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Abstract—Several sufficient conditions are formulated for the uni- and blmodahty of a mixture of two Gaus-
sian distributions with equal variances 6> and different expectation values ;, i = 1, 2. An equation governing
all the degenerate critical inflection points for the probability density f(x) of the mixture is derived by a statis-
tical method. This equation describes the boundary of the uni- and bimodality domains of f(x).
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INTRODUCTION

Gaussian mixtures have found wide applications in
various fields of science and practice [1, 7, 8]. This
motivated the task of estimating the number of modes
in a mixture depending on the distribution parameters.
We solve this problem for a mixture of two Gaussian
distributions with equal variances o> and different
expectation values W;, i =1, 2.

1. STATEMENT OF THE PROBLEM
AND SOLUTION METHODS

The probability density of such a mixture is given by
the formula

k
= (J210) Y mf(x),
i=1 ey
2., 2,-1
Ji(x) = exp(=(x-n,)"(267) ),
where x € R and T, is an a priori probability of the ith
component such that t; € (0, 1) and t; + T, = 1.

The mode of the smooth function f(x) is its critical
point; it is the root of the equation

fi(x) =0,

f(x)

2
) 2
= («/27'5(53) 12ni(ui_x)fi(x)' @

i=1

fx(x)

Equation (2) can be reduced to an equivalent one
x = @(x), 3)

k k -1
o(x) = (Zniuif,(x)](Zn,-f,-(x)) @

i=1 i=1
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As was proved in [2], if ¢ in (4) is a contraction opera-
tor, then Eq. (2) has a single root and the function f(x)
is unimodal. Below are the results from [2] we need in
our presentation.

Theorem 1. For k = 2, the function f(x) is unimodal
if p? < 4, where p? = (W, — U;)*0? is the Mahalanobis
distance.

Theorem 2. If k = 2, p? > 4, and T, # T, then f(x) is
unimodal if

lIn(m,mh 227 p* +2In @2 (p+Jp°=4)).  (5)

Theorem 3. If k=2, p?>>4,and t, =
bimodal.

05, then f(x) is

If an equality holds in (5), then we have an equation
for the boundary of the contraction domain of ¢ for p? >
4 and m; # m,. Denoting the right-hand side of (5) by

y3(p), Le.,

ws(p) = 27'p  +2In(27 ' (p +p°=4)),  (6)

we write this boundary equation as

[In(m,m5)| = wap)-
Numerous experiments have shown that, if (5) in the

assumptions of Theorem 2 is replaced by the reverse
inequality, i.e., by

lIn(m, ;") <27 p +2In (27 (p + Jp° - 4)),
then the number s of critical points of f(x) satisfies
1<s<3.

The function f(x) is unimodal for 1 < s < 2 and
bimodal for s = 3. If s = 2, then one of the of critical
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Values of 3, y,, and y for various p

No. P V3 L2} )
1 5.6467 19.3380 11.5129 7.8259
2 5.1894 16.6794 9.2102 7.4691
3 4.6787 13.9328 6.9068 7.0261
4 4.0857 11.0292 4.5951 6.4341
5 3.5807 8.7836 2.9444 5.8391
6 3.3146 7.6764 2.1972 5.4792
7 3.1314 6.9409 1.7346 5.2062
8 2.9807 6.3498 1.3863 4.9635
9 2.8448 5.8255 1.0986 4.7269
10 2.7146 5.3285 0.8473 44812
11 2.5631 4.8286 0.6190 4.2095
12 2.4427 4.2907 0.4055 3.8852
13 2.2791 3.6418 0.2007 3.4412
14 2.1522 3.0914 0.0800 3.0113
15 2.0606 2.6141 0.0200 2.5941

points of f(x) is an inflection point; i.e., it satisfies
the equation

fax(x) =0,

2
" 4 _ (7

firl®) = (V2167) Y ml(x—p)’ =6 1fi(x).

i=1
Any critical inflection point of the function is a degen-
erate critical point [3]. The expressions for f' (x) and
£ (x) and Egs. (2) and (7) yield the equation for all the
degenerate critical point of f(x):

lin(m, ;)
20+
V3
15F
Lok %)
v
5k
0 1 1 1 |
2 3 4 5 6
p

Plots of y3(p), W»(p), and y(p).
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2 2 -1
X = [Zniu?fi<x>](2nifi(x>) ~o’.

i=1 i=1
These results imply that the Gaussian mixture under
study is not a Morse function [3].

