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1. Introduction and Preliminaries

Newton’s method has been widely used for solving systems of nonlinear equations, nonlinear
programming problems, optimal control problems and, recently, for linear programming (LP).
We mention only a few references [23, 10, 32, 11]. Due to extensive activity in this area, the list
is not complete. Many publications are devoted to path-following interior-point algorithms for
linear programming. Extensive theoretical investigations, convergence analysis, and practical
implementation are given in numerous papers and reports, e.g., [3]-[9], [33, 34, 36, 12].

In this paper, Newton’s method is applied to a nonlinear system of equations derived from
the optimality conditions for the LP problem. The method is stated as an initial-value problem
involving a system of ordinary differential equations. We consider continuous and discrete
versions of the primal-dual Newton method for solving the LP problem. We present some
results on convergence rate and give a description of the algorithm that was implemented.

The paper is organized as follows. In the remainder of this section, we formulate the linear
program in standard form and consider some properties of this program.

In Section 2, we describe the continuous version of Newton’s method. The right-hand side
of the ordinary differential equation defines the Newton search directions that are determined
from the solution of a linear system with 2n unknowns. In Section 3 we present various special
cases and consequences of proposed numerical method. In Section 4, we reduce this system to
2 x 2-block system with n unknowns and to a system with symmetric well-defined matrix which
does not have any singular terms in the vicinity of the optimal solution. In this linear system,
in addition to the matrix of constraints, we introduce an additional matrix whose range space
coincides with the null space of the matrix of constraints.
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In Section 5, we present some new results concerning the convergence rate of the method.
In Section 6, we consider the discrete version of the method. We use the steepest descent
approach for choosing the step lengths. These step lengths are determined from the solution of
the auxiliary problem.

Let A be m x n full-rank matrix, m < n, b,u € R™, and ¢, x € R". Consider the standard
form of the linear program

minimize c'x
(P) subject to Ar = b,
x = 0Op,
and its dual .
maximize b'u
(D) { subject to c—ATu > 0,,

where O, is an s-dimensional null vector, Oy is an s X k rectangular null matrix. Subscripts
will be used to distinguish values of quantities at a particular iteration while superscripts will
indicate components of vectors.

For a matrix A of full row rank, the associated right n x m pseudoinverse matrix is defined
as

AT = AT(AATTL
The orthogonal projector onto the range space of the matrix A" is defined as
(AN =A*A. (1)

The orthogonal projector onto the null space of matrix A is given by

(AT)" =L, — (ADN

where [, is the unit square matrix of order n.

Let K be a matrix whose rows span the null space of A. By choosing a basis for this space
we can assume that K is an ¢ X n matrix with the row rank ¢, with m + ¢ = n. This definition
yields the orthogonality condition:

KAT =04y, (2)

We partition A and K as
A=[B|N], K = [Kp | Kyl (3)

where B is an arbitrary nonsingular square matrix of order m, Ky is a nonsingular square
matrix of order £, N and K} are m x ¢ matrices. Popular choice for K is

K=[-N'(B")"|IL] (4)

By multiplying this matrix on the right by A", we obtain that in this case the condition (2)
holds.

Since the maximum rank of K is ¢, we can define the pseudo-inverse matrix
Kt=K'(KK")™

of K and use the orthogonal projector (K )% onto the null space of the matrix K and the
orthogonal projector (K ")l onto the range space of the matrix K . The relations between the
projectors are as follows:

(AN =Dl (KT = (aDl (5)



Define the vector of dual slacks v € R™ and consider the overdetermined linear system of n
equations with m unknowns

Alu=c—w. (6)

The vector u can be regarded as an implicit function of v. In general, this equation does not
have a solution. Therefore, we define the unique pseudosolution

u(v) = (AAT)TA(c —v). (7)

Substituting this expression into (6), we obtain ATu(v) = (AT)l(c—wv). Clearly, the pseudoso-
lution u(v) solves (6) if and only if (AT)1(c —v) = 0,, i.e., the vector ¢ — v belongs to the row
space of matrix A. According to (5), in this case K (A7) (c—v) = K(K")l(c—v) = d—Kv = 0y,
where d = Ke.
Let ¢ be an arbitrary n-dimensional vector (some of its components can be negative) that
satisfies the following condition:
Agq=b.

