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INTRODUCTION

Much attention has recently been paid to interior point methods in linear programming,
especially after the publication of the paper by Barnes [1]. Whole classes of methods have
been developed based on the ideas of projection, scaling and a central path. These methods
are surveyed in detail in [2]. Most projective interior point methods, such as Karmarkar’s
method or the affine scaling method (ASM) (see [3]-]8], for example), are intended for linear
programming problems in the standard or a specific canonical form. Versions of the ASM for
solving a dual problem in which the admissible set is defined by inequality-type constraints are
also considered in (8, 9.

Over the course of a number of years we have developed a different approach to the con-
struction of numerical methods with the properties of interior point methods. It is based on
the use of surjective mappings and enables such familiar non-linear programming methods as
the gradient projection method or Newton’s method to be adapted to solve problems of convex
and general non-linear programming, in which the constraints include sets of a “simple struc-
ture”. These were called barrier-projection and barrier-Newton methods, respectively, in [13].
Versions for linear programming are given in [14]. If the surjective transformation and initial
approximations are specially chosen, the barrier-projection method of [14] is the same as the
ASM of [3].

Our purpose here is to use this approach to solve the dual problem of linear programming
and thereby develop a family of dual barrier-projection and barrier-Newton methods. We will
use surjective transformations in order to relax the requirement for the additional dual variables
to be non-negative.

The basic idea of the algorithms is explained in Section 1, in which a dual barrier-projection
method is constructed on the basis of the stable gradient projection method [16]. Continuous
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and discrete versions of the method are investigated, and the influence of the form of transfor-
mation on local convergence is determined.

In Section 2 we consider two other barrier-projection methods obtained using other repre-
sentations of the dual problem from those in Section 1. The ASM of [9] is shown to be a special
case of these.

In Section 3 we investigate the global convergence of one of the methods with a special
choice of descent step. Finally, in Section 4 we describe a dual barrier-Newton method.
The convergence of the methods is proved using Lyapunov’s theory of stability.

1. A STABLE VERSION OF THE DUAL METHOD

Consider the linear programming problem

Héi)l(lCTx, X={zeR": Az =b, ©>0,}. (1.1)

Here ¢ is an n-dimensional vector, b is an m-dimensional vector, A is a m X n matrix of full
rank in which m < n and the symbol 0,, denotes the null n-dimensional vector. The columns

of A are m-dimensional vectors a;, i € {1,2,...,n}.
The dual problem to (1.1) is the problem
meaUXbTu, U={ueR":v=c—ATu>0,}. (1.2)

It will be assumed everywhere below that solutions of both problems (1.1) and (1.2) exist and
that the set Uy = {u € R™ : v = ¢ — ATu > 0,} is non-empty.

The inequality-type constrains in problem (1.2) can be removed by a technique based on
the surjective transformation of spaces. This was used for problem (1.1) in [14]. We con-
sider a continuously differentiable n-dimensional vector-function ¢(w) defined on R™ for which
the closure of the image of the entire space R" coincides with the non-negative orthant R’ .
For simplicity, we shall assume that this function has componential form

p(w) = [ (w'), ... " (w")]".
Let the function w® = ¢*(v") be the inverse of ¢'(w"). It exists at least at points v* = ' (w?)
where ' (w') # 0. Let

O(v) = [0 (v"),....0" ("], G(v) = D(b(v)),
Where . . . . . . . . .
0'(v') = ((0)? () =¢' @), 1<i<n,
D(y) is a diagonal matrix with ith diagonal element equal to y'.
We impose two conditions on the transformation p(w).

Condition 1. The functions 0'(v'), 1 < i < n, are defined and continuous in some
neighborhood R and 0°(v') = 0 if and only if v' = 0.

Condition 2. The functions 0°(v'), 1 < i < n, are continuously differentiable in some
neighborhood R! and 6°(0) > 0.

The simplest examples of a transformation ¢(w) with corresponding functions #(v) and
G(v) are:

po(w) = -Dw)w, 6(v)=mu, G(v) = D(v), (1.3)

pw) = e, 0(v) = D(v)v, G(v)= D*(v). (1.4)



The symbol e here denotes a vector-function with components e_“’i, 1 < i <n. Condition 1
is satisfied by both transformations (1.3) and (1.4), and Condition 2 by only the first of these.
Using the transformation ¢(w), problem (1.2) can be reduced to the following:

max b u, 1.5)
ow) —c+ A'u=0,.

