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The concept of an exact auxiliary function such that the problem of minimizing it has
the same set of solutions as the original optimization problem. Sufficient conditions are
given for the auxiliary functions to be exact and examples of such functions are described.
The introduction of exact auxiliary functions makes it possible to reduce the solution of
the original problem to single minimization of an auxiliary function. The constrained
optimization problem often reduces to unconstrained optimization.

1. Basic definitions

Consider the following nonlinear programming problem: find

fo=minf(z). X ={rcE"|g(x)<0}. (11)
Here E" is n-dimensional Euclidean space, f(z) and g(z) are continuous functions f : E” — E',
g : E" — E™. A solution of problem (1.1) is any point z, from the set

X, ={z. € X|f(z) — f(z.) >0 Vxe X}

which in what follows is assumed to be nonempty. All the results of this paper were obtained
without assuming the convexity and differentiability of the functions f and g with respect
to x.

We introduce the function R(z,y) that depends on the original variables z € E" and on
some vector y from the set Y. The length of y and the form of the set Y are not specified at
this stage. Consider the auxiliary minimization problem

min R(z, y), (1.2)

where P is a closed set in E" containing X,. In particular, P may be the entire space E", the
feasible set X, or a part of the feasible set.
Assuming that a solution of problem (1.2) exists, we define the set-valued mapping

X(y) = Argmin R(z, y).

Definition 1. The function R(z,y) is an exact auziliary function (e.a.f.) for problem (1.1)
on PxY if X(y) #0 and X(y) = X, for anyy €Y.

The study e.a.f.’s is highly important for constructing numerical methods, because a know-
ledge of such functions produces a solution of the original problem (1.1) via a single minimization
(1.2) of the auxiliary function. It is desirable to have the set Y as “large” as possible, to avoid
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additional difficulties with the determination of points from Y. Functions for which Y consists
of a single point are very inconvenient in this respect.

The first e.a.f.’s were constructed in |1, 2|, where so-called exact penalty functions were dis-
covered (these are a variety of e.a.f.’s). Subsequently, these functions were studied by numerous
mathematicians, but, as far as we know, no fundamentally new e.a.f.’s have been proposed,
with the exception of 3, 4, 5|. In this paper, we develop an approach proposed by the present
authors in [6, 7, 8|. Sufficient conditions of e.a.f. are given and examples of such functions are
described.

E.a.f’s are conveniently constructed as a lower bounded function. Let R(x,y) be an e.a.f.
for problem (1.1) on the set P x Y. Consider the function

M(z,y) = R(z,y) — R(x.,y), . € X, CP. (1.3)

For any z € P, y € Y, z, € X, the function M is nonnegative. The set of points x on which
the function M (z,y) reaches a minimum over x on P is identical with the set X (y) and if y € Y
then also with the set X,. It is also the set of solutions of the equation M (z,y) = 0 that belong
to P for each fixed vector y from Y. The choice of a specific vector z, from X, does not affect
the values of the function M(z,y) for y € Y, because R(x,y) takes the same value for all
from X. Therefore,

M(z,y) =0 Ve e X(y) = X, Yy eY.

If R(z,y) is an e.a.f., then the function M (z,y) is an e.a.f. The converse is also true: if the
function M (z,y) constructed in the form (1.3) is an e.a.f., then R(z,y) is an e.a.f. Therefore,
instead of proving that R(z,y) is an e.a.f., it suffices to show that the corresponding M (z,y)
is an e.a.f.

For the function M (z,y) (1.3) to be an e.a.f. on the set P x Y, it is necessary and sufficient
to have the following two conditions:

M(z,y) >0  VzeP, Yy ey, (1.4)
Yy € Y and M(x,y) = 0 it follows that z € X (y) = X.. (1.5)

If the function M (z,y) is differentiable with respect to y and the set Y is open, then it is
necessary that
M,(z,y) =0 VreX(y) =X, Yy eY.

This condition may be added to (1.5), and simultaneously using these conditions we can often
show that X (y) = X..

Multiplication of an e.a.f. by any positive number leaves the auxiliary function exact. The
sum of exact auxiliary functions on the same set P x Y is an e.a.f. on the same set. If the sets
P x 'Y are different, then we should take their intersection.

