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Abstract

Connections between aggregation in preferences and the acyclicity of improve-
ments in strategic games are studied in two distinct contexts. The first are games
with common intermediate objectives; the second, games with ordered strategy sets
where each player’s best responses are increasing in an aggregate of the partners’
strategies. A new result on the necessity of additivity is proven for R.W. Rosen-
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1 Introduction

A.A. Cournot addressed the question of whether individual myopic adaption may (or must)
lead to an equilibrium long before the term “game theory” came into use. Similar questions
were raised now and then in various contexts (see, e.g., Topkis, 1979; Bernheim, 1984;
Moulin 1984; Vives, 1990; Milgrom and Roberts, 1991; Kandori and Rob, 1995).

A more systematic approach to unilateral improvement dynamics was originated by
Monderer and Shapely (1996). Milchtaich (1996) observed similarity with the case of best
response improvements. Kukushkin (1999, 2000, 2003) suggested the language of binary
relations and developed transfinite techniques. The crucial question can be formulated as:
Is the individual (best response) improvement relation in a given game [Q-]acyclic? A pos-
itive answer implies that every individual (best response) improvement path, if continued
whenever possible, ends at a Nash equilibrium

This paper is essentially an extension of Kukushkin (2006): conditions for the acyclicity
of improvement relations in strategic games are developed along the same lines.

Concerning “games with common intermediate objectives,” a single result on the ne-
cessity of additivity, Theorem 1 in Section 2, is presented. The result was motivated by
Propositions 4.1 and 5.1 from Kukushkin (2004b); it shows that a “universal separable
ordering” on a finite set must be “additive lexicography.” From a technical viewpoint, the
theorem is distinct from the results on the necessity of additivity for the existence of Nash
equilibrium in Kukushkin (2004b, 2006, 2007).

In principle, Theorem 1 can be viewed as a discrete analogue of the famous Debreu—
Gorman Theorem (Debreu, 1960; Gorman, 1968; see also Wakker, 1989), although it cer-
tainly cannot claim anything approaching the importance of the latter.

The main bulk of this paper is about games with ordered strategy sets where each
player’s best responses are increasing in an aggregate of the partners’ strategies. The class
includes games of both strategic complements and substitutes (Bulow et al., 1985), which
properties are found in many important economic models (Tirole, 1988; Fudenberg and
Tirole, 1991; Topkis, 1998). As is well known, the existence of a Nash equilibrium in a
game with strategic complements can be derived from Tarski’s (1955) fixed point theorem;
however, the latter does not ensure acyclicity. In the case of strategic substitutes, acyclicity
is virtually the only reason for Nash equilibrium existence (in the absence of convexity).

In Section 3, basic notions such as a system of reactions, an iteration path (cycle), and
Q-acyclicity are reproduced. The section also contains a few ways to extend a (pre)order
to nonempty subsets; they are needed to define monotonicity of multi-valued reactions.

In Section 4, a separable ordering is assumed on the space of strategy profiles; in the first
two subsections, it is continuous. Theorems 2 and 3 generalize, to multi-valued reactions,
Theorems 6.1 and 6.2, respectively, from Kukushkin (2000). Theorem 4 is about strategic
complements with discontinuous, to be more precise, lexicographic, aggregation. There are
just three players and the reactions are single-valued; to the best of my knowledge, this is



the first sufficient condition for Q-acyclicity without the continuity of aggregation (apart
from Theorem 6 of Kukushkin (2003), which was about an increasing endomorphism rather
than a system of reactions).

Section 5 explores the possibilities opened by a very interesting technical trick due
to Huang (2002) and Dubey et al. (2006). Theorem 5 proves Q-acyclicity of a “system
of reactions with reciprocal quasi-polylinear aggregates.” The most important economic
interpretation is a game with positive linear externalities, see Example 5.3.

It is instructive to compare the Huang-Dubey-Haimanko—Zapechelnyuk trick with
Novshek’s (1985) construction (see also Kukushkin, 1994) used in the proofs of Theo-
rem 6.2 from Kukushkin (2000), Theorem 2 from Kukushkin (2004a), and Theorem 3 from
this paper. Both defy explanation; both produce “almost” the same result for decreasing
reactions under additive aggregation (by the way, the two potentials in this case seem not
to be related to each other in any way). They are logically independent in the sense that
there is a situation where one works but the other does not: generally, neither separable,
nor linear, aggregation need be additive. However, if one takes into account the relative
importance of the domain of applicability of either approach, the former appears a clear
winner (so far).