We will use a stable version of the gradient projection method of [16] to solve this problem.
Denoting the Lagrange function for problem (1.5), (1.6) by

L{u,w,z) =b"u— 2" (pw) — c+ ATu)
we arrive at the system of ordinary differential equations

du

du dw
dt

i Lo (u, w, z(u, w)), (1.7)

= f,u(u, w, ﬂf(ua w))v

in which the dependence x(u,w) is found by solving the system of linear equations:

Lyy(u,w, z)i + imw(u,w,x)w = —TZ/J;(U, w,x), T>0. (1.8)

Since v = p,, in the space of vectors z = [u, v] € R™*" the method (1.7), (1.8) takes the
form

du dv
pri b— Ax(z), i —G(v)x(2), (1.9)
d(v)z(z) = ATb+7(v+ ATu—0), (1.10)

where ®(v) = G(v) + ATA. We put v(u) =c— ATu.

Lemma 1. Let the transformation o(w) satisfy Condition 1. Then ®(v(u)) is a non-
singular matrixz for any u € U,.

Proof. By Condition 1, the matrix G(v(u)) is positive definite on Uy. The matrix AT A
is a Gram matrix and is, therefore, non-negative definite. Thus the entire matrix ®(v(u)) is
positive definite. [

Lemma 2. Let the assumptions of the previous lemma be satisfied. Furthermore, suppose
that the point w € U can be represented in the form

u=> ajuj, a; >0, 1<j<s, Y a;=1, (1.11)
j=1 j=1

where u;, 1 < j < s, are the corners of the set U. Then if at least one point u; is non-degenerate,
®(v(u)) is a non-singular matri.

Proof. The matrix ®(v), where v = v(u), will be non-singular if it can be shown that the
equation

d(v)z = Gv)T + AT Az =0, (1.12)

is satisfied if and only if x = 0,,.
In fact, multiplying (1.12) on the left by ', we obtain

T 'G)z+z AT Az = 0. (1.13)



Since both terms in (1.13) are non-negative, we must have
'Gw)z =0, T ATAT=0. (1.14)
We use the notation

Sj:{lgign:a;uj:ci}, S=S9;

If S =0, then v > 0, and from the first equation of (1.14) we obtain z = 0,. We will
now consider the case where S # 0. Without loss of generality, it can be assumed that S =
={1,2,...,k}. Let B be the submatrix of the matrix A composed of the first k& columns of A,
and let N be the submatrix A composed of the remaining n — & columns. Corresponding to this
partitioning of A we will also represent the vectors Z and v as & = [Zg,Tn], v = [, vn]. Since
at least one corner u; is non-degenerate, k& < m and the matrix B has full rank. In addition,
according to (1.23) vg = Ok, vy > 0,_j. It then follows from the first equation of (1.14) that
Zy = 0,_p. Thus the second equation of (1.14) reduces to Z3B' BZz = 0. But this means that
Bxzg = 0,,. Since the matrix B is of full rank, it follows that zp = 0, and, therefore, all the
components of the vector = are zero. [J

Corollary 1. If the corner u of the set U is non-degenerate, ®(v(u)) is a non-singular
matriz.

Corollary 2. Let all the corners of the bounded set U be non-degenerate. Then ®(v(u)) is
a non-singular matriz for any u € U.

We will introduce the sets
W={veR":v=uv(u), ueR"}, V={veR":v=uv(u), ueU} (1.15)

If the set U is a convex polytope with only non-degenerate corners, by Corollary 2 the matrix
®(v) has an inverse when v € V. By virtue of continuity, it will also have an inverse in some
neighborhood V. For points v of this neighborhood we have

z(u,v) = [G) + ATA A b+ 7(v + ATu — ¢)]. (1.16)

Substituting (1.16) into (1.9), we obtain a different representation of method (1.9), (1.10):

d
dit‘ = b—AGW)+ ATA AT+ (v + ATu — )],
d
di; = —G)[G)+ ATA T ATb + 70+ ATu— ).