Let the function Q(z) be defined on the set Z C E®; its polar function Q°(z|Z) on the set
Zy C E? is defined as

Q%(202) = inf p, M(z) = {p € E'[(2,20) < pQ(2) Vz € Z}, (1.6)

wEM(20)

where zy € Zy, E' is the extended real line E'| i.e. the line E' with the elements {+o0o} and
{—o0}. From this definition we obtain the Minkowski—Mahler inequality

(z,20) < Q(2)Q%20|2) Vze Z, V2o € Zo. (1.7)



If the function Q(z) takes only positive values on Z, then alongside (1.6) we may use the
following definition:

Q"(z0]2) = sup <Z’é°)>- (1.8)
If Q(z) is nonpositive on Z, then
Q"(2]2) = inf %(ZZO))- (1.9)

Denote by EY" and E™ the nonnegative and nonpositive orthants in E™, i.e. the collection
of all vectors from E™ whose coordinates are, respectively, nonnegative and nonpositive.
For each scalar function ¢(z) of a vector argument z, define

p+(2) = max(0, p(2)],

Similarly, for the vectors z € E*

zy = [2h, .28,

N
|

Il

)
| =
I
»

- (2) = minf0, p(z)].

z', = max|0, 2],

2" = min|0, 27].

Define the p-th Holder norm of the vector z:

S ) 1/p
wmz(sz) st

=1

(1.10)

The conjugate norm is ||z|,., where p~! + p; 1 = 1.
The function (1.10) will be considered for nonzero p < 1 and also for p = 0 and p = +o0,
where it is defined as follows:

s 1/s
.12 i _ ) _ : i
et =5 (TT11) o el = o ) el = i 21,

For p < 0 we assume that the function (1.10) equals zero if at least one of the coordinates of
the vector z is zero.
Consider some examples for Z, = [E?, :

Q2) = llztlp,  Q°(2lE) = |2
Q(2) = —llz-llp,  Q"(=lB2) = [l

Here p and p, are related by the same dependence as before, p~! + p;! = 1. Some special cases
are the following:

p>1,
p <1,

ps > 1,
pe <1,

Px>

P«

p=0, pe=0, Q(z) =—llz—llo,  Q°(20E*) = |lzo]lo,
p=+00, p=1 Q@)= |ztllie;  Q%20[E") = |20y,
p=—00, p.=1 Q@) =—lr|-0, Q(20E) = [zl

Introduce the vector w € EI" and form the Lagrange function
L(z, w) = f(z) + (w, g(x)).
We say that the Lagrange function has a saddle point [z,,w,] € P x ET" if
L(z.,w) < L(zy, wy) < L(z, wy)

Ve e P, VweEY. (1.11)
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If a vector w, € ET exists such that z, and w, form a saddle point of the Lagrange function,
then x, € X, [9].

Define the composite function B(g(z)). We denote by g(P) by the image of the set P under
the mapping g. Then, using inequality (1.7), we obtain from the right-hand side of (1.11)

fe < Lz, w,) < f(x) + B(g()) B (w.]g(P)) Vx € P. (1.12)

If B(g(z)) > 0 for all z € E", then this bound can be relaxed by introducing the polar functions
B°(w,|g(E™)) and B°(w,|E™), that are easier to compute, because by (1.8)

B°(w.|g(P)) < B(w,|g(E")) < B*(w.|E™).
Therefore, in what follows inequality (1.12) is written in the form
fo < L(z,w,) < f(z) + B(g(z))B°(w,|E™) Vo € P. (1.13)
Similarly, if B(g(x)) <0 on E", then from (1.9) we obtain
B (w.|g(P)) = B (w.|g(E")) = B®(w.|E™)

and inequality (1.13) remains valid as before.
2. Additive exact auxiliary functions

We will construct e.a.f.’s in the form

R(z,y) = A(f(x),y) + B(g(x)), (2.1)

where A(f,y) is an arbitrary continuous function of two arguments, and B(g(z)) is a strictly
exterior penalty function, i.e. B(g(x)) is continuous and takes nonnegative values everywhere
on E"; moreover, B(g(x)) = 0 if and only if x € X. A well-known example of a strictly exterior
penalty function is

B(g(z)) = lg+(@)llp, p=1, B (wE™) = [Jw.]p..

We will impose two further conditions on these functions.

Condition A. The functions A and B are such that

A(f,y) = Alfoy) 2 [(f = f)/B°(wiE™)]- VyeY, VfeE. (2.2)

Condition B. For every point y from the set Y, the set of solutions of the system

A(f(z),y) + Bg(z)) = A(fwy), x€DP (2.3)

is identical with X,.

