®b/(1 —b"®b) = AT(AAT) b, (81)

Using the optimal vector of Lagrange multipliers p* € R™ for the problem of finding the
normal solution to the consistent system (I)s, we represent (77) as

= Aur, = (AAT). (82)
By virtue of (80), we have
= ®b/(1—b"u*). (83)
From (82) and (83), we obtain the identity
®b= (1—0b"®b)(AAT) "D, (84)
Let v be the least eigenvalue of the matrix AA". Since rank A = m, we have v > 0 and
(82) implies that
el < 122 = T AAT = o < b1,

el < 1Bl 12 < 1ol /v

Let 2" be the projection of T onto X. Then, 2" — = pr 0y, X')_by virtue of (67). According
to (65), the set X can be represented as X = {y € R" : Ay = b}, where b = b — AZ. Since
pr (0,, X) is a vector from X with the least Euclidean norm, we obtain (cf. (77))

Tt —z=A"(AAT) ). (86)

(85)

By analogy with (82) and (85), we have
T*=ATb=ATp*, pf=(AAT)1b,
as|? < llz*)* = T AAT e = a=To < [l lell, 1Al < [1bll/~, (87)
dist (7, X) = |7* — | = (&'0)"/* < [|bl]/\/7 = pen (7, X)/ /7.
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Relations (86) and (87) have particularly simple forms when m = 1. In this case, b € R,
and A is an n-dimensional row vector a'. Formula (86) specifies the projection of Z onto the
plane a'x = b, and (87) determines the distance from Z to this plane; i.e.,

7 =7 +a(b—a'3)/|al?, dist(z,X)=|b—a z|/|al. (88)

If £ = 0,, then z* = ab/||a|?, and ||Z*| = | b|/||a|.

Case 2: rank A = n.

In this case, n < m. Let U # () and ||b*|| = 0. Then, X = (). Since the columns of the
matrix A are linearly independent, we have AT = (ATA)™'AT ATA = I,, Al = AA" is the
m x m matrix of the projection onto im A, and I,, — Al = A' is the matrix of the projection
onto the orthogonal subspace ker AT. By the Kronecker—Capelli theorem, rank A=n+1 A
pseudosolution to system (I); and the normal solution to (II); are written as

zt=ATh, At =(ATA)TAT, @ = AATA) Y = pr (0, U) = (Al (89)

where v € U. The vector x* satisfies the corrected consistent system Az* = bl where bl =
= pr(b,im A) = A(ATA)"'ATb is the projection of b onto the subspace im A. The vector z* is
the projection of b onto ker AT (the orthogonal complement to im A). Indeed, it can be shown
that 2* = Atb = bt.

The square matrix AT A of order n+ 1 in (89) is nonsingular and can be represented in the
block form
—b"A bTD

AT [ ATA —ATb]

Its inverse is determined by applying the Frobenius formula, and (89) yields

PR —HATbH
T -1,. _
(A A) r_pﬁ[1+ﬁbTAHATb:|7
= PBp[(1+BbTAHATD)b — AHATD],

(90)

where 3 = 1/||b]|> and H = (ATA — BATbb" A)~! is a square matrix of order n. Equating
expressions (76) and (90) for @*, we obtain the second matrix identity

[Im _ A(ATA)_IAT} b T Ty T
1l — A(ATA) AT o] — B[(1+BbTAHATb)b — AHATD] . (91)

The matrix identities (81), (84), and (91) can be proved without invoking Theorems 1 — 3.
Denote by 7 the least eigenvalue of the matrix A" A. It follows from (89) that

i = Agr, ¢ = (ATA)r,
nll&|? < lar|? = &TATAgr < & Tr < |1€¥]|/p,

€511 < 1/ Cpm), Nlarll < 1/(py/m),
dist (a,U) = [|a* —al| < |r — ATall/ /7.

(92)

Using (68) and the last formula in (89), we obtain an expression for the projection of @ onto
the nonempty set U:

@ =pr(a,U) =i+ pr (0, U) =a+ AATA)~'r.
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6. SYSTEMS OF LINEAR INEQUALITIES

Let the system determining the set X have the form
Ax Z b, (1)6

where A is an m X n matrix, b € R™, and ||b|| # 0. The alternative system determining the set
U is written as
ATu=r, u>0,, (I)g
where (as in Section 5) the augmented matrix has the form A = [—A,b] and rT = [0, ], where
p > 0.