Let [u(t,20),v(t,20)] be a solution of system (1.9) which satisfies the initial condition
u(t, z) = wug, v(t,20) = vo, 2 = [ug,vg]. Put y(u,v) = ¢ — ATu —v. Condition (1.10)
can be written in the form

dy(u, v)

= y’I(“? U)u + qu(u? U)U = —TY.

dt
It follows that system (1.9) has first integral

c— ATu(t, z) —v(t, 2) = (¢ — ATug — vo)e ™. (1.17)



Thus, ¢ = ATu(t, 20) —v(t, z9) — 0, as t — +o0. Also, along the paths of the system, according
to (1.10),

BTIL (b= Au(z)) = b — Ax(2)|]P + 2T ()AT (b - Aa(2) —

dt
= |Ib=Az(2) >+ 2" (2)G(v)x(2) + 12" (2)(c — ATu —v). (1.18)
It follows from the second equation of (1.9) that if the transformation ¢(w) satisfies Condition 1,
then neither component of the vector v(t,zy) changes sign. Thus if vy > 0, along the entire

path v(t, zg) > 0. Thus, since y(u(t, z0), v(t, 20)) = 0, for y(ug, vo) = Oy, if ug € U the equation
for v can be dropped, which simplifies system (1.9). Instead of (1.9), (1.10) we obtain

Cj;: =b— Az(u), (1.19)
[G(v(u)) + AT Alz(u) = AT, (1.20)

where u(0,u) = ug € U. Instead of (1.18) for this system we have the formula

pr v

= b= Av@)? + 2T (@G (o)) 20

that is, the objective function of the dual problem (1.2) increases monotonically on the admis-
sible set. Method (1.19), (1.20) was first proposed in 1977 in [11].
Using Euler’s method to integrate system (1.9), (1.10), we obtain

Uk+1 = Uk + Ozk(b - A{L‘k), Vg+1 = Vg — Osz(Uk)l'k, (121)
[G(vp) + AT Ay, = ATb 4+ 7(vy, + ATy, — c). (1.22)

Correspondingly, for system (1.19), (1.20) we have
Upypr = up + op(b— Axy), [G(up) + AT Alz, = AT, v = v(uy). (1.23)

Both these versions of the method solve the direct and dual problems (1.1), (1.2) simultaneously.

Theorem 1. Let z, and u,. be non-degenerate solutions of problems (1.1), (1.2), respectively,
and v, = vi(uy). In addition, let the transformation p(w) satisfy Conditions 1 and 2. Then:

(a) the point 2] = [u],v]] is an asymptotically stable position of equilibrium for system (1.9),
(1.10);

(b) the solutions u(t, z), v(t, zo) of system (1.9), (1.10) converge locally exponentially to the
point z., and the corresponding function x(z(t, zo)) converges to x,;

(¢) a, > 0 exists such that for any fized 0 < oy < ., the sequence {[uy,vi]} generated by
process (1.21), (1.22) converges locally to z. at a linear rate; the corresponding sequence
{zr} converges to x,;

(d) the solutions u(t,uy) of system (1.19), (1.20) converge locally exponentially to w, on U,
and the corresponding function x(u(t,ug)) converges to .,

(e) . > 0 exists such that for any fized 0 < ay < v, the sequence {uy} generated by the
process (1.23) converges locally to u, on U at a linear rate; the corresponding sequence
{zr} converges to x,.



Proof. We will form an equation in variations for system (1.9), (1.10):

si = —A [G?yaw‘%ﬁ?(sv],
5o = i{G(v*)ag(;*)éujL [D(é(v*))D(sc*)—i—G(v*)axa(j*)] (511},

or in matrix form, introducing the notation 62" = [du', v ']:
02 = —Q(z4)0z.

Here

TAD AT AD 1T, — D(O(vy))D(x.)]

Q Zx) = .
(=) 7Gv)® AT (I, — G(v.) @Y D(0(v,))D(z,) + 7G (v,) ;!

, (1.24)

where ®, = G(v,) + AT A and I, is the identity matrix of order n. In evaluating the matrix
(1.24) we have used the relations which follow from (1.10):

[G(v) + ATA]agSj) = AT,
D(0(v))D(x) + [G(v) + AT A] a‘gfj) =11,

Suppose, to fix our ideas, that a basis of the point x, consists of the first m columns of
matrix A. Then the vectors z., v, and matrices A and G(v,) have the representations

x*:[ N‘|7 U*:[ N], A:[BN]7 G(U*):[Odm GJ\(:‘|’

where 28 > 0,,, v8 = 0,,, 2% = 04, vY > 04, d = n — m, Gy = D(0(vY)) is the right-hand

bottom square submatrix of G(v,) of order d, and Oy, is the k X s zero matrix.
Since, under the given assumption,

o _| BB BN
“T| NTB Gy+NTN |

from Frobenius’s formula we obtain

B, + NGNNT|(BT)™' —B7INGy

ol =
—G&lNT(BT>71 G]_Vl

*

It follows that

B—l
—1 4T __
s [ 2]