Define n-dimensional functions w(v) and @(z) associated with the primal and dual problems:
w(v) =c—v— Alu(v), w(r) =q—x— K u(z),
where @(x) is a pseudosolution
i(r) = (KK')"'K(q — ) (8)

of the equation
K'i=gq—um (9)

The projections of a vector z onto the null space and row space of matrix A are denoted,
respectively, by 2+ and zl. Taking into account (5), (7), (8) and (9), we obtain

wv) = (AN)He—v)=c" v, w(w) = (A")(g —x) = ¢! —al, (10)

ATu(w) = (AN e—v)=cl =l Ka(z) = (AN (g — ) = ¢ — 2t (11)

Below D(z) denotes the diagonal matrix whose entries are the components of a vector z.

We denote component-wise operations on vectors by the usual notation for real numbers. Thus,

given two vectors z, h of the same dimension, D(z/h) denotes the diagonal matrix, whose i-th
diagonal element is z'/h’.

Let R} and R! denote nonnegative and, respectively, strictly positive orthants in R".
Introduce feasible sets for the primal variable x and for the dual slacks v:

X={zeR}:b— Az =0,}, V={veR}:Kv—d=0}.
Their relative interior parts are defined as intersections with the positive orthant
X, =XNRY,, Vi=VNRY,.

We assume that the sets X, and V), are nonempty and that primal and dual nondegene-
racy hold. In this case, both problems have unique solutions x, and wu,, respectively, strict
complementarity holds (i.e., |z%| + |vi] # 0 for all ), and the following inequalities are valid:

1ol # 0, lid]l # 0. (12)



In the sequel, the optimal dual slacks v, = ¢ — ATu, will be also referred to as a solution of the
dual problem (D).

The first-order necessary and sufficient optimality conditions for problems (P) and (D) can
be written as a system of 2n equalities:

DMz)v = 0,
Kv—d = Og, (13)
Ar —b = 0,
and 2n inequalities:
x>0, 020y, (14)

where ) is a positive scalar. In (13), we introduced the expression D*(z)v instead of the com-
monly used D(z)v. It was motivated by our previous work on space transformation techniques
[5], [7]-[17]. The expression will allow us to obtain different step sizes for the primal and dual
variables.

In system (13), we have 2n scalar equality equations and 2n unknown scalar variables.
If we find solutions z,, v, of (13) and (14), then we define u, = u(v,) from (7). Clearly, the
pair [z, u,] coincides with the unique solutions of (P) and (D), respectively.

2. Continuous Version of the Method

We use the continuous version of Newton’s method for solving the system of equalities (13).
The computation is described by the system of ordinary differential equations:

D E)W (,v) [ ‘5 ] — _D*(E)D(7)R(x,v), (15)

where W is a square 2n matrix, R is a 2n-dimensional vector:

AD(v) D(z) D(x)v
Wi(z,v) = Oen K |, R(z,v)= | Kv—d |,
A () Az —b

the diagonal matrix D(v) has the first n + ¢ diagonal components equal to a and m other
diagonal components equal to 7; the first n components of the vector = coincide with the
vector x and the other n components are equal to one. In the sequel we will simplify (15) and
investigate the following system of 2n differential equations:

Wz, v) [ ;f ] — _D(7)R(x,v). (16)

We have introduced three auxiliary parameters A\, «, and 7. For the sake of simplicity, we
assume that A = a/7.

By following the trajectories satisfying (16), we can, in theory, obtain a solution of the
system of nonlinear equations (13). In practice, we build the iterative procedures using a
discretization of these differential equations. The vectors & and v, defined by (16), are called
the Newton directions.

From the system (16), we have

Kiv = o(d—- Kv), (17)
Az = 7(b— Ax). (18)
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Let x(t), v(t) denote the solutions of the Cauchy problem (16) with initial conditions ¢y = x(0),
vo = v(0). Using orthogonal decomposition of the vectors z(t) and v(t), we will seek a solution
of the system (16) in the following form:

o(t) = 2zI(t) + 2t (t), o) =ol@) + ot (). (19)

We substitute these representations in (17) and (18). By multiplying both sides of diffe-
rential equation (17) on the left by the matrix K* and multiplying (18) on the left by A*, we
obtain

it = afct — vt = aw, (20)

il = 7lgl —2l) = . (21)
Differentiating (10) and using the above equations produces
W = —ow, W= —TW. (22)
The equations (20), (21) and (22) can be easily integrated:

wv(t)) = ¢t —vh(t) = [c" —vH(0)]e ™, (23)
o(z(t) = ¢ —2l(t)=[¢! -2 0)e . (24)

By multiplying the solution (23) on the left by —K and the solution (24) on the left by —A,
we obtain

Kv(t)—d = [Kuvy—dle ™, (25)
Ax(t) —b = [Axg—ble ™. (26)

Differentiating (19) and taking into account (10), (20), (21), we have:
i(t) = Tw(x(t) + 25(t),  o(t) = aw(v(t)) + ol (t). (27)

We introduce an m-dimensional vector function g(¢) and an ¢-dimensional vector function §(t)
and use the following representation:

it(t)=—1K"g(t),  ol(t)=—aATg(t). (28)

The pseudosolutions u(v(t)) and @(z(t)), defined by (7) and (8), are composite functions of
the independent variable t. Considering (28), these functions satisfy the following differential
equations:

U = ag, U= Tg.