The equation for the set of critical inflection points
of f(x) is one describing the boundary of its uni- and
bimodality domains. An equation of the form

[In(7t, n;l )| = Wy(p) for this boundary is determined by
a statistical method.

Fifteen critical inflection points were experimen-
tally found on the number line. The values of p and

Y, = |In(m, n;l )| at each point are presented in the table.

Additionally, the table lists the values of |ln(1t1755l )| =

v;(p) and ¢ = ;3 — W, where y;(p) is given by (6). The
functions y;(p), W,(p), and y(p) are also plotted in the
figure.

RESULTS

The function y(p) is approximated using quadratic
regression [4, 6]. Specifically, for each point A;(p, V),
we use the equation

W, = ap.+bp,+c+e, i=1,2..,15 (8
where ¢; is the deviation of A; from the parabola
vy = ap2+bp+c. ©)

Applying the least squares method [4, 6] to system
(8) yields the system of normal equations

15 15 15 15
> pija+ pr]b+(29?]c =Y vp;

i=1 i=1 i=1 i=1

15 15 15 15
> o fa+ prJM{Zpi]c =Y vip,

i=1 i=1 i=1 i=1

15 15 15
pr a+ Zp,}b+ 15¢ = Zwi.

i=1 i=1 i=1

The calculated coefficients of a, b, and c¢ are substituted
into these equations to obtain

3294.188a + 766.418b + 196.320c = 3294.188
766.418a + 196.320b + 56.220c = 298.181
196.320a + 56.221b + 15.000¢c = 85.872.

(10)

Solving system (10) by Gaussian elimination [5] pro-
duces the parameter estimates a =—0.327, b = 3.867,
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and ¢ = -3.738. Therefore, y(p) in (9) is approxi-
mated by

Vo= —0.327p2+3.867p—3.738. (11)

For this approximation, the mean absolute error is A =

0.101, the mean relative error is & = 0.024, and the rms
deviation is 6, = 0.124 with 67 = 0.015.

Combining the definitions of 3, y,, and y with

expressions (6) and (11) gives the following approxi-

mate equation for the set of degenerate critical inflec-
tion points of f(x):

|In(r,m,")| = 0.827p> - 3.867p
+2In[27'(p + Jp° —4)] +3.738,

which is an approximate equation for the boundary of
the uni- and bimodality domains of f(x) for p > 2 and
T, # T, in the parameter space (T, T, P).

Using the Chebyshev inequality [4] for the unknown
function y, namely,

12)

P{ly -yl <to,}21-1"

with t = 4 and 6, = 0.124, we obtain the confidence
interval

P{J—0.496 <y < +0.496} 209375,  (13)
where  is given by (11).
Since = ;-\, and \y =5 — \,, combining (12)
with (13), we find for y,(p) = |In(rt, 7, )| that
P{d+3.242 <y, <d+4.234} 20.9375,

where

(14)

d = 0.827p° —3.867p

+2In[2 " (p+Ap - 4)].

Expression (14) gives a confidence interval for all the
critical inflection points of f(x) with a probability
greater than or equal to 0.9375. Our argument implies
that f(x) is bimodal with a probability greater than or
equal to 0.9375 if

In(m,m;")| < d +3.242

for p > 2 and m; # m, and is unimodal with the same
probability if

|In(r,m5")| > d +4.234.

CONCLUSIONS

For the probability density of the mixture under
study, we found an exact equation for all its degenerate
critical points lying on the number line and derived an
approximate equation for its degenerate critical inflec-
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tion points in the space of the parameters 7,, ,, and p.
A confidence interval was constructed for these points.
The uni- and bimodality domains of the mixture were
determined.
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