Using this relation, the matrix Q can be reduced to the form

[ Thn Qo ] 0= [ D(0(v.)D(x)) Oma ] |

Q N Onm Ql QS T[d

(1.25)

where the form of the matrices ()5 and ()1 is unimportant.
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It follows from (1.25) that the matrix @) has n eigenvalues equal to 7, and m eigenvalues
0'(0)z%, 1 < i < m. Since the transformation o(w) satisfies Condition 2, these are all strictly
positive. Thus, by Lyapunov’s theorem on stability for the first approximation, the position
of equilibrium (the point z,.) is asymptotically stable, and the solutions of system (1.9), (1.10)
converge locally exponentially to z,.

The convergence of the discrete version (1.21), (1.22) for sufficiently small constants oy
follows from Theorem 2.3.7 of [12].

Since the solutions of system (1.19), (1.20) for uy € U are the same as the corresponding
solutions of the more general system (1.9), (1.10) with vy = v(uy), the solutions of (1.19), (1.20)
converge locally exponentially to u, on U. For the same reason, the sequence {u;} generated
by the process (1.23) converges locally to u, on U. This proves the theorem. [

Let n* and 7, denote the largest and smallest eigenvalues of the matrix @):

n* = max |7, max 6'(0)xl|, N« = min |7, max 6'(0)z.|.
1<i<m 1<i<m

By standard arguments (see [12]) it can be shown that the quantity in (¢) a. = 2/n*. The rate
of convergence will be greatest when the steps in (1.21), (1.22) are equal: oy = 2/(n.+n*). Then
the condition (||zx — z«||) < e will be satisfied by performing In (¢/[|z, — z0||)/In ¢ iterations,

where ¢ = (" —n.)/ (" + n.).

To determine the right-hand side in system (1.19), we need to find the vector z(u) and,
therefore, solve a system of n linear equations. If u € Uy, the matrix G(v(u)) is non-degenerate
and the Sherman—Morrison-Woodberry formula for the inverse of a matrix can be used:

(G(v) + ATA ™ = G (w) [I, = AT (I, + AG™ () AT) T AG ™ (v)].
This leads to the system

du_

i (L + AGHw(u)AT] ™', u(t,0) =y € Up. (1.26)

The local convergence to the solution of problem (1.2) on Uy of method (1.26) and its discrete
version again follows from the more general assertions (b) and (d) of Theorem 1.

We note also that in (1.9), (1.10) condition (1.10) could be replaced by any other condition
ensuring that the components of the vector y(u,v) decrease to zero. For example, instead of
(1.10) we could take

[Gw)+ AT Alz(2) = ATb+ 7D+ ATu —c)(v + ATu — ¢), T > 0.
Then instead of (1.17), system (1.9), (1.10) would have the first integral
c— ATu(t, z) —v(t, ) = D7 e — ATug — vo + 7t) (¢ — A ug — ).

The statement of Theorem 1 would remain unchanged.
2. OTHER VERSIONS OF DUAL BARRIER-PROJECTION METHODS

By hypothesis, the rank of the matrix A is equal to m and its null-space has dimension
d =n—m. Let P be a matrix of full rank such that AP" = 0,,4. Since the rows of the matrix
P are linearly independent, they form a basis in the null-space of the matrix A. If A can be



represented in partitioned form A = [BN], where the square matrix B is non-degenerate, we
can take P, for example, as the matrix

P=[-NB)"|1I, ]
The definitions (1.15) of the sets W and V' can be rewritten using the matrix P in the form
W={veR": Plv—c)=04}, V={veR}:Pv-c) =04}
Let £ € R" be any vector satisfying the condition Az = b. Then

maxb' v =max? A'u=maxZ (c—v) =2 ¢c—minZ v.
uelU uelU veV veV
Hence, the solution of the dual problem (1.2) can be replaced by the solution of the equivalent
minimization problem
-

minz v. (2.1)

The stable version of the barrier-projection method of [14], applied to (2.1), leads to the
formulae

Y = G0 - PTa(w)], (2:2)
PG(v)P"x(v) = PG(v)T + 7P(c—v). (2.3)

At points v € R” where the matrix PG(v)P" is non-singular, by solving (2.3) we obtain
2(v) = [PG(v)PT] 7 [PG(v)7 + TP(c — v)].