The last Section 6 is about a purely mathematical problem of the existence of monotone
selections from correspondences. The situation here is shown to be much more complicated
than was asserted in Milgrom and Shannon (1994). Theorem 6 proves the existence of a
monotone selection from every ascending correspondence to a chain. It implies, in par-
ticular, that the existence of a Nash equilibrium in Theorems 3 and 5 is retained under
weaker monotonicity conditions; actually, we have “restricted acyclicity” in those situa-
tions, which is more than the mere existence of an equilibrium, cf. Kukushkin (2004a,
Sections 6 and 7.7).

2 Universal separable orderings on a finite set

We start with a modification of a concept introduced in Kukushkin (2004b, Section 4.1). A
unwversal separable ordering on V' C R is a sequence of orderings, i.e., reflexive, transitive,
and complete relations, =™ on V™ (m = 1,2,...) such that

1. >=!is the standard order > on V induced from R;
2. for every permutation o of {1,...,m},
(U1, .oy U ~

(symmetry);



/
3. for every m' > m > 1, every (vy,...,0,) € V™ and every (vy,..., v ) € V™
m’ / /
(U1 e ooy Uy ULy ooy Ut ) 220 (U ooy Uy Ung s e v ey Uy ) =

(U1, U =" (0], 0l
(separability).

Theorem 1. For every finite V. C R and every universal separable ordering on V', there is
a natural number n > 1 and a strictly increasing mapping p: V — R™ such that

m m

(W, 0h) 2T (vn ) = p(0)) Zre Y pu(vs) (2.1)

s=1 s=1

for everym > 1, where >1,0¢ denotes the lexicographic order on R™ : first the first coordinate
matters, then the second, etc.

Remark. There is a small discrepancy with Kukushkin (2004b): here we assume com-
pleteness, which was not needed there. It is unclear whether a preorder may satisfy the
above conditions without being complete.

Proof. An interval [v,v'] is a pair of v,v" € V. An interval [v,v'] is positive if v/ > v. A
formal sum Y™, [vs, v}] is called positive if (v}, ..., v],) =™ (v1,...,vy,); by separability, the
sum of positive intervals is positive as well. Since the same interval may be repeated several
times, we also have a notion of a positive combination Y " | ks[vs, v)] with nonnegative
integer k;. Assuming —[v,, v} = [v, vs], we extend the notion to negative ks as well. The
separability of the original ordering implies that a formal sum of two positive combinations

is also positive.

Now we consider the free Abelian group generated by all positive intervals and define

I' = I = [I' — I is positive] for all members I’ and I of the group (with zero positive by

definition). Clearly, = is an ordering consistent with addition (I = 0 <= I' +1 = I');

we define > and ~ as its asymmetric and symmetric components, respectively. It is worth
noting that

[v, '] + [V, 0] ~ [v,0"] (2.2)

by symmetry, and I’ = I <= mlI’ > ml for any m > 0 by separability.

We call [v,v'] an elementary interval if v > v and there is no v” € V such that
v > 0" > v. We denote Q the field of rational numbers and £ the set of all formal
combinations Y " rs[vs, vi] of elementary intervals with rational coefficients. Clearly, Q is
a vector space over Q; since V' is finite, £ is finite-dimensional. Our ordering is defined on
combinations with integer coefficients; we extend it to the whole Q by Z;":/l A R e

S v v, vl = S ko, 0] = SO kry[vs, v)], where k> 0 s an integer such that
all coefficients k-1’ and k-r are integer (it does not matter which particular & is chosen for
the comparison). The extended ordering is still consistent with addition; besides, rI = 0

whenever [ > 0 and r > 0 (r € Q).



Let I',)1 € Q and I = 0; we say that I’ is not Archimedean dominated by I, I' » I,
if there is an integer k such that kI’ > I. For I < 0, we define I’ »= [ = 3k [kI' = —I].
Adding I »= 0 by definition for all I € £, we obtain an ordering; its asymmetric and
symmetric components are denoted » and =, respectively. When I’ ~ I, we say that I’
and I have the same Archimedean rank.

Whenever Iy = 0 and Iy > I > 0, we define
I/Iy=sup{re Q| I =rlj} €R

(an attempt to apply the definition to I » Iy would lead to I/l = +00). When I < 0, we
define I/Io = =[(=1)/Io] = inf{r € Q [ rlo = I}.