Substituting (27) and (28) in (16), we observe that the vectors g and ¢ satisfy the following
linear algebraic system of n equations in n unknowns:

D(z)ATg+ D(w)K"§ = D(z)[ct — v'] + D(w)[¢! — 21 + D(z)w. (29)
The initial conditions for the system of ordinary equations (28) are as follows:
z+(0) =z — 2/(0), vll(0) = v — vH(0).
We introduce an n-dimensional indicator vector:

y=D"'(v)(ATg —w(v)). (30)
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This vector can be also represented in the following form:
y = e, + D7 (z)(w(r) - K'g), (31)

where eg; denotes the vector of ones in R®.
Using this notation, we can rewrite (28) as follows:

i (t) = —7[D(x)(en —y) + @], () = —a[D(v)y + w].

The vectors @ (t) and ©(¢) are orthogonal. Therefore, at each ¢ we have:

@' D(v)y +w' D(x)(en —y) =y  D(@v)(y — en). (32)
The system (16) can be written in original variables as follows:
T =71D(x)[y — ey, 0= —aD(v)y. (33)
The vector y satisfies the following conditions:

AD(y)x = b, (34)
KD(e, —yv = d. (35)

As the vectors D(y)x —q and D(e, —y)v — ¢ belong to the null spaces of A and K, respectively,
they are orthogonal, i.e.,

¢' D(x)y+q' D(v)(en —y) = c'q+y' D(wv)(en —y).
The first integral of the system (16) is
DMx(t))v(t) = D (2)voe ™. (36)

From this expression we conclude that all components of the vectors z(¢t) and v(t) do not
change their signs along the trajectories of the system (16). Therefore, if the starting points
are 9 € X4, vg € Vi, the solution of (16) exists for all 0 < t < oo and z(t) > 0,, v(t) > 0,.
If 25 = 0, v} = 0, then 2?(t) = 0, v/(t) = 0 for all t > 0. Hence we can say that the system (16)
has an adhesion property.

Let A\ =1, g € Xy, vy € V, and let the pairwise products zjvy be identical for all i.
It follows from (36) that the subsequent products z(¢)v*(¢) are also identical for all 7. Hence in
this particular case, the trajectory of the system (16) belongs to so-called central path which
plays a vital role in the theory of primal-dual algorithms.

3. Special Cases

We introduce two scaled matrices

A= AD? (:’;> K = KDV/? <”) .
v/’ T

Many special cases of the system (16) have been studied extensively in the literature.
We mention only few of them.

Let vg € V.. Then the vector vy — ¢ belongs to the row space of the matrix A, and,
according to (23), we have w(0) = w(t) = 0, for all t. Hence this property holds on the
remainder of the trajectory. In this case, the formula for y is simplified, that is,

y=DYv)ATg = D2 (zv) AT
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Expressions (33) yield

i=1 DV (L) A —2|, o=—aD"? () A% (37)
v X

This case was investigated in |1, 2, 17].

Let o € X4 and vy € V4. According to (23) and (24), w(0) = w(t) = 0,, w(0) =
= w(t) = 0,, all trajectories x(t) and v(t) will remain in the sets X, V, respectively, for all
t > 0. Setting b = Az, (30), (31), (32), and (33) yield

y =D W) AT(AA) b =¢, — D (2)K (KK")™'d,
y" D(xv)(y —e,) =0, ol =0, it =i, (38)
b= o [D (L) AT @A) —a], 6= —adT(AAT) e (39)
v

This case was investigated in [2, 11].

Let o = 7. Then from (39) we have:
D(v)t + D(x)0 = —7D(z)v.

If 7 =1, we have the pure Newton method.

(4], Setting @ =0, 7 =1 and v = ¢, in (33), we obtain the following method:
i = DY?(x)[Ate+ AT(Az — b)), (40)

where A = AD'?(z). This method was proposed and investigated in [8], where it was shown
to converge exponentially to an optimal solution point x, which is an asymptotically stable
attractor, while all other vertices are nonstable stationary points for system (40). This variant
is considered in [17].