Let H(v) = GY?(v). In addition, consider the right-hand pseudo-inverse matrix (PH)* =
= (PH)"(PGPT)~! and the projection matrix (PH)# = (PH)*PH. Then method (2.2), (2.3)
can be written in projective form as follows:

d

dit’ — H[7(PH)*P(c —v) — (I, — (PH)*)Hz). (2.4)
The first vector in square brackets belongs to the null-space of the matrix AH !, the second

belongs to the row space of the matrix AH~!. We have the formulae

P% =T7P(c—v), P(c—v(t,v)) = P(c—wvy)e ™,

from which it is clear that v(t,vy) approaches the set W as t — oc.

If vy € Vi, where Vy = {v € V : v >0,}, then (2.4) possesses the properties of the interior
point method; the objective function z"v(vy,t) decreases monotonically and v(t,vy) € Vj for
all t > 0. In this case method (2.4) can be rewritten in the form

‘j; = —G()[I, — P (PG(v)P")"'PG(v)]z, vy € V. (2.5)

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then:

(a) the point v, is an asymptotically stable position of equilibrium for system (2.2), (2.3);



(b) the solutions of system (2.2), (2.3) converge locally exponentially to the point v,;
(¢) a. > 0 exists such that for any constants 0 < ay < v, the discrete version of the method
Vps1 = v — G (vp) (T — Pl ay,), xp = x(vg),

converges locally to v, at a linear rate.

The proof of this theorem is similar to that of Theorem 1, except that now the matrix @
will have d eigenvalues equal to 7, and m equal to 6°(0)z%, 1 < i < m. The choice of the vector
T in (2.1), therefore, has no effect on the rate of convergence.

Since Pv = 0 for system (2.5) the vector © in this method belongs to the null-space of the
matrix P, which is identical with the row space of A. Thus, apart from (2.5), we have

b=A"\ (2.6)

for some vector A € R™. If v > 0, after multiplying both sides of (2.7) by the matrix AG™"(v)
and using the fact that © has the form (2.5), we obtain

A= —[AG ' (v)AT] Az = —[AG (v)AT] ). (2.7)
Substituting (2.7) into (2.6), we arrive at a different representation of the method (2.5):
dv

== —ATAGT AT, we (2.8)

In the space of variables u, method (2.8) takes the form
du ~1 T1-1

If we use transformations (1.3) and (1.4), from (2.9) we obtain, respectively,

du -1 -1

- = [AD™ (v(u))A"]™"b, ug € U, (2.10)

d

dit‘ = [AD2(w)AT] ', up € Up. (2.11)

Formula (2.11) is the same as the continuous version of the dual ASM proposed in [9].

It follows from Theorem 2 that the solutions of system (2.2), (2.3) converge locally expo-
nentially to v, = v(u,) on the set V. Thus the solutions of system (2.10) also converge locally
exponentially to u, on the set Uj.

If we consider the discrete analogue of method (2.10)

Uk+1 = Uk + Oék[AD_l(’Uk)AT]_lb, Uy € Uo, (212)

where v, = v(ug), then according to [12] the fact that the continuous version (2.10) has expo-
nential convergence means that the iterative process (2.12) is locally convergent at a linear rate
to u, for sufficiently small constants .

Another version of the dual barrier-projection method can be obtained by representing (1.2)
as a problem with 2n equality-type constraints:

max b u, (2.13)
c—ATu—v=0,, (2.14)
v —p(w) = 0,. (2.15)
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We will put 2" = [u",v",w"] and for (2.13), (2.14), (2.15) construct the Lagrange function
Lz zy)=blut+z (c—ATu—v)+y" (v —p(w)).
The analogue of method (1.7) for problem (2.13), (2.14), (2.15) is
U=1L,=b—Ax(3), 0=L,=y(3)—z(3), w=L,=—¢ (wy2), (2.16)
where the dependences z(Z) and y(2) are found from the conditions
Lyt + Loy® + Lowth = —TLy,  Lyyti + Lyy® + Lywth = —7L,. (2.17)
In variables u, v and p = p(w), system (2.16), (2.17) can be rewritten in the form
du dv dp