If A is differentiable with respect to y and Y is an open set, then from (2.3) we obtain the
system

Ay(f(x),y)ZAy(f*,y), x € P,

which is often easier to solve than the original system (2.3).
Theorem 1. Assume that the Lagrange function of problem (1.1) has a saddle point
[z, w,] € P xEYL. Also assume that B(g(x)) is a strictly exterior penalty function, 0 <
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< BY%w,|E™) < 400, and the functions A and B satisfy conditions A and B. Then the
function R(x,y) defined by (2.1) is an e.a.f. for problem (1.1) on the set P X Y.
Proof. Seeing that B(g(z)) vanishes on X, we obtain

M(z,y) = A(f(x),y) — A(f+,y) + Blg()). (2.4)
Condition (1.4) may be written in this case in the form
A(f(x)) + B(g(x)) = A(fsy) Yoz €P, VyeY. (2.5)
By the conditions of the theorem, B®(w,.|E™) > 0, and, therefore, from (1.13) we obtain
B(g(x)) > [f — f(2)l/B*(w,|JE™)  Vx € P.
Seeing that the function B takes only nonnegative values, we can refine its lower bound:
B(g(@)) = [If. — f@)]/B°(w.[E™],  Va € P (2.6)
We rewrite this inequality in the form
B(g(z)) = —[[f(z) = £1/B*(w.[E™)]-  Vz€P.

Applying it together with (2.2) to the right-hand side of (2.4), we obtain (1.4). Condition B
ensures that condition (1.5) is satisfied. Thus, the function (2.4) is an e.a.f. on the set P x Y
and, therefore, the function (2.1) is also an e.a.f. on the same set P x Y. The theorem is
proved. [

A wide class of functions satisfies the conditions of the theorem. We do not assume an exact
knowledge of f., and, therefore, the function A should be constructed so that conditions A
and B are satisfied for any f.. From (2.2) it follows that to this end A(f,y) should at least
be an increasing function of f. Moreover, its graph should not lie below the convex cone with
origin at the point N = [f., A(fs, y)] and with two boundary rays, the first of which originates
from the point N and points in the positive f-direction and the second originates from N and
points along the halfline

D=(f-f)/B"(wE™),  f<fe

Also note that the assertion of the theorem remains unchanged if condition A is satisfied
not for all f € E! but only for f from the image f(P) of the set P under the mapping f(z).
Let A(f,y) be convex in f for each y € Y. Then

A(fy) = Alfoy) 2€(f = ) VyeY, VfeE, Ve drA(f.,y). (2.7)

Here 0;A(f.,y) is the subdifferential of the function A(f,y) with respect to f at the point f,.
Condition (2.2) is satisfied if

Ef = f) = [(f = fO)/B(w]E™].  VyeY, VfeE' VEe€dA(f.,y).

Together with the assumption that A(f,y) is nondecreasing in f, this condition is equivalent

to the following:
0< inf < sup < 1/B%(w,|E™). 2.8
éeaAf(f*,y)§ £€8Af(f*,y)§ /B (w:[E") 28)
These inequalities may be used to determine the set Y, additionally considering the boundary
points of Y. Note that if, in addition to (2.8), the function B(g) is convex and nondecreasing
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in g and the functions f(z) and g(z) are convex in z, then the auxiliary function R(zx,y) is also
convex in .

As an example of e.a.f.’s that satisfy the conditions of Theorem 1 and conditions (2.8) with
P=FE", Y C E', we give the following functions and the corresponding sets Y

Ri(z,y) =y ' f(x)+ Blg(x)),  Yi={y:y>B"(w.|E™)},

Ry(z,y) =y '/ + B(g(x)),  Ya={y:y>B"(w.]E™)e/},

Ry(z,y) = [y — f(2)]* + Bg(z)), Ys={y:y> f+[-aB’(w, E™)]YV1-},
Ry(z,y) = [f(x) =yl + B(g(x)), Ya={y:f.>y> f.—[BB(w.[E™)/-7},

where o < 0, § > 1. For R3 we should take R3(x,y) = +00 when f(x) > y. If we know that
f(z) > 0 for any = € E", then we may use the functions

Rs(x,y) =y 'shf(x) + B(g(x)), Ys={y:y> B°(w.|E™)chf.},
Re(z,y) =y~ '[f(x)]" + B(g(x)), Yo={y:y>~f1"B(w.[E")}.

If f(x) is nonpositive on E", we may take the function

Rr(w,y) =y tarctgf(z) + Blg(x)), Yr={y:y>B"(w.|E")/(1+ fI)}.

The function Ry is an e.a.f. also when f(x) takes arbitrary values, but then the set Y7 should
be replaced with Y7 = {y : y > B°(w.|E™)}. Also note that the parameters «, 3 and v entering
R3, R4, and Rg may be considered as second components of the vector y.

The first of these functions is the well-known exact penalty function [1, 2, 9, 10]. The
function R4 has been used by many mathematicians for successive unconstrained minimization,
constructing a sequence of vectors y, that converge to f. (see |9, 11]). If we take the closure of
the sets Y7 — Y7, then the functions Ry — R7 are no longer e.a.f.’s because instead of (1.5) they
satisfy a weaker condition: M (z,y) = 0 implies that X, C X(y).

