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Abstract

Connections between aggregation in preferences and the acyclicity of improve-
ments in strategic games are studied in two distinct contexts. The first are “games
with common intermediate objectives,” where: the players participate in certain
“activities”; each activity generates a “level of satisfaction,” shared by all partici-
pating players; the utility of each player is an aggregate of the relevant levels. The
second are games with ordered strategy sets where each player’s best responses are
increasing in an aggregate of the partners’ strategies. The necessity of scalar ag-
gregation is shown for a stylized model, viz. an endomorphism. Certain necessity
results are also obtained for two or three person games.
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1 Introduction

This paper continues the study of conditions for the acyclicity of improvement relations
in strategic games. A systematic investigation of games where the convergence of uni-
lateral improvement dynamics is ensured was started by Monderer and Shapely (1996);
Milchtaich (1996) suggested similar treatment of best response improvements. Kukushkin
(1999, 2000, 2003) showed the usefulness of the language of binary relations and developed
transfinite techniques.

The main purpose of this paper is to extend further the results of Kukushkin (2003)
and Kukushkin (2004b). Thus we consider two independent contexts, vaguely united by
the term “aggregation,” which has a distinct meaning in either case.

The first are “games with structured preferences” (a far-reaching extension of the
model from Germeier and Vatel’, 1974, and Kukushkin et al., 1985). The players derive
“intermediate utilities” from participation in certain “activities”; “aggregation” means re-
placing Pareto dominance with an ordering. The description of preferences with complete
relations being a well-established practice in game theory, the appearance of aggregation
in this sense seems inevitable. The focus of our study is on what kind of aggregation
rules ensure the acyclicity of improvements in every derivative game; in other words, it is
necessity results that are most important.

The central position is occupied by Theorem 2 — an analogue of the famous Debreu—
Gorman Theorem (Fleming, 1952; Debreu, 1960; Gorman, 1968; see also Wakker, 1989,
and Vind, 1991) in a strategic game context: If every aggregation rule is continuous and
strictly increasing in each variable, then the existence of a Nash equilibrium in every
derivative game implies additivity in the same sense as in Gorman (1968). Unfortunately,
a complete proof was only given for two particular cases. One of them is sufficient for the
derivation of the main result of Gorman (1968, Theorem 1); probably, a closed proof of
that theorem is given for the first time ever.

It seems proper to recognize (at least) two different aspects of additivity: It may refer
to an algebraic object, a (semi)group, where entities can be combined producing new
entities of the same kind. It may also refer to a purely ordinal framework, where an
ordering on a given set is produced with the help of numeric functions. An exposition
of interplay between both aspects can be found in the wonderful book of Krantz et al.
(1971). Here we only consider additivity in the ordinal sense.

The second class are games with ordered strategy sets where each player’s best re-
sponses are increasing in an aggregate of the partners’ strategies. The presence of such
aggregates is by no means mandatory. As is well known, monotonicity conditions may
ensure the existence of an equilibrium and some other nice properties of strategic games,
including important economic models, without any hint of aggregation in this sense (Top-
kis, 1979; Bulow et al., 1985; Tirole, 1988; Vives, 1990; Milgrom and Roberts, 1990;
Fudenberg and Tirole, 1991; Milgrom and Shannon, 1994; Topkis, 1998). Still, it was
noticed long ago that aggregation can help (McManus 1962, 1964; Novshek, 1985; see
also Kukushkin, 1994a).

Here we are concerned with conditions for nice best response improvement dynamics
rather than the mere existence of a Nash equilibrium. It is already known that aggregation
is conducive to the acyclicity of best response improvements. In a sense, this paper
supplies evidence supporting the claim “there is no acyclicity without aggregation.” Taken



literally, the claim is invalid: Kandori and Rob (1995; Theorem 2) showed that symmetry
in a game with strategic complements may be sufficient, although S. Takahashi (personal
communication) demonstrated that the exact analogue of the theorem for games with
strategic substitutes is wrong.

To make the necessity of aggregation provable, we concentrate on statements whose
conditions survive the application of a monotonic transformation; for instance, Theorems 1
and 2 of Kukushkin (2004a) are of this kind, while the symmetry of Theorem 3 from the
same paper or Theorem 2 from Kandori and Rob (1995) is not. The most convincing
results are obtained for the case of an endomorphism of a partially (pre)ordered set — a
stylized image of the system of the best response correspondences in a strategic game.

The next Section 2 contains basic definitions and notation. The following two sections
correspond to two contexts mentioned above: Section 3 considers games with structured
preferences; Section 4, “acyclic patterns” for endomorphisms and systems of reactions.

In Subsection 3.1, basic notions concerning games with structured preferences are
introduced. There is a set of players, a set of “activities,” lists of activities where every
player participates, sets of feasible values of “intermediate utilities” associated with every
activity, and an aggregation rule, i.e., an ordering on the set of feasible vector utilities for
each player. Theorem 1 shows that the existence of a potential in every strategic game
consistent with a given game structure and a given list of aggregation rules is equivalent
to the existence of a potential in the same sense on the level of a general scheme.

In Subsection 3.2, the definition of Gorman additive aggregation rules is given and
Theorem 2 about them is formulated. It is also shown that the Gorman additivity implies
that individual improvements in every derivative game are acyclic in a rather strong sense.
In Subsections 3.3 and 3.4, constructions needed for a necessity proof are developed,
although, as has already been mentioned, the proof is left uncompleted, except for two
special cases, Propositions 3.4 and 3.6 of Subsection 3.5. In particular, Theorem 1 of
Gorman (1968) is easily derived from Proposition 3.4.

In Subsection 4.1, basic definitions concerning monotonic mappings and correspon-
dences on (pre)ordered sets are given; auxiliary results about the existence of increasing
mappings are proven. Subsection 4.2 is about “acyclic patterns” for endomorphisms, i.e.,
endomorphisms of (pre)ordered sets that remain acyclic after any monotonic transforma-
tion. Theorems 3 and 4 show the importance of linear orders; in a sense, they explain the
lack of conditions for the acyclicity of simultaneous best response improvements in the
literature.

In Subsection 4.3, an analogue of Theorem 3 is obtained for two person games (The-
orem 5); unfortunately, no analogue of Theorem 4 for this case has been obtained so far
(Example 5.2 from Kukushkin, 2000, shows the difficulties here).

Subsection 4.4 contains two isolated results on three person games: three continuous
and strictly increasing (in Theorem 6; decreasing in Theorem 7) functions form an acyclic
pattern if and only if all the three can be transformed into simple sums by the same
change of variables. The proof is based on a special case of Theorem 2 covered by Propo-
sition 3.6. The necessity statement becomes wrong if there are more than three players
(Example 4.3).



2 Basic Notions

A binary relation on a set X is a Boolean function on X x X; as usual, we write y > x
whenever the relation > is true on a pair (y,z). The most popular in mathematical
literature seem to be order relations. A (partial) strict order is an irreflexive and transitive
binary relation; a reflexive and transitive binary relation is called a preorder. With every
preorder >, strict orders > and <, as well as an equivalence relation ~, are naturally
associated. A complete preorder is called an ordering; an ordering > is represented by a
numeric function f: X - Rify =z <= f(y) > f(x).

Let > be a binary relation on X = X; x X5. A relation >y on X, is a separable
projection of > to X; (along Xs) if

(2, ) > (21, 70) = ) >y 14

for all x|, z; € X; and xo € X5. Usually X3 is clear from the context and not mentioned at
all. Obviously, a separable projection “inherits” all properties inherited by the restrictions
to subsets (as being a preorder, strict order, ordering, etc.). The following two statements
are also easy to prove. Let X = X; x Xy X X3 and > be a binary relation on X. Then:
(1) If > admits separable projections to both X; x X, and X3 x X3, then it also admits a
separable projection to X,. (2) If > admits a separable projection >15 to X7 X X5, then a
separable projection of b9 to X (if exists) is a separable projection of > to X; and vice
versa.

We always assume X to be a metric space. An ordering on X is continuous if upper
and lower contours, {y € X| y > x} and {y € X| x > y}, are open for every z € X.
By the famous Debreu Theorem, an ordering on a separable metric space is continuous if
and only if it can be represented by a continuous function. As Gorman (1968) stressed,
topological separability has nothing to do with the separability of the previous paragraph.

This paper is mostly concerned with improvement relations in strategic games. As
usual, a strategic game I' is defined by a finite set of players N (we denote n = #N), and
strategy sets X; and preference relations =; on X = [[,_y X; for all i € N. We assume
each >; to be an ordering; its numeric representation, when exists, is called a wutility
function. We always assume that each X;, hence X too, is a metric space; if each Xj is
compact, we call I' a compact game. The best response correspondence R; : X_; — 2%
for each © € N is defined in the usual way:

generally, R;(x_;) = () is possible.

With every strategic game, a number of improvement relations on X are associated.
Here we shall use two of them: the individual improvement relation ¥* and the best
response improvement relation B (called Cournot relation in Kukushkin, 2004a).

yd'hr = [yi=z_, &y = 7); (2.1a)
yo gy = Jie N[yd; ) (2.1b)

y P e = [y =2 &2 ¢ Ri(z_y) 3 il (2.2a)
y PR o = Jie N[y, 1 (2.2b)
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(y,x € X, i€ N).

By definition, a strategy profile x € X is a Nash equilibrium if and only if z is a
mazimizer for B4, ie., if y " 2 holds for no y € X. Every Nash equilibrium is a
maximizer for 8; if R;(x_;) # 0 for all i € N and x_; € X_;, then the converse is
also true. The condition holds, for instance, when preferences are represented by utility
functions each of which only takes a finite number of values; alternatively, we may require
each X; to be compact and each u; upper semicontinuous in own strategy x;.

For a finite game, the acyclicity of the individual improvement relation (2.1) implies
that an infinite individual improvement path is impossible, hence every such path, if
continued whenever possible, ends at a Nash equilibrium; the existence of the latter is
thus implied. Monderer and Shapley (1996) called this the finite improvement path (FIP)
property of the game. Similarly, the acyclicity of (2.2) in a finite game implies that
every best response improvement path eventually leads to a Nash equilibrium (the FBRP
property of Milchtaich, 1996).

Von Neumann and Morgenstern (1953) called a relation strongly acyclic if it admits
no infinite improvement path; if the individual (best response) improvement relation in I'
is strongly acyclic, then T" has the FIP (FBRP) property even if it is infinite. To the best
of my knowledge, however, this condition does not hold in interesting infinite games.

A more promising extension of acyclicity to the infinite (topological) case is based on
the notion of a potential, i.e., a strict order > such that

yox =1y > . (2.3a)

Clearly, > admits a potential in this sense if and only if it is acyclic. An w-potential is a
strict order which is w-transitive,

[2¥ = klim 2* & Vk € N[2" = 2*]] = 2 = 2, (2.3b)

— 00

and satisfies (2.3a). A binary relation admits an w-potential if and only if no path combin-
ing improvements with taking limit points can return to its origin after any (transfinite)
number of steps. Since this version of acyclicity is of crucial importance, I reproduce basic
formal constructions.

A linearly ordered set is well ordered if every subset contains a least point; Natanson
(1974, Chapter XIV) can be used as a reference textbook. Considering a well ordered set
32, we will denote 0 the least point of the whole ¥, and 8 + 1, for § € ¥, the least point
exceeding (3 (the latter exists unless 5 = max ). A point 8 € ¥\ {0} is called isolated if
[ = [ +1 for some 3 € X; otherwise, [3 is called a limit point. Thus, we have a partition
Y = {0} Ui U X, It is sometimes convenient to consider a partial function § — 1
defined by the equality 5 = (§ — 1) 4 1 for isolated  and not defined at all on ¥\ .

Let > be a binary relation on a metric space X (interesting for us are improvement
relations in strategic games). An improvement path for > is a mapping 7 : ¥ — X, where
Y. is a countable well ordered set, satisfying these two conditions:

(6 + 1) > w(F) whenever 5,5+ 1 € %; (2.4a)

whenever 3% € Yy, there exists a sequence {3}, C ¥ for which
Bt > g for all k =0,1,..., % =supB*, and 7(8%) = lim m(B%). (2.4b)
k —00



An improvement path 7 is narrow if

w(B¥) = ICIL% 7(B*) whenever 3% € Yy, and a sequence {3}, C ¥

are such that 3 = sup 8 and "™ > g* for all k = 0,1,... (2.5)
k

A (narrow) improvement cycle is a (narrow) improvement path 7 such that w(3") =
m(0') for some 3 > (' € ¥. Deleting from ¥ all v < " and v > 3", we can assume
' =0 and /" = maxX. A relation > is called (weakly) Q-acyclic if it admits no (narrow)
improvement cycle.

By Theorem 2 of Kukushkin (2003), a relation > is Q-acyclic if and only if it admits
an w-potential (2.3); an -acyclic relation admits a maximizer on every compact subset
of its domain. The weak (-acyclicity is necessary for the existence of maximizers on all
compact subsets, but not sufficient for anything of interest. If strategy sets are compact
and an improvement relation ("¢ or tBR) admits an w-potential, then every appropriate
improvement path “eventually” (perhaps in a very long run) reaches a Nash equilibrium.

It is clear from (2.2) that the relation *® depends on the correspondences R; rather
that on I' as such. It makes sense, therefore, to introduce the notion of a “system of
reactions” (Kukushkin, 2000). Virtually the same object was called an “abstract game”
by Vives (1990); however, he focussed attention on an endomorphism, the Cartesian
product of all reactions.

A system of reactions S is defined by a finite set of indices IV, and sets X; and mappings
R;: X_; — 2%\ {0} for all i € N. A point 2° € X =[],y X; is called a fized point of S
if 29 € R;(2%,) for all i € N.

With every system S, one can associate binary relations on X: y >z <= [y_; =
v & x; ¢ Ri(v_y) Dy, yo® x < Fi € Nysd x]. Clearly, z € X is a maximizer
for >° if and only if z is a fixed point of S. Improvement paths for >° are generated by
iterating R;’s and picking limit points; we usually call them iteration paths. We call S
(Q-)acyclic if so is >°. As a rule, we omit the superscript ¢ at >. By Theorem 2 ([2.1] =
[2.6]) of Kukushkin (2003), an Q-acyclic system of reactions with compact sets X; has a
fixed point.

It is sometimes useful to consider endomorphisms (“fixed point frameworks”) as sim-
plified analogues of systems of reactions. With every mapping F' : X — 2%\ {0} (a
correspondence X — X)), we associate a binary relation > y o' 2 < x ¢ F(z) 3 y;
for the particular case of a mapping f : X — X, we have y o/ 2z <= y = f(z) # =
Maximizers for > (>/) are exactly the fixed points of F' (or f), while improvement paths
for > (>/) combine iterating F' (or f) and picking limit points, so we also call them
iteration paths. We call a mapping F (or f) acyclic or Q-acyclic, if so is > (>7).

3 Games with Structured Preferences

3.1 Game structures and aggregation rules

We start with an abstract scheme closely related to the notion of a game with structured
utilities (Kukushkin, 2004b).



A game structure is a list S = <N, A (T)ien, <Va>aeA>, where N and A are finite sets
(of players and activities, respectively), and all T; C A and V,, C R are not empty. We
always assume that (J,.y T; = A. For each a € A, we denote N (o) = {i € N| o € T;};
for each B C A, Vg = [[,cp Va- We always equip Vg with the topology defined by the
norm ||vg|| = max,ep |vo|. For a given game structure and ¢ € N, an aggregation rule is
an ordering »*; on Vi, such that v" > v = v/ ¥, v for all v, v € Vy,. An aggregation rule
is strictly responsive if

/

v' 2, v whenever v, v € Vy,, Ya € T, [v), > v,], and Ja € T; [v), > v,]. (3.1)

The property is essential in Theorem 2 below.

Given a game structure S and a list of aggregation rules £ = (**;);cn, we introduce
binary relations on Vj:

V' v = oy, X vy, & Uiy, = oA (3.2a)

Vit <= Jie N[V ). (3.2b)

We call t# the aggregate improvement relation. By the general results cited in the previous
section, the aggregate improvement relation # is (Q2-)acyclic if and only if it admits a(n
w-)potential.

A strategic game I' is consistent with a game structure S and a list £ if N is the set
of players in I' and there is a continuous mapping ¢, : Xn@) — Vo for each oo € A such
that

' Zi = T, (.Z'/) iai (pTi(x>7 (33)

where () = (Pa(TN()))acs € Vi for every B C A and z € X.

Remark. One could think that considering N’ C N would widen the scope of games
consistent with & and £; however, a singleton X; is equivalent to the exclusion of player 7.

Proposition 3.1. Let a game structure S and a list of aggregation rules L be given. Then
every strategic game I consistent with S and L has the FIP property if and only if the
relevant aggregate improvement relation is strongly acyclic.

Proof. 1f 2° x!', ... is an individual improvement path in T, then A (2°), pa(2!),... is an
improvement path for the aggregate improvement relation by (3.3); therefore, the strong
acyclicity of the latter relation implies the FIP property of I'.