E =b- AZE(Z), E = y(Z) - CL’(Z), E = —G(p)y(Z), (218)
(I, + AT A)x(2) —y(2) = ATb—1(c — ATu —v), (2.19)
(In + G(p))y(2) — x(2) = 7(p — v), (2.20)
where z" = [u",v",p"]. Hence, if we take py = vy, we have p(t, 20) = v(t, 29) along the entire
path z(t,29) and it follows from (2.20) that y(z) = [I,, + G(p)]"'x(2). Method (2.18), (2.19),
(2.20) is thus simpler in this case: instead of (2.18), (2.19), (2.20) we have
d d
T=b—Aw(uw), o= =G()L + G) e (u,v), (2:21)
{G) 1+ G) ™+ AT Az (u,v) = ATb —7(c — ATu — v). (2.22)
Moreover, if it is also assumed that vy = v(ug) then v(t,z9) = v(u(t, 20)), and using the
Sherman—Morrison-Woodberry formula on the set U, method (2.21), (2.22) takes the form
du Ty-1
n ={I,+ AL, + G *(v(u))]A"} b, ug € Up. (2.23)

The local convergence of method (2.23) and its discrete version
s = g+ o { Iy + AL + G (v(u))J AT}

for the case when uy € Uy, G(v) = D(v) and the step «y is constant and sufficiently small
follows from the asymptotic stability of the point [u.,v.,p.], where p, = v, = @(w,) for the
more general system (2.18), (2.19), (2.20).

3. THE GLOBAL CONVERGENCE OF THE METHODS

We will consider the global convergence of method (2.12) on the set U.
Suppose that problem (1.1) is such that

Ae = 0,y (3.1)

where " = [1,...,1] € R". We will also assume that there is a unique solution u, of problem
(1.2). Then necessarily C' = c'é > 0. Let v, = v(u,) and J~ = {i € {1,2,...,n} : vi > 0}.
We will consider the Lyapunov function

F(u) = > v[lnv! — Inv'(u)). (3.2)

ieJN
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The function F'(u) is defined, continuously differentiable and non-negative on the set Uy = {u €
e U :v'(u) >0, i € J¥}. Indeed since, according to (3.1),

vi=elv,=e'v(u)=é'c=C>0, (3.3)
ieJN
it follows from the fact that the arithmetic mean is different from the geometric mean that for
any u € U
v'(u)

7
U*

Flu)=-C Y %m

icJN

——Cm ] [”i()ri/c >—Cln Y v'(u) _ 0,

U
i
ieJN s

where equality is only possible when u = w,.
We will compute the derivative of the function (3.2) by virtue of system (2.10). We have

d}:zgsm = B =v; D7 (v(u)) AT [AD™ (v(u))AT] 0. (3.4)

We put
p(u) = [AD (w() AT, x(u) = D™ (v(u)) A p(u).

The vector xz(u) thus defined satisfies the equation Axz(u) = b. Moreover, according to (3.1),
a" (u)v(u) =e" ATp(u) = 0. Thus

' (uw)e=2"(u)(v(u) + ATu) = u" Az(u) = b"u.
From this and (3.4) we obtain

dF (u)
dt

=v 2(u) =2 " (u)(c—ATu,) =b"u—b"u, <0, (3.5)

where equality is only possible if u = wu,.
For any uy € Uy, we put Q = {u € Uy : F(u) < F(up)}. This set is compact because, by
(3.3), the set V' is compact and, therefore, the set U is also. Moreover, the set () does not
contain any corners of U apart from w,. It follows from inequality (3.5) that u(t,up) € @ for
all ¢ > 0.
We now put : >
. b,u, —u
K= =

On the basis of (3.5) and (3.6) we then have

(3.6)

F(u(t,up)) < F(ug)e ™, t>0.