Lemma 1.1. Let I,I' [ € Q, [y =0, [y > I', [y > I, and r € Q. Then
(' +1)/1o = (I'/1o) + (I/1o);

(rI)/1y = r(1/1y);
Ios I <= I/I,=0.

Proof. The proof consists of rather tedious checks. Let I’ = 0 and I > 0; then for every
r € Q such that r < (I'/Iy) + (I/1y), we can find ri,r2 € Q such that r +ry = 7,
r1 < I'/1y, and ry < I/1y. By definition, I’ = Iy and I > 791y, hence (I' + I) = rlp;
since r was arbitrary, (I’ + I)/Iy > (I'/1y) + (I/Iy). Conversely, for every r € Q such
that r > (I'/Iy) + (I /1), we can find ry,7y € Q such that ry + 7y =7, 1 > I'/lj, and
ro > I/Iy. By definition, I < r1Iy and I < ryly, hence (I'+1) < rly; since r was arbitrary,
'+ 1)/Io < (I'/1o) + (I /1o).

Turning to negative intervals, it is enough to consider I’ = 0, I > 0, and I’—1 > 0; then
for every r € Q such that r < (I'/1y) — (I/Iy), we can find ry,ry € Q such that r; —ry =7,
ry < I'/Iy, and ro > I/1y. By definition, I’ > riIy and I < roly, hence (I' — I) > rly; since
r was arbitrary, (I' — I)/Iy > (I'/1y) — (I/1y). The converse inequality is obtained in a
similar way:.

Checking the second equality, we may assume [ > 0 and r > 0; then rI > rr'ly <~
I i ’I"II().

As to the last equivalence, it is again sufficient to consider I > 0. If nl = I, then
I/Iy > 1/n. Conversely, if /Iy > 0, then I = rl, for every r € Q such that 0 < r < I/I,
hence (1/7r)I = Iy, hence I »> I. O

Let Z be a finite subset of Q; we denote Q(Z) the vector subspace of Q (over Q)
generated by Z.

Lemma 1.2. For every finite subset T # () of 9, there is a natural number n and a
mapping A: Q(Z) — R™ such that X is linear over Q and

VILT€ QI =1 < AI') >pex M)



Proof. We argue by induction in #Z; when it is 1, the statement is obvious. Picking I € 7
with a maximal Archimedean rank, we denote Iy = I if I* = 0 and I, = —I" otherwise.
By Lemma 1.1, Iy »>= I for every I € Q(Z); we denote q(I) = I/Iy. By the same lemma,
q: Q(7) — R is linear over Q; since ¢(Ip) = 1, the kernel of ¢, K = {I € Q(7) | ¢(I) = 0},
is a proper vector subspace of (7). By the induction hypothesis, there is a linear operator
N: K — R"™ representing = on K.

Now we fix a projection p: Q(Z) — K, i.e., a linear operator such that p(I) = I
whenever I € K, and define A\: Q(Z) — R by A\(1) = (q(I), N (p(I))) for every I € Q(T).
Checking that A represents = on Q(Z) is straightforward: if ¢(I") > ¢(I), then obviously
I' = I;ifq(I") = q(I), then (I'—1I) € K, hence A(I') >pex A(I) <= N(I') ZLex N(I) <=
I' =1 L

Since the total number of elementary intervals is finite, Lemma 1.2 implies the existence

of a A representing = on the whole Q. Let V = {v% 0!, ... v™} with v¥ < v*! for every
relevant s. We define s: V — 9 by 5(¢°) = 0 and »(v*) = S5 [v®, v5*1), and pu: V — R”
as 1 = A o 2. By the definition of a positive sum of intervals, (v],... v ) =™ (v1,..., Up)
if and only if Y7 [vs, v)] = 0; by (2.2), [vs, vl] ~ (5¢(v)) — 5¢(v,)). Now Lemma 1.2 implies
(2.1). O

As was shown in Kukushkin (2004b, Proposition 4.1), an arbitrary universal separable
ordering can successfully replace additive aggregation in Rosenthal’s (1973) congestion
games. Very formally speaking, we have thus obtained a generalization. On the other
hand, in a particular game only a finite number of =™ can be relevant and the lexicographic
ordering on R"™ obviously admits a scalar additive representation on every finite subset. The
application of the necessity part of Theorem 1 to a single congestion game is prevented by
the assumption in the theorem that =™ was defined (and well-behaved) for all m > 1.
Moreover, universal separable orderings are needed for Rosenthal’s proof to remain intact;
their necessity for the existence of Nash equilibrium, or even for the acyclicity of individual
improvements, is by no means obvious. All that is true with respect to Proposition 5.1
from Kukushkin (2004b) as well, but here the necessity of separability was disproved by
Example 3.1 of Kukushkin (2006). It should be noted that the example contains a typo
corrected in the pdf version.