Conversely, let the aggregate improvement relation not be strongly acyclic and v°, v!, . ..
be an infinite improvement path for #. For every k € N, we pick ¢(k) such that
vk (k) v*~1 obtaining a mapping ¢+ : N — N. (Since we have made no assumption
on S, the choice of ¢(k) need not be unique.) For each i € N, we define X; = {0} U™ (i);
they will be strategy sets (with the discrete topology). For each k € N, i€ N and I C N,
we define &(k) = max{h € X;| h < k} and &;(k) = (§(k))ier € X;. For each a € A, we
define X = {&n(a) (k) tren € Xn(a). Whenever {n(q)(h) = Ena)(k), we have v =¥ the
proof consists in iteration of (3.2a). Therefore, we may define ¢, (En(a)(k)) = vE, obtain-
ing a mapping ¢, : X — V,; then we extend it to a mapping Xy () — V4 in an arbitrary
way (since we assumed discrete topology, there is no problem with continuity). Finally,
we perceive (3.3) as the definition of preferences, obtaining a strategic game I', which is
obviously consistent with S and L. It is easy to see that (0,...,0),&n(1),E8(2),... is an
infinite improvement path in T. O



Proposition 3.2. Let a game structure S and a list of aggregation rules L be given. Then
the individual improvement relation in every strategic game I' consistent with S and L is
acyclic if and only if so is the relevant aggregate improvement relation.

Proof. The sufficiency part is the same as in Proposition 3.1; the necessity is almost the
same, but there is a subtle point. Assuming the existence of an aggregate improvement
cycle 00, vt 0™ =00 we pick o(k), for k € {1,...,m}, such that v* ¥',;) v*~'. Then
we “double” our cycle, defining M = {1,...,2m} and v™** = o* (k = 1,...,m), and
extend ¢ to a mapping M — N by «(m+k) = (k). For each i € N, we define X; = ¢~ *(3)
and, for each k € M, Z,(k) = {h € X;| h < k}. If X; = 0, player i is not needed for
the cycle; formally, he can be given a singleton strategy set and forgotten about. We
assume ) # X; = Z;(2m) for all i € N. We define §(k) = max Z;(k) if Z;(k) # 0
and &;(k) = max Z;(2m) = max X; otherwise; we denote &;(k) = (&(k))ier € Xy for all
I CN.

Let a € A and h,k € M; we assume h < k. An important intermediate statement is:

v" = v* whenever En(a)(h) = Enay(k). A similar claim in the proof of Proposition 3.1 was

virtually obvious because of the monotonicity of £(-) in that case; let us prove it now. If
LY (N (a))N]h, k] = 0, then v = v* by (3.2a) applied k — h times. Let there be i € N(«)
and k' € X; such that h < k' < k; without restricting generality, (k) = k. Now
&(h) = K is only possible if .71 (i) N [1,h] = 0 = .1 (i)N]k’, 2m|, which implies ¥ > h+m
(by the extension of ¢, (k' £m) = i provided (k' £m) € M), hence k > h+m. Therefore,
for every j € N(a), we have . 1(j)N]h, k] # 0, hence &;(h) = (k) is only possible if
TG N[, R = 0 = TGNk, 2m]. Thus, (YN (a)) N [1,h] = 0 = (N (a))N]k, 2m]
and we obtain v = v* applying (3.2a) 2m + h — k times.

The rest of the proof is essentially the same as in Proposition 3.1: we define ¢, on
{fN(a)(ivk)}kEM, extend it to a mapping Xy — V, in an arbitrary way, and perceive
(3.3) as the definition of preferences, obtaining a strategic game I', which is obviously
consistent with § and £, but admits an individual improvement cycle. Il

Remark. If an aggregate improvement cycle contains just one improvement by a player
1, then the cycle obviously cannot be generated by an individual improvement cycle in a
strategic game. Thus the doubling of the cycle may be indispensable indeed (cf. the proof
of Lemma 3.3.1 below).

Theorem 1. Let a game structure S and a list of aggregation rules L be given. Then
the individual improvement relation in every strategic game I consistent with S and L is
Q-acyclic if and only if so is the relevant aggregate improvement relation.

Proof. The sufficiency part is essentially the same as in Proposition 3.1. The necessity
is much more complicated. Unfortunately, I cannot insist that the theorem justifies the
effort; however, it would look even sillier to leave it as an open problem.

Let us assume that there is an aggregate improvement cycle, i.e., a mapping 7 :
¥ — Vi (where ¥ is a countable well ordered set) satisfying (2.4) and such that 7(0) =
7(f). Taking into account Proposition 3.2, we may assume that 3’ is infinite; without

restricting generality, § = max ¥’ € 3| . For every f € X! . we pick () such that
T (B) Pip (B —1).

We define ¥ = (£ x {0,1}) \ {(0,1)} with a lexicographic order: (5",0") > (5',¢)
(8", 0 X, 060 €{0,1})iff ” > 0" or " = ¢ and 5" > /. When g € ¥, we assume
B = (b1, 02) with f; € ¥ and (B, € {0,1}. Clearly, X is also a well ordered set, which
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is compact in its intrinsic (as a chain) topology (Birkhoff, 1967); since > is countable,
the topology can be defined with a metric. We extend 7 to a mapping 7 : ¥ — Vi by
m(B,1) = 7(B3,0) = 7(B) [thus 7(0,0) = 7(3,1)], and i to a mapping ¢ : Sis, — N by
L(B,1) =u(B,0) = i(B).

For each ¢ € N, we denote Y? = +71(i) C 3, and Y} its closure in ¥, which is
automatically compact. As in the proof of Proposition 3.2, if ¥; = Y° = (), then player i
can be given a singleton strategy set and forgotten about. Clearly, Y; = Y? U Y;>*, where
Y =Y, N XYy, consists of the least upper bounds of infinite, strictly increasing sequences
in Y°. Each Y; is well ordered itself; its limit points are exactly 3 € ¥, and its intrinsic

topology coincides with that induced from X.

For each # € ¥ and i € N, we denote Z;(3) = {y € Yi| v < 8}; obviously, Zi(5) # 0
whenever 3, = 1, in particular, for G = (5,1). If Z;(3) # 0, we define &(3) = max Z;() €

Yi. If Z,(8) = 0, we define &(3) = &(5,1). We denote &;(8) = (&(3))ier € X for every
I CN.

Lemma 3.1.1. Let a € A, ", 3" € X, and Enia)(8”) = En)(B'); then mo(8") = ma(F').

Proof. The scheme is the same as in Proposition 3.2; without restricting generality, 5" >
B Y (N@)Nn{peX| F < p < B =0, then a straightforward inductive process
(generally, transfinite) based on (3.2a) shows 7, (3") = 7 (3').

Let there be ¢ € N(«) such that &(3"”) > (. By the condition of the lemma, &(5') =
&(0"), hence Z(8") =0 =Y, N{B € X| B > B"}; by the definition of ¢, (§,(5')1,0) € ¥; 2
(&:()1,1). Therefore, 31 > B, 3 — 0, and 3} — 1.

If there are j € N(a) and v € Y such that v < ', then &;(8') </, while &;(8") >
(71,1) > /', hence &;(3") # &;(5'), contradicting the condition of the lemma. Therefore,
Z;(#) = 0 for all j € N(a), hence &n()(#) = Ev(B,1) and mo(3) = ma(0,0) by

straightforward induction based on (3.2a).

If there are j € N(a) and 7 € Y; such that 8” < ~, then (y1,0) € Y; and (y,0) < 3",
hence Z;(8") # 0, hence &;(3") < 3"; on the other hand, &(B,1) > v > B”. Taking
into account &;(3') = &;(3,1) established in the previous paragraph, we again obtain a
contradiction. Thus, ¢t (N(a))N{B € | 8 > 3"} = 0. The same induction based on
(3.2a) shows that 7, (3") = m4(53,1); since 7(3,1) = (0, 0), we are home. O

Let § € Xym; we denote I*(8) = {i € N| 8 € Y;} and I°(8) = N \ I*(8). By (2.4b),
there is an increasing sequence 3% — 3 such that 7(3*¥) — 7(3). Deleting superfluous
members from the sequence if necessary, we obtain two sequences bi(3), cx(3) € X (k € N)
such that: § = sup, bu(8); cesn(8) > be(B) > cx(8) and |n(8) — m(be(A))]] < 2-* for all
k; & o cpr1(B) > & o bp(B) > & o () for all k and @ € I*(B); &(8) = & o co() for all
i€ I°(0).

For each © € N, we define a binary relation on X::

By <— [ﬁ € Y, and there are m;((3,v) > 1
(to the end of the formula, we write just m;)
and corteges 7i(8,7) = (7,75, 7)) € B
and s;(8,7) = (s2,..., s 1) € N™ such that

1) ? %

7 =6, (3.4a)
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YW = by 0 &(7)') and (3.4D)

0 ¢ 0 &) > e 0 &(1Y) (3.4c)

for h=0,1,...,m; — 1, and &™) = &(7) |
Obviously, if g t>; v, then 3 > . It is important to stress that

By = Bre; &(7).

Lemma 3.1.2. Leti,j € N and 3,y € 3. If B ; v, then m;(5,7), v:(5,7), and s;(5,7)
are.ﬁm'que. [fﬁ D> v, 6 DD] v, and mz(ﬁafy) Z m](ﬁafy% then Vl(ﬁufy) = <’}/](677)7
% si(B,7) = (si(B), 877 s ), and &5(y) = & (7).

Proof. Let B m>; v and [ t; 7; we argue by induction in min{m,(8,v),m;(3,v)}. By
definition, v} = by () and v} = by (3). Let 7 # ~;; then, without restricting generality,
Vi >, hence s > 57, &i(7)) > &ioco(B), and §joc,0(B) > €;(v;). From the inequality for
& and (3.4c), we easily obtain & (vF) > §ioceo(B) for all k < my; therefore, §;(7;™) = &(7) is

only possible when v > ¢ (). From the inequality for ¢; and straightforward inequalities

7?“ < 'y]’»“ for all & < m;, we see that ¢; (77]») = £;(y) is only possible when v < €50 (8).

Therefore, 57 = s and v} = ;.

Now let <S?""’S?_1> = <89""’S§L—1> and <’710a7’71h> = <’7307,’73h> If m; = h =
m;, we are home; suppose the contrary. Let us assume first that & () > gj(%h)_ If
m; = h < my, then from &(7) = &(77') we obtain v > &(9f') > fj(%h)y while from
&(7) = & (7)) we obtain v < &(v]). Thus, m; > h; if m; = h, we are home again. If
mi > h < mj, we see that §(7) = (™) is only possible for v > ¢ 0 &(7)) > &(77)

because of (3.4c) and j € I°(&(7}")). On the other hand, &;(y) = &;(v;") is only possible
for v < fj(%h)

Finally, if &(v]') = & (7)) = 8% (which must hold if = j!), we have * € Y;NY]. If
B* € Yiso, then m; = h = m; and we are home again; otherwise, we have 8* t>; v and
B* 0> 7, so the induction hypothesis applies. n

For each i € N, we denote L; = [0, 1]"" with the metric p(w”, ') = 3 5cy |wjy — wh)-
2728 where X : Ly, — N is an injection (“arbitrary, but fixed”). Then we define a map-
ping ' : ¥; — L; coordinate-wise: 13(7) = 0 whenever 3 < v; nj(vy) = Zzgﬁ ML o—st(B,)
whenever § t>; ~v; and 'r]f@(’y) = 1 otherwise. Now we can define the strategy set:
Xi = {(yi,n"(v:)) }ysey; (simply put, X; is the graph of n*). For technical convenience,
we define 77" : ¥; — X, (i € N) as the Cartesian product of the identity mapping on Y;
and 7‘; as usual, 7/ : Y; — X7 is the Cartesian product of 7 for i € I C N.

Lemma 3.1.3. Let a € A and there be a sequence {3*}ren such that, for each i € N(a),
&(BY) — yi € B (hence y; € Y;) and 1t o §(8%) — n'(y;). We denote Iy the set of
i € N(a) for which the sequence &;(3*) stabilizes after a finite number of steps. Then either
Iy = N(a), or there are a subsequence {3* }sen and 3% € ¥ such that Iy = I°(8°)NN (),
e > 35 (s €N), 5 — 5%, and ma(0") — Ta(5¥).

Proof. Since ¥ is well ordered, we may assume, without restricting generality, that ¥+ >
BF > &(B%) for all k € N and i € N(a). Denoting 3 = sup, 3%, we have ¥ — 3*. Let
i € N(a)\ Ip; without restricting generality, &(3%T1) > &(3%), hence &(B*) > g*, for
all k € N, which implies y; > 3. Taking into account &(3%) < g*, we obtain y; < 3,

11



hence ¥ = y; € Y, i.e., i € I*(3*). Conversely, if i € I*(3“), then &(3*) has to jump up
at an infinite number of steps k, hence i ¢ I.

Without restricting generality, we may assume that &(3) = &(3%) for all i € Iy =
I°(3“) N N(a) and all k € N. By the conditions of the lemma, 0’ o &(8*) — n*(3*) for
every i € I*(*); therefore, nj. o &(3%) — n}.(3%). Since n}.(3%) = 0, for every € > 0
there is k& € N such that nj. o &(3*) < ¢ for every i € I*(3*). By the definition of 7', we

have 3% t; &(6%), hence 3% t»; 3%, with Z?;%ﬁw’ﬁk)_l -5 < ¢.

Picking the minimal m;(¥, %), and invoking Lemma 3.1.2, we see that there is ;™
such that &(v/™) = &(B") for all j € I*(*); for j € Iy, the same equality was assumed
in the previous paragraph. Therefore, 7, (") = 7,(8%) by Lemma 3.1.1. For each
h < m;, we denote ¥ = &(+!); by Lemmas 3.1.2 and 3.1.1, we have 7, (Y") = 7o (7).
Taking into account the definition of functions by, we obtain |, (/") — Wa(7f+1)| <278

Therefore, we have [7o (84) = ma(8%)] < [ma(8%) = a (V) [+ 5 [7a(3) = mal3i )] <
Zzal 273? < E. n

For each a € A, we denote Xy, = 7V 0 En(a)(2); the set X3, is closed in X a)
by Lemma 3.1.3. By Lemma 3.1.1, there is a mapping ¢}, : Xy y = V,, such that
To = @5 o iV ) o {N(a); the mapping is continuous by Lemma 3.1.3. Therefore, we can
extend it to a continuous mapping ¢, : Xn(a) — Va, just as in the proof of Proposition 3.1.
Perceiving (3.3) as the definition of preferences, we obtain a strategic game I'; which is
obviously consistent with § and L.

(a
(x

Let us show that 77V o {5 : ¥ — X defines an individual improvement cycle in I'. We
have &x(0,0) = En(53,1) by the definition of &. Whenever 3 € i, we have 8 € Y; for a
unique 7 € N and & ;(3 — 1) = £_4(3). Therefore, (3.2a) implies that 7% o &x () is the
result of a unilateral improvement over 7%V o (3 — 1) by player i.

Finally, let us check (2.4b). Let 3 € Yju; we have to produce a sequence {3*};
in ¥ such that g — B and 7V o &x(B%) — 7V o En(B¥). For every i € I*(¥) and
B € Yym such that f > g we define (;(5) < (“ by the following inductive process.
We define 7°(3) = 3 and execute the following procedure for each h = 0, 1,... First, we
define s = min{k € N| b(3/(8)) > 8} and 7} (3) = & 0 b (1(9)). If 777 (8) = B~
or st =0, we set (;(8) = (0,0); if ¥"(3) € S or cs?('_yf‘(ﬁ)) > (¥, we set (;(f) =
& o bs?fl(f’yf”(ﬁ)) [< “]. In either case, we stop the process; if neither condition holds, we
proceed to h+ 1. Since X is well ordered and 7™ (3) < 42(3) for all h, the process must
stop at some stage.

For every k € N, we denote Ay = A1 ({0,1,...,k+1}), A, = {8 € Ay| 8 < 3“},
and A = {8 € Ay| B > (“}; note that each of them is finite. Then we pick s, € N
inductively, satisfying, at each step, the following requirements:

S > k+2& 81 > Sp_1; (3.5a)
Vi€ I"(8%) [&i o bs, (8) > max G(B)]; (3.5b)
Vi e I"(B8%) [& o bs, (%) > max A ]. (3.5¢)

Finally, we define 5% = b, (3*).

Now 8% — 3* by (3.5a) and the definition of the functions by, , hence &;(3%) — & (%) =
B for all i € I*(3*). For all i € I°(3*), we have (%) = &(*) again by the definition
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of bs,. Therefore, we only have to check ' o &(3F) — n'(3¥) for every i € I*(3*). It is
sufficient to show that

p(n' 0 &(B5), 1 (8)) = D |0 &(BY) —nh(8)] - 27D <27k, (3.6)

BeY e

Obviously, the contribution of all 3 ¢ Aj, to the left hand side of (3.6) is less than 27*71;
it is enough to be able to assert the same about the contribution of all 5 € Aj. If 5 € A,
then we have n}(3) = 0 = nj 0 &(3*) by (3.5¢), so there is no contribution at all here.