According to Theorem 3, only one of systems (I)g and (II)g is consistent. In the case of
p = 1, this assertion is known as the Gale theorem.

The sets introduced above take the form

Z={z€eR}, AT2=0,}, W ={we R : Aw < 0,},
X={yeR":Ay=b=0—-Az}, U={veR™":ATv=r=1r—ATa},
pen (¢, X) = || (b — Az). . pen (1, U) = [Ir — ATl

The vectors * and u* are determined by solving the problems

b— A 2 bh— Ar* 2 _ATQ _AT*Q
i MO AP o= Aat)l? = ATl = ATl

The necessary and sufficient optimality conditions for problems (93) are
AT(b— Az*)s =0, IQT—ATM)gom,_D@ﬂ[ﬁw-w@@w]:@m u' > O

Hence, it follows that z* € Z and w* € W. R

By Theorems 1 — 3, we have z* = (b — Az*), w*" = [wi",w3] = [r — ATu*]", wi = ATu*,
and w} = p —b'u*. If X # (), then wj} > 0 and the normal solution of system (I)g is expressed
as

=AM (p— b u"). (94)
This formula was derived in [8] for p = 1. Since Z* € X, expression (94) leads to an analogue
of formula (75): (AAT +bb" )u* > pb.
If X =0, then 2* > 0,, and the normal solution of system (II)s can be represented as

0 = p(b— Az")/[[(b— Az") ||* = pb /0|, (95)

In what follows, we assume that the m xn matrix A has the maximum possible rank. Denote
by AT the n x m pseudoinverse matrix of A.

Case 1. Let X # (). Then U = (). Solving problem (2) (the second problem in (93)), we find
the normal vector * € X from (94); hence, AZ* > b. Suppose that the first s conditions in this
system of inequalities at the point z* are reduced to equations, and the remaining ¢ = m — s
conditions are strict inequalities. Accordingly, we represent the matrix A and vectors b and u
in the following partitioned form: AT = [A], Al], b" = [b],b!], u" = [u],u]]. Consider the
system

Az =b,. (96)
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Let s < n and the rank of A; be equal to s. Then, system (96) is solvable. By virtue of (77),
its normal solution can be represented as

= Afb, = pr(0,, X,),
where AT = AT (A,A])"! and X, = {z € R" : A,x = b,}. Since T* = #, we have
AT/ (p=bTu) = AJuy/(p — byuy) = A (AAL) b,

If all constraints at the point z* are active, we obtain the formulas derived in the preceding
section. If b < 0,,, then 2* = 0,,. When b < 0,,, there are no active constraints at the point z*.
Moreover, if rank A = m, then u* = 0,,.

Consider the problem of finding the normal solution #* = pr (0,, X). The Lagrange function
for this problem is L(x,u) = ||z||?/2 + p" (b — Az), and the Kuhn—Tucker conditions are

= AT, AT >0, (AT —0) =0, pf >0

Let us represent the optimal vector of Lagrange multipliers as pu*' = [u*", u*"], where u* =
= (A,A])7'b, and pf = 0.. For simplicity, we assume that the first s constraints are active;

ie., A" = b, and A.Z* < b.. Then, T AATp* = T A,AT it Let 7 be the least eigenvalue
of the matrix A;A!. It is evident that v < 7, where v is the least eigenvalue of AA". In view
of the condition rank A = m, it holds that ¥ >+ > 0 and

HEll? < psT AAT s = 1o 20, [zl < bl /7,
12401 = 1A sll? = g Tbs < 11s]1*/7-
To find the projection of Z onto the set X, we make use of the results of Section 4. Since
p* = (AAT)"'b and b = b — AZ, we obtain
[dist (z, X)]* = [|z* — 2| = [pr (7, X)]* = [pr (05, X)]* = p*T (b — A7) <
< leslllles = Asz) 4 || < (1(bs — Asz) 4[|/ < (10— Az)4[|/7.

Inequalities (87), (92), and (97) are analogous to Hoffman’s inequalities |2, 3|. Note, however,
that the inequalities obtained in this paper are different in some important respects. First, the
coefficients v, n, and 7 are specified. Second, the distances between z* and ¥ and between u*
and @ can be calculated by exact formulas. The fact that v and 4 do not depend on b and 7
is independent of 7 (see [3, Theorem 10.1| and |2, Lemma 35.5|) follows immediately from the
analysis above.

