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It is known that for nonlinear controlled systems
a number of methods of stabilization on the first
approach of the steady and unsteady motions are
developed. Critical cases are allocated and ways
of a finding of stabilizing control in critical cases
are developed [1], [2].

In this paper we suggest a method for solving
the problem of optimal stabilization with refer-
ence to multiply connected nonlinear controlled
dynamic systems given in the form of nonlinear
systems of the ordinary differential equations. The
decision of the specified problem reduces to the
solving of a problem of optimal stabilization in
the sense of V.V. Rumyantsev [3].

The method of solving the problem of optimal
stabilization applies to multiply connected sys-
tems with homogeneous principal parts. Thereby
critical cases are investigated also.

We consider multiply connected nonlinear con-
trolled dynamic system

dz,
dt

= fs(t7xs)+Fs(t7$)+Bs(taxs)us = ®s(t7x’u),

(1)
where z4 € R™, us € R™, and vector functions
fs(t,xzs), Fs(t,z) and matrixes Bg(t, xs) of dimen-
sion ng X rs are defined in domain

s=14q,

Q={t,x:t>1,||z|]| < h,0< h = const}.

(2)

For system (1) it is accepted that

T
T = (m{,...,x?) , R"" ®...® R" = R",

®, (t,0,0) =0,

R'e..oR* =R, s=1,q.
We assume that for systems
dx
dts = [s (t, xs)a s=1,q, (3)

in domain (2) there are continuously differentiable
functions of Lyapunov v (t,zs), s = 1,q, sat-
isfying the Lyapunov theorem on the uniformly
asymptotic stability. It should be noted that this
assumption is not burdensome because the control
action, by analogy with the stabilization in critical
cases can be written as

ug (t,x) = uLOC (t,zs) + u%lOb (t,z),

where ul°¢ (t,z5) is the control action at the level

of subsystems and u8'°P (¢,z,) is the control ac-
tion at the level of original system. For the first
approximation system (3) with respect to (1) there

q
exists a Lyapunov function v (¢,2) = > vs (¢, xs),
s=1

where v (t,25) are definite positive Lyapunov
functions for the individual subsystems of (3) ad-
mitting an infinitesimal upper limit, and the to-
tal time derivatives along the solutions of corre-
sponding subsystems are negative definite func-
tions. Therefore, we assume that the above Lya-
punov functions are known. Under these assump-
tions the problem of optimal stabilization applied
to systems (1) corresponds to the problem of opti-
mal stabilization in the sense of V.V. Rumyantsev
[3]. The difference is that we are considering the
problem of optimal stabilization with regard to a
term F (¢, z).

For the purpose of the solving of a problem of
optimal stabilization on the basis of Lyapunov



q

function v(t,z) = 3 wvs
s=1

function of the form

(t,zs) we introduce a

q
Blstn = 3|2l
s=1

X(fs(t’ xs) + Fs(ta $) + Bs(t’ xs)“s""
+ufﬁs(xs)u)} + U(t, x). (4)

Ovs Ovs

821’ A 8317; ) and (s (zs)

are positive definite symmetric matrixes. Accord-
ing to Rumyantsev and Krasovsky theorems [3]-[5]
for optimal control and optimal Lyapunov func-
tion we obtain

+ (Vs (t, z5))"

Here Vug(t, xs) = col(

B[’ t,z,u’] =0,
and at all other control functions we have
B[v°;t, 2, u] > 0.

Consequently, optimal control we will find from
the system

0B
Ooug

= (Vvs(t,ms))T Bs(t,zs) + %ﬂs(ms)us,

—
=

()

s =1,

According to (4), (5) we will have

ug(t,xs) = —ﬂ;l(xS)Vvs(t,xs)TBS(t, Ts),

—
=

(6)

Substituting ul(¢, zs) in (5) we obtain the alge-
braic equation with respect to function ®(t, s) in
the form

s =1,

—~

B[vY;t, z,u’] =0,
from which we define a function

q

Z(ws(t, $5) + UgTﬁs(ta xS)ug_

U(t,x) =

— (Vus(t,2,)) Fu(t, ). (7)

v
> are definitely

negative. Thus, if the function U(t, ) is positive

Here functions ws(t,xs) =

definite the quality functional of control finally be-
comes

[e.9]

/(i( wi(t, zs) + ul ﬂs(t zg)ul—

to s=1
- (gradxsvs(t’ 1:8)7 FS (ta IE)) +

+uSTﬂs(t,:nS)uS)>dt. (8)
Thus, if for systems (3) we know single-valued
continuous positive definite Lyapunov functions
vs(t,zs), s = 1,q, allowing an infinitesimal limit
and having negative definite full derivatives on
solutions of subsystems (3) and if function (7)
is definite positive, then the function v(t,z) =
Zq: vs(t, z5) is the optimal Lyapunov function for
=1
;ystem (1) optimized by control (6) with to func-
tional (8).

It is known that for nonlinear systems of differ-
ential equations of general form the conditions of
theorems on asymptotic stability on the first non-
linear approach are hardly verified. However, in
some cases nonlinear systems of differential equa-
tions is possible to search for fairly easily verifi-
able conditions under which we prove the asymp-
totic stability of the equilibrium of the first nonlin-
ear approach. Nonlinear systems right-hand sides
are homogeneous (generalized homogeneous) vec-
tor functions of the order p > 1 have been studied
in [6]-[8], which shows the theorems about asymp-
totic stability on the first nonlinear approach with
the conditions which are easily verified. These
results lead to the solution of problems of op-
timal stabilization of nonlinear control multiply
connected systems of the form

dx ] d
dts = Xgué)(xs) + Jz::l st(t, 33) + Bs(xs)us =
= O,(t, z,u). 9)

Here zs € R", x = (xlT,...,qu), X(“s)(ms) are

homogeneous of order ps; > 1 continuously differ-
entiable vector functions. Continuous functions



Rj;(t, z) are defined in domain (2) and for these
functions conditions

(a)

e
[ Rsj (8, )| < csjlla||s . [lag ]|,

¢s; 20,0l >0,

are hold. We assume that ®4(¢,0,0) =0, s =1,¢,
and that equilibrium states of systems

dxs
Ti:fs($s)7 s=1,q,

are asymptotically stable. As a Lyapunov function
for system (9) in this case we consider the function

q

vs(x) = Z vs(xs),

s=1

where vg(z5) are Lyapunov functions for systems
(10) satisfying the conditions: (i) wvs(xs) and
ws(xs) are positive definite functions; (ii) vs(zs)
and ws(zs) are gomogeniously positive functions
of order ms+ 1 — ps and mg, where mg are enough
large rational numbers with odd denominator and
even numerator; (iii) functions vs(xs) are contin-
uously differentiable and

(V'I}5>Tf5(:(}5) = —ws(xs).

For the system (9) the problem of optimal stabi-
lization has a unique solution in closed form. The
function B[v;t,x,u] and quality functional J(u®)
will have correspondent forms. Thus, for system
(9) we can apply the above arguments for (1), but
with the functions of a particular species.

On the basis of the presented results with ap-
plications of results of works [9]-[11] algorithms of
optimal stabilization of multiply connected non-
linear controlled systems are developed.
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