Let us note that 3* t>; 8% with m; (3%, 8%) = 1 and s9(3%, 3%) = s > k +2; therefore,
|70 0 &(B%) — b (82)] < 2772 Let B € A\ {B*}. If Bo»; 8%, then 3 or; 3% as well,
m;(3, B%) = my(3,8°) + 1, and s (3, B%) = s; therefore, |nzﬁ o &(B*) — n};(ﬂ“’)| < 27F2,
Finally, if 8 0>; 3% does not hold for § > 3, then 3 t»; 3 also cannot hold because of
(3.5b) and the definition of (;(/3), hence n'(5*) = 1 = 1’ 0 &(B%). Summing up the terms
associated with 8 € A} in (3.6), we obtain less than 271 ]

Proposition 3.2 and Theorem 1 can be reformulated as follows. Given a game structure
S and a list of aggregation rules £, the individual improvement relation in every strategic
game I' consistent with S and £ admits a(n w-)potential if and only if a potential in the
same sense exists on the level of § and L. It is easy to see that the Q-acyclicity of the
aggregate improvement relation implies that the strict component of each aggregation
rule, »2;, is w-transitive.

The aggregate improvement relation is acyclic whenever there is an order on Vj such
that the asymmetric component of each player’s aggregation rule is the separable projec-
tion of the order to Vx,. If the order is w-transitive, the aggregate improvement relation
is Q-acyclic. A trivial example is when {T;};en is a partition of A and each »2; is w-tran-
sitive; the strict component of the Cartesian product of all aggregation rules (Pareto
dominance) then becomes an w-potential. More interesting examples are provided by the
cases when >#; is leximin,ey, vo, or when >*; is represented by a function on Vy, of the
form Zae'fi Aa(vy). Tt is even sufficient that the strict component of each player’s aggre-
gation rule be a coarsening of the separable projection of a strict order on Vi to Vi, (see
Kukushkin, 2004b, Proposition 5.1) as in the case when *?; is represented by a function
on Vx, of the form min,ey, Ao (vs). However, there is no necessity result here.

Example 3.1. Let N = {1,2}, A={1,2, N}, T, = {i, N} and V; = {0, 1} for bothi € N,
while Vy = {0,1,2,3,4,5}. The aggregation rules for both players are defined by numeric
functions U;; we depict triples (U;(v_3), Us(v_1); P(v)), where P is a numeric potential
for the aggregate improvement relation (the existence of which is thus established), in a
single table assuming that the abscissae axis corresponds to the private objective vy, the
ordinates axis to the public one, vy, while two possible values of v, determine which table
is appropriate:

(6,9:11) (8,9;15) (6,11:15) (8,11;17)
(5,6:8) (7,6;12) (5,10;14) (7,10;16)
(4,5;7)  (5,5;8) (4,8;10) (5,8;14)
(3,2:3)  (4,2;4) (3,7:9)  (4,7;13)
(2.1:2)  (3,1;3) (2.46)  (3,47)

| (0,0;0)  (1,051) | (0,3:4)  (1,3:5)

Nonetheless, even the strict components of the aggregation rules cannot be represented
as separable projections of the same strict order on Vi. Indeed, if > were the strict
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component of such a strict order and >, and >, were its separable projections to V; x Vi,
we would have (0,0;3) > (0,1;1) > (1,1;0) = (1,0;2), hence (0;3) > (1;2); on the other
hand, (1,1;2) = (1,0;4) > (0,0;5) > (0,1;3), hence (1;2) =7 (0;3).

Let a game structure & be given; if a list of aggregation rules £ is such that the
aggregate improvement relation is acyclic (2-acyclic), then every finite (compact) game
consistent with § and £ admits a Nash equilibrium. Remarkably, neither statement can
be reversed.

Example 3.2. Let N = {1,2}, A = {1,2, N}, ¥; = {i, N} for both i € N, and V,, =
{0,1,2} for all @« € A. Let the aggregation rules for both players be “isomorphic” and
defined by a numeric function U; depicted under the convention that the abscissae axis
corresponds to the private objective v; and the ordinates axis to the public one, vy:

5 6 8
3 (3.7)
2

B

1
0

~—

Assuming that Vi consists of triples (v, ve; vy
provement relation is not acyclic:

(1,0;2) 5 (2,0;1) 2+ (2,1;0) 5 (0,1;2) 2 (0,2;1) 2 (1,2;0) 2 (1,0;2).

, we demonstrate that the aggregate im-

Proposition 3.3. If a strategic game I is consistent with the game structure and the list
of aggregation rules from Example 3.2, then I" possesses a Nash equilibrium.

Proof. Let us assume first that ¢;(z;) = 2 is feasible for both i and pick a strategy profile
2% = (29, 29) where oy (%) is maximized subject to the restrictions o;(z?) = 2 for both
i. If 2° is a Nash equilibrium, we are home. Let there be 2 such that (z/,z9) = 2°,
hence Uy (¢1(2)), on (2], 29)) > Ui (2, on(2°)) > 4. Tt is clear from (3.7) that oy (z") =0
and oy (7),29) = 2 hence Us(pa(29), on (2], 29)) = 8 and cannot be improved upon.

Therefore, if 2} € Ry(x9), then (2}, x9) is obviously a Nash equilibrium.

Supposing that ¢o(xe) < 2 for all 25 € X5, we notice that I' is consistent with a
modification of the game structure from Example 3.2 where vy = 2 is deleted from V5.
In the new situation, however, the aggregate improvement relation admits a potential.
We depict triples (Uy(v_3),Us(v_1); P(v)), where P is a numeric representation of the
potential, in a single table assuming that the abscissae axis corresponds to the private
objective vy, the ordinates axis to the public one, vy, while two possible values of v,
determine which table is appropriate:

(5,5:5) (6,5:6) (8,5;12) (5,6:9) (6,6;10) (8,6;13)
(1,1;1) (3,1;3) (7,1;7) (1,3:3) (3,3;5) (7,3;11)
(0,0;0) (2,0;2) (4,0;4) (0,2;2) (2,2:4)  (4,2;8)

Therefore, the aggregate improvement relation is strongly acyclic, hence I" has the FIP
property by Proposition 3.2, hence possesses a Nash equilibrium. Il

Remark. There is a gap between Theorem 1 and Example 3.2: Q-acyclicity of individ-
ual improvements is only helpful in a compact game, but the game constructed in the
proof of Theorem 1 need not be compact. A plausible hypothesis is this: The individ-
ual improvement relation in every compact strategic game I' consistent with S and L is
Q-acyclic if and only if so are restrictions of the relevant aggregate improvement relation
to all Wy = Hae A Weo with compact W, C V,,. The sufficiency is again straightforward;
as to the necessity, there are plenty of technical details that have not yet received enough
attention (see the first paragraph of the proof of Theorem 1).
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3.2 Gorman additive aggregation rules

For an arbitrary game structure, we define an important class of aggregation rules. The
definition needs auxiliary constructions. We denote B = 24\ {0}, N(B) = N, N (@)
for B€ B, and T; = J,c; T for I C N.

Let 4,57 € N; we say that T; and Y; overlap if T; \ Y;, T; \ ¥;, and ¥; 0T, are
not empty; the notation 7 <t j will be used in this case. An overlap path is a sequence
10,91, - - - Iyy With m > 0 such that i,_; x4, for each £ = 1,...,m. A nonempty subset
I C N is connected if for every i, j € I there is an overlap path ¢ = i, 1, ...,%,, = 7 with
iy € I for each k =1,...,m. It follows immediately that #1 > 2.

acB

We say that i and j are contiguous, i ~ j, if either T; = T; or there is an overlap
path with ig = 7 and i, = j. Clearly, ~ is an equivalence relation on N; its equivalence
classes are called clusters. We denote 91 the set of clusters; for each i € N, we denote
v(i) € M the cluster containing i. A cluster I € M is proper if it contains ¢ and j such
that T; # T;. Every proper I € 91 is connected.

For each connected I C N, we define )); as the least subset of 8 which is closed under
intersection (B, B’ € Yy = [BNB’ € V/]) and contains all T; (z € I) and Y;\Y; for¢,j € I
such that ¢ > j. We define F; as the least subset of B including ); and closed under
set difference (B,B’ € F; = [B\ B’ € Fj]); it is easily checked that F; is closed under
intersection too. The set A; C B consists of minimal (w.r.t. set inclusion) members of
Fr; it is easy to see that each B € A; is associated with a partition I = I U I~ such that
B = (Ner+ Ti)\ (U= Ti). Every B € F7 is the union of some members of A;. We define
B; C ‘B as the set of all unions of members of A;; it is easy to see that T; = UBeA, B.
There holds y[ Q F[ Q B[ g B.

For technical convenience, we also define Ay = By = {Y;} (i € I) for non-proper
I € 9; then we denote B = (J;cnBr and A = (J;cp Ar. We define M(B) = {B’ €
B|B'CB&#B” € B[B' C B” C BJ} and A(B) = B\ U/ B’ for cach B € A.

To clarify the structure of B, we define a strict order on :
I<J < [I#J&3IBeA;Viecl[T;CB]. (3.8)
Lemma 3.2.1. If I,JeN, I #J,ic1l,jecJ, and ¥; CY;, then Ty C Y, for each

i el.

Proof. Otherwise, we pick the first violation of the strict inclusion in the overlap path
i = 19,%1,...,4m = 1': there are k — 1 and k such that YT C Tj, but not T;, C 1.

ig—1

Since @ # Yy, _, \ Ti, C T, the equality Y;, = T; is impossible; therefore, T;, \ T; # 0.
Since @ # Y, ,NY;, CYT;NT,;, and T, , \ T, € T,;\ 7T, we have i) > j, hence I = J,
contradicting our assumption. 0

Lemma 3.2.2. Let I,J € N and I # J; then exactly one of the following alternatives
holds: (1) I > J; (2)J>1;(3)B;NB; =0 for all B; € B; and B; € By.

Proof. The incompatibility of the alternatives is obvious. Let (3) not hold, i.e., there be
B; € Br and B; € B such that BB # 0. Since B € Y; and B; C Y, there are i € [
and j € J such that T, NY; # (. If ¢ and j overlap or Y; = Y, then I = J, contradicting
the assumption.
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If Y, C Y;, then Yy C Y; for each ¢/ € I by Lemma 3.2.1. Now if T, N, # 0
for i € I and j° € J, then, again, T; C Tj; otherwise, we would have T; C T, by
Lemma 3.2.1, contradicting T, C T;. In other words, for every j € J either T, C T;
foralli € I, or T, NY; =0 for all i € I. Denoting J* = {j € J| Vi € I[Y; C Ty},
J==J\J", and B = (,c;+ T;)\ T)-, we have B € A; and T; C B for eachi € I. [

Thus, for every I € M, the set of successors, {J € M| I < J} is a chain. For every

B € A, the set M(B) consists of sets T; for some “immediate predecessors” of J in the
sense of (3.8). For each connected I C N and i € I, we denote A} = {B € A;| B C T,};
clearly, T; = UBeA} B.

A list of aggregation rules £ = (;);en is called Gorman additive if for each B € B
there is a continuous function ug : Vg — R such that

1. pr, represents »*; for each © € V;

2. if I € M is proper, B,B’ € By, and BN B’ = (), then

peup (vB, vpr) = pp(vB) + ppr (ve) (3.9a)
for every vg € Vg and vp € Vg

3. for every B € A, there is a continuous function s : [HB,GM(B) ,uB/(VB/)] xVam) — R
such that

p(v) = 2 ((un (VB/))Brem®)s Va(B)) (3.9b)

for every vg € Vp.
Remark. When (T,);cy is a partition of A, every list £ is Gorman additive.

“Theorem” 2. Let S be a game structure where each set V,, (o € A) is an open interval
(bounded or not), and let L be a list of aggregation rules each of which is continuous and
strictly responsive in the sense of (3.1). Then the following statements are equivalent.

1. The aggregate improvement relation s 2-acyclic.

2. Fvery strategic game which is consistent with S and L, and where every player has
at most two strategies, possesses a Nash equilibrium.

3. The list L is Gorman additive.

Sufficiency proof. Let £ be Gorman additive. For every I € I, we have T; € B; and
pr, (vr,) = D pea, #8(vB). Denoting M* the set of maximizers on M of the order (3.8),
we derive, from Lemma 3.2.2 and our assumption Yy = A, that {Y;};cm+ is a partition
of A. Now we define p* : R* — R by p*(v) = Y ;g Hr, (vr,). Clearly, p* is continuous,
hence the order v' 2 v <= p*(v') > p*(v) is w-transitive.

Let i € N, v',v € RA, and v/ t#; v; a straightforward inductive reasoning shows that
pr; (V) > pr, (vy,) for every I > v(i), in particular for the unique I € 91" among them;
since vy, = vy, for all other I € M*, we have p*(v') > p*(v). Therefore, the order » is
an w-potential for the aggregate improvement relation, hence the latter is Q2-acyclic. [
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In the next two subsections, constructions needed for a necessity proof are developed.
As was already mentioned, Lemma 3.4.2 is left without a general proof. Two special cases
are treated in Subsection 3.5.

The term “Gorman additivity,” naturally, refers to Gorman (1968). To see a connec-
tion clearer, let us assume that there is a finite set A of indices ( “sectors”), an open interval
Vo, (bounded or not) for each a € A, and a continuous ordering =, on V) = Hae A Va
strictly responsive in the sense of (3.1). Let there be a finite list of subsets T; C A indexed
by i € N such that =, admits a separable projection »*; to each Vy. (which is inevitably
a continuous and strictly responsive ordering itself). Then the main result of Gorman
(1968) states, if one reads 1.7 through 1.13 of that paper attentively enough, that the list
(P)ien U{=.} is Gorman additive.

The statement easily follows from our Theorem 2 (assuming it proven): Perceiving
each »*; as the aggregation rule of a player i € N, we add one “fictitious” player * to
N with T, = A and >, as the aggregation rule. Now >, is obviously an w-potential
for the complete list of aggregation rules, hence Statement 2 of Theorem 2 holds, hence
Statement 1 holds as well.

It is by no means obvious that all Gorman’s results, especially those from Section 6
of that paper, could be derived from our Theorem 2. However, the question goes well
beyond the intended scope of this paper. On the other hand, there is no way to derive our
Theorem 2 from Gorman (1968): there is no “global” ordering on Vj in the conditions of
the theorem; it only emerges at the end of the proof.

It is worth noting that neither continuity without strict monotonicity, nor strict mono-
tonicity without continuity, ensure the necessity of Gorman additivity: consider, e.g.,
an aggregation rule represented by the function U;(v) = minger, v, in the first case
(Theorem 1 of Kukushkin, 2004a), and leximin,ey, v, in the second (Proposition 5.1 of
Kukushkin, 2004b).

We end this subsection with an auxiliary result.

Lemma 3.2.3. If I C N is connected, then there exists an order on I, i.e., a one-to-one
mapping o : {1,...,#I} — I, such that each set o({1,...,s}) for s > 2 is connected and,
whenever s' > s and Yoy N Yore) # 0, either o(s") > 0(s), or Yoy C Yo

Proof. First of all, we define /5™ C I by the condition that {Y;}imex is the subset
of maximal (w.r.t. set inclusion) members of {Y;};,c;. Note that #I["*>* > 2. We pick
ip € I arbitrarily and define o(1) = 4y. For every i € [\ {io}, we define m(i) as
the minimal m € N for which there is an overlap path ig,...,%, = ¢ such that i, € I for
each k. It is important to note that we may assume ¢, € [** for each k =1,...,m — 1.
Otherwise, let k be the least for which iy ¢ I then T, C Y; with j € I™*. Since
T,NY,, |, # 0 and iy, € I we have i1 >4 j. If i5,1 < j, then we can replace iy
with j; otherwise T, C Tj, hence, taking the first h > k + 1 for which 1;, ¢ T;, we
see that iy, > j, so the overlap path i, ...,%, was not minimal.

Then we define o : {2,..., #1"*} — [\ {iy} so that m(:) > m(j) = o '(i) >
o~ 1(j); there is no problem with existence. By definition, for each i € I\ {ig},
there is an overlap path ig,... 00 = @ in [, Clearly, m(ix) < k < m(7) for all
k < m(i), hence o7 (ix) < o7'(i). Now for each s such that 2 < s < #I"* and
each 4,7 € o({1,...,s}), there is an overlap path i = i@, ..., %1,%,71,- -, Jm@G) = J
in o({1,...,s}). If s < < #I5™ and Yoy N Yo # 0, then both Yoy C Yo
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and Y, C Yoy are incompatible with maximality; therefore, either o(s") > o(s), or
Yoy = Tos)-

Now we define I{* C I by the condition that {Y;}cymex is the subset of maximal
(w.r.t. set inclusion) members of {1 }iep fmex. Since I is connected, we can pick i* € I
such that :° 14 for an i € II"™; we define o (#1**+1) = i". For every i € I}"®\ {i’}, we
define m(i) as the minimal m € N for which there is an overlap path i, ... ,i™ = i such
that i* € I for each k. As in the first paragraph of the proof, we may assume i* € I U
I for each k =1,...,m — 1. We define o on {#I™ + 1,..., #[* + #1"*} so that
m(i) > m(j) = o~ '(i) > 07'(j) and then repeat the same procedure for I\ ([3*** U I{"*x).

The conditions on ¢ are checked in the same way as in the second paragraph of the
proof. O]

3.3 Necessity of Gorman additivity: Basic lemmas

Let £ = (¥;);en be a list of continuous and strictly increasing aggregation rules such
that every strategic game which is consistent with the list and where every player has
at most two strategies possesses a Nash equilibrium. Then we have to prove that L is
Gorman additive. All information to be derived from the equilibrium existence condition
is contained in four technical lemmas.