Put X° = {x € E"|g(z) < 0} and consider the case when B(g(x)) is an interior penalty
function, i.e. B(g(x)) is continuous and nonpositive on E™ and B(g(z)) < 0 for x € X°. If
we additionally assume that B(g(z)) < 0 if and only if g(x) < 0, then such a function will be
called a strictly interior penalty function. As an example of interior penalty functions, consider

B(g(x)) = =llg-(@)ll,,  —co<p<l (2.9)

For p < 0 this function is a strictly interior penalty function.

Below for all interior penalty functions we assume that the constraints are regular, i.e. the
set X is nonempty and its closure coincides with X.

We construct an e.a.f. in the form (2.1), taking P as the feasible set X. Condition (2.2) is
replaced by

A(f,y) = A(foy) = (f = [)/B°(wiET) Wy eY, Vf=>f. (2.10)

Theorem 1 in this case can be restated as follows.

Theorem 2. Assume that the Lagrange function in problem (1.1) has a saddle point
[z.,wi]. Also assume that the function B(g(x)) in (2.1) is an interior penalty function and
0 < BY%w,|E™) < 4+o00. For R(x,y) to be an e.a.f. on X x Y it is sufficient that it satisfies
condition (2.10) and that any feasible solution x of system (2.3) is such that x € X,.

Proof. Since the Lagrange function has a saddle point, B°(w,|E™) > 0 and B(g(x)) <0
on X, we have

f. < F(@) + Blg(e) BwE") < f(x) Vo€ X.
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Hence, like (2.6),
[fs = f(@)]/B°(w.|E™) < B(g(x)) <0 Ve X. (2.11)

Taking an arbitrary point = € X, on the left-hand side, we obtain B(g(z)) = 0. Thus, B(g(z))
equals zero everywhere on X,. Therefore, to have (1.4) it is sufficient that inequality (2.5) holds
for all x € X. But by (2.11), (2.5) implies (2.10).

The validity of (1.5) follows from the assumption that any feasible solution z, € X of system
(2.3) is such that z, € X,, because, as we have established, B(g(z.)) = 0 when z, € X.. The
theorem is proved. [

We see from the proof of Theorem 2 that the condition B®(w,|E™) > 0 leads to the equality
B(g(x.)) = 0 at the point z, € X,. Thus, by the regularity of the constraints, the point z, is
necessarily a boundary point of the set X in this case. If B(g(z)) is the function (2.9) with
0 < p < 1, then B(g(z)) is an interior (but not strictly interior) penalty function and the
inequality B°(w.|E™) = ||w.||,, > 0 holds if and only if all the components of the vector w,
are strictly positive. This means that all the constraints simultaneously vanish at the point z,,
or in other words are active. If (2.9) is a strictly interior penalty function (which is so when
p < 0), then to have the inequality ||w.||,, > 0 it is sufficient that at least one constraint is
active.

Note that if A is a convex function of f for each y € Y, then to have inequality (2.10) it is
sufficient that

£>1/B(w.|ET) V&€ d;A(f.,y), VyeY.

The functions Ry — Ry, satisfy the conditions of Theorem 2, but instead of a strictly exterior
penalty function B(g(z)) we should use an interior penalty function (e.g. (2.9)) and replace Y;
with the following sets:

Vi ={y:0 <y < Bw,[E™)},

Yo ={y:0<y<eB(w,E")},

Y3 = {y <y < fit [_aBo(w*‘ET)]l/(l_a)}? a <0,
Vi={y:y < fo—[BB(w,JEM)YVP}  3>1.

Also note that since under the assumptions of Theorem 2 the function B(g(z)) is nonpositive
and vanishes on X, then the auxiliary function R(z,y) = f(z) — yB(g(z)) is also an e.a.f. on
X x EL.

We will introduce a new class of penalty functions which have the properties of both strictly
exterior and strictly interior penalty functions. A continuous function B(g(x)) is called a strictly
mixed penalty function if B(g(x)) > 0 when ¢ X, and B(g(z)) < 0 when z € X°.

As an example of strictly mixed penalty functions, consider the following two functions:

Blo@) = lor@lp—lg-@)l-p 1<p<+x. (2.12)
Blg(@) = max g'(@) (2.13)

We alter the conditions (2.2) and (2.10) taking for any y € Y

_ (f_f*)/BO(w*|ET)7 if f > f*a
A(f,y) — A(fe,y) 2{ (F— £/ BOw.|E™)  if f < f. (2.14)

We have the following theorem.
Theorem 3. Assume that the Lagrange function in problem (1.1) has a saddle point
[z, w,]. Also assume that B(g(z)) is a strictly mized penalty function and 0 < B°(w,|E™) <



< B%w,|E™) < +o0o. For R(z,y) to be an e.a.f. on P xY, it is sufficient that conditions
(2.14) and B hold.