Simplifying the method (40) to consider an interior variant, where x(t) € X for all ¢,
yields the following from (40):

& = D(2)[AT(AD(z)AT) ' AD(z) — e,]c. (41)

This method also converges exponentially but, in contrast to (40), it does not have the asymp-
totic stability property with respect to the equality constrain Ax = b.

This method was proposed, studied and implemented in 1977 (see [8]). It was called a
“barrier-projection method”. Method (41) resembles Dikin’s algorithm [4], sometimes called
the “variation on Karmarkar’s algorithm” [3|. It has better local convergence properties than
Dikin’s method. The differences between these methods are analyzed in [17]. Recently this
method was reinvented in [19, 22| and [24].

Setting « = 1, 7 = 0 and = = e, in (33), we have:
= (AD*(W)AT) ', v =—AT(AD '(v)AT) b

This method was introduced in [8]. It is similar to the affine-scaling algorithm proposed in [1].
Comparative analysis of the local convergence properties is given in [16, 17, 18|.



4. Computation of Newton’s Directions

Most of the computational effort in implementation of Newton’s method is spent in solving
the linear system (29). Here we focus on this system. Let G be an n-dimensional vector,
GT =1[g",g"]. We rewrite (29) as

M(z,v)G = F(z,v), (42)
where
M(z,v) = [D(z)A" | D(v)KT], (43)
F(z,v) = D(x)v+ D(z)w(v) + D(v)w(x).

This system is uniquely solvable in R" | xR}, . Consider the two simplest cases where this sys-
tem can be easily solved by eliminating either g or g. Assume that v € R’} . Then multiplying
both sides of equation (42) on the left by AD™!(v) and taking into account the orthogonality
condition (2), we obtain the linear system in m unknowns:

AD (i) ATg— AD (‘z) w(v) +b. (44)

This approach is very popular in publications devoted to interior point techniques. Suppose
now that x € R’ ,. Since the diagonal of D(x) is strictly positive, we can rearrange the system
(42). Multiplying on the left by K D~!(z), we find another linear system in ¢ unknowns:

KD (Z) KTg=KD (;) W(x) + d. (45)

It is sufficient to solve only one system — either (44) or (45) — because on substituting the
computed solution in (29), we obtain all the expressions necessary for determining the Newton’s
directions (27). We usually choose the system with the smallest dimensionality.

We can use the least squares approach to solve (42). We obtain the normal equations by
multiplying both sides of (42) by the square matrix M :

My(z,v)G = Fy(x,v), (46)
where we introduced a symmetric positive definite n X n matrix with 2 x 2 block matrices

AD*(z)AT  AD(zv)KT

My(w,v) = M (. 0)M(x,0) = | D NaT KD (o) KT

and n-dimensional vector
Fy(z,v) = M (z,v)F(x,v).

Lemma 1. Ifz € R}, v e R}, then the matrices M (x,v), My(z,v) are nonsingular and
there is a one-to-one correspondence between their inverses:

M;' =M (MY, M= MM, (47)

where

(48)



Proof. Multiplying (48) on the right by M (x,v), we obtain the expression
MY x,v)M(z,v) = I,,
which proves (48). Solving the systems (42) and (46), we have
G=M7"'F=M'"F,=M"'M"F. (49)

From these conditions we get the formulas (47). O
Using (48), we find explicit expressions for vectors g and g. On substituting in (28), we
obtain

o= KT (KD (;) KT) KD (@) F (s, v). 5
ol = aAT (AD (i) AT> - AD Y v)F(x,v).

All formulas (42) — (50) can be used for practical computations only if the vectors z and
v are not very close to the solutions of problems (P) and (D). All these formulas become
increasingly ill-conditioned when the trajectories approach the optimal solutions with some
components of the vectors x, and v, being zero. Matrices AD(z/v)A" and KD(v/x)K " may
be ill-conditioned or singular when the elements of the diagonal matrices D(z/v) or D(v/x)
take on both very large and very small values. This severe drawback is analyzed in many
publications. See, for example, [11]. Various modifications of Cholesky codes were proposed in
order to cope with these shortcomings.

We propose at later stages of the computation to refrain from solving the systems (44) or
(45) and, instead, to focus on the system (42). We will use the partition (3), where B is m X s
current matrix (not obligatory optimal basis). Let € be a nonnegative number. We mention
three different rules for the partition:

1. If 2* > ¢, then the i-th column of A is included in the matrix B, else it is included in N.
2. If v* > ¢, then the i-th column of A is included in the matrix N, else it is included in B.
3. If ' > v*, then the i-th column of A is included in the matrix B, else it is included in N.