Lemma 3.3.1. Leti,j € N, T,NnY; =B#0,B;=7,;\B,B; =7;\B, B=T,U7Y;,,
vg € Vg, v € Vg, and

(vB, vB,) ~ (vg, UB, ). (3.10a)
Then

(v, vB,) ~; (vp,vs,). (3.10b)

Proof. Suppose, without restricting generality, that (vg,vs;) »; (vg,vs;). By continu-
ity, there is vy < v such that (vg,vs;) »; (vg,vs,); by monotonicity from (3.10a),
(vg,vB,) *2; (v§,vs,). Now we define a strategic game I' consistent with S and L:
X; = X; = {0,1}, Xy = {0} for k # 4,j; for each & € B\ B and each zn() € Xn(a),
©0a(TN()) = Va; for each o € B and zy(0) € Xn(a), YalTn)) = V), Whenever z; = x5,
while o (2n()) = vl otherwise. Clearly, I' possesses no Nash equilibrium: if z; = x;,
then player j chooses z’; # x; and improves; if x; # x;, player i chooses z; = x; and
improves. ]

Lemma 3.3.2. Let i,j € N, the sets B,B;,B;,B C A have the same meaning as in
Lemma 3.3.1, B# 0, vg, vy € Vg,

(v, vg,) ~i (vs,vB,), (3.11a)
and

(UB,U%J-) ~j (vp, vB;). (3.11b)
Then

(vh, vp,) ~i (v, vB,)- (3.12)

Proof. Suppose, without restricting generality, that (vg,vg ) »; (vg,vs,). By continuity,
there are v > vg and v§ > v, such that

(vg,vp,) ¥ (vg, vgi). (3.13a)
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By monotonicity from (3.11a), we have
(vp, vg,) #i (vB, vg,); (3.13b)

by monotonicity from (3.11b), (v}, vg,) 2 (vB,vg,). By the continuity from the last
relation, there is vt > v such that

(vg,vm,) #5 (vs, vg,)- (3.13¢)

Finally, we have
(UB7U§J_) > (vg, vg,;) (3.13d)

by monotonicity from (3.11b).

Now we define a strategic game I' consistent with S and £: X; = X; = {0,1},
Xy, = {0} for k # i,5; for each a € B; and Znw) € Xn(): Pal®n@)) = V), whenever
x; = 1, while po(2n(@) = v} whenever x; = 0; for each o € B; and znw) € Xna),
©a(TN(a)) = Vo Whenever z; = 1, while o (2n()) = v, whenever x; = 0; for each o € B
and Tn() € Xn(a), Pa(TN(@) = Vo Whenever z; = 0, @a(@n(@)) = v whenever z; =1
and z; = 0, and Yo (Tn()) = v, whenever z; =1 and z; = 1.

Putting x; on the abscissae axis and z; on the ordinates, we can depict the values of
functions (¢p,, ¢, ¥B;) in the following matrix:

(U]—B’—iv U%_? ij) (U]/_%Z ) U{Ba UB]')
(U];riﬂ UB, U}J3rj> (U{BZ ) UB, Ugj).

It follows immediately from relations (3.13) that I' possesses no Nash equilibrium. [J

Lemma 3.3.3. Lett,7 € N, 1 7, the sets B,Bi,Bj,B C A have the same meaning as
in Lemma 3.5.1, vg,vg € Vg, vg € V,

(vp, vB,) ~i (vB, vp,), (3.14a)

(vg, vB;) ~ (vg, vg,), (3.14D)
and

(thr0,) 2 (03, 0 ). (3.14c)
Then

(s v3,) ¥ (v, ). (3.15)

Proof. Suppose first that (vg,vs;) ¥#; (vf,vp,). By continuity, there are vy < v and
v, > vg, such that
(5, vm,) ¥, (U4, ). (3.16a)

By monotonicity from (3.14b), (vg,vy,) #; (vg,vs,); therefore, there is vy < vp. such
that

(vg,vgi) > (vg,vg,). (3.16b)
By monotonicity from (3.14¢) and (3.14a), respectively, we have

(UB,Ugj) > (vg, vB,) (3.16¢)
and

(vg,vB,) (vB, vg,)- (3.16d)
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Now we define a strategic game I' consistent with S and £: X; = X; = {0,1},
Xy = {0} for k # 4,j; for each o € B; and on(0) € Xn(a), Pa(Tn() = v, Whenever
x; = 1, while @o(Tn(@)) = va Whenever x; = 0; for each a € B; and xn@) € Xn(a),
©a(Tn()) = v whenever z; = 1, while ¢ (2n()) = Vo Whenever x; = 0; for each o € B
and Ty € Xn(), Pal(TN@) = Va Whenever z; = z; = 1, ¢o(Tn)) = v, Whenever
x; +x; = 1, and gpa(xN(a)) = v, whenever z; = z; = 0. Putting z; on the abscissae
axis and z; on the ordinates, we can depict the values of functions (¢, ¥B, ¢s;) in the
following matrix:

(UBN U]/37 v}%) (U]; » UB, Ugj)
(UBi7 Ulgv UBJ‘) (UlgZ ) Ui%’ fUBj)'
It follows immediately from relations (3.16) that I' possesses no Nash equilibrium.

If (vg,vp,) ¥5 (vg, vs,), then we follow the same scheme, changing all signs. To be
more precise, we pick vg > vg, vgj < 01’3]_, and vg, > vg, such that the relations opposite
to (3.16) hold. Now a strategic game defined in the same way as above possesses no Nash
equilibrium. O

Lemma 3.3.4. Let m > 2, ig,41,...,im1 € N, 0 # B, CA (k=0,....,m—1; for
notational convenience, we add i,, = iy and B,, = By, and also denote B = U, Bx),
v',v € Vi, and w € Vi be such that: vl > v, for every a € B; B, UBgy1 C Ty,
B, N Y, =0 whenever h ¢ {k,k+ 1} (hence B, N By, = 0 whenever h # k, and i) > i1
for every k =0,1,...,m —1);

(VB 12 VB> Wy \[BeaUBLY) i (UBy s Ul s WYy \[BysaUBLY) (3.17)
forallk=0,...,m—2. Then
(VB 19 UBos WT;  \{Bm 1UBo}) ~im 1 (VB 15 UBgs WY, \(Bu_1UBo})- (3.18)
Proof. Suppose the contrary; changing the numeration if needed, we may assume that
(Uﬁmfl » UBo> wTim_l\{Bm-luBo}) M1 (VB 1) 211%0, wTim_l\{Bm_luBo})-

/
67

By continuity, there is y > 0 such that, defining v/ = v/, + dy for all @ € By and v, = v
for all a € B,,,_1, we still have

(Ugm_l » UBg» wTim,l\{BmflUBo}) gimfl (UBmfl ) /Ug(ﬂ wTim,l\{BmAUBo})’
By monotonicity from (3.17) with k£ = 0, we have

" a / .
(UBl ) UB()? wTiO\{BluBO}) >'i0 (UBl y UBg s wTiO\{B1UB0}>7

by continuity, there is §; > 0 such that, defining v” = v/, 4+, for all a € By, we still have

" a "
(vBl ) UB()? wTiO\{BluBo}) >_io (UBl ) UB07 wTiO\{B1UB0}>‘

A straightforward inductive process based on the monotonicity and continuity of pref-
erences shows the existence, for every a € B, of v, > v/, > v, such that

1! a 1/
<UBk+1 1 UBy» wTik\{Bk+1UBk}) i, (UBk+1 s UBy» Wy, \{Bk+1UBk}) (3' 19)

forall k=0,...,m—1.
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Now we define a strategic game I' consistent with S and £: X;, = {0,1} for each
k=01,..m-—1, X; = {0} for all other j € N; for each £ = 1,...,m — 1 and
a € By, there holds ¢, (7n()) = vi, whenever z;, = x;, , and ¢o(Tn()) = va Whenever
T, # ¥, ,; for each a € By, there holds ¢o(tn(w)) = vi whenever z;; # x;, , and
©a(TN(a)) = Vo Whenever z;, = x;,,_; for each o € A\ B, there holds ¢, (2n(a)) = wq for
all TN(a) € XN(Q).

Clearly, for every x € X, there is k such that ¢, (2 n(a)) = V4 for all a € By. Therefore,
player i), can change his strategy and obtain a better outcome by (3.1) or (3.19). It follows
immediately that I possesses no Nash equilibrium. O

There is a point about Lemma 3.3.4 worth discussion. In the games constructed in the
proofs of all other lemmas of this subsection, all players but two were dummies. Here, on
the contrary, the number of active players may be arbitrary (between 2 and n). The fact is
that the existence of a Nash equilibrium (or even Q-acyclicity of individual improvements)
in every game consistent with & and £ and with no more than two active players does
not imply the existence of a Nash equilibrium (or Q-acyclicity of improvements) in every
game consistent with § and £. In Kukushkin (2006), the opposite was true.

Example 3.3. Let N = {1,2,3}, A = {0,1,2}, @ mean addition modulo 3, T; =
{i—1,(i—1)@1} for every i € N, and V,, = R for all @ € A; let each »*; be represented by
the function v;_y +2v(_1)g1. It is easy to see that Lemma 3.3.4 does not hold: (4¢,0;) ~
(00,21), (21,09) ~%5 (01, 1), but (4g,02) 3 (0g, 12). On the other hand, if we delete any
one player from N, obvious transformations will make both utility functions just sums;
therefore, every two person game consistent with S and £ possesses a Nash equilibrium
(hence, the other three lemmas hold).

Lemmas 3.3.1 and 3.3.2 have important implications in terms of separability. Let us
denote & the set of B € B such that there is an ordering > on Vg which is a separable
projection to Vg of »*; whenever B C T; (i € N).

Lemma 3.3.5. The following five statements hold:
1. Ifi,je N, B CY,;,, B"=",NB" #0, and ¥; admits a separable projection *p
to Vg, then Zg and Z*; admit a common separable projection to Vgr,
T,\Y; € E whenever i j;
Y C € whenever I C N 1is connected;

B\ B’ € £ whenever B,B’ € £, B and B" overlap, and BUB' C Y, for ani € N;

SN

A;r C € whenever I C N is connected.

Remark. Theorem 2 itself implies that T, UY; € £ whenever v(i) = v(j) (cf. Theorem 1
of Gorman, 1968); however, this assertion can only be proven at the end of a rather long
way.

Proof. (1) Assuming the contrary, we must have vpuy; € Veur, and vg, € Vi such that

UB/ iaB/ (’UB/\B//’ 'Ug//), (320&)
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but
('Ug//, U’I‘j\B//) gj U’rj . (320]3)

In the case of a strict preference in (3.20a) and indifference in (3.20b), we can increase vg,
a bit, obtaining (3.20). If we replace each v/, a € B”, with max{v”,v,}, the relation in
(3.20a) will be reversed; therefore, there is vy, > vfj, such that vgr ~g (vgngr, vy ); pick-
ing vy,\(su;) arbitrarily, we obtain vy, ~%; (Vs UTi\BH). Now we can invoke Lemma 3.3.1
with vy y, = (U, vr,ar;\B7), obtaining vy, ~%; (vgy,vr;pr), but this contradicts
(3.20D).

(2) In the light of Statement 1, it is sufficient to prove that »*; admits a separable
projection on Vy,\y, provided i < j. The following argument is similar to, but shorter
than, that of Gorman (1968, 2.6-2.13). In the notation of Lemmas 3.3.2 or 3.3.1, the
contrary would mean the existence of vg and vg such that

(UB7 ,U;BZ) iai (vBa UBZ‘)7 (321&)

but
(U;B’ UBi) i (Ué, UIIBZ) (3'21b)

Since (3.21b) is impossible when v = vg, we can shift vg towards vy along a straight
line and mark the last point where (3.21b) does not hold. Therefore, we can assume
that (3.21a) holds as an equivalence and v is close to vg, so there is vy such that
(uB, v{g],) ~*; (vg,vs,). Finally, we can apply Lemma 3.3.2 in the same way as Lemma 3.3.1
was applied above, obtaining a contradiction with (3.21b).

(3) An easy induction based on Statements 1 and 2.

(4) We consider another game structure, where N = {1,2}, A is the same, T; = B,
T, = B’ (thus the condition | J, T; = A is violated, but this can be fixed easily), > is
>y, and »*, is ¥/, Clearly, the strict aggregate preferences »2; from the original list £
is an aggregate w-potential for the new situation. Therefore, we can apply Statement 2
of this same Lemma.

(5) We order I in the way described in Lemma 3.2.3, and show by recursion that
Asq1,...sh) € €. Since o(1) > 0(2), we have Aic1),02)) = Vio) o2y € € by Statement 3.
At each consecutive step, some B € A, (1, s}) are replaced with BN, (,41) and B\TJ(S+1)
(whenever both are not empty); the first term obviously belongs to £. If not empty,
B = To@st1) \ (UBeAJ({1 """" o B) is added as well. Clearly, B’ = ﬂhe{l,...,s} (TU(SH) \Ta(h));
for every h, either o(s+1) > o (h) or Yo(s11)\ Yon) = To(s+1) by Lemma 3.2.3. Therefore,
B' € V,q,..s+1)) € € by Statement 3.

In the case of o(s + 1) € ["* (in the notation of the proof of Lemma 3.2.3), we
add another statement to be carried through the recursion: Fyf1,. 61 = Vo({1,...s}); it s
obvious when s = 2. Generally, we have B = ((,c;+ i) \ (U;c;- Yi), where IT NI~ =0
and ITUI~ Co({1,...,s}); wedenote I* = {i € I7| T;NTps11) # 0}. Since o(s+1) €
Iy, the inclusion T4 (s41) C Top) is impossible for any A < s. The case of Ty(51) = Ty
for an h < s being trivial, we may assume that o(s + 1) ¢ for every i € I U I* (again,
by Lemma 3.2.3). Now we have BN Yy(o41) = (;er+ (Ti N Yoror1)) NV Nier Loy \ i) €
Votfi,st1y) and B\ Tooi1y = BN et (Yo \ Yos1) € Vo(f,....s+1}), since B € Vo(q,...s1)
by the induction hypothesis. Now Statement 3 applies.

In the case of o(s + 1) ¢ I, we only have to consider B € A, s}), hence
ITUI- =o({1,...,s}). Thereisi € {1,...,s} such that To(s11) C Y;, hence i € I,
hence B C T,;. There also exists j € {1,...,s} such that o(s+ 1) > j; if j € I, then
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0 #* TJ(S+1) \ Tj - TU(erl) \ B; if j € I, then 1) #+ TU(erl) N Tj - TU(S+1) \ B. In either
case, Ty (s41) and B overlap, hence Statement 4 applies. n

3.4 Necessity of Gorman additivity: Main construction

From now on, we assume V, = R for each @ € A. This assumption inflicts no loss of
generality — there always exists an order-preserving homeomorphism to the whole line —
but it makes our notation much less cumbersome. For each B € 8, we denote Og € V3
(1g € VB) a vector each component of which is 0 (1).

Let I C N be connected. An integer net on I is a collection of mappings g :
My — R, B € A;, where My is the set of integers m satisfying mg < m < mg (mg €
{—00,...,—2,—1}, mt € {2,3,...,+00} ), such that

1. for every B € A;,
Yp(0) = 0; (3.22a)
2. whenever i € I and there are mg € Mg for all B € A} and B',B” € A} such that
(mB/ + 1) S MB’ and (mB// —+ 1) S MB”, there holds

((¥s(ms) - 1g)Beai\sy, ¥p (mp + 1) - Ig) ~%
((¢B(mB) - 1) peaj\Brys Yor(mpr 4+ 1) - 1pr);  (3.22b)

3. whenever i € I, B,B' € A}, B # B/, mf} < 400, and vg € V3, there holds
(Ye(mf — 1) - 1, ¥p(1) - 1p, Orpusn )i (UB, Opr, O\ (BuB) ); (3.22¢)
4. whenever i € I, B,B’ € A}, B # B/, mg > —o0, and v € Vj, there holds

(vB, ¥r (1) - 1/, Ovp\Bupy)) i (YB(mg + 1) - 1pr, Opr, Orp\ BuBY) ) - (3.22d)

Lemma 3.4.1. Let ¢ be an integer net on a connected I C N. Then whenever i € I and
mpy, mg € Mg for every B € A%, we have

(Yp(mg) - 1B>B€A3’, > (Yp(mg) - 1B>B€A§ = Z my > Z mg. (3.23)
Be A} BeA;

Proof. First, an equality in the right hand side of (3.23) implies an equivalence in the left
hand side by a straightforward inductive reasoning based on (3.22b).

If there is a strong inequality in the right hand side of (3.23), we can find (mg)pea;
such that ZB6A§ my, = ZBeAf, mp while (mp)pea; Pareto dominates (mg)ges;. Now
/ a 1 s L
<¢B(mB)>B€A§ >, <wB(mB)>B€A3 ~3 <¢B(mB)>B€A3 by the strict monotonicity of »*; and
the findings of the previous paragraph. Finally, an “(in)equality” in the left hand side
of (3.23) implies the same (in)equality in the right hand side because ) . 4 mp and
Y Be 4i B are always comparable. O

Let ¢ be an integer net on a connected I C N. The even half of ¢ is a collection
of mappings ¢ : My — R for B € A; such that wB( ) = wB(2m) and MB ={m €
Mg| (2m) € Mg}. Tt is easily checked that, for each B € A;, mg = 00 <= mj = Fo0;
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1& itself is an integer net on [ if and only if 1 € Mg for each B € .AI._Let ¢ and 1) be two
integer nets on I; we call b a doubling of ¢ if ¢ is the even half of ¥. A binary net on I

is an infinite sequence of integer nets 1% 1!, ... on I such that each ¢! is a doubling
of .