Lemma 3. In problem (1.2), let there be a unique non-degenerate solution u.. Then the
quantity K has a lower bound

K> 1 —exp[—F(up)/C]

' >0 3.7
F(uo) 12j5m 0 7 (3.7)

where s; = b' (u, — u;) and the vertex u; is adjacent to u. in the polytope U, 1 < j < m.
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Proof. We now introduce variables z = u — u,. In these variables the function F'(u) and
formula (3.6) for finding the value of K take the form

}> K = — sup <§)’Z>,
zEQ1 F(Z)

-
F(z)==Y viln{l— ai*z

)
ieJN ¢

where Q; = {z € Z: F(2) < F(ug)}, Z={z € R™ : ATz < w,}. The function F(2) is convex
with respect to z on Q. We have F'(0) = 0 and F'(z) > 0, (b,2) < Oforall z € Z, 2 # 0,,. Thus
for any point z € S ={z € Q1 : F(2) = F(up)} and any 0 < a < 1 we have F(az) < aF(z2).
It follows that b oF b3 .
baz) 82 e L. (3.8)
F(az) = F(2) F(ug) z€S
The point z = 0 is a vertex of the polytope Z. Let z; be other vertices adjacent to that
vertex, and let 3; be a solution of the equation

> viln(l = Bq;5) + F(uo) =0, (3.9)

ieJN

where ¢;; = a; z;/vi. Since F(z;) = +oo we have 0 < 3; < 1. We have

max (b, z) = lrgjagﬁﬁj(b, zi) = — lg;lgnmﬁjsj < 0. (3.10)

Since ATZ]- < v, we have ¢;; < 1forall i € JY, and for at least one index 7, we have gij = 1.
Therefore,

In(1 — Bqi;) > In(1 — 5;)

and, consequently, any solution 3; of (3.9), 1 < j < m, satisfies the inequality 3; > 3, where /3
is a solution of the equation

In(1—73) > vl + F(up) =0.

ieJN

Hence

B =1—exp[—F(uy)/C]. (3.11)
From (3.8), (3.10) and (3.11) we obtain the bound (3.7). This proves the lemma. O
We put

~—

_ %
wlu) = max a'(u

The quantity p(u) > 0 for any u € Uy. For if u(u) < 0, then x(u) < 0,, and z°(u) < 0 for at
least one index i. Then for any a > 0 we have axz(u) < 0, < €. Multiplying this inequality by
the matrix D(v(u)), we obtain aAT[AD™(v)AT]71b < v(u), or

AT {u+ a[ADY(0) AT} < e (3.12)

Thus, the vector u + a[AD~}(v)AT]7b belongs to the set U for any o > 0, which contradicts
the fact that the set U is bounded. It also follows from (3.12) that the quantity 1/u(u) is an
upper bound for « for which u + ax(u) € U.

Theorem 3. Let the step ay, of (2.12) be chosen from the condition

0 < oy =/p(u), 0<~vy<l (3.13)

12



Then for any ug € Uy a 0 < y(ug) < 1 exists such that for all 0 < v < 7y(up) and k > 0,
F(ugs1) < F(ug)(1 — 0.504.K), (3.14)
where the quantity K is defined by (3.6).

Proof. We will compute the change of the function (3.2) in one step of the iterative process.
We have

T —
Flugp) = — ) viln [1 I +Oikpk u*)] =
e ; (3.15)
= —> viln lz(l — akxk)] = F(uy) — Y_ viin(l — ay}).
ieJN U ieJN
Here py = p(ux), v = x(ug). Let
Au,0) =a™' Y vin[l — a'z(u)], a>0. (3.16)
ieJN
Finding a series expansion of the right-hand side of (3.16), we obtain
a vi [z (w)]?
Au,a) = —v, z(u) — = — . :
2 zeZJgV 1 — abi(u)zi(u)]?
where 0 < 0'(u) < 1,4 € J~. Hence from (3.5) we have
Al a) > b (u, —u) — ——— 5" iz (w))?, (3.17)

2(1 =)*p(u) Sy

which holds for any a < v/u(u).
We now put

r(u) = p(u)b" (u, —u) [Z vl [x’(u)]Ql : 7 = inf r(u)

ueQ
ieJN

and show that 7 > 0. This inequality in fact applies if the infimum is reached at a point u € @)
different from w,. In the case when there is a sequence {u,} which converges to the point wu,
such that 7 = lim r(us) we will show that again 7 > 0.