Proof. Since B%(w,|E™) > 0, then like the proof of Theorem 2 we show that B(g(x,)) = 0.
Therefore, (1.4) holds by (2.14). Condition (1.5) follows from (2.3). The theorem is proved. O

Condition (2.14) for a smooth function holds if and only if B®(w.|E™) < B%(w,|E™). Thus,
for instance, the function R;(z,y) with a strictly mixed penalty function B(g(z)) is an e.a.f.
The corresponding set Y; for this function is

Vi ={y: B'(w.]E™) <y < B°(w.JE")}.
In particular, if B(g(x)) has the form (2.12), we obtain

Yi=Ay: willp. <y < fwsllr.},

where p~' +p;t =1, —p~t + ;1 = 1. Since p, > 1, 1 > r. > 1/2, then ||w.||,. > ||w.]|,.. For
the function (2.13) the set Y7 is empty.

3. Nonlinear exact auxiliary functions

Now assume that the auxiliary function R(zx,y) is constructed in the form

R(x,y) = H(A(f(2),y), B(g(x))), (3.1)

where B(g(x)) is a strictly exterior penalty function, and H (¢, 7) is a continuous nondecreasing
function of two arguments, i.e. H(t;,71) > H(t,7) for any t; > ¢, 3 > 7. Regarding the
function A(f,y) we will assume that it is a monotone increasing and convex function of the
first argument. We will also assume that there exists a constant D such that

0O<sup sup &<D<+oo. (3.2)

We will give sufficient conditions for the function (3.1) to be an e.a.f. for problem (1.1). We
put Ny = DB%(w,|[E™).

Theorem 4. Assume that the Lagrange function of problem (1.1) has a saddle point [z, w,]
and A(f,y) is a conver and monotone increasing function of the first argument which satisfies
(3.2). Also assume that B(g(z)) is a strictly exterior penalty function and 0 < Ny < +oo. If
there exists a set T C E', such that A(f.,y) € T for anyy €Y and

H(t,(t, — )4 /Ny) > H(t,,0)  Yt. €T, Vt+4t,, (3.3)

then (3.1) is an e.a.f. for problem (1.1) on the set P x Y.
Proof. Take an arbitrary point x € P. Since H(t,7) is nondecreasing in the second
argument, we obtain from (2.6)

R(z,y) = H(A(f(2),y), B(g(x))) > H(A(f(2),9), [f« — f(2)]1/B°(w. | E™)). (3.4)
By the convexity of A(f,y) in f, we have the inequality (2.7), which, combined with (3.2), gives

But A(f,y) is monotone increasing in f, and, therefore, alongside (3.5) we have the inequality
(A(fey) — A(f,9)+ < D(fi — )+ VfeE.
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Substituting it into (3.4) and using condition (3.3), we obtain for the case when A(f(x),y) #

R(z,y) = H(A(f(2),y), [A(fe, y) = A(f(2),9)]+/N1) > H(A(fs, 9),0) = R(2+, y)-

Now assume that A(f(z),y) = A(fs,y). In this case, if z ¢ X, then necessarily = ¢ X,
and B(g(x)) > 0. Therefore, by the monotonicity of H(t,7) in ¢ and (3.3),

R(a,y) = H(A(fo.y). Bg(a)) = H(A(f..y) - NiB(g(). B(g(x))) >
> H(A(f,y),0) = R(zs,y).

Thus, in any case R(x,y) > R(z.,y) if x ¢ X,, and, therefore, (3.1) is an e.a.f. on the set
P xY. The theorem is proved. O

Let us consider two important special cases of the function (3.1). First assume A(f,y) has
the form

Alfy)=f-vy. (3.6)

For this function, condition (3.2) is satisfied for any Y C E' and D = 1. Therefore, by
Theorem 4, if there exists a set 7' C E', such that (3.3) is satisfied, then the function (3.1) with
A(f,y) representable in the form (3.6) is an e.a.f. for problem (1.1) on the set P x Y, where
Y =f—T.
Consider another function;
A(fy) =y 'f. (3.7)

In this case, if (3.3) is satisfied for some 0 < D < 400, the function (3.1) with A(f,y) of the
form (3.7) is also an e.a.f. on P x Y, but here Y = {y > D~ .y~ ' f, € T}.

Note that if the function H (¢, 7) is linear and has the form H(t,7) = ct + 7, then condition
(3.3) is satisfied if and only if ¢ < 1/B°(w,|E™). The set T in this case coincides with the
entire real line E'. Therefore, if we change from y to § = y/c, we obtain that the function
R(z,y) = H(y ' f(z), B(g(z))) = g~ f(x) + B(g(2)) is an e.a.f. if and only if § > B°(w,|E™),
which is fully consistent with the formula for Y; obtained above.

Denote by Ki(t,) the cone

Ki(t) = {[t. 7] € B*|7 > (t. — )4 /N1 }.