In the course of computation, the columns of the current matrices B and N will be altered.
It is desirable for the sequence of matrices B to converge to the primal optimal basis. If ¢ = 0,
the vectors x and v satisfy the conditions of complementarity and the strict complementarity
(ie., 20" =0, |z°] + [v*] # 0 for all 7), then all three rules yield the same partition.

We say that a pair x € R}, v € R, satisfies e-strict complementarity condition, if

|| + V'] > 2¢

for all i.

Let us use the first partition rule. Without loss of generality, we assume that a current
point x is such that only the first s components of the vector x belong to the matrix B. If ¢ —
strict complementarity condition holds, then we have

B

zP B v N
T = Ik x” > eeg, v = N | v > gey,,

where ¢; = n — s. Using this notation, we can rewrite (29) as follows:

D(xP)BTg + DWP)KL§= D(zB)vB+

+ D(®) [(eh)® — (v5)8] + D) [(d)? — ()], 5D
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(52)
Let us denote
_ VB - v
KB:KBD<$B>, N:ND<UN>.
Multiplying (51) on the left by the nonsingular matrix D~!(z?) and (52) by D! (v"), we obtain
the equivalent system:

BTyt Klg <v“>B+<cL>B+D(
NTg+KLg = (@) + (@) +D (N) ()Y — ()]

We rewrite this system as follows:
MG =F, (53)

where M = DM, F = DF and

_ [ DEP) 0w  [BT K}
P=1"0,. D™ | MT|NT K]

The unique solution of (53) coincides with the solution of the following normal system:
MQ(LU,U)G: FQ(SL’,’U). (54)

Here we introduced a symmetric positive definite n X n matrix

o T | @ Qe
M2_MM_[Q21 Q221'

The matrices Q;; and the vector Fo = MTF, ;' = [(f1)", (f2)"] are as follows:
Qu = BBT+NNT, Q12 = BKJ+ NKJ,
Qu = KpB'+KyN', Qn = KpKp+ KyKY,

fo=B |40 () 1 - @)+
@0 (5 ) e - o)

f = Kp |0 + ()2 4+ D ( (gh)? - <x">BJ] s

B
AP N z 1\N L\N
# 1 @D () e - )
Lemma 2. Ifx € R}, v € R, then the solution of (42) is given by
G=M;'"Fy=M,"M"F=M"F,
where the inverse of My can be defined in the following form:

Myt = Qu' + QIllQl?H*l?le_ll —Q1 Qr2H ! 55)
’ —H'Qx Q1 fn ,
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where we introduced a square matriz H = Qoo — leQﬁlQm.
Proof. Matrices (011 and Q92 can be represented as

Qu=ASA", Qn=KSK',

[s 0351 UB
Si(x,v) = VN : Sy(x,v) = b <a:B> Osta
Oes D 0 I
l1s V4

We conclude that the matrices ()11 and ()2 are nonsingular. Clearly,
Det[Mg] = Det[Qn]Det[H]

Therefore, the matrix H is also nonsingular. Now we obtain that all matrices in the expression
(55) are well defined and the inverse matrix My * exists. [
Similarly to (47), we have:
My' = M7'D2(MNT,  MT'=My'MTD2 (56)
Consider the equation (42) in the vicinity of the optimal solutions z., v, of the problems
(P) and (D). We use the previous partition (3) and the representation (4), but here we assume
that B is the optimal basis. In this case

B
:C* B N
x*:[ N], x, >0, x, =0y,
x*
B
v B N
v*—[v"j\,], v, =0, v, > 0y,
*

=[G ] =[] =[] =[5

It is easy to see that the following result holds.
Lemma 3. Let [x,,v.] be a non-degenerate solution pair of the primal and dual problems
(P), (D). Then the matriz M(x.,v.) is nonsingular and

F(z4,v,) = 0y,
B (B D (P O
Mty = | BT | o0
- (BT)"'D*(2P) B! O
Mg = | OO0 et n i | o

The solutions of (P) and (D) can be represented as
8 =B, wu,=(B") P =Ny,
or, in equivalent form,
v) =q" = Kgt., .= (Ky)"'¢", of =(Ky)"'d.