Case 2. Let X = (). Then, ||z*|| # 0, system (I)g is inconsistent, and some components of
the vector Az* — b are negative. The corrected system has the form

Az > bl =b— (b — Az*),.

Hence, if (b — Az*)* < 0, then (bl)? = ¥; i.e., the ith component of b remains unchanged. If
(b — Ax*)" > 0, then (bI)" = (Az*)" and ¥’ is replaced by (Az*)’, which ensures the feasibility
of the vector z* in the corrected problem.

7. THE PROBLEM OF SEPARATING HYPERPLANES

Let us represent A, b, u, and z in the form

. Ay . by | u !
Sl P E 1 B Y R P



where A; and A, are k x n and ¢ X n matrices, respectively: by, u1, z1 € R¥: by, us, 20 € RY; and
k + ¢ = m. Assuming that the set X consists of the nonempty sets

Xlz{LCGRnZAlebl}, ng{l'ERnIAQZ'ZbQ}

such that X; N X, = (), we consider the problem of finding a hyperplane that strictly separates
X1 and XQ.
Let a € [0, 1] be a scalar parameter.

Theorem 6 (on parallel separating hyperplanes). Suppose that X1 and X5 are nonempty
polyhedra, X = X1 N Xy = 0, a* solves the first problem in (93), and the components of the
minimum residual vector z* = (b — Ax*), are 2§ = (by — A1x™) 4 and 25 = (by — Asz™);. Then,
the following assertions are true:

(i) the parallel hyperplanes separating the sets X1 and Xy can be described by the two equivalent
equations

AT (A — by) + o 2*|* = 0, (98)
2 (by = Apz) + (a = D|z"|* =0, (99)

when 0 < a < 1, these hyperplanes strictly separate X, and Xs;

(ii) if o is equal to
o = [l2711*/11="11%, (100)

then x* belongs to the separating hyperplane corresponding to this value of o;

(iii) the distance d between the separating hyperplanes corresponding to « =0 and a =1 is

d=1z"|*/1 A 2]

Proof. By Theorem 1,
ATz =0,, b2t = ||

Premultiplying the first equation by an arbitrary vector x € R"™ and subtracting the second
equation from the result, we obtain

2T (Az —b) + ||2*||* = 0. (101)

We define a linear function ¢(z, o) of z € R" depending on the parameter a by the following
equivalent formulas:

o(r,a) = 27 (Aix —by) +oz*|?, (102)
o(z,0) = 23" (by — Asz) + (a = 1)[|2"||. (103)

For any fixed a € [0, 1], the equation ¢(x,«) = 0 defines the hyperplane separating X; and
Xs. Indeed, if @ > 0 and = € X, then ¢(x,«) > 0 by (102) and, if « < 1 and z € X, then
© < 0 by (103). Thus, we obtain the parallel hyperplanes that strictly separate X; and X, for
0<a<l.

According to (88), the projection Z* of x* onto the separating hyperplane (98) is calculated
as

7 = ot + A2 [T (b — ) — all2) /AT 1,
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where 2} (by — Ajz*) = ||2}||>. Therefore, if « is given by (100), then 7* = z*; i.e., * belongs
to the separating hyperplane (98).

Similarly, substituting the right-hand side of (100) for o* in (99) and using the fact that
1 —a* = ||23]|?/|lz*]|?, we find that z* belongs to the separating hyperplane (99).

Denote by pr («) the projection of the origin onto the hyperplane (98). By virtue of (88),
we have

pra) = Ay 27 [27" by — all2"|*] /Ay 2]
After simple calculations, we obtain d = || pr (1) — pr (0)|| = ||2*]|?/||A] z7]|. The theorem is
proved. O

The proof of assertion (i) of Theorem 6 is similar to that of Eremin’s theorem |2, Theorem
10.1], which is based on a theorem of the alternative. In the notation adopted in this paper, the
separating hyperplane in Eremin’s theorem is described by the following equivalent equations:

;T (A —by) +p/2 =0, wy' (by — Agx) — p/2 =0,
where w7, u3 is an arbitrary solution to the system
AlTul + AQTUQ = 0,, blTul + b;ug =p>0, up > 0, ug > 0. (104)

By Theorem 6, to find a separating hyperplane, one must solve the problem of unconstrained
minimization of the residual of the inconsistent system (I) in R", whereas Eremin’s theorem |[2]
implies that one must solve the consistent system (104) in m unknowns.