3 Systems of monotonic reactions

3.1 Iteration paths

A natural generalization of best response correspondences in a strategic game is a “system of
reactions” (Kukushkin, 2000). Virtually the same object was called an “abstract game” by
Vives (1990); however, he focussed attention on an endomorphism, the Cartesian product
of all reactions.



A system of reactions S is defined by a finite set of players IV, and sets X; and mappings
Ri: X_; — 2%\ {0} for all i € N. A point 2° € Xy =[], Xi is called a fized point of S
if 29 € Ri(2Y;) for all i € N. With every system S, one can associate binary relations on
XNI

YN Df TN = [y,i =ax_; & x; ¢ Rl(.%fl) = yi}; (31&)

yn >° oy = i € N [yy D7 zy]. (3.1b)

Clearly, zy € Xy is a maximizer for >° if and only if z is a fixed point of S. Here we are
interested not so much in the existence of fixed points as in what happens when the iteration
of R;’s is combined with picking limit points. I reproduce basic formal constructions
(Kukushkin, 2000, 2003).

A linearly ordered set is well ordered if every subset contains a least point; Natanson
(1974, Chapter XIV) can be used as a reference textbook. Considering a well ordered
set X, we will denote 0 the least point of the whole ¥, and § + 1, for § € X, the least
point exceeding [ (the latter exists unless 5 = maxX). A point § € ¥\ {0} is called
isolated if B = B + 1 for some (3 € X; otherwise, (3 is called a limit point. Thus, we
have a partition ¥ = {0} U X5 U Xy, Whenever 3,5 € ¥ and g < [/, we denote
6,01 ={yeX|f<y<f}

We always assume that each X;, hence X too, is a metric space. An iteration path for
S is a mapping my: X — Xy, where X is a countable well ordered set, satisfying these two

conditions:
(B + 1) >° 7y (B) whenever 3,8+ 1 € ; (3.2a)

whenever 3% € Yy, there exists a sequence {ﬁk Heen in X for which

G > gF for all k € N, % = sup %, and 7y (6°) = klim mn(B%). (3.2b)
k —00
An iteration path 7y is narrow if

mn (%) = lim 7w (3%)

k—o0

whenever 4 € Yy and a sequence {"}; in ¥ is such that
(* =sup ¥ and g**! > ¥ for all k. (3.2¢)
k

In a general iteration path, limit points are taken at appropriate steps; if the path is narrow,
they are limits.

An iteration cycle is an iteration path 7y such that 7y («) = mn(3) for some a > g € .
Deleting from ¥ all v < § and v > «a, we can assume § = 0 and ¥ = [0,]. A system S
is called Q-acyclic if it admits no iteration cycle. By Theorem 2 of Kukushkin (2003), an
Q-acyclic system of reactions with compact sets X; has a fixed point ([2.1] = [2.6]) and
every iteration path “eventually” reaches one of them ([2.1] = [2.4]).



An w-potential of S is a strict order > on Xy which is w-transitive,
(2% = Jim a* & Vk € N[z*t! = 2¥]] = 2 > 2, (3.3a)
— 00

and satisfies
YN [>S TN = YN > TN (33b>

By Theorem 2 ([2.1] <= [2.2]) of Kukushkin (2003), S is Q-acyclic if and only if it admits
an w-potential (3.3).

3.2 Monotonicity conditions

A reflexive and transitive binary relation is called a preorder; with every preorder >, strict
orders > and <, as well as an equivalence relation ~, are naturally associated. As usual,
we call a set endowed with a partial order a poset; a set with a preorder will be called a
proset. A complete preorder is called an ordering.

Given a set X, we denote By = 2% \ {@}. If X is a proset, there are various ways to
extend the preorder to B . Quite a few of them are used in the following.