In view of (1), (2), (10) and (11) we obtain: w(v,) = w(z,) = Oy,

ol = Alz, = AT(AAT) TAz, = AT(AAT) T Aq = ¢!,

11



vi =Ky, = K"(KK")'Kv, = K'(KK")™'d = ¢*,

UJJ =, —ct, :L'*l =Ty — qH7 (fc*l)N = —(QH)N7 (U!)B = —(CL)B-

Define two scalars

£, = min 2’ >0, Ky = min vl > 0.
1<i<m m+1<j<n
Substitute x, and v, in (29). If strict complementarity holds, then using the third partition
rule, we form the matrix B which coincides with the primal optimal basis. The first and second
rules also provide correct results if

€y 2> 0, Ky > € >0,

respectively. Now we obtain the exact inverse matrices (57) and (58) from (55) and (56). The
system (42) has a unique zero solution at the optimal solution point [z,,v,], and there exists
a neighborhood about this point, where the system is well-defined and can be solved using
Gaussian elimination, Gauss—Jordan algorithm, and numerous other methods of linear algebra.
The use of formulas (47) and (48) is not convenient in a neighborhood of the solution pair.
Indeed, the formula (57) can not be obtained directly from (48) by working with the pair [z, v]
to [, v.]. Thus instead of solving the systems (44) or (45) we should solve either the linear
algebraic system (53) with a nonsymmetric matrix, or the system (54) with a symmetric matrix.
Both systems do not have any singular terms in the vicinity of the optimal, pair [z, v.].

5. Convergence Properties

Newton’s method has very attractive convergence properties near a solution. We study
convergence using methods of stability analysis proposed by Lyapunov in 1892 and refined by
many contributors in this field. We introduce the discrete version of Newton’s method:

Zk+1 = Rk — W_l(xk, ) D (i) R(wk, o), (59)
where 2, =[], v]]
Consider the local convergence properties of the system (16) in a neighborhood of the
solution of (13). We start from the simplest case of fixed coefficients A\, o, 7. Let v, = max]a, 7].
Theorem 1. Suppose that the system of equations (13) has a solution pair [Z,v], such that
the m columns of the matriz A corresponding to nonzero components of the vector T and the £
columns of K corresponding to nonzero components of v form two square nonsingular matrices.
Then for anya > 0, T > 0, the pair [Z,0] is an asymptotically stable equilibrium point of the
system (16). If the starting points x(0), v(0) are sufficiently close to T and v, respectively, then
the following estimates hold:

1 t)—2 1 t)—v
lim sup In Jlz(t) = 2| = —7, lim sup In Jlo(®) = o = —a, (60)
t—oo ¢ t t—oo ¢ t
e 1, af T #£0, ,
tll)rgoy(t)—{o’ if 7 =0, 1<i<n. (61)

If 0 < 7. < 2, then the discrete version (59) converges locally to the pair [T,v] at least
linearly. If o =1 =1, then the sequence [xy,vy] converges quadratically to [T, v].

12



Proof. The pair [Z, 7] solves the system (13), therefore it is an equilibrium point of the
system (16). We linearize formulas obtained in the previous sections. Define the deviations
from the pair [z, 7]:

dx(t) = z(t) — z, du(t) =v(t) — 0.

The equations of the first approximation about the equilibrium are
di(t) = —1ox(t), d(t) = —adv(t). (62)
Integrating these equations, we obtain
dz(t) = dz(0)e ™, dv(t) = dv(0)e . (63)
Formulas (19), (28) and (63) enable us to obtain the following approximate representations:
KTg(t) =doxt(t),  ATgt) =l (1) (64)
From (10) and (64) we have
ATg(t) —w(v(t)) = dv(t),  K'g(t) —w(x(t) = dx(t).
Substituting these expressions in (30) and (31), we obtain
y(t) = D1 (v + 6v(t))dv(t) = e, — D™ HT + 6x(t))0x(t).

Taking into account (63), we obtain from the last two expressions that the statement (61) holds.
Due to Lyapunov linearization principle, we conclude from (62) that the state [z,7] is
asymptotically stable in the sense of Lyapunov, and property (60) holds, the trajectories of
(16) converge locally exponentially to the pair [z, 0].
The statement about linear convergence of the discrete version (59) follows from [6, Theo-
rem 2.3.7]. The proof of quadratic convergence is nearly identical to the proof of convergence
of Newton’s method. O

In the theorem above we did not impose any conditions on the signs of = and v. Therefore, if
a pair [Z, 0] satisfies all conditions of the theorem 1 and & > 0,,, ¥ > 0,,, then the solutions of (16)
locally converge to the optimal solutions of (P) and (D). The pairs [z, 0] that satisfy (13), but
not (14), are referred to as a “spurious solutions”. In [11] we read: “Spurious solutions abound,
and none of them gives any useful information about solutions of (P) or (D), so it is best to
exclude them altogether from the region of search”. In order to justify these pairs we mention
that if > 0,,, ¥ < 0,,, then the trajectories x(t) locally converge to a point that maximizes ¢ ',
subject to the constraint = € X; the trajectories v(t) converge to the corresponding optimal
dual slack vector that is nonpositive in this case. In problem (P), instead of condition x > 0,,,
we can have the condition x < 0,,. Such a problem will not be worse than (P) and the pair z,
v will give us the solutions of the maximization or minimization problems if v < 0,, or v > 0,,
respectively.