In geometrical terms, condition (3.3) implies that for any ¢, € T the level line of the function
H(t,7) corresponding to the value H(t,,0) should not intersect the cone Kj(t,), with the
exception of the point [t.,0].

Condition (3.3) is relatively easily checked when H(t,7) is a quasi-convex function. Indeed,
assume that H (¢, 7) is a continuously differentiable quasiconvex function on E? and there exists
aset T C ]El, such that

Hy(t,,0) >0,  H.(t,0)/H,(t.,0)> N,  Vt, €Ty. (3.8)

Then the function of one variable p(t) = H(t, (t. — t)4/N;) is also quasi-convex to the right
and to the left of the point ¢, and both one-sided derivatives exist at this point; by (3.8),
of (t.) = Hy(t.,0) > 0, ¢; (t.) = Hy(t.,0) — H.(t,,0)/N; < 0. Therefore, the function (t)
attains at the point ¢, its strict minimum over ¢ and inequality (3.3) holds. The set 7}, can be
augmented with the points of the set

t—+t



If (3.8) holds, then (3.3) holds for any ¢, € T'= T U T,. Also note that conditions (3.8) are
preserved when the function H(t, 7) is differentiable only at the points of some set that contains
the interval {z € E? | z) € T}, 2 =0}.

Let us give examples of e.a.f.’s for which the set ¥ can be found from Theorem 4 and
condition (3.8). Let

] —o© otherwise.

H(t7) = { L)1 —t.1), if 1—t_7>0,

This function is quasiconvex on E®. For t < 0 we have H,(t,0) = 1, H.(¢,0) = t*>. Conditions
(3.8) are satisfied if ¢t < —[B%(w,|E™)]"/2. Thus T = (—o0, —[B°(w,|E™)]'/?) and the auxiliary
function
Rs(z,y) = [f(z) —yl-/{1 = [f(z) —y]-B(g(z))}
is thus an e.a.f. on the set E™ x Yz, where Yz = {y € E!|y > f, + [B%(w,|[E™)]"/?}.
If f. > 0, then using the function H(t,7) = 7 + (7% + 4¢3 )'/2, we obtain the e.a.f.

Ry(x,y) = B(g(x)) + {[B(g(@)? + dy~*[f4 (2)]}2
for problem (1.1) on the set E" x Yg, where
Yo ={y:y > max{L9f[B"(w.[E™)]*}}.

Consider the sufficient conditions for the case when B(g(x)) in (3.1) is an interior penalty
function, assuming as before that H(t,7) is nondecreasing on E?, and A(f,y) is a convex
monotone increasing function of the first argument. Instead of (3.2) we assume for A(f,y) the
existence of a constant C' such that

0<C<inf inf &< +4o0. (3.9)
yeY £€0A;(f+.y)
Put N, = CB°(w,|E™).
Theorem 5. Assume that the Lagrange function of problem (1.1) has a saddle point [z, w,]
and A(f,y) is a convexr monotone increasing function of the first argument that satisfies (3.9).

Also assume that B(g(x)) is an interior penalty function, 0 < Ny < +oo. If there erists a set
T CE', such that A(f,,y) €T for anyy €Y and

H(t, (t, —t)/Ny) > H(t,,0)  Vt, €T, Vt>t, (3.10)

then (3.1) is an e.a.f. for problem (1.1) on the set X x Y.
Proof. Take an arbitrary point x € X. If x ¢ X,, using inequalities (2.7), (3.9) and (3.10)
we obtain

W

(9(x))) >

fe = f(2)]/ B (w,|E™)) >

) [A(fe, y) — A(f(2),9)]/N2) >
f:9),0) = R(z., y).

If z € X,, then from (2.11) B(g(z)) = 0. Therefore, R(z,y) = H(A(f(z),y),0) = R(x.,y).
Thus R(z,y) is an e.a.f. on X x Y. The theorem is proved. O

If A(f,y) is representable in the form (3.6) or (3.7), then given T in condition (3.10), we
can specify the set Y. Thus, for the first function we obtain that Y = f, — T, and for the
second Y ={y < C':y7lf, €T}

R(z,y)

AR AVARLY,
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In geometrical terms, condition (3.10) indicates that for any ¢, € T the level line of the
function H(t,7) corresponding to the value H(t,,0) does not have, for ¢ > t,, common points
with the cone

Ky(t,) = {[t, 7] € B} > (t, — t)/Ny, t >t,}.