8. THE GORDAN AND STTEMKE THEOREMS OF THE ALTERNATIVE

The Gordan theorem of the alternative states that only one of the systems
Az > 0y, (Ds

ATu=0,,  ©>0,, |ully > 0 (I)s

is solvable. This result does not follow directly from Theorem 3. By setting b = pe,,, where e,,
is the m-dimensional unit vector, systems (I)g and (II)g are transformed into

Ax > pepn, (D3

Alu =0, w>0n, plulli=p. (D)3

Systems (I)s and (I)§ are solvable simultaneously; i.e., if system (I)g is solvable, then its solution
2’ determines the value of the parameter p equal to the minimal component of the vector Az’
The vector 2’ corresponding to this value of p satisfies (I)f. Vice versa, if system (I)§ has a
solution, then this solution obviously satisfies system (I)s. Similarly, if u’ solves system (II)g,
then u = '/||u'[|; is a solution to (II);. The converse is also true. Hence, the alternative in
the Gordan theorem can be replaced by the alternative represented by systems (I); and (II)3,
which define closed sets. Therefore, unlike (I)s and (II)g, the alternative systems (I)§ and (II)}
can have normal solutions, which can be found by applying Theorem 3.

Note that both sides of the last equality in (II)§ can be divided by p. However, in doing so,
one must take into account the multiplier p? in the expression

pen (z, X) = /[ ATul2 + p2(1 — [Ju1)?
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to ensure that (46) holds. Only under this condition can all results of Section 6 be extended to
systems (I)§ and (II)§. In particular, formulas (94) and (95) become
ATy plpem — Ax*),

~ %k ~ %

T =, u = " .
p(1 = [lur]l) [(pem — Az*)|?

The Stiemke theorem states that only one of the systems Az > 0,,, ||Az| > 0, and A"u = 0,,
u > 0, 1s solvable.

As in the case of the Gordan theorem, the alternative systems in the Stiemke theorem can
be replaced by systems that may have normal solutions. By introducing a vector of additional
variables £ € R™, the first system in the Stiemke theorem is rewritten as

This system is solvable simultaneously with the first system in the Stiemke theorem. System
(IT)§* is a special case of the general system (I) considered in Section 2. Therefore, its alternative

is
Au=0,, —u+eno<0,, po=p>0.

In a more compact form, it is written as
ATu=0,, u>epn. (ID)g*

System (II);* is solvable simultaneously with the second alternative system in the Stiemke
theorem. Now, Theorem 3 can be applied to the alternative systems (II);* and (II)3*.

9. SYSTEMS OF LINEAR EQUATIONS IN NONNEGATIVE VARIABLES

Suppose that the system determining the set X has the form
Ar=0b, x>0, (Do

where A is an m x n matrix, b € R™, and ||b|| # 0. The alternative system defining the set U

has the form
ATu <0, b'u=p>0, (IT)g

where p is an arbitrary fixed constant.

By Theorem 3, only one of these systems, (I)g or (II)g, is consistent. With the second relation
in (II)g written as b'u > 0, this proposition is known as the Farkas lemma.

The vectors * and u* are found by solving the problems

Ieninm 16— Az||?/2 = ||b — Az*[]*/2, (105)
min, (AT + (0= 0Tw)] /2 = (AT P+ (o = 0Tu)] /2. (106)

The necessary and sufficient minimality conditions for problems (105) and (106) are
—AT(b— Ax*) > 0,, D(z")[AT(b— Az")] =0, 2">0, AA u");—blp—b'u")=0,.

Applying Theorems 1 — 3 and the results of Section 4, we obtain b = 2* = b — Az*,
bl = Az*, and w*" = [wi', w3], where wi = (ATu*),, and wi = p — b u*.
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If X # 0, then ||bt|| =0, U = 0, w} > 0, and the normal solution to (I)g is expressed in
terms of the solution to problem (106) as follows:

F = (ATu), /(p— BT,
Using the condition * € X, we obtain an analogue of formula (75):
A(ATU) L 4 bbTut = pb.
If [|b*|| # 0, then X =0, U # 0, ||2*]| # 0,,, and the normal solution to (II)g has the form
0t = p(b— Ax")/||b = Ax”|]* = pb /07|,

By applying the optimal correction procedure, the inconsistent system (I)g is reduced to Az =
= bl, 2 > 0,. Then, the alternative inconsistent system is written as A"u < 0, 2*TATu = p >
> 0.
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