Define the nonnegative Lyapunov function

L(z,v) = D’\(x)v + ||Az = b|| + || Kv — d|
and introduce two level sets:

Qg = {[x,v] : L(z,v) < L(zo,v0), x €RY, ve R:ﬁ},

Q= {lz0]€: ze€RY,, veR}},
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where x¢, vo are fixed arbitrary vectors from R’ | .

Theorem 2. Suppose that the problems (P) and (D) have a unique optimal pair [x., v.].
Assume that the vectors xg, vy are such that the set Qo is nonempty and bounded. Then all
trajectories of (16), starting from Qo, converge to the attractor pair [x.,v.].

Proof. The Lyapunov function L(z,v) > 0 for all [z,v] from o, except the pair [z, v.],
where L(z,,v.) = 0. The first integrals of the system (16) are (25), (26) and (38). The
solution of (16) belong to o and are, therefore, bounded. The right-hand side of (38) is
strictly positive and tends to zero only as ¢ — oco. By moving along the trajectories of (16) we
do not violate nonnegativity of = and v as the Lyapunov function L(x(t),v(t)) monotonically
decreases. Therefore, the trajectories do not cross the boundary of the set €2y. All trajectories
that emanate from Qo remain in the interior of €25. According to La Salle’s Invariance Principle
[2], the solutions x(t), v(t) can be extended as t — oo, their positive limit set is a compact
connected attractor contained in 2y and it coincides with the equilibrium pair [z, v.], which is
unique on . O

Consider the global convergence properties of the discrete variant of the method. For this
case, we define the deviation from the optimal solution of problems (P) and (D) as

T T AT
Axp =z — Ty, Avg = v — vy, Az, = [Ax,, Av,].

We use the partition (3), where B is an optimal basis. Therefore, we have Azl = 2, AvP =
= vP. We rewrite (59) as follows:

W(l’k, Uk)AZk+1 = W(I’k,’l}k)AZk — D(’}/k)R(ZL‘k, Uk).

In detail, we have

/\kD(Uk)A[Ek+1 + D(ZE}C)AU]C_H = (1 -+ )\kOék)D(AZL’k)AUk—i—
+ (1 —ap)D(x)ve + (M — ag)D(vy)zk, (65)
KAvgi = (1 — ag)KAu,
AA.Z'k+1 = (1 - Tk)AAl'k
From (30), (31) and (33), we obtain
Trp1 = D(xp)[en + Te(ye — €n)]s  Ves1 = D(vi)[en — i), (66)

where
yr = D™ (vy) (ATgk - w(“k)) = en + D7 (1) (u?(xk) - KT§k> :

Let xx > 0, v > 0. In order to guarantee the nonnegativity of the vectors zx,1, vx11, the steps
ag, T, must satisfy the conditions:

en > kY, en > Ti(en — Yr)-

It is easy to see that these conditions hold, if

! O<r<ric— L (67)
Tk > Tk - y

’ [1—yll+
where [a], = max[0, a]; y; and y* are, respectively, the maximum and minimum components
of the vector yy.

The numbers o, and 73 determine the largest possible steps with respect to the primal and
dual variables along the Newton’s directions for which all the components of the vectors x and
v remain nonnegative at the k-th iteration.

a < af =

14



If in Theorem 1, we substitute the optimal pair [z*,v*] for [Z,?], then in addition to the
discrete analog of (61), we obtain that

lim af = lim 7, = 1.
k—oo k—oo

Therefore, if £ is sufficiently large, the behavior of Newton’s method is similar to the “pure
Newton’s” variant, where oy, = 7, = A\, = 1. From (65), we obtain for this case

D(xk-)Akarl + D(”I}k>A£IZ’k+1 = D(Al‘k)AUk,
KAv, = 0y, (68)

We conclude that, if £ > 1, then all vectors Az belong to the null space of A and all vectors
Avy, belong to the range space of AT. Therefore, we can represented these vectors as

