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1. Introduction
In the work, we investigate a problem of feed-

back control of lumped sources for objects with
distributed parameters on basis of continuous ob-
servation over the phase state at certain points
of the object. We propose an approach according
to which the space of the values of phase states
(phase space) at observed points is a priori parti-
tioned into given subsets (zones). Feedback con-
trols are chosen from a class of piecewise constant
functions, and their current values are determined
by a subset of the phase space which the current
states of the object at its observed points belong
to. Such feedback controls are called zonal in the
work. We give a technique for obtaining optimal
values of the zonal controls with the application of
first order optimization methods. With this pur-
pose, formulae for the gradient of the target func-
tional in the space of zonal controls are obtained.

2. Problem statement
To illustrate the proposed approach to the in-

vestigation of the feedback control problem in dis-
tributed systems, consider the problem of con-
trol of plate heating by means of l lumped point
sources. This process can be described by the fol-
lowing equation:

ut = a2∆u +
l∑

j=1

ϑj (t) δ
(
x− xj

)
, (1)

(x, t) ∈ Ω× (t0, T ] ,

where Ω ⊂ R2 is two-dimensional domain occu-
pied by the plate. At the points xj =

(
xj

1, x
j
2

)
of

the plate, there are heat sources with optimized
power ϑj (t) ∈ V j , j = 1, 2, ..., l; V j the set of ad-
missible values of the j-th source; l given number
of sources; ∆ the two-dimensional Laplace oper-
ator; δ (.) the two-dimensional generalized delta
function; a2 the thermal diffusivity.

Let initial and boundary conditions be given,
for example, in the following form:

u (x, t0) = g0 (x) ∈ G0, x ∈ Ω, (2)

u (x, t)|x∈Γ1
= g1 (x, t) ∈ G1, t ∈ (t0, T ] , (3)

du (x, t)
dn

∣∣∣∣
x∈Γ2

= g2 (x, t) ∈ G2, t ∈ (t0, T ] , (4)

Γ1 ∩ Γ2 = ∅, Γ1 ∪ Γ2 = Γ = ∂Ω.

Here functions gi (.) , i = 0, 1, 2 are given uncer-
tainly, but their values belong to some given ad-
missible sets Gi , 0, 1, 2 with known distribution
functions ΦGi

(gi) , i = 0, 1, 2 characterizing the
distributions of possible values which the initial
and boundary conditions may take on.

Assume that there are sensors installed at
Npoints of the plate with coordinates

x̃s = (x̃s
1, x̃

s
2) ∈ Ω, s = 1, ..., N. (5)

These sensors realize operative observation and
input information on the state of the heating pro-
cess at these points into the control system deter-
mined by the vector:
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ũ (t) =
(
ũ1 (t) , ..., ũN (t)

)
= (6)

=
(
u

(
x̃1, t

)
, ..., u

(
x̃N , t

))
, t ∈ [t0, T ] .

The considered problem of control of plate heat-
ing process consists in selecting current values of
the powers of the sources according to the mea-
sured values of the states at the observed points
of the plate

ϑj (t) = ϑj
(
ũ1 (t) , ..., ũN (t)

)
, ϑj (t) ∈ V j , (7)

j = 1, ..., l, t ∈ [t0, T ] ,

ũs (t) = u (x̃s, t) , s = 1, ..., N, (8)

so that to minimize a criterion of control quality
given, for example, by the following functional:

J (v) =
∫

G0

∫
G1

∫
G2

∫
Ω

[u (x, T ;ϑ, g0, g1, g2)− u∗ (x)]2 ·

·dxdΦ2 (g2) dΦ1 (g1) dΦ0 (g0) +
l∑

j=1

T∫
0

[
ϑj (t)

]2
.

(9)
Here u (x, T ; ϑ, g0, g1, g2) is the solution

to problem (1)-(4) corresponding to specifi-
cally chosen initial and boundary functions
g0 (x) , g1 (x, t) , g2 (x, t) and to admissible values
of the control ϑ (t); u∗ (x) given function charac-
terizing a desired distribution of the temperature
at the final moment of time of the heating process.

Let the values of the phase states of the plate
satisfy the following inequality

u ≤ u (x, t;ϑ, g0 , g1 , g2) ≤ u, (x, t) ∈ Ω, (10)

under all possible admissible controls and initial
and boundary functions

ϑ (t) ∈ V, g0 (x) ∈ G0, (11)

g1 (x, t) ∈ G1, g2 (x, t) ∈ G2.

Partition the set of all possible values of the
temperature [u, u] into m intervals

[u, u] =
m−2⋃

k=0

[
um−1 , um

)
, u0 = u, um = u (12)

by the values uk, k = 0, ...,m.
Piecewise constant values of the controls are

chosen such that they depend on the states of the
plate at the observed points, namely, according to
which temperature interval the current tempera-
ture of the plate belongs to.