Unproven Lemma 3.4.2. Whenever I C N is connected, there exists a binary net on
I.

Two special cases are proven in Subsection 3.5 (Propositions 3.4 and 3.6).

Lemma 3.4.3. Let @ be an integer net on I. Then, whenever B # B’ and m € Mg
are such that B,B' € A% for some i € N, and (m + 1) € Mg, there are continuous
and strictly increasing mappings el fin : [0, ¥s(1)] — [Wp/(m), Y (m + 1)] such that
e (0) = fii (0) = vw(m), epp (B(1) = fip (¥s(1)) = Y (m + 1),

(t - 1g,¥p(m) - g, Ovp@Bun)) ~ (OB, €fs (t) - 1n, Orp\(BuBy) (3.24a)

and

(t-1p,vp(m+1) - 1g, Orpup)) ~ (Us(1) - 1, fig (1) - 1, Orp\Bupy)  (3.24b)

for everyt € [0,4p(1)]. If BUB' C T foraj € N, then both equivalences (3.24) hold with
i replaced with j. If v is a doubling of 1, then ey, (¥p(1)) = Y/ (2m+ 1) = fEs (¥s(1)).

Proof. The validity of (3.24a) for ¢ = 0 and of (3.24b) for ¢ = (1) is tautological;
(3.24a) for t = ¢p(1) and (3.24b) for ¢t = 0 immediately follow from (3.22b). Since both
mappings t — t - 1g and ¢ +— ¢ - 1g, are obviously continuous and strictly increasing, the
existence and uniqueness of solutions ey (), fig () to (3.24) immediately follows from
the continuity of »*;. Each function e}y, or fip, is strictly increasing and maps [0, ¢g(1)]
onto [p/(m), e (m+1)] because (3.24) can be resolved in the opposite direction as well.
Therefore, both are continuous.

The second statement immediately follows from Lemma 3.3.1; the third, from (3.22b)
and the uniqueness of a solution to (3.24). O

Remark. It follows from the uniqueness statement that e}y = (e%3)~' whenever one
side is well defined.

Lemma 3.4.4. Let ¢°,4t, ... be a binary net on a connected I C N and B € A;; then
U= {w%(m)}deN’meMg is dense in R.

Proof. By definition, B C T, for some ¢ € . Since I is connected, there is j € I such
that i > j. Then either B C T, NY;, or B C T; \ T;; we pick B’ € A; included in the
other “half.” Thus BUB' C T, and BN B’ = (.

Suppose the contrary: there are u_ < wuy such that ¥ N [u_,uy] = 0. We denote
V_={teVU|t<u_}and ¥, ={t € ¥| t > uy}. There are three alternatives:

# 7é‘11+;

1. U_#£9
2. U, =0
3. U_ =1(.
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Step 3.4.4.1. The first alternative cannot hold.

Proof. If % (m_) € W_ and ¢ (my) € U, then, defining d = max{d_,d,}, we see
that {¢f(m)}nena intersects both ¥_ and W,. Deleting all ¥ with d' < d if needed,
we may assume d = 0; clearly, there is m € MJ > (m + 1) such that ¥$(m) € ¥_ while
Y% (m+1) € U,. Denoting v_ =sup ¥_ and v, = inf U, we have v_ <u_ <uy < vy
and UNJv_, vy [= 0. Denoting v/, = (efy,) ' (v+) and V' = {@Dé,(m)}deN,meMg/, we have
N’ v [= 0 as well.

By monotonicity,
(U+ . ]_B,’Ug_ . ]-B’) >§2‘ (U_ . ]_B,’Ug_ . ]-B’) >§2‘ (U_ . ]_B,U/_ . ]-B’);

by continuity, there are open intervals U,,U_,U,, U’ C R containing v,,v_,v/,v",
respectively, and such that the strict preferences are retained on U, - 1g x Ul - 1p/, U_ -
lg x U, - 1p, and U_ - 1g x U’ - 1. Without restricting generality, U\ = (efy) " (Us).

Essentially the same argument that led us to m above shows that there are d € N and

m € M& > (m+ 1) such that ¢&(m) € U_ and ¥&(m + 1) € U, hence ¢g, (m —m - 2%) =

(ep) t(WE(m)) € UL and ¢ (m+1—m-2%) = (efig) ' (Yi(m + 1)) € U,. Let

us note that ¥&(m) = Yt (2m) < YEtt(2m + 1) < Y&t (2m + 2) = ¥E(m + 1) and
4 (2m 4+ 1) o, ..

Let & (2m +1) < v_; then %™ (2m+1) € U_, hence ¢ (2m+1—m-2941) € U’
Therefore, (v (2m) - 1g, ¥ (2m+2—m-21) - 1g) 2, (e (2m+1) - 1, Y& (2m +
1 —m-2%1) . 1p/), but this contradicts (3.22b).

The assumption ¥4 (2m + 1) > v, is refuted dually. O
Step 3.4.4.2. The second alternative cannot hold.

Proof. We denote v, = sup ¥ < +4o00; by the continuity and strict monotonicity of >,
there are 6,¢ > 0 such that

(s +0) - 15,0p) ~%; (vy - 1p,6" - 1py).

Now we note that the conditions of this lemma are satisfied for B’, hence Step 3.4.4.1
holds for B’ as well. Therefore, there is d € N such that 1g&,(1) < ¢'; without restricting
generality, d = 0. We consider two alternatives.

If mf; < +o0, then ((vy + ) - 1,0p) %2 (vy - 1g, % (1) - 1p/) =2 (V3 (mf — 1) -
1,9% (1) - 1p/), contradicting (3.22¢).

Let my; = 4o00; then vy = sup{¥)g(m) }men. By continuity from (vy-1g, 3, (1)-1p/) #;
(vy - 1p,0p), there is v, < vy such that (¢ - 1g,¢%,(1) - 1p/) 2 (' - 1g,0p/) whenever
t > v, and t < vy. On the other hand, if ¥$(m) > v,, then ¥§(m + 1) < v, but
(V(m) - 1, ¢p,(1) - 1) ~% (¥(m +1) - 1, Op). O

Step 3.4.4.3. The third alternative cannot hold.

The proof is dual to that of Step 3.4.4.2. The lemma is proved. m

Lemma 3.4.5. Let B € A and vg € Vg, then there is a unique 15(vg) € R such that

vg ~'B T8(UB) - 1B. (3.25)
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Proof. We denote t* = max,ep vy and ¢~ = mingep vy; by (3.1), t7-1g ¥ vg Fpt~ - 1p.
Therefore, there is 75(vg) € [t7,¢1] satisfying (3.25). It is unique because of (3.1). O

Lemma 3.4.6. Let ¥°, ¢!, ... be a binary net on a connected I C N and B € A;. Then
for every d,d’ € N, m € Mg, and m' € ME, there holds ¥ (m') > ¢¥&(m) <= m'/2¢ >
m/24.

Proof. When d = d', this is just the monotonicity of 1%, which immediately follows from
(3.22b). Then a straightforward inductive process in max{d’, d} —min{d’, d} based on the
definition of a doubling works. m

Now we are prepared to define the functions ug for B € A. If I € 9 is not proper,
then A; = B; consists of a single set T; € £. By Lemma 3.3.5, all preferences »#; (i € I)
coincide. By the Debreu Theorem, there is a continuous function representing v, on Vy,;
by (3.1), it is strictly increasing in each argument. Now Condition 1 holds by definition;
(3.9a) holds by default.

Let I € M be proper and ¢°,¢!,... be a binary net on I. For every B € A; and
d € N, we denote ¢ = (mg? — 1)/2% and ¢g¢ = (mz? + 1)/2¢. Then we define
Qp = UdeN[qu,qu] \ {+00, —o0}. Clearly, Qp is a non-degenerate interval (actually,
open). For every vg € Vg, we define

ps(vs) = sup{m/2¢ d € N & m € M2 & & (m) < 7(vg)}. (3.26)

By Lemmas 3.4.4 and 3.4.6, ug is strictly increasing and ug(vg) € Qg for every v € V.
Conversely, if w € Qp, we define t = sup{yd(h)] d € N & m € M& & m/2? < w} and
vp = t - 1g; then we easily derive from Lemma 3.4.4 that w = u(vg). Thus, we have a
strictly increasing mapping onto a non-degenerate interval; therefore, ug is continuous.

Lemma 3.4.7. Let [ € N be proper, i € I, vy, vg € Vi for all B € A%, and up be defined
by (3.26). Then

<U%>BEA3 = <UB>B€A3 — Z ps(vg) > Z ug(vB). (3.27)
BeA BeA

Proof. We denote H = #A}. Suppose first that 6 = > 5 u(vg) — > gu(vs) > 0. By
Lemma 3.4.4, for every B € A%, there is d € N such that ¢g3 (m) < 7(vg) for some

m € ]\/[é“3 and dg € N such that & (m) > 7(vg) for some m € M. Let us pick
d € N such that d > maxp 4 max{dy, dg} and 2~ > H/4. For every B € A}, we denote
mp = max{m € MZ| yd(m) < 7(vs)} and mg = min{m € Mg| & (m) > 7(vg)}. Clearly,
we have mp/2¢ < p(v) < (mp+1)/2% and (mp —1)/2¢ < u(vg) < mp/2¢ for all B € A°.
Therefore, Y 5(mf/2%) > S5 u(vy) — H/2¢ and Y g(mp/2%) < > g pu(vs) + H/24, hence
Soa(mp/2%) =Y g(mp/2%) > §—2H/2% > 0, hence >z mf; > > 5 mp. Now Lemma 3.4.1
(for &) and strict monotonicity of =*; imply a strict preference in the left hand side of
(3.27).

An equality in the right hand side of (3.27) means that we have both strict inequal-
ities in any open neighbourhood, hence the same strict preferences in the left hand
side of (3.27), hence an equivalence. The opposite implication is proven exactly as in
Lemma 3.4.1. O
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For every B € B; and vg € Vg, we define

ps(vs) = Z ppr (V)

B’eA;:B'CB

Then (3.9a) holds trivially, while Condition 1 immediately follows from Lemma 3.4.1.
Thus, we only have to check (3.9b).

Lemma 3.4.8. Let ¢ be an integer net on a connected ] C N,ie N, T; CY;, B,B" €
A, mg € Mg for every B € A;, (mp + 1) € My, (mpr +1) € Mgy, and v € Vy,\x,.
Then

(<¢B(mB> ’ 1B>B€AI\{B’}’¢B/(mB/ + 1) g, U) ~
(<¢B(mB> : 1B>B€A1\{B”}’ wBN(mBN + 1) . 1B”7 ’U). (328)

Proof. It BBUB"” C T, for a j € I, then (3.28) immediately follows from (3.22b) and from
T, € £ (Lemma 3.3.5). Supposing the contrary, let 4, ..., 7 be an overlap path in I of
the minimal length such that B’ C T, and B” C Y, . We denote K = {0,1,...,m+ 1},
BY = B’ and B™"' = B”, and then pick B* € A; for k € K \ {0,/m + 1} such that
Bf C T,, ., NY;,. The minimality of the path implies that B¥ N B" = () whenever k # h;
by definition, BE UB*1 C T, for all k € K.

We denote K+ = {k € K| (mpx +1) € Mg}, K~ = K\ K", K,, = {k € K| (k-
1) e K7}, Ky, ={k e K| (k+1) € KT}, Ky, ={k e K| (k+1) € K},
and K_, = {k € K7| (k—1) € K*}. The definition of an integer net implies that

en

(mpr — 1) € Mgr whenever k € K. Therefore, for every collection of hg € Mgy, B € Ay,
and each k£ € K, at least one of the following equivalences is valid:

((vn(hs) - 1B>B€A§k\{Bk7Bk+1}’ka (mpe + 1) - Igk, Pgrr (mpren) - Igrin) 2,
(<¢B(h3) : 1B>B€A§’“\{B’“,Bk+1}’ ka (mBk) . 1Bk, ka+l(mBk+l + 1) : 1Bk+1); (3.29&)

(<¢B(hB) ' 1B>BEA§k\{Bk,Bk+1}’ka (mB’“) ’ 1Bk>¢Bk+1 (mBk'H) ’ 1B’€+1> Naik

((¢¥B(hB) - 1B) 5, AR\ (BE BT} Ypr(mpe + 1) - 1gr, et (mprer — 1) - 1gen);  (3.29b)

<<7/’B(h13) ) 1B>BEA§k\{Bk7Bk+1}7¢Bk (mpr) - 1gk, Yges1 (Mmprs1) - 1Bk+1> ik

(<¢B(hB) : 1B>BEA3k\{Bk7Bk+1}7ka (mpr — 1) - 1, Yprsr (Mperr + 1) - 1Bk+1); (3.29¢)

<<¢B(hB) ) 1B>B6A§k\{Bk7Bk+1}aka (mpr — 1) - 1k, Yprsr (Mpes) - 1Bk+1) ~iy
<<7/)B(hB) : 1B>BeA§’“\{Bk,Bk+1}’ka (mBk) ’ lBkaka‘H (mBk+1 - 1) ’ 1Bk+1)' (329d)

Taking into account that T; € & by Lemma 3.3.5, we see that (3.29) remain valid if we
replace ~; with ~%;, and B € A} \ {B*, B¥*1} with B € A; \ {B*, B¥"}, and add v.

k

By our assumptions, both 0 and m + 1 belong to K*. Therefore, each “connected
component” of K~ hasa k € K_ 4 at its left end and a k € K\, at its right end. Similarly,

each “connected component” of Kt hasa k € K;_or k =0 at its left end and a k € K

bgn end
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or k =m+ 1 at its right end. Putting together all equivalences of the type (3.29¢) with
k€ Ky, and (k+1) € Ky, we obtain

((vB(ms) - 1B>B€AI\{B/}>¢B'(mB' +1) - 1p,v) ~

((¢¥B(ms) - 1B>B6AI\({B/}U{Bk} p B (M +1) - 1y,

ke Kbgn UKbgn

(Yp(mpr —1) - 1Bk>k€Kggn, (Yp(mpr +1) - 1Bk>k€K;gn,v). (3.30a)

Then we consecutively move along each component of Kt from the left to the right,
applying equivalences of the type (3.29a) with k, (k+1) € KT, and along each component
of K~ in the opposite direction, applying equivalences of the type (3.29d) with k, (k+1) €
K~. Eventually, we obtain
(<¢B(mB) : 1B>B€A]\({B’}U{B'“} ) wB’ (mB’ + 1) : 1B’7

- UKt
ke Kbgn UKvbgn

<¢B(mBk — ].) . 1Bk>k€Kb_gn7 <¢B(mBk + ].) . 1Bk>k€K;,_gn,U) Nai
), wBII(mBN + ]_) . 1]3//7

end

(<¢B (mB) ) 1B>B€AI\({B"}U{BR}1€6K’

end

<wB(mBk — 1) . 1Bk>k€K;‘d’ <wB(mBk + 1) . 1Bk>k€KeJ;d, 1}). (330]3)

Then we apply all equivalences of the type (3.29b) with k € K, and (k+ 1) € K_,
obtaining

UK

((on(ms) - 1B>BeAI\({B"}u{B’“} ) Y (mpr +1) - 1pr,

- +
ke Kcnd UKcnd

<wB(mBk — 1) . 1Bk>keK;]d, <'§ZJB(mBk + 1) . 1Bk>k'EK;d’,U) ’\91'
(<¢B(mB) : 1B>B€.A1\{B”}’ wB” (mB” + 1) . 1B//, U). (330C)

Finally, we notice that the three equivalences (3.30) give us just (3.28). O

Lemma 3.4.9. Let ¢ be an integer net on a connected I C N, i € N, T; CT,;, and
v € Vypr,. Then whenever my, mg € Mg for every B € A;, we have

((n(miy) - 18)p. 0 0) 225 ((Un(me) 1)y, v) <= > mp> > mp  (3.31)

BeA; BeA;

Proof. The proof is based on (3.28) exactly in the same way as the proof of Lemma 3.4.1
is based on (3.22b). O

Lemma 3.4.10. Let I € N be proper, i € N, T; C Yy, v € Vy v, and vg,vg € Vg for
all B € Ay; let each ug be defined by (3.26). Then

((vB)Bea,v) 2 (<UB>BGAI’U) — Z ps(vg) > Z pe(vB). (3.32)

BeA; BeA;

Proof. The proof is based on (3.31) exactly in the same way as the proof of Lemma 3.4.7
is based on (3.23) O

We see that, in the conditions of Lemma 3.4.10, we have T; € £. Therefore, (3.9b)
immediately follows from Lemma 1 of Gorman (1968), so a reference to Murphy (1981)
suffices (the latter paper gave a final resolution to a dispute between W. Gorman and
K. Vind concerning the above-mentioned Lemma 1).
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3.5 Necessity of Gorman additivity: Proven cases

A special case of Theorem 2 is the main result of Kukushkin (1994b): A = N U{N} and
T; = {i, N} there; Gorman additivity means that the preferences can be represented by
functions p;(pi(z;)) + pun(en(x)). In a sense, Concluding Remark 2 from that paper can
be viewed as a precursor of this theorem.