Av, = —AT gy, Az = —K ' g, (69)

where g is an m-dimensional vector and i is an ¢-dimensional vector. Substituting these
expressions in (68), we obtain a system of linear equations for determining the vector G;rl =
= [gl—gr-f—lvgl;r-&-l]:
M(l’k, /Uk)GkJrl + D(A.Tk)AUk = On,
where M is defined in (43).
The inverse of M computed for various cases is given by the formulas (48), (56), (57).
If z > 0, vy > 0,, we can use (48). Taking into account (69), we have

—1
Avpys = AT (AD (x’“) AT) AD ™ (0) D(Ag) Ay,
Vg
Yk

1
Argp = KT (KD( )KT> KD~ (2) D(Aa) Avg.

Tk

If the pair [z, vg] is sufficiently close to [z.,v,], we can use the formulas (57), which yield

T
B B
Vppr = D —f5 —em]| vy,
x*
N o NT(RpT\-1,B
Avgyy = N (B) v,
N
v
N k N
T, D(N—€g>l’k,
v*

B - T/ T\—1_N
A%H ~ Kp(Ky) Ly

These results establish the second order of convergence if the current pair [z, vy is sufficiently
close to the optimal pair.

6. Steepest Descent Approach

From the formulas (66), we obtain

Kogpn —d = (1 — o) (Kvy, — d),
A(@p1 — q) (1 = 7) Az — q),
Prrr = D([en + Te(ye — en)llen — aryr]) i,
Orir = (1= m)on + (Tk — an)yg ®r + armiyy [In — D(yk)| P,
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where
& = D(zg)vg, O = T Vg
Lemma 4. If —oo < y¥ <y} < oo, then 0 < af, 0 < 7.
Proof. From (67), we have the equality

11 L+yp—yh, iy >0, 0<yF <1,
G T 1yt if i < 0.

It follows from (70) that, if the maximal and the minimal components of the vector y are
bounded, then aj and 73 are bounded away from zero. [

It is possible to obtain more precise lower estimates for o}, and 7} directly from (67). Let o
be a positive number satisfying the following inequality:

[Yrlloo < 0, (71)

where ||y||ooc = max |y*|. In this case we have
1<i<n

* *
O%Z 9 Tkz

1+o0

Lemma 5. Let x, € X, and v, € V. Then aj < oo, 7 < 00.

Proof. It suffices to show that y; > 0, y* < 1. Suppose the contrary, i.e., let y; < 0, then
yr < 0,. From (32), (38), we have

1
o

S apv'yi(yp — 1) = 0.
=1

Since xp > 0 and v > 0, this equality is possible only if y; = 0,,. But, according to (34), this
implies that b = 0,,, which contradicts (12). Hence y; > 0.

If y* > 1, yp > e,. By the same process as above, we have y;, = e,, and from (35), we obtain
that d = 0,. We arrive at a contradiction with (12), therefore, y* < 1. O

In order for zp,, and vy 1 to be interior points, we must have

0<op<waj=a, 0< 7 <wr =", (72)

where 0 < w < 1.

The steps oy, 7, are best chosen so as to minimize the absolute values of all components of
the three vectors @y 1, Kviy 1 —d, and A(xg1 — g) under the conditions (72). Thus, we have a
multicriteria minimization problem. The simplest way to solve it is to use the following linear
convolution function:

Ol 7) = @y + [1 = 7] | Az — @)l + 11 — o [[Kvp — d]]. (73)
The auxiliary problem thus obtained is: to find
Vi (p, Tie) = i ) : 4
k(O Tk) ngglgak k(a,7) (74)
0<7< 7

The solution of this problem is trivial. It is enough to compare the values of the goal function
Y(cv, ) in nine points [a;, 75, where

o = 0,apand 1, if o > 1,
7, = 0,7pand 1, if 7 >1,

and to choose the smallest value.
Finally we outline the algorithm.
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DATA: Initial pair g > 0,, vog > 0,, the safety factor 0 < w < 1, and the stopping
tolerance € > 0.

For k=0,1,..., do:
Step 1. Compute J;(0,0) and, if this number is less than e, then stop.

Step 2. Define the maximal step lengths a7, 7. Solve the auxiliary minimization problem
(74) and define &y, 7.

Step 3. Update the current pair [z, vg] by setting
Thar = D(zp)[en + Tulyr — €n)l, vk = D(vw)[en — awyil-

A special case of this algorithm, where vy € V., was investigated in [2].

Theorem 3. Let xg € X, vg € V. Assume that the sequences x, vy generated by the
method of steepest descent (66), (74) are such that the inequality (71) holds for all k. Then for
any € > 0 the function Uy (ay, Tx) will become less than € after not more than

o [ef])
w 9

iterations, where [a] is the least integer approaching the number a from above.
The proof of this theorem is similar to the one given in [15].
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