Let the controls be piecewise constant functions

ϑj (t) = ϑj
i1,i2,...,iN

= const (13)

when

uis−1 ≤ u (x̃s, t;ϑ (t) , g0 , g1 , g2) < uis
, (14)

is = 1, ..., m, s = 1, ..., N,

j = 1, 2, ..., l, t ∈ [0, T ] .

In the N -dimensional phase space of states
u (x̃s, t) , s = 1, ..., N , sets (14) represent N -
dimensional parallelepipeds, the general number
of which is mN .

It is clear that controls (13), as well as (7) as-
sume the presence of feedback. In case of (13),
the values of the powers of the controlled sources
in the process of plate heating change only at the
moments when the array of states at the observed
points proceeds from one phase parallelepiped (14)
into another.

The number of different values which the power
of each source may take on is equal to the number
of phase parallelepipeds defined by the inequalities
(14), i.e. to mN . The general number of optimized
parameters

ϑ =
((

ϑj
i1,i2,...,iN

))
, (15)

is = 1, ..., m, s = 1, ..., N, j = 1, ..., l
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is equal to lmN . They define the behaviour of the
sources under all possible states of the plate at
the observed points which may occur under dif-
ferent admissible initial and boundary conditions
and control actions.

Thus, the considered problem of control of plate
heating process in a closed-loop fashion on a class
of piecewise constant functions consists in opti-
mizing lmN -dimensional vector ϑ. The process of
plate heating and, correspondingly, the value of
target functional (9) depend directly on this vec-
tor.

3. Solution to the problem
To solve the zonal feedback control problem nu-

merically, we use first order finite-dimensional op-
timization methods. With this purpose, we derive
the formulae for the gradient of the functional in
the space of the optimized parameters. Denote by

Πi1,...,iN (ϑ, g0 , g1 , g2) ⊂ [t0, T ] (16)

a time interval when the phase state ũ (t) is in
(i1, ..., iN ) phase parallelepiped under chosen con-
trol ϑ (t) and functions participating at initial and
boundary conditions g0 (x) , g1 (x, t) , g2 (x, t). It
is clear that

m⋃

i1=1

...
m⋃

iN=1

Πi1,...,iN (ϑ, g0 , g1 , g2) = [t0, T ]. (17)

Consider the following conjugate boundary
problem with respect to (1)-(4), (9):

ψt = −a2ψxx, (x, t) ∈ Ω× [t0, T ) , (18)

ψ (x, T ) = −2 [u (x, T ;ϑ, g0 , g1 , g2)− u∗ (x)] ,
(19)

ψ (x, T )|x∈Γ1
= 0,

dψ (x, T )
dn

∣∣∣∣
x∈Γ2

= 0. (20)

Here ψ (x, t; ϑ, g0 , g1 , g2) is the conjugate vari-
able – the solution to problem (18)-(20)
under corresponding specifically chosen con-
trols ϑ and initial and boundary functions

g0 (x) , g1 (x, t) , g2 (x, t), which the solution
u (x, t; ϑ, g0 , g1 , g2) to boundary problem (1)-(4)
corresponds to. The value of this function at t = T
participates at initial condition (19) of the conju-
gate boundary problem.

The following theorem holds true.
Theorem. The components of the gradient of

the functional in problem (1)-(4) in the space of
piecewise constant controls (13), (14) for arbitrary
control ϑ ∈ V under corresponding normalization
are determined by the formulae:

∂J (ϑ)
∂ϑj

i1,...,iN

=

=
∫

G0

∫

G1

∫

G2

∫

Πi1,...,iN

ψ
(
xj , τ ; ϑ, g0 , g1 , g2

)
·

·dτdΦG2
(g2) dΦG1

(g1) dΦG0
(g0)+ (21)

+2mes (Πi1,...,iN ) ϑi1,...,iN ,

j = 1, ..., l, is = 1, ..., m, s = 1, ..., N.

The results of numerical experiments by the ex-
ample of the solution to a feedback control prob-
lem are given.

4. Conclusion
The approach proposed in the work to build-

ing a control system with feedback for plate heat-
ing process can be used for controlling a lot of
systems with distributed parameters described by
other forms of mathematical models. An evident
drawback of the proposed approach is highly com-
putational work on determining the values of zonal
controls. It is necessary to take into account that
firstly, these computations need to be carried out
preliminarily (at the stage of projecting the con-
trol system). Secondly, the development of up-
to-date computer technology goes with high in-
tensity. Thirdly, multiprocessor computers are
widespread. It is easy to see that the formulae
obtained in the work are easily parallelized.
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All aforesaid allows to consider that the ap-
proaches similar to the one proposed in the work
can find application in control systems built for
technical objects and technological processes.
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