Let X be a proset and Y, Z € Bx. We define

Y PP Z=VeeZ3yeYlyrr z; (3.4a)
YA Z=vyeYIzeZy - 2 (3.4b)
Y Z=VyeY\ZVe, ' eYNZVze Z\Y [y=ax~2a' = 2] (3.4¢)

All the three relations are preorders on Bx; if > is an ordering on X, then both »"* and
> are orderings too. Loosely speaking, =P compares suprema of subsets of X, while
compares infima. Clearly, X itself is a greatest point in B x for > and a least for . It

is easy to see that
Y SEP 7 «—= JyeYVzeZly>z); (3.4d)

and
Y 7 = e ZVyecYy 2] (3.4e)

The preorder ** is antisymmetric, i.e., a partial order. If > itself is a partial order, (3.4c)
can be simplified to
Y X7 — YyeYVzeZlyrz]. (3.4f)

When X is a lattice (of most interest for us are just chains), Veinott’s order (Topkis, 1978)
can be defined:
Y Y Z=VWeYVeeZlyvzeY &yhzecZ]. (3.4g)

The relation » is antisymmetric and transitive on By, hence its reflexive closure is a
partial order. It is easy to see that

YR Z=2Y Y 2= Y SPZ2&Y A7

9



whenever X is a lattice and Y, Z € B.

Let S and Y be two prosets. A mapping f: S — Y is increasing if y ~ z = f(y) = f(x)
and y = x = f(y) = f(x); [ is decreasing if y ~ z = f(z) = f(y) and y = = = f(x) =
fy).

When Y = B, where X is a proset, every (pre)order (3.4) generates two versions of
monotonicity. For instance, a correspondence R: S — B, where X is a lattice, is called
ascending (Topkis, 1978, 1998) if it satisfies the condition

Vs',s € S[s = 5= R(s') ¥ R(s)).

4 Separable aggregation

Let > be a binary relation on Xy = X; x Xs. A relation =1 on X is a separable projection
of = to Xj (along Xs) if

(], m2) = (x1,m9) <= 2| =1 21

for all |,z € X; and x5 € X5. Usually X, is clear from the context and not mentioned at
all. Obviously, a separable projection “inherits” all properties inherited by the restrictions
to subsets (as being a preorder, strict order, ordering, etc.). If Xy = X; x Xy x X3 and =
admits separable projections to both X; x X5 and X5 x X3, then > also admits a separable
projection to Xy (Gorman, 1968).

In this section, we consider systems of reactions with separable aggregation. This means
that there is an ordering > on Xy, which admits a separable projection to each X _;.
Therefore, > admits a separable projection to each X; as well; we assume throughout that
it is a linear order. To simplify notation, we use the same symbols, >, > and ~, for all
separable projections. In the two following subsections, we assume that > is continuous,
i.e., both upper and lower contours, {yy € Xy | yv > zn} and {yy € Xy | 2y = yn},
are open for every xny € Xpy. This implies that all projections of > are continuous too;
virtually without restricting generality we assume X; C R.

When dealing with a system of reactions, we employ shortened notations By instead of
By, and B; instead of By,.
4.1 Increasing reactions
Given a preorder > on X_;, we call a mapping R;: X_; — B; increasing (w.r.t. =) if
Vol o € X', = o = Ri(2,) ¥ Ri(xy)), (4.1)

where = is defined by (3.4g). Since » is antisymmetric, (4.1) implies that R;(z" ;) =
Ri(z_;) whenever 2/, ~ z_;.

10



Theorem 2. Let a system of reactions S be defined by a finite set N, compact X; C R and
R;: X_; — B; such that every value R;(x_;) is closed. Let there be a continuous ordering
= on Xy admitting a separable projection to each X_; such that the separable projection of

= to each X; coincides with the natural order > and each R; is increasing in the sense of
(4.1). Then S is Q-acyclic.