Conditions similar to (3.8) simplify the checking of the inequality (3.10) and relatively
easily establish the form of the set 7. Assume that H(t,7) is a continuously differentiable
quasiconvex function on E? and there exists a set 7; C E! such that for any t, € T) we have
the first inequality in (3.8) and

H,(t,0)/H(t.,0) < Ns.
Then for all t, € T'= Ty UT; inequality (3.10) is satisfied, where

T2 = {t* ¢ Tl’t* = tlimttk, tk S Tl}
k7

As an example of the application of Theorem 5, consider the previous functions Rg(z,y)
and Rg(x,y), in which B(g(x)) is an interior penalty function. Both these functions are e.a.f.’s
on the sets X x Yg, and X X Yy, respectively, but the sets Ys and Yy in this case have the form

Yo = {yeE'|f. <y < fo+[B'(w.EM)]'Y,
Yo = {y€E0<y < min[l.9f[B°(w.[E™)]}.

Note that Theorems 4 and 5 do not change if conditions (3.3) and (3.10) hold not for all
t € E', but only for those from some subset of E' that contains the image of the set P x Y
under the mapping A(f(z),y). This property was used in [8] to show that the function

Ryo(z,y) = (f(2) —y)4 /{1 + [f () = yl+ B(g(x))},

where B(g(z)) is an interior penalty function, is also an e.a.f. for problem (1.1) on the set
X x Yio. Here

Vo= {y: fo— ((F = £ +4B° B2 = (F = f)2 <y < £}, f* = sup f).

Consider e.a.f.’s of the form (3.1) with strictly mixed penalty functions B(g(z)). The
conditions on H(t,7) in this case are obtained by combining the corresponding conditions
for strictly exterior and strictly interior penalty functions.

Theorem 6. Assume that the Lagrange function of problem (1.1) has a saddle point [z, w,]
and A(f,y) is a convex monotone increasing function of the first argument that satisfies con-
ditions (3.2) and (3.9). Also assume that B(g(x)) is a strictly mized penalty function and
0 < N; < 400, 0 < Ny < +oo. If there exists a set T C E such that A(f.,y) € T for any
y €Y and

H(t,(t. —t)/Ny), t<t,,
H(t.,0) < { H(t, (t, —t)/No),  t>t.,

then (3.1) is an e.a.f. for problem (1.1) on the set P x Y.
The proof is omitted, because it is easily obtained by combining the corresponding argu-
ments in the proof of Theorems 4 and 5.

vVt, €T,

The function Rg(z,y) with a strictly mixed penalty function B(g(x)) remains an e.a.f. for
problem (1.1) on the set P x Y if B(g) is such that B(w.|E™) < BY(w.|E™). The set Y3 in
this case is

Ys={y: fo + [B(w.|E™)]"? <y < fu+ [B°(w. JET)]/?}.
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4. Exact modified Lagrange functions

We will rewrite the right-hand side of inequality (1.11) in the form
L(zy,w,) < L(z,w) + (g(z), w, —w).
If BY(w, —w|g(P)) > 0, then applying the Minkowski-Mahler inequality (1.7) we obtain
B(g()) = [L(ws,ws) — L(z,w)]/ B (w. — w|g(P)). (4.1)

Inequality (4.1) makes it possible to construct a whole class of e.a.f.’s based on the Lagrange
function L(x,w). Let
R(z,y) = A(L(z,w),v) + B(g(x)). (4.2)

Here y = [w,v] € Y CE} x E".
Put
Wy = {w € E?|Fv € E', [w,v] €Y}, V,={veE|wv] eV}

The set Wy is the projection of Y on EY', and the set V,, is the section of Y for a fixed w € Wy-.
Assume that the functions A, B and the sets P, Y are such that the following conditions
hold.

Condition C.
A(L,v) — A(L,,v) > (L — L,)/B°(w, —w|g(P)) VL €E! Ywec Wy, Yvel,,

where L, = L(z,,w,) = f..
Condition D. For each point y € Y the solution set of the system

A(L(z, w),0) + Blg(x)) = A(L(z,,w,),0), € P,
is identical with X,.
We augment these two conditions with the following:
L(zy,w) = L(zy,wy)  Yw € Wy. (4.3)
Note that if w, # 0, condition (4.3) is satisfied for the set
Wy =W, = {0 <w < w,|w' <w, if w’ >0} (4.4)

Theorem 7. Assume that the Lagrange function of problem (1.1) has a saddle point [z, w,]
and that conditions C, D, and (4.3) are satisfied. Also assume that B(g(x)) is a strictly
exterior or interior penalty function (in the latter case, P C X ) and 0 < B®(w,—w|g(P)) < 400
for any w € Wy. Then the function (4.2) is an e.a.f. for problem (1.1) on the set P X Y.

The proof of this theorem is almost a verbatim repetition of the proof of Theorems 1 and 2.
Also note that for an exterior penalty function B(g(z)) condition C can be relaxed: we only
need the inequality

A(L,v) — A(L,,v) > [(L — L.)/B%(w, — w|g(P))]. VL €E! YweWy, Yvcl,.