Proposition 3.4. Lemma 3.4.2 is valid if #1 = 2.

Proof. To simplify notation, we assume I = {1,2} and denote B = T;UYy, B! = T\ Ty,
and B% = T, \ Y. All the three sets are not empty because Y1 and Ty overlap.

Lemma 3.5.1. Let tg,t1,to € R be such that (to - 1go,0p1) ~&* (Ogo,t1 - 1g1) and (o -
1go,0g2) ~%5 (Opo,to - 1g2). Then there exists a unique integer net b on I such that
Ypr(1) =ty for k=0,1,2.

Proof. For each k € {0,1,2}, we set ¢pr(0) = 0 and ¢gr (1) = tx. Then for each k € {1,2}
we define ¢gr(m + 1) for integer m > 1 inductively, by the relations

(Opo, ¥pr(m + 1) - 1pe) ~y (¥po(1) - Ipo, thpr(m) - 1px). (3.33a)

There are two alternatives: either no solution ¢gi(m + 1) to (3.33a) can be found at a
stage m > 1, in which case we stop the process and set mgk =m+ 1; or ¥gr(m) will be
defined for all m > 0, in which case we set mgk = +400.

For m <0, ¥pr(m — 1) is also defined inductively, by the relations

(¢po(1) - 1o, ¥pr(m — 1) - 1gx) ~'% (Opo, s (m) - 1gk). (3.33Db)

Note that (3.33a) and (3.33b) only differ in their viewpoint. Again, if no solution ¢gx(m —
1) to (3.33b) can be found at a stage m < 0, we stop the process and set my, = m — 1;
if 1gr(m) is defined for all m <0, we set mg, = —oo.

Then we define 1go(m) also by two inductions, satisfying the relations

(Ypo(m + 1) - 1o, 0g1) ~*y (Ygo(m) - 1o, 1pi(1) - 1p1) (3.34a)

for m > 1, and

(Ypo(m — 1) - 1o, i (1) - 1g1) ~&4 (go(m) - 1o, Op1) (3.34b)

for m < 0. Each of the inductive processes either stops at some stage m, defining méo,

or continues forever, in which case we set mﬁo = Fo0.

Turning to the definition of an integer net, we notice that the condition (3.22a) is
satisfied automatically. All equivalences (3.33) and (3.34) follow from (3.22b), hence the
uniqueness of 1. Let us check (3.22b) itself; it is convenient to reproduce it here:

(¥o(m + 1) - Ipo, thge(h) - 1gr) ~Fx (¢po(m) - 1po, ¢pr(h + 1) - 1gr) (3.35)

for both & = 1,2 and all mg, < m < mjj, — 1 and mg, < h < mf, —1. Note that
we already have it for both k£ and all h if m = 0. For each k£ and each h, we organize
two inductive processes in m: upwards and downwards. It is essential to execute both
processes for player 2 first. Each step consists in an application of Lemma 3.3.3.
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On an “upward” induction step, we assume i = 1; j = 2; v, = po(m — 1) for a € B;
v, = 0 for a € BY; v, = 9p2(h) for a € B v, = ¢po(m) for a € B%; v/, = ¢pi1(1) for
a € BY v, = ¢pe(h + 1) for a € B v = go(m + 1) for a € B?; Taking into account
(Ypo(m — 1) - 1o, 1pi(1) - 1g1) ~% (¢go(m) - 1go, Op1) and (¢go(m) - 1go, 1pi(1) - 1g1) ~%4
(Ypo(m+1)-1go, 0gt) from the definition of ¥go and (pgo(m —1)- 1o, Pg2(h+1)-1g2) ~F9
(1go(m)-1go, 1pz(h)-1g2) from the induction hypothesis, we obtain (¢go(m)-1go, g2 (h+

1) . 132) ~y (wBo(m + 1) . 1]30,1/1132(h) . 132) from (315)

On a “downward” step, we again assume ¢ = 1 and j = 2, but the order of everything
else is reversed: v, = ¥po(m + 1) for a € B%; v, = ¢pi1(1) for a € BY; v, = ¢g2(h + 1)
for « € B% v/, = ¢po(m) for a € B% v/, = 0 for a« € B'; v/, = ¢g2(h) for a € B
v = tppo(m — 1) for a € BY. This time, (3.15) implies (¢po(m) - 1o, ¥z (h) - Ip1) ~%y
(”leo(m — 1) . 1B°>¢B2(h + 1) . 132).

Now similar induction processes for player 1 can be organized. Each step again consists
in an application of Lemma 3.3.3, but the roles of the players are reversed: i = 2 and
j = 1. Conditions (3.14a) and (3.14b) follow from (3.35) with ¢ = 2 and h = 0, which is
already proven; condition (3.14c¢) is the induction hypothesis.

Finally, let us turn to (3.22c) and (3.22d). Suppose that k € {1,2} and mf, < 400,
but (3.22¢) does not hold (only B = B¥ and B’ = B® can be relevant), i.e., there is vgr €
Vgr such that (Ogo, vgr) 1 (¥po(1)- 1o, ¥gk (mgk —1)-1gk), hence (Ogo, T (vgk) - 1gr) 2%
(¥po(1)- 1o, pr (Mg, —1) - 1pe). Therefore, a solution to (3.33a) with m = mf, —1 exists,
so our inductive process could not have stopped here. Quite similarly, the “downward”
process of choosing ¥pr(m — 1) can only stop at a finite m if (3.22d) is satisfied.

The situation with Mpo is a bit subtler. Here (3.22¢) and (3.22d) mean two conditions
each: one for B = B? and B’ = B'; the other for B = B and B’ = B2. The first ones
are treated exactly as above; the second deserve separate consideration. Let there be
vpo € Vo such that (vpo, Og2) ¥y (¢¥po(my, —1) - 1go, ¥p2(1) - 1p2). Invoking Lemma 3.4.5
and continuity, we obtain the existence of t* € R such that

(t* - 1o, 0p2) ~9 (¢po (mgo —1) - 1go,¥p2(1) - 1g2). (3.36)

Then we invoke Lemma 3.3.3 with i = 2, j = 1, v, = ¢po(mf — 2) for all @ € B,
Vo = 0 for all @ € B' UB?, v}, = ¢po(mf, — 1) for all @ € BY, v), = ¢ (1) for all o € B*
(k =1,2), and v/ = t* for all @ € BY. Conditions (3.14a) and (3.14b) follow from (3.22b);
condition (3.14c), from (3.36). Now (3.15) implies that t* as tpo(my,) solves (3.34a) with

m = mf, — 1, contradicting the definition of mf,. A dual argument proves (3.22d). O

Since both aggregation rules are continuous and strictly responsive, such tg,t1,t5 as
needed in the lemma, obviously can be found. Therefore, we have the existence of an
integer net ¢ on I. It is sufficient now to show that every integer net v on I admits a
doubling 1.

From (¢go(1) - 1o, ¢g1(1) - 1g1) %21 (¢go(1) - 1o, 0p1) #*1 (Opo, Op1) and continuity, we
immediately derive the existence of t* €]0,vpo(1)[ such that (t* - 1go, e%opi (£*) - 1p1) ~H
(¢po(1) - 1go,0p1) [~#; (Opo,tpi(1) - 1g1)]. Invoking Lemma 3.5.1, we define ¢/ by the
conditions ¢po(1) = ¢* and ¥pr(1) = elop (t*) for k = 1,2.

The definition of ¢* implies ¢po(2) = 1po(1) and ¥p1(2) = ¢p1(1). From Lemma 3.3.3
with i =1, j = 2, v, = 0 and v, = ¥px(1) for all a € BPUB'UB?, and v}, = 9o (1) for all
o€ BO, we obtain (wBO(].) : 1B0,'¢B2(1) : 1B2) ~y (0]30,1#]32(].) : 132)7 i.e., w32(2) = wB2(]—)
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Therefore, ¢ coincides with the even half of 1) by the uniqueness statement of Lemma 3.5.1,
i.e.; ¢ is a doubling of ). m

Proposition 3.4 completes a proof of Theorem 1 from Gorman (1968) free from outside
references.

Proposition 3.5. Let S be such that #{ Y ;}icr < 2 for every I € M which is mazimal
w.r.t. the order (3.8). Then Theorem 2 holds for S and any list L.

Proof. By Lemma 3.3.5, »#; coincides with »*; whenever T; = T;; therefore, we can delete
repetitions and assume #/ < 2 for all maximal members of M. If #I = 1, we pick pr,
representing »;; if #1 = 2, we apply Proposition 3.4. In either case, we have (3.9a) for
all B € B;. For every other J € M, there is a maximal I € 9 and ¢ € I such that T; C T;
(Lemma 3.2.2). Proposition 3.4 and Lemma 3.4.10 imply that >*; admits a separable
projection to Vx ,ur,, whenever j/,j” € J and j’ > j”. Now Gorman additivity can be
derived in exactly the same way as in Gorman (1968): there was no outside reference
after the proof of Theorem 1 there. O

Proposition 3.6. Lemma 3.4.2 is valid if #1 = 3 and T,NY; = T, \Yy, for alli, j, k € I,
LFJF kA

P?”OOf. Again, we assume [ = {]., 2,3}, BO = Tlng = TI\T:; = Tz\Tg, B! = TlﬁTg =
Tl \ TQ = Tg \ T27 and B2 = Tg N Tg = Tg \ Tl = Tg \ Tl. Denoting I = {1,2}, we
obviously have A; = Ap. By Proposition 3.4, there exists a binary net on I’; we only
have to show that it is simultaneously a binary net on I. It is obviously sufficient to verify
the statement for an integer net.

There is no problem with (3.22a). Turning to (3.22b), we only have to prove one
statement:

(@Z)Bl (m + ]_) . 1B1,¢B2<h) . ]_B2) f\?3 (¢Bl (m) . 1B1,¢B2<h + ].) . 1]32) (337)
for all mg, < m < mf, —1 and mg, < h < mg, —1. From (3.22b) for I', we immediately

derive (¢B1 (m+1)-1B1, @Z)BO(O)'lBO) f\91 (1/}]31 (m)-1B17¢BO(1)'1B0) and (¢BO(1)']—BO>¢B2(h)'
1g2) ~& (¥po(0) - 1o, ¥p2(h + 1) - 1g2). Now Lemma 3.3.4 implies (3.37).

Finally, checking (3.22¢) and (3.22d) (for ¢ = 3) is done in essentially the same manner
as in the proof of Proposition 3.4. O]

In a similar style, Lemma 3.4.2 can be proven for other configurations involving three
players; connected sets of more than three players can also be dealt with successfully.
What is lacking is a uniform procedure proving the lemma for any number of players and
any configuration of T;’s. Most likely, one should argue by induction, ordering I in the
way described in Lemma 3.2.3; it is also possible that a more detailed system of auxiliary
notions and lemmas is needed.

4 Acyclic Patterns

4.1 Preliminaries

As usual, we call a set endowed with a partial order a poset; a set with a preorder will
be called a proset. With every proset X, we associate its reverse X*, which is the same
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set with the “reversed” preorder, y =" x <= x > y, and a poset X/ ~ consisting of
equivalence classes; there is a natural “projection” p mapping X onto X/ ~.

Let X and Y be two prosets. A mapping f: X — Y is increasing if y ~ x = f(y) =
f(x) and y = = = f(y) = f(x); f is decreasing if it is increasing as a mapping X — Y
(or, the same, X" —Y').

Let X be a proset; we denote By the set 2% \ {0} with the following preorder =*:
Y S 7 = MWyevY\ZVreYNZVzeZ\Y (y=a> 2). (4.1)

It is easy to see that Y ~* Z implies either Y = Z ory ~ z forall y € Y, z € Z, and that
{y} 2 {z} iff y = z. The last equivalence implies that a mapping f : X — Y is increasing
if and only if it is increasing as a mapping X — By which happens to be single-valued.

Remark. When X is a chain, > coincides with Veinott’s order on sublattices (Topkis,
1979). If X is only a lattice, they differ. If X is just a proset, or even a poset, Veinott’s
order cannot be defined at all.

A pseudochain is a finite sequence 2°, . .., 2™ € X such that foreach k = 0,1,...,m—1
either 251 = 2% or 2F = 2**1. For every a,b € X, we define deg(a,b), the degree of
comparability of a and b in the following way. If a and b are comparable, deg(a,b) = 0;
if a and b are incomparable, but there exist ¢,d € X such that ¢ > a, ¢ = b, a > d, and
b = d, then deg(a,b) = —1; if there is no pseudochain such that z° = a and 2™ = b,
then deg(a,b) = —oo. If none of the previous conditions is satisfied, then deg(a,b) =
—[minimal m for which there exists a pseudochain with z° = a and 2™ = b]. In the
case of deg(a,b) = —2, it is useful to distinguish two situations: when a and b have
a common upper bound, we write deg(a,b) = —2,; when they have a common lower
bound, deg(a,b) = —2;. (When deg(a,b) = —m with m > 2, there are also two different
situations, but we never have to distinguish between them).

Thus, deg maps X x X to D = {0,—1,—2,,—2;,—3,... — oo}, with a natural partial
order on the latter set (so that —2, and —2; are incomparable). Strictly speaking, a
notation like degy (a,b) would be more accurate, but we rely on the context. When
X is replaced with X7, the degrees —2, and —2; replace each other whereas every other
deg(a, b) remains the same. It is worth noting that D contains no infinite strictly increasing
sequence, hence every subset contains a maximal point.

Lemma 4.1.1. Let X and Y be prosets, and ¢ : X — Y be increasing; then deg(z,y) <
deg(p(x), ¢(y)) for all z,y € X.

Proof. 1f 2°,... 2™ is a pseudochain in X, then ¢(z°),...,p(2™) is a pseudochain in
Y. ]

Lemma 4.1.2. Let A, B€Bx,ac€ A, and b € B\ A; then deg(a,b) > deg(A, B).

Proof. If A > B or B ¥ A, then a = b or b = a, respectively, by (4.1). Let deg(A, B) €
{—1,—21}; then there is C such that A ~* C'and B »* C. If b € C, then b € C'\ A and the
previous argument implies a > b; if b ¢ C, then b = ¢ for every ¢ € C. Now if a € C, then
b = a; otherwise, a > ¢ for every ¢ € C. Since C' # (), we have deg(a,b) > —2;. Dually,
if deg(A, B) > —2,, then deg(a,b) > —2,. It follows immediately that deg(a,b) > —1
whenever deg(A, B) = —1. For deg(A,B) = —m < —2, a straightforward induction
works. Finally, if deg(A, B) = —oo, there is nothing to prove. [
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Lemma 4.1.3. Let X be a poset and Y a proset; let 2,2’ € X, and y",y € Y be such
that deg(x”,2") < min{—1,deg(y”,y')} and deg(y”,vy') € {0,—1, -2, —2,, —oc}. Then
there is an increasing mapping A : X — 'Y such that A\(z') =y and \(2") =" .

Proof. Let deg(y”,y’) = 0; since the roles of 2/ and z” are symmetric, we may assume
y" = y'. We define \(z) = ¢" if x > 2" and \(z) = 3/ otherwise. Clearly, if 2% > 2!, then
A(2?) = " whenever A\(z!) = 9", ie., A\ : X — Y is increasing.

Let deg(y”,y) = —1 and y~ < ¢/,y" < y*. We define A\ : X — Y by A\x) = y*
whenever x > 2/ and x > 2", AM(z) = y” whenever x > z” but not z > 2/, A\(z) = ¢/
whenever z > 2/ but not = > 2", and A(z) = y~ otherwise. It is easily checked that A is
increasing.

Let deg(y”,y") = —2, > deg(a”,2') and v/,y" < y*. We define A : X — Y by
A(x) = y” whenever &’ > z, A(x) = v’ whenever 2’ > z, and A\(z) = y* otherwise. It is
easily checked that A is increasing. For deg(y”,y’) = —2; > deg(z”,2’), an appropriate A
is defined dually.

Finally, let deg(y”,y") = —oo = deg(z”, z’). We define A(z) = y” whenever deg(z”, x) >
—oo and A(z) = ¢ otherwise. A is obviously increasing. O

Lemma 4.1.4. Let X be a poset and Y a proset; let ", 2’ € X, and y",y' € Y be such
that y" = v/, but not ¥’ > x”. Then there is an increasing mapping X : X — Y such that

Az') =y and MN(2") =y".

Proof. We define A(z) = y" if x > 2” and A(z) = ¢’ otherwise. Clearly, A : X — Y is
increasing. 0

4.2 Endomorphisms

Theorem 5 of Kukushkin (2003) establishes a condition on a proset necessary and suf-
ficient for every increasing mapping (or correspondence) of the proset to itself to be
acyclic. Clearly, acyclic endomorphisms may exist even when the condition is violated
and it would hardly make sense trying to describe all of them. Here we are interested
in endomorphisms acyclic because of their “indifference maps”; a trivial example is when
everything is mapped into the same point — it does not matter which point is chosen.

A ((weakly) Q-)acyclic pattern for (multivalued) endomorphisms consists of a proset X
and a mapping ¢ of X onto a poset ® such that, for every increasing mapping A : & — X
(A: @ — Bx), the superposition Aoy : X — X (Ao : X — Bx) is ((weakly) Q-)acyclic.