Proof. For every Vy = (V;)ien € BY and Y € By, we denote IT(Vy,Y) = {i € N |
VS Yy I (Ve Y) =i € N Y S Vb ot (Vy,Y) = #1T7(Vy,Y), and n=(Vy,Y) =
#1~(Vy,Y). Then we define lexicographic orderings = and =" on BY:

Vi 2 Ve = VY € By [nt (Vv Y) > nt (VYY) =
3Z € By [ZHMY &n(V,Z) > nt (Vv, 2)]]; (4.2a)

Vi, 25 Vy = VY € By [n_(VN,Y) >n"(V3,Y) =
3Z € By Y 2 Z &n™ (Vi, Z) > n~ (Vy, Z)]]. (4.2b)

For every 1 € N, x; € X;, and xny € Xy, we define:
SH(z;) ={z_; € X_i | 7, € Ri(z_;) or Vy; € Ri(x_)[ys > x]};
7 (i) = {2} x S () € Xy N¥(an) = {i € N |77 () 2 {an}
o= {1 TN

/\E@N) = </\:_(xN)>i€N € B%;
X, else;

S;(z;) ={a_; € Xy | 2, € Ri(x—;) or Yy € Ri(w—y)[yi < xil};
7 (z) = {2} X S; () € Xn; N (zn) ={i € N |{on} =P 77 (z) };

B 7, (x;), ifte N (zn); _ B

yv > oy = [[M(zn) F AL (un) & Ay (yw) 25 Ay (zw)] or
A5 (@n) 2 A (un) & Ay (yw) 5P Ay (zn)] ] (4.3)

We denote X =cl U, cx_ Ri(r_;) for each i € N and N°(zy) = {i € N | x; € X7}
for every xny € Xy. Finally, we define

yn = zy = [N°(zy) C NO(yn) or
[N (zn) = N(yn) = M & y_pr = - & yn = zn]]. (4.4)

Clearly, both » and » are irreflexive and transitive.

11



Lemma 2.1. Ifi € N and x; € X?, then S; (z;) U S;" (z;) = X ;.

Proof. Suppose the contrary: there are z; < x; < 2/ and z_; € X_; such that x} € R;(x_;)
and 2! € R;(x_;), but x; ¢ R;(x_;). Since R;(z_;) is closed, there is ¢ > 0 such that
[z; —e,; + €] N Ri(z_;) = 0, hence x} < x; — e and z; + ¢ < 2. Since z; € X, there is
yn € Xy such that y; € R;(y_;) and y;[z; —¢€, z;+¢], hence y_; % x_;. Assuming x_; > y_;,
we have R;(z_;) & Ri(y_;) by (4.1), hence y; = y; V 2 € R;(x_;), contradicting the choice
of y; and e. If y_; = z_;, then, similarly, y; = y; A 2} € R;(x_;). O

Remark. The statement is invalid for z; € X; \ X?. Lemma 2.1 itself would be wrong
without our closed values assumption.

Lemma 2.2. If yy >° xn, then yy %= Tn.

Proof. Let yy >¢ xn. Clearly, y; € X2, hence N°(zy) C NO(yy). If z; ¢ X?, the inclusion
is strict, hence the first disjunctive term in (4.4) holds. Assuming z; € X?, we consider
two alternatives.

Let y; < z;. Then x_; ¢ S (x;), hence i € N™(zy); on the other hand, x_; =
y_i € S (yi), hence i ¢ N*t(yy), hence A\ (xy) #F N\ (yy) = Xy. Since y; = x5
for j # i, we have IT(\\(yn),Y) = IT(\(zn),Y) whenever Y #f 7 (z;), whereas

I (A S (yn), 75 () = TT(\5(zn), 77 (2:)) \ {i}. Therefore, the first disjunctive term of
(4.2a) applies, producing A} (zx) = A\ (yn).

Since z; € X? and x_; ¢ S;"(z;), Lemma 2.1 implies z_; € S; (x;), hence i ¢ N~ (zy).
Since zy = yy and y; = x; for j # i, we have N~ (zy) 2 N~ (yn), hence Ay (yy) =50
Ay (2n). Now the first disjunctive term in (4.3) applies, producing yy » zy, hence yy
IN.

The case of y; > x; is treated dually. O
Lemma 2.3. The relation » is w-transitive.

Proof. Let % — % and 25 s 2% for all & € N. Since each X? is closed, we have

NO(z%) € NO%a%) by (4.4). If the inclusion is strict, the first disjunctive term in (4.4)

ensures that % = 2%,. Otherwise, we have N%(2%) = N%(2%) = M for all k € N, hence
0 w
QﬁfM - '/I;fM

Step 2.3.1. Ifi € N, z},z; € X?, and z}, > z;, then

S (@) © S (wa); Sy (wa)

1

c o
() S () T (a)) BB T (x;). (4.5b)

(3 7 7 K3

S (xh); (4.5a)

)