As examples of the function (4.2) which are e.a.f.’s on the set E" x Y, where Y = {[w, v]|w €
€ W,, v €V}, we can take the functions R; — Ry, replacing f(z) with L(z,w). The sets
V,» for these functions are constructed in the same way as the corresponding sets Y for the

12



functions Ry — Ry. We, therefore, give these e.a.f.’s with their sets V,, only for the case when
B(g(x)) is a strictly exterior penalty function:

Riy(x,y) = v 'L(z,w)+ B(g(z)), Vi = {v:v>B%w,—w[E™)},

Rip(x,y) = v 'el®W) + B(g(x)), Vi = {v:v> B%w, — w|E™)el},

Riz(z,y) = [v—L(z,w)|g + Blg(2)), Vi = {v:v> fi+ [-aB"(w. — w[E™)/0"},
Ru(z,y) = [L(z,w) =0l + B(g(x)), Vo = {v:fo>v> f = [BB(w, — w|E™)]V/-2}.

We see that as w approaches w,, the corresponding sets V,, become larger. For e.a.f.’s with
interior penalty functions they, conversely, contract. The function Ry; was proposed in [3].
Now consider nonlinear e.a.f.’s constructed using a Lagrange function;

R(x,y) = H(A(L(z, w),v), B(g(x))), (4.5)

where, as before, H(t,7) is a continuous nondecreasing function of two variables, A(L,v) is a
monotone increasing convex function of the first argument. We also assume that the function
A and the set Y are such that for any w € Wy constants C(w) and D(w) exist for which

0<sup sup &< D(w) < +oo, (4.6)
YeY €€DAL (L)

0<C(w)<sup sup &< +oo. (4.7)
yeY €€0AL (L)

We also assume that
L(z,w) > L(z.,w,) = L, Yw € Wy, Vre X\X,, (4.8)

and instead of (3.3) and (3.10) the function H(t,7) satisfies the following conditions: for each
w € Wy there exists a set T'(w) C E' such that A(L,,v) € T(w) for all v € V,, and for any
t. € T(w) we have

H(t, (t, — )+ /D(w)B®(w, — wE™) > H(t,,0)  Vt#t., (4.9)
H(t, (t, — t)/C(w)B%(w, — w[E™) > H(t,,0) V> t,. (4.10)

Note that if the set Y is such that the corresponding set Wy is of the form (4.4), then
(4.3) implies (4.8). Indeed, if x € X and f(z) > f., then for the case when (g(z),w) = 0, we
obtain L(z,w) = f(z) > f. = L.. If (g(x),w) < 0, then (g(x),w) > (g(x),w,) and, therefore,
L(z,w) > L(z,w,) > L,.

Theorem 8. Assume that the Lagrange function in problem (1.1) has a saddle point [z, w.,],
A(L,v) is a convex monotone increasing function of the first argument, and (4.3) and (4.4)
hold. If B(g(z)) is a strictly exterior penalty function, 0 < B°(w, — w|E™) < 400 for any
w € Wy and (4.6) and (4.9) hold, then (4.5) is an e.a.f. for problem (1.1) on the set P x Y.
If B(g(x)) is an interior penalty function, 0 < B%(w, — w|E™) < +oo for any w € Wy and
(4.7) and (4.10) hold, then (4.5) is an e.a.f. for problem (1.1) on the set X X Y.

The proof is similar to the proof of Theorems 4 and 5.

Assume that the function A(L,v) has the form A(L,v) = L — v. Then Theorem 8 implies
that V,, = f. — T'(w) for any w € Wy. This property leads to the following e.a.f.:

Bis(x,y) = [L(z, w) — o] /{1 = [L(z,w) = v]-B(g(x))}.
If B(g(x)) is a strictly exterior penalty function, then Rj; is an e.a.f. on the set P X Y35, where

Vis = {[w,v] :w € W, v> f, + [B°(w, — w]|E™)]"/?}. (4.11)

13



If B(g(x)) is an interior penalty function, Ry; is an e.a.f. on the set X X Y35, but the set (4.11)
has the form
Vis = {[w,v] :w € W, f. <v< fo+[B(w, —w/E™)]Y2).

We can also consider e.a.f.’s of the form (4.5) with strictly mixed penalty functions B(g(z)).
The sufficient conditions remain as before, with the exception of condition (4.9), which is now
only required to hold for ¢ < ¢,.

In conclusion note that the functions (2.1) and (3.1) are special cases of the functions (4.2)
and (4.5). In order to obtain these functions, it suffices to set w = 0 in (4.2) and (4.5).

Also note that if problem (1.1) has more than one saddle point [z,,w,], then the sets YV
should be bounded for augmentation using upper or lower bounds over all possible values of
the Lagrange multipliers w,.
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