To fix our ideas, let the point u, be such that v] = [vZ,v)], where vZ € R™, vV € R?,

vB =0,,, v) > 04. We will use the same partition for an arbitrary vector v(u), and also for a
matrix A = [BN]. Let T'P(u) = BD Y(vB(u))B", TN (u) = ND * (v (u))N .
Since B is a non-degenerate matrix, for all u € U

D(u) = AD *(v(u))A" = T8 (u) + TV (u) = TP ()1 + (TF(u)) TV (u)).
Thus
D™ (w) = {1 = (T (u)) T (u) + (TP () 7T ()] — .. (TP ()™ = (07 (w) ™" + O(u),

where ||®(u)|| = o(]|u — us||). From this we obtain
2P(u) = D7'(w")B (" ()b + D' (") BT @(u)b = 7 + ¢ (u),
V() = DHM)NTTHu)b = py(u),
(

u) = max @l + s(u),

O(lu—wl), i=123

K

=

-
I
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Let the sequence us; — u., us € Up. If 7 = 0, then r(us) < 1 for sufficiently large s. But since
|z (w)|| = O(||u — u.]|), we obtain

> vi(a' () = o(flu — ),

ieJN

and, therefore, the inequalities 7(us) < 1 cannot apply for large s. The resulting contradiction
shows that © > 0.
Since 7 > 0, there is a sufficiently small 0 < v(ug) < 1 such that

V(1 =727 (W) Do vile'(w)® < b7 (ue — u)

ieJN
for all 0 < v < y(up) and u € Q. Thus, for these u, v and a < 7/u(u), according to (3.17),

A(u, ) > b" (uy —u)/2. Hence from (3.15) and the inequality b' (v, —u) < KF(u), we obtain
the required bound (3.14). This completes the proof of the theorem. [

Now let

Blug) = max max o'(u),  a(uo) = 7/Bluo).

Then if the step ay is chosen from condition (3.13) we have ay > a(ug) for any k£ > 0. Thus,
in addition to (3.14), we have

F(ugs1) < F(ug)(1 — 0.5aK), (3.18)

where 0 < a < @(up). The number of steps needed before process (2.12) reaches a certain
neighborhood of the point w, can be estimated using (3.18). Inequality (3.18) also applies to
process (2.12) with constant step oy = a < a(zy).

4. THE DUAL BARRIER-NEWTON METHOD

If the expression from (1.20) for z(u) is substituted into the admissibility condition, we
arrive at the following equation:

b— Az(u) = 0. (4.1)
We will solve (4.1) by Newton’s method. Its continuous version leads to the system
du
A(U)E = Az(u) — b, (4.2)

where A(u) is the total derivative with respect to u of the vector-function Ax(u).
Differentiating the identity (1.20) with respect to u, we obtain

—D(0(v))D(z)A" + (D(0(v)) + ATA);Zx = 0.
u
Therefore, '
Au) = —A[D(0(v(w)) + AT A7 D(0(v(w)) D(w(u)) AT,
and if this matrix is non-singular, method (4.2) can be rewritten in the form

du_

= = [AIDO((w)) + ATAI D(O(v(u))) D((u) AT] 7 [b = Az(u)]. (4.3)
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Lemma 4. Let the solutions x. and u, of the two linear programming problems (1.1) and
(1.2) be non-degenerate, and let Conditions 1 and 2 hold. Then the matriz A(u,) is non-singular.

Proof. For v, = v,(u,), we have (D(0(v,)) + ATA)z, = ATb and, therefore, z(u,) = z,.
Suppose, to fix our ideas, that a basis of the point z, is formed by the first m columns of matrix
A. Then we have the representation A = [BN], where B is a square non-singular matrix. Since

in that case
A[D(B(v.)) + ATAIT = [(BT) ™" | O,

we obtain

A(u,) = (BT)"'D(6(P) D («P)B. (4.4)

*

All the square matrices on the right-hand side of (4.4) are non-degenerate, and so the matrix
A(u,) is non-singular. [J

Using Lemma 4, we can formulate a theorem on the local convergence of method (4.3) and
its discrete version

Uk+1 = Ug -+ [A[D(Q(Uk)) + ATA]ilD(Q(Uk))D(xk)AT]il(b — Al‘k), (45)
where v, = v(uy), xp = x(uy).

Theorem 4. Let the conditions of Lemma 4 be satisfied. Then the point u, is an asymp-
totically stable position of equilibrium for system (4.3). Moreover, if the matriz A(u) satisfies
a Lipschitz condition in some neighborhood of u., the sequence {uy} generated by the process
(4.5) converges locally to u, at a quadratic rate.

The form of (4.3) can be simplified slightly if ¢(w) is taken as the transformation (1.3):

fg — [A[D(v(u)) + AT A D(a(u)) AT} M b — Ax(u)].

Its discrete version is similar to (4.5).
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