Proof. Both inclusions in (4.5a) immediately follow from Lemma 2.1. Each relation in
(4.5b) immediately follows from the appropriate relation in (4.5a). O
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Since N is finite while N infinite, we may assume that N (z%) = N* and N~ (z%,) = N~
for all k € N; moreover, we may assume that the (pre)orders induced on N by 7'(4.') (z%) and

=t as well as by U (z%) and =" also do not depend on k. Finally, we assume that
N is partitioned into N = NTUN=UN!, where NT = {i € N | Vk € N[zFT! > 2#]},

={i e N|Vk € Nttt = 28}, Nl = {i € N | Vk € N[zF'! < 2F]}. Clearly,
NT U Nl C M, while ¢ = a:? for each i € N, hence N~ may be ignored.

Step 2.3.2. Ifi € NT, then S;" (2%) = Nyen Si (zF). Ifi € N, then S; (2%) = Nyen Si (2F).

Proof. If x_; € Sjt(x¢) and k € N, then either 2% € R;(x_;) or x_; ¢ S; (z¥). In the first
case, we have z_; € S;"(zF) by definition; in the second, by Lemma 2.1. If x_; ¢ S;"(2%),
then 2% ¢ R;(v_;) > y; < 2. Since R;(x_;) is closed, we have z¥ ¢ R;(z_;) 3 y; < ¥ for
all k € N large enough; therefore, z_; ¢ S (zF).

The second statement is proven dually. O]

Step 2.3.3. Let Y,Y' € By, i € NI, and Y = Y" A0t 7+ (2F) for each k € N. Then
Y At ().
Proof. Suppose to the contrary that 7,7 (z%) & Y; by (3.4e), there is t € Y such that
(z¢,2_;) = t for every x_; € S (2¢). By (3. 4e) and (3.4b), there are ¢’ € Y’ and 2"
SF(zF) for each k € N such that ¢t = ¢’ = (zF, 2*.). Since X _; is compact, we may assume
2P — 2% hence t =t = (3¢, 2¥), hence 22, ¢ SiH(xv). Wlthout restricting generality,
we may assume that elther zkH = 2k, for each ke Nor 2~ - zkH for each k € N. In
the first case, we would have 2%, = sup,, z*, € ﬂkeN SH(x ) = S*( “) by Step 2.3.2. In
the second, z¥, € S; (zh) for all k: h € N, hence 2*, € S;"(2¢), hence ( , 28} =t for each

k € N, which is 1ncompat1b1e with ¢ > (2, 2%,) since > is continuous. O

Remark. Without the continuity assumption, the statement would be just wrong. More-
over, it would be wrong without Y’ in the assumptions.

Step 2.3.4. Let Y)Y’ € By, i € N', and 7; () =" Y’ = Y for each k € N. Then
T, (z¢) PP Y.

(2

The proof is dual to that of Step 2.3.3.

To complete the proof of Lemma 2.3, we consider a couple of alternatives. Let N*T € N=.
Then there must be j € N* NNt such that 7,7 (%) > 7,7 () for each i € N*NNT and k €
N. Step 2.3.3withY = 7.7 (2}) and Y’ = 7} (2?) immediately gives us 7, (27) > 7. (x}) A
7, (x7) for each i € N* N NT. Therefore, n*(A{ (z%,), 7, (29)) > nf()\]t,(:c‘f\,), 7,7 () while
nt (A5 (2%),Y) = nt (A (2%),Y) for every Y € By such that Y > 7 (29). By (4.2a), we
have A} (2%) = AL (2%).

Dually, if N= € N=, then Ay (z%)

If Nt C N7, then, obviously, A}
then A} (2%) = )\+ ~(2%); otherwise (w

AP AN (7).
x’;V) — AE@R) for all k € N. If N¥(2%) = N*,
hich is not impossible), N*(z%) C N7, hence
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M%) A2t A (2%) because 7,7 (2%) = Xy for each i € N. Dually, if N~ C N—,

)

then Ay (z%) =5 Ay (z%). Both inclusions simultaneously, i.e., N* U N~ C N=, would

contradict the assumption 5™ s k. Therefore, 2% % 2%, hence 2%, # 2. ]
Lemmas 2.2 and 2.3 mean that » is an w-potential for S. O

4.2 Decreasing reactions
Given a preorder = on X_;, we call a mapping R;: X_; — B; decreasing (w.r.t. ») if

where > is defined by (3.4c). Since > is antisymmetric, (4.6) implies that R;(2" ;) =
Ri(z_;) whenever 2’ ; ~ x_;. A subset Y C R is upper closed if whenever y ¢ Y, there is
e > 0 such that [y — e,y NY = (.