Example 4.1. Let X = [0, 1]x [0, 1] with the standard order, and f(x,x2) = (21/2, 22/2).
Then f : X — X is acyclic, but there is no acyclic pattern here: defining A(x1,x2) =
(229, 2x1) (for (z1,22) € f(X)) and g = Ao f, we obtain g(x1,23) = (22, x1), which is
obviously not acyclic.

Proposition 4.1. Let ¢ be a mapping of a proset X onto a poset ®. Then the following
statements are equivalent.

1. (X, p,®) is an acyclic pattern for endomorphisms.

2. (X, ¢, ®) is an acyclic pattern for multivalued endomorphisms.
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3. The following conditions,
yzx=oy) > ex) (4.2a)
and
deg(z,y) < 0= deg(z,y) < deg(p(x), p(y)), (4.2D)
hold for all x,y € X.

Proof. Sufficiency. Let (4.2) hold; we have to prove that (X, ¢, ®) is an acyclic pattern
for multivalued endomorphisms.

Let A : ® — B be increasing and 2°, 2!, ... be an infinite iteration path. Whenever
deg(z*, zFt1) < 0, we have deg(z"™, 2%2) > deg(\ o (), A 0 p(z*1)) > deg(p(z),
o(x*1)) > deg(2*, 2*1) by Lemma 4.1.2 and (4.2); so there may be only a finite number
of such steps. When deg(z*, z*t1) = 0, we can argue exactly as in the sufficiency proof
for Theorem 3 below.

Necessity. Now let (X, ¢, ®) be an acyclic pattern; we have to prove (4.2).

Supposing (4.2a) violated for a,b € X such that b = a, we apply Lemma 4.1.4,
obtaining an increasing mapping A : ® — X such that A(p(a)) = b and A(¢(b)) = a.
Obviously, A o ¢ admits a cycle (actually, it admits no fixed point).

Now let (4.2a) hold for all z,y € X, but (4.2b) be violated for some a,b € X. If
deg(a,b) € {0,—1,—2),—2,,—0cc}, then deg(a,b) = deg(p(a), (b)) by Lemma 4.1.1.
Invoking Lemma 4.1.3, we obtain an increasing mapping A : ® — X such that A(¢(a)) =b
and A\(p(b)) = a. Again, X o ¢ admits a cycle.

If deg(a,b) = —m < =2, let 2° ..., 2™ be a pseudochain with z° = a and 2™ = b.
Then deg(z°,2%) € {—2;,—2,}, hence deg(p(x°),p(2?)) > —1 by the previous argu-
ments, hence either o(2°), (z'), o(2?),..., p(x™) or (z°), p(z?), p(z?),..., (™) is a
pseudochain, hence deg(p(a), (b)) > 1 —m. O

Corollary. If X contains both a greatest and a least points, then ¢ : X — ® is an acyclic
pattern for (multivalued) endomorphisms if and only if ¢ is increasing and ® is a chain.

The corollary is applicable, in particular, to complete lattices.

Remark. Even when X is a lattice, Proposition 4.1 would not survive the replacement
of > with Veinott’s order.

Example 4.2. Let X = {a,b,c,d} with the order a < b < d, a < ¢ < d, and b and ¢
incomparable. We define F': X — 2%\ {0} by F(a) = F(b) = {a,c} and F(c) = F(d) =
{b,d}; clearly, there is a cycle: b — ¢ — b. On the other hand, F' can be represented

as the superposition of two increasing mappings X > {0,1} 2 L, where L consists of
sublattices of X with Veinott’s order. Since {0,1} is a chain, ¢ obviously satisfies (4.2b).

Proposition 4.2. For every proset X, the following statements are equivalent.

1. FEwvery increasing mapping X — X 1is acyclic.
2. Every increasing mapping X — Bx s acyclic.

3. The preorder = is complete.
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Proof. 1t follows immediately from the definitions that Statement 1 (2) holds if and only
if the projection p : X — X/~ is an acyclic pattern for (multivalued) endomorphisms.
The projection is increasing and the equality deg(2’, z) = deg(p(z’), p(x)) is obvious. If >
is an ordering, (4.2b) holds by default. Conversely, = must be complete because otherwise
we would have to satisfy an inequality deg(z’, x) < deg(p(z’), p(x)). O

Remark. Since our definition (4.1) is less exacting than the similar definition in Kukushkin
(2003, Section 4), Proposition 4.2 is a bit stronger than Theorem 5 from that paper.

A proset X and a mapping ¢ of X onto a poset ® is a universal ((weakly) Q2-)acyclic
pattern for (multivalued) endomorphisms if every subset X’ C X with the restriction of
¢ to X" and ¢(X') is a ((weakly) €2-)acyclic pattern for (multivalued) endomorphisms.

Theorem 3. Let ¢ be a mapping of a proset X onto a poset ®. Then the following
statements are equivalent.

1. (X, p,®) is a universal acyclic pattern for endomorphisms.
2. (X, p,®) is a universal acyclic pattern for multivalued endomorphisms.

3. @ is increasing and P is a chain.

Proof. Sufficiency. Let both conditions listed in Statement 3 hold. Since they are
obviously inherited by subsets of X, we only have to prove that A\ o ¢ is acyclic whenever
A1 ® — By is increasing.

Let us assume that there is an iteration cycle, i.e., a mapping 7 : N — X such that
(k) ¢ Aopom(k) > w(k+1) for all k, and 7(0) = w(m) for an m > 0. We denote

Yt={keNlgpon(k+1)>pom(k)&n(k+1)=m(k)};

Y- ={keN|gpon(k+1)<gpon(k)&n(k+1)<n(k)}.

Lemma 4.2.1. Let k > 0; then either k € X1 or k € X7, In the first case, (k+1) € XF;
in the second, (k+1) € X~.

Proof. Since ® is a chain, pom(k —1) and ¢ o (k) must be comparable. If they coincide,
then Aopom(k—1) = Nogpomn(k), hence (k) € Aopon(k) and the path could not have
continued further. Let pom(k) > pom(k—1), hence Aopom(k) ¥ Nopom(k—1). Since
w(k+1) € Aopomn(k) and (k) € Nopom(k—1)\ Aopomn(k), we have w(k+1) = m(k),
hence pom(k+1) > pom(k). An equality would imply the impossibility to continue the
path further; therefore, &k € X*. Dually, if p o w(k) < ¢ om(k — 1), then k € X~

If £k € X7, then n(k +2) € Aopom(k+ 1) ¥ Aoy omn(k) while n(k + 1) €
Aopom(k)\Aopom(k+1); therefore, m7(k+2) = n(k+1), hence pom(k+2) > pom(k+1).
Again, an equality would imply the impossibility to continue the path further; therefore,
(k+1) € ¥T. The case of k € ¥ is treated dually. O

Now if 1 € X7, then the sequence {m(k)}ren is strictly increasing; if 1 € X7, it is
strictly decreasing. In either case, no cycling is possible.

Necessity. Let (X, ¢, @) be a universal acyclic pattern; we have to prove Statement 3.
First, ¢ must be increasing by (4.2a) from Proposition 4.1. If there are z,y € X such
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that ¢(x) and ¢(y) are incomparable in ®, we denote X' = {z,y}. Clearly, degy/(y,z) =
deg,x/(¢(y), p(x)) = —oo. Therefore, (4.2b) is violated, hence (X', ¢|xs) cannot be an
acyclic pattern by Proposition 4.1. O]

Theorem 4. Let ¢ be a mapping of a metric proset X onto a poset ®. Then the following
statements are equivalent.

15 a universal weakly Q-acyclic pattern for endomorphisms.

(X, @)

- AX, @, @) is a universal Q-acyclic pattern for endomorphisms.

(X, @, @) is a universal weakly Q-acyclic pattern for multivalued endomorphisms.
(X, ®)

1s a universal Q-acyclic pattern for multivalued endomorphisms.
The following conditions hold: ¢ is increasing (4.2a); ® is a chain;

if o — 2% 2" 2F and o(aFTY) > () for all k, then p(z¥) > p(2°); (4.3a)
if o8 — 2% 2" < 2R and (") < p(2¥) for all k, then o(3¥) < p(2°); (4.3b)

there is no pair of infinite sequences {Ik}k 0.1,. and {yh}h:O,L,_, such that

N R T

e(y") > o) > o) > p(a*) for all k and h,
o) > o(y"), and p(y*) < ¢(z°). (4.3c)

Proof. Sufficiency. Let all the conditions listed in statement 5 hold. Since they are
obviously inherited by subsets of X, we only have to prove that Aoy is Q-acyclic whenever
A ® — By isincreasing. Since Aoy is acyclic by Proposition 4.1, we only have to discard
the possibility of an infinite iteration cycle.

Let us assume that there is such a cycle, i.e., a mapping 7 : ¥ — X (where ¥ is
a countable well ordered set) satisfying (2.4) and such that 7(0) = 7(3) for a 3 > 0.
Without restricting generality, 3 € Yy, and 7(0) # 7(3) for any 3 < 3. It is more
convenient here not to assume 3 = max¥; we assume instead that (3 + k) € ¥ for
all natural k£ and denote ©* = {3 € | 3 < 4 1}. Without restricting generality,
(3 + 1) = m(1). We define ¥, %~ C ¥ as in the proof of Theorem 3, only replacing
k € N with g € 3.

Lemma 4.2.2. Let 3 € Yi,; then either 3 € X1 or f € X7, In the first case, (B +1) €
Xt in the second, (B+1) € 7.
The proof is exactly the same as in Lemma 4.2.1.

Lemma 4.2.3. Let X, NX* >y > G € X. Then: pon(y) > pon(f) and w(y) = w(0)
whenever € X pon(y) < pon(B) and w(vy) < 7(5) whenever 3 € ¥~

Proof. We argue by (transfinite) recursion. If v = 1, only § = 0 is admissible, and the
statement immediately follows from the definition of X1 and X~.

Supposing the statement holding for some v € ¥, (and all # < ), let us derive it for
v+ 1. If 8 =7, the definition of ¥ or X~ suffices. Let ¥ > 3 < 7; by Lemma 4.2.2,
(8+1) € X" too. By the induction hypothesis, ¢ o w(y) > p o w(3+ 1), hence

Aopon(y) ¥ Aogpon(B+1) = Aopon(f). (4.4)
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The middle term in (4.4) contains 7(5+2), but does not contain m(3+1). Since 7(5+2) >
7(8+1), there must hold 7(5+1) ¢ Aopom(y). Since the left hand side of (4.4) contains
7(y+1), while the right hand side contains 7(8+1), we obtain w(y+1) = w(5+1) > 7(5),
hence pom(y+1) > pom(B+1) > pomn(f), i.e., the statement of the lemma holds for
[ and v+ 1 as well. The case of § € X7 is treated dually.

Finally, let v¥ € Y5, and the statement of the lemma hold for all § < v < ~¥; we
have to prove it for v+ 1. Let ¥t 3 3 < 4. By Proposition 1 from Kukushkin (2005a),
there is a sequence v¥ — ~* such that 7(v*) — 7(7¥), ¥**1 > 4% and +* € %, for
all k. Suppose first that there is an infinite number of & for which v¥ € Y*: without
restricting generality, 4% € X* for all k and 4° > § + 1. By the induction hypothesis,
m(v* ) = w(¥*) = 7(B) for all k. Then (4.3a) is applicable (with 2% = 7(¥*)), implying
pom(v*) > pom(y?) > pon(B+1) > ¢pom(B) (both strict inequalities follow from the
induction hypothesis). Now we derive m(7* + 1) > 7(5) with a reasoning similar to that
of the previous paragraph: If 7(5 4+ 1) € Ao p o w(y¥), then w(7* + 1) = 7(8 + 1) from
T(B+1) ¢ Aopom(f+1) X Aopon(y¥) 2 (y¥ + 1); otherwise, 7(v* + 1) = 7(5+ 1)
from 7(6+1) ¢ Aoporm(y¥) 2 dopon(B+1)>7(B+1)and 7(7“ +1) € Aopom(y¥).

Let us suppose that 4% € £+ only for a finite number of k; without restricting gen-
erality, ¥ € X~ for all k. Picking the least v > [ which belongs to ¥~, we notice
from Lemma 4.2.2 that it is either a limit point or an isolated point following a limit
one. In either case, there is v € Xy, such that § < 4* < ¥, (v* + 1) € X7, and
Y N{y e X pf <y <®} =0 It is clear from the proof of Lemma 4.2.1 that
©(7>°) > (7> + 1). By Proposition 1 from Kukushkin (2005a), there is a sequence
B*¥ — 4% such that 7(8%) — w(y*>°), f** > 3% and B* € X, for all k; without re-
stricting generality, 3° > 3 + 2. By the choice of 4*°, we have v* € Xt for all k, hence
(B = w(B%) and ¢ o () > ¢ o w(B*) by the induction hypothesis. Besides,
pom(y™®) > ¢omn(f) and w(y>° 4+ 1) > 7(F) for the same reason as in the previous para-
graph. Moreover, we have m(3%) < 7(y") and g o (8*) < pom(4") for all k and h, as well
as (") = w(y") and pom(y") > pom(y 1) for all h, by the induction hypothesis. Now
an assumption that pom(y¥) < pom(f+1) would imply g om(y¥) < pon(5+2), hence
ok = (%), y* = 7(y"), 2¥ = 7(y>°), and y* = 7(1*) form a configuration prohibited by
(4.3c). Therefore, ponm(y¥) > pom(B+1) > pom(f), hence m(y“+1) = n(B+1) > 7(5)
and g o(y¥ 4+ 1) > pomw(B). O

Now if 1 € £*, then 7(8+1) > m(1) by Lemma 4.2.3; if 1 € ¥, then 7(6+1) < m(1).
In either case, we have a contradiction with (5 + 1) = m(1).

Necessity. Now let (X, ¢, ®) be a universal weakly Q-acyclic pattern for endomor-
phisms. The necessity of the first two conditions was established in Proposition 4.1, we
only have to prove (4.3).

Supposing (4.3a) violated, we define X' = {2}, U {2“} C X and &' = (®); they
must form a weakly Q-acyclic pattern. Then we define A : & — X’ as follows: whenever
v < (%), M(v) = 2°; otherwise, A(v) = z* whenever v < ¢(z!); ... otherwise, A\(v) = x*
whenever v < ¢(2¥) ... By our assumption, \ is defined and increasing on the whole @’
Now we pick 20 = 2¢; then 2! = X o0 ¢(2%) = 2°; by induction, 2**! = X o ¢(2F) = z*.
Therefore, ¥ — 2% = 2%, i.e., A 0 ¢ admits a narrow cycle “of the length w.”

The proof of the necessity of (4.3b) is dual.

Supposing the existence of a pair of sequences prohibited by (4.3c), we define X’ =
{2*}, U{a*} U {y"}, U {y¥} C X and @' = o(®); they must form a weakly Q-acyclic
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pattern. Then we define A : ® — X in a similar way. Whenever v < ¢(z°%), A(v) = 2Y;

otherwise, A(v) = z* whenever v < ¢(z!); otherwise, ... A(v) = 2 whenever v < p(z¥) ...
If v > @(x*) for all k, we define \(v) = y° whenever p(y°) < v; ... otherwise, A(v) = y"
whenever p(y") < v; ... By our assumption, A is defined and increasing on the whole @’

Now we pick 2° = y*; then 2zt = X 0 p(2%) = 2°; by induction, 2**1 = X 0 p(2*) = 2*.

Therefore, z¢ — 2 = 2. Now ¢t = X o p(2¥) = 3° by induction, z*+th*l = X o
©(z#*h) = y". Finally, z2*" 0 i.e., Aoy admits a narrow cycle “of the length
w4 w.” O]

— ¥ =z

4.3 Two players

A pattern for reactions is defined by a finite set N (of players), and a set X, a poset ®;
and a mapping ¢; : X_; — @, for each ¢ € N; we usually assume that ¢; is onto. Given a
pattern for reactions, a derivative system of (multivalued) reactions is defined by subsets
X; € X; and increasing mappings \; : ®&; — X (®; — Bx/) for all i € N; in terms
of the definition of Section 2, we assume R; = \; o ;. A universal (-)acyclic pattern
for (multivalued) reactions is a pattern for reactions such that every derivative system of
(multivalued) reactions is (€2-)acyclic. If the acyclicity is only ensured when X! = X;, we
drop the adjective “universal.”

Remark. One could think that considering N’ C N would widen the scope of derivative
systems; however, a singleton X! is equivalent to the exclusion of player i.

In this subsection, we only consider #/N = 2, using the term “bilateral reactions.” The
assumptions that N = {1,2} while ¢ and j are always distinct members of N simplify
notation considerably.

Proposition 4.3. Let ¢, and py be surjective mappings p; : X; — ®;, where each X; is
a proset and each ®; is a poset. Then the following statements are equivalent.

1. (Xy, X, 1, 2, 1, Po) is an acyclic pattern for bilateral reactions.
2. (X1, Xo, 01,92, P1, Dy) is an acyclic pattern for multivalued bilateral reactions.

3. At least one of the following conditions holds:

i [#; = 1]; (4.52)

Fi [Vai, x; [deg( (), pi(w:) > —o0] &
Val, wyx) = ay = () = @;(x;)] |5 (4.5b)

ViVay, x; (2] = v = ¢i(2]) > pi@)] &
Vd € D\ {0} i V), x; [deg(a), x;) = d = deg(pi(x)), pi(x;)) > d]; (4.5¢)

or (4.5¢) holds when ®y is replaced with ®] and Xy with Xj. (4.5d)
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Proof. Sufficiency. Let us prove that Statement 3 implies Statement 2; let A\, Ay : &; —
By, be fixed and 2° x',... be an infinite iteration path. Deleting the first point from
the path if needed, we may always assume that z* ¢ X\;i(p;(22%)) 3 27", 22 = 2341

J j
2kl _ 242 kA1 £\ [ (o 2kH] 2k+2
" =2y and 2T & Nj(wi(a ) 3 5T for all k.

If (4.5a) holds, then z; can change only once, hence no iteration path can include
more than three steps (i.e., four points).

If (4.5b) holds, then, similarly, deg(p;(z3), p:i(x})) > —oo, hence, by Lemmas 4.1.1
and 4.1.2, deg(x7], x?) > —oo0, hence the second term in (4.5b) implies that ;(z}) =
@;(23), hence x} =z} € \; (goj( 1)), so the path must have stopped.

Suppose that (4.5¢) holds. Then deg(z;"*?, 22) < deg(;(27"*?), @i(22)) < deg(x7**?,
22 < deg(p; (2347?), (a3 H)) < deg( 2k+4 22¥%2) by Lemmas 4.1.1 and 4.1.2. When—

ever deg(22"2 x2¥) < 0, the second term in (4. 50) implies that at least one of the inequal-
2642 2k)

ities is strict. Therefore, there may only be a finite number of steps with deg(z;""=, z;

0. Once deg(z; 2k+2 ka) = 0, we argue exactly as in the sufficiency part of the proof of
Theorem 3.

Finally, if (4.5d) holds, then (X7, X3, 1, @2, @1, ®5) is an acyclic pattern by the pre-
vious paragraph; but this is equivalent to (X7, Xs, ¢1, 2, P1, P2) being an acyclic pattern
because Ay : &1 — X5 is increasing if and only if it is increasing as a mapping ] — XJ.

Necessity. Now let (X1, Xy, 1, p2, P1, Po) be an acyclic pattern for bilateral reac-
tions. We have to prove Statement 3. We assume (4.5a) does not hold, hence #X; > 1
for each 1.

First, let us prove that the second conjunctive term in (4.5b) implies the first (hence
the whole (4.5b)). Let there be j such that Va), x; [2} = x; = ¢;(2}) = ¢;(;)]; since
(4.5a) does not hold, there are z; and ’; such that ¢;(z}) # w;(z;), hence deg(z}, ;) =
—oo. Without restricting generality, we may assume that the inequality o;(7;) > ¢;())
does not hold. Suppose, to the contrary to (4.5b), that there are z} and z; Such that

deg(p;(h), pi(x;)) = —oo. If deg(a}, z;) > —oo, there is a pseudochain z; = 2%, ), ...,

" = x}; clearly, there must be k such that deg( (¥, p(2F)) = —o00. Therefore,
without restricting generality, we may assume z; > x;. By Lemma 4.1.4, we have an
increasing mapping A; : ®; — X; such that A\i(p;(z})) = x; and \i(¢;(7;)) = 25 By
Lemma 4.1.3, we have an increasing mapping A; : ®; — X such that \;(p;(x})) = z; and
Aj(pi(r;)) = o, Clearly, this contradicts Statement 1. If deg(}, v;) = —00, we obtain A

and \; with the same properties, just applying Lemma 4.1.3 twice.

Now we may assume, for each 7, the existence of x} and z; such that deg(z},z;) = 0
and ;(z}) # pi(x;). If 2} = z; and deg(p;(z}), pi(w;)) < —1, then we pick z’; and x; such
that deg(z},z;) = 0 and not p;(x;) > @;(7}). By Lemma 4.1.4, there exist increasing
mappings A; : &; — Xj and A; 1 &; — Xj such that \(¢;(z})) = x4, Ni(ps(z;)) = 23,
Aj(pi(x})) = 2, and Aj(pi(w;)) = x;, which clearly contradicts Statement 1.

Thus, we have deg(y;(x}), ¢i(x;)) = 0 whenever deg(z}, x;) = 0 (for each 7). If there
existed @7, x;, ¥, and x; such that ] = z;, wi(x;) > @i(r;), 2 = x5, and p;(2) < @;(z5),
we would apply Lemma 4.1.4 in the same way as in the prev1ous paragraph, obtammg a
contradiction with Statement 1.

Suppose the implication x, = x; = ¢;(x}) > ¢;(x;) holds for each i. Then we only have
to prove the second conjunctive term in (4.5¢c). Suppose the contrary: thereis d € D\ {0}
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such that
Vi 3z}, x; [deg(a, ;) = d = deg(pi(2}), pi(@i))]- (4.6)

Let d* be a maximal d < 0 for which (4.6) is satisfied. If —oco < d¥ < —1, we
pick a pseudochain x; = a9 x! " = 1z} of the minimal length; then ¢;(z;) =
0i(x0), 0i(x}), ..., @i(x™) = @i(z}) is also a pseudochain of the minimal length. Ob-

irLiye o Iy
2

viously, deg(ml,xz) € {—2;,—2,} because otherwise either z! or z? could be deleted
from the pseudochain. The same consideration works for deg(p;(2?), ¢;(2?)), implying
that we could replace x} with z?. Therefore, d* € {—1,—2;, —2,, —occ}. Now we apply
Lemma 4.1.3, obtaining increasing mappings A; : ®; — X; and A; : ®; — X, such that
il () = i, Nilpj(x))) = 27, Aj(wilay)) = 2 and A (@i(z;)) = x;, which contradicts
Statement 1.

Finally, if both ¢;’s are decreasing, then the argument of the previous paragraph,
applied to (X1, X3, @1, 2, D}, o), establishes (4.5d). O

Corollary. If each X; contains both a greatest and a least points, then (X1, Xa, @1, @2, D1,
®y) is an acyclic pattern for (multivalued) bilateral reactions if and only if either (4.5a)
holds, or at least one of ®;’s is a chain and p;’s are either both increasing or both de-
creasing.

The corollary is applicable, in particular, to complete lattices.

Theorem 5. Let ¢ and @s be surjective mappings ¢; : X; — ®;, where each X; is a
proset and each ®; is a poset. Then the following statements are equivalent.

1. (X1, Xo, p1, @2, @1, Po) is a universal acyclic pattern for bilateral reactions.

2. (X1, Xo, @1, 02, D1, P2) is a universal acyclic pattern for multivalued bilateral reac-
tions.

3. At least one of the following conditions holds:

Ji [#D; = 1]; (4.7a)
Ji [ [®; is a chain] & V', x; (2] = x; = ;(x) = @;(x;)] |; (4.7b)
Ji [ ®; is a chain] & ViV, x; [ = x = 0i(2)) > @i(z:)]; (4.7¢)
Ji [ D, is a chain] & ViV, x; [, = x = 0i(x]) < @i(x;)]. (4.7d)

Proof. Sufficiency. Let us prove that Statement 3 implies Statement 2. If one of con-
ditions (4.7) holds for (X1, X, 1, @2, @1, o), then the corresponding condition (4.5) ob-
viously holds for every derivative system. Now a reference to the sufficiency part of
Proposition 4.3 settles the matter.

Necessity. Let (X7, Xs,¢1, 92, 1, Py) be a universal acyclic pattern for bilateral
reactions. We have to prove Statement 3.

If both ®; are not chains, i.e., there are 2}, z; € X; for both i such that ¢;(«}) and
@i(x;) are incomparable, then we consider the restriction of our pattern to X! = {«, x;}.
Conditions (4.5a) and (4.5b) do not hold. If the relation > holds for any pair in either
X/, then the first conjunctive terms in (4.5¢) and (4.5d) are also violated; if everything
is incomparable in each X/, then the second conjunctive terms in (4.5¢) and (4.5d) are
violated for d = —oo. In either case, we cannot have an acyclic pattern by Proposition 4.3.
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Let ®; be a chain, but both (4.7a) and (4.7b) not hold: there are 2} = z; such that
wj(x}) # @j(x;). We pick X] = X; and X} = {2}, 2;}. For the restricted pattern, (4.5a)
and (4.5b) cannot hold, hence either (4.5¢) or (4.5d) holds. By the way, the second
conjunctive term in either condition holds by default since ®; is a chain; what matters is
that ¢; and ¢, are either both increasing or both decreasing. Since X| = X; and #®; > 1,
the monotonicity must be the same for any other pair {z/’, 2/}, i.e., we have either (4.7c)

or (4.7d). O

4.4 More than two players

Theorem 6. Let #N = 3 (we always assume that i, j, and k are distinct members of
N); let, for each i € N, V; be an open interval in R (bounded or not), V_; = V; x Vi, and
w; - Vi — R be continuous and strictly increasing in each argument. Then the following
statements are equivalent.

1. (Vi i, 0i(V_i))ien is a universal acyclic pattern for singleton reactions.
2. (Vi i, 0i(V_i)Yien is a universal acyclic pattern for multivalued reactions.
3. Vi, 0i,0i(V_i))ien is a universal Q-acyclic pattern for singleton reactions.

4. There are continuous and strictly increasing functions p; : V; — R and »¢; : (,uj(V})—i-
1i(Vi)) — R such that

pi(vs, o) = s (5 (v;) + pu(vi)) (4.8)

forallie N, v; € V;, and vy, € V.

Proof. The sufficiency part consists of references. By Theorem 1 from Kukushkin (2004a),
Statement 4 implies Statement 2. By Theorem 2 from Kukushkin (2005b), Statement 4
implies Statement 3 (actually, multivalued reactions were also allowed there, but under a
stronger monotonicity condition than here). Either obviously implies Statement 1.

Let us prove that Statement 1 implies Statement 4; let (V;, @i, ¢i(V_;))ien be a uni-
versal acyclic pattern for singleton reactions.

Lemma 4.4.1. Let v, v eV,

@i(V}, k) = pi(vj, ) (4.9a)
and

QOj(UZ/-, Uk) == Spj(viv U;c)? (49b)
then

wr(vi, v5) = or(vi, v)). (4.9¢)

Proof. Without restricting generality, vj, > v, for all h € N. Suppose the contrary, say,
or(v;,v;5) > pr(vi, v;). There is ¢; > 0 such that v; — &; > v; and
o (v; — 0i,v5) > or(vi, V). (4.10a)
From (4.9b), we have ¢;(v] — 0;,v) < @;(v;,v},); by continuity, we may pick d; > 0 such
that v, — 0 > vi, and
i (Vi — 05, v) < @j(vi, vy — ). (4.10b)
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By monotonicity from (4.9a),
iV}, vr) > i(vy, v, — O). (4.10c)

Now we define X = {v;,v}} and X;, = {vp, v} — dn} for b = i, k. We also define
At on(Von) — Xn, h € N, by Ai(t) = v if £ < @i (v}, vg) and \i(t) = v; — §; otherwise;
Aj(t) = v; if t < pj(vi, v}, — 6;) and \;(t) = v} otherwise; A (t) = vy, if ¢ < wp(v; — di, v5)
and A\g(t) = v}, — dx otherwise. It is easy to see that the system defined by the same N,

the same X} and r;, = A\, 0 ¢, (h € N) admits an iteration cycle:

(Uiavg'avk) i> (U; - 5i7”§'77jk) i> (U; - 5iavjavk)
" Lk

(UZ‘,’U;-,U]/C _516) <J_ (Uiuvj7v;<;_5k) L (U; _5’i7vj’vllc _5’€)

]

Actually, Lemma 4.4.1 is sufficient for (4.8). This is not quite obvious, but we do not
have to produce the shortest proof. Therefore, we invoke the proof of Theorem 2. Let us
assume A = N, T; = N\ {i}, and preferences »*; represented by ;. There is no obvious
way to check the acyclicity of the aggregate improvement relation, but we can argue in an
indirect way, checking the Basic Lemmas from Subsection 3.3. Lemmas 3.3.1 and 3.3.2
hold by default. Lemma 4.4.1 is equivalent to Lemma 3.3.4 in this particular case. Let
us prove Lemma 3.3.3 in our situation.

Lemma 4.4.2. Let v, v eV, v/ €V,

SOk(UZ{an) = SOk(Uz',’U;), (4.11a)

k(v v;) = @r(vj, vj), (4.11b)
and

©;(vi, ve) = @ (vi, V)5 (4.11c)
then

0;(v], vk) = @;(vi, V). (4.11d)

Proof. Applying Lemma 4.4.1 to (4.11a) and (4.11c), we obtain

(V] ve) = wi(vy, vp). (4.12)
The same Lemma 4.4.1 applied to (4.12) and (4.11b), gives us (4.11d). O

Now the rest of the proof of Theorem 2, taking into account Proposition 3.6, works
without any problem. Since all sets Y; overlap, Gorman additivity means exactly (4.8).
O

Example 4.3. Let N = {1,2,3,4}, V; =R for all i € N, and the functions be as follows:

©1(v_1) = 20y + V3 + vg;
p2(v_2) = 201 + v3 + V4;
@3(v_g) = v1 + V2 + vy
wa(v_yg) = v1 + Vg + vs.
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Each function ¢; is continuous and properly monotonic; they form a universal acyclic
pattern by Theorem 2 from Kukushkin (2005b). (It should be noted that the proof was
based on a trick invented by Huang, 2002, for the study of fictitious play, and used
by Dubey et al., 2006, to produce “pseudo-potentials”). Let us show that the func-
tions cannot be represented in the form (4.8). Supposing the contrary, we notice that
©1(1,0,0) = ¢1(0,1,1), hence pia(1) + p3(0) + pa(0) = p2(0) + p5(1) + p4(1). Similarly,
p3(1,1,0) = ¢3(1,0,1), hence p1(1) + pa(1) + pa(0) = pa(1) + p2(0) + pa(1). Adding
p1(1) to both sides of the first equality and p3(1) to the second equality, we obtain

pa (1) + 2 (1) +3(0) +14(0) = paa (1) + p12(0) + s (1) +pa (1) = o (1) + (1) + (1) + 114(0).
Now p3(0) = ps(1), contradicting the assumed strong monotonicity of p3(-).

Theorem 7. Let #N = 3; let, for each i € N, V; be an open interval in R (bounded
or not), V_; = V; x Vi, and ¢; : V_; — R be continuous and strictly decreasing in each
argument. Then the following statements are equivalent.

1. Bvery derivative system of (Vi, @i, pi(V_i))ien where each player has at most two
strategies admits a fized point.

2. (Vi 0i, 0i(V_i))ien is a universal acyclic pattern for singleton reactions.
3. Vi, i, 0i(V_i)Yien is a universal Q-acyclic pattern for singleton reactions.

4. There are continuous and strictly increasing functions p; : V; — R and »; : (,uj(Vj)—i-
(Vi) — R such that

@i(vj,vr) = =24 (1 (v;) + pu(vr)) (4.13)

forallie N, v; € V;, and vy € V.

Proof. The implications Statement 3 = Statement 2 = Statement 1 are straightforward.
The implication Statement 4 = Statement 3 follows from Theorem 2 of Kukushkin (2005b)
(again, there were multivalued reactions there under a stronger monotonicity condition,
and Example 4 of the same paper showed that it could not be weakened to that of this

paper).
Let us prove that Statement 1 implies Statement 4.

Lemma 4.4.3. Let v, v eV,

@i (v}, vr) = @i(vj, vy) (4.14a)
and

©;(vi, vk) = p;(vi, v); (4.14b)
then

i (vi, ) = or(vi, V). (4.14c)

Proof. Without restricting generality, v; > v, for all h € N. Suppose the contrary, say,
©r(vj,v5) > @r(vy, ;). There is ; > 0 such that

i (v; + i, v5) > on(vi, V). (4.15a)

From (4.14b), we have ¢;(v] 4+ 0;, vx) < @;(v;, v},); by continuity, we may pick d; > 0 such
that
05 (Vi + 0i, v) < @;(vi, V) + O). (4.15b)
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By monotonicity from (4.14a),
@i (v}, vk) > @i(vj, v + Op). (4.15¢)

Now we define X = {v;,v}} and X, = {vp,v) + dn} for b = i, k. We also define
At on(Von) — X, h € N, by Ni(t) = v if t < ¢;(v},v) and \i(t) = v; + §; otherwise;
Aj(t) = vy if t < pj(vi, v, + ) and Aj(t) = v} otherwise; \i(t) = vy, if £ < @i (v] + 6;, v;)
and A\ (t) = v}, + 05, otherwise.

Suppose that (u;, u;, u) is a fixed point of the derivative system of reactions. If u; = v;,
then ¢;(u;, up) < @i(v},vg), hence uy, = vy, + 6y, hence wy(ui, uj) > @p(v; + 05, v;), hence
u; = v;. However, \j o @;(ui, up) = Aj o @j(vi, v, + 0k) = vj # u;. Quite similarly, if
u; = v; + 0, then uy, = v, hence u; = vj # \; o i (g, ug). O

Replacing each ; with —p;, we see that the rest of the proof of Theorem 6 can run
without a hitch, establishing (4.13). O

Remark. An analogue of Statement 1 could not have been added to the formulation of
Theorem 6: every system of increasing reactions with finite chains as the strategy sets
admits a fixed point by Tarski’s (1955) fixed point theorem.

Changing all the signs in Example 4.3, we see that an analogue of Theorem 7 for
#N > 3 is wrong.
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