Theorem 3. Let a system of reactions S be defined by a finite set N, compact X; C R
and R;: X_; — B; such that every value R;(x_;) is upper closed. Let there be a continuous
ordering = on Xy admitting a separable projection to each X_; such that the separable
projection of > to each X; coincides with the natural order > and each R; is decreasing in
the sense of (4.6). Then S is Q-acyclic.

Proof. For each i € N, x; € X;, and t € Xy, we define:

GZ' = {ZN € XN ’ Zi € R1<Z—z) or
Hzfdken| 2 — 2an & Wk € N[2F € Ry(2F)) & 23 = 25 ]}, (4.7)

“the upper closure of the graph of R;”;
El(xl,t) = {ZN € GZ | T; >z & IN & t};

gz(ﬂfl,t) = {Zi S Xl ’ E'Z,i € X,i[(Z,i,Zi) S El(l’“t)]}
Lemma 3.1. These statements hold for everyi € N, z;, x,, x! € X;, and t,t',t" € Xy:

{zi} 2 &, t); (4.8a)

zy > x = &), t) PP &i(x, t); (4.8b)

t” i t/ = 51(1‘“ t,) >__sup fz(l‘l, t”); (48C)

G t) = &, t) = &(al t) =P {al}; (4.8d)

(&2 ) 2P &(al, ) &t = 1] = &, 1) PP & (ak, t). (4.8e)
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Proof. The statement (4.8a) immediately follows from the definition; (4.8b), from =;(x},t) C
=izl t); (4 8¢c), from =;(z;,t") C E;(x;,t"). The left hand side of (4.8d) implies the exis-
tence of 2§, € Hz(a: t) such that 2 > 2/ for each 2}y € =Z;(2},t); therefore, 2!’ > x} because
we would have 2y, € Z;(2},t) otherwise; therefore, & (x7,t) »"? {x}}. The negation of the
right hand side of (4.8e) 1mphes by (4. 8d) the existence of ziy € =Z;(z},t") C E;(«},t') such
that 2, > z//; therefore, 2! > z! is impossible for any 2} € Z;(z},t’), which contradicts the
first relation in the left hand side of (4.8e). O

For each zy € Xy, we define binary relations on X y:

YN »'/ N = Jt* € XN [t* > YN & t* = TN & Vi e N[gz(yzat*) >__sup fl(IZ,t*ﬂ &

yv ¥ ay = [ay = yy & Vi € N [G(yi, on) 2™ &z, 2n)]];
yn = an = [ynv > oy or yy ¥ ay].

The relation » is obviously irreflexive.

/!

Lemma 3.2. The relations », %, and »¥ are transitive.

Proof. Whenever yy ! xy, we pick 7*(yy,zn) € Xy suited for the role of t* in (4.9);
for yy » xn, we denote 7*(yy,zny) = xy. Having zy = yy » xy, we define t* =
m™(zn,yn) if 7% (2N, yn) = T (yn,zN), and t* = 7 (yn,xN) otherwise; by Lemma 3.1,
(4.8e), &(z;, t*) 2" &i(y;, t°) 2P &;(xy, t*) for all i € N. If t* can be associated with a %
relation (which holds if zy » yy » xy), then at least one of the relations for at least
one i € N is strict, hence & (z;, t*) ¥ & (x4, t*), hence zy » xy. Otherwise (which holds
if 2y Y yn »Y xN), yn Y xn, t* = xy = yn, and zx = T (2N, yNn) = zn; therefore,
zn Y xy because &(z;, xy) B &(z, xy) for all i € N. O

Lemma 3.3. Let i € N, t € Xy, x5, 29,28 € X; (k € N), 2F — 2%, and &(aF ) =
&i(wit) for all k € N. Then &(x7,t) 2= &(2i,1).

Proof. Otherwise, there would exist zy € E;(x;,t) such that z; > x¥; therefore, z; > xk for
k large enough, which contradicts the condition & (x¥, ) =" & (z;, ) O

Lemma 3.4. The relation » is w-transitive.

Proof. Let o% — 2% and 2% s % for all k € N. Since both » and »Z are transitive by
Lemma 3.2, we may, Wlthout restricting generality, assume that either :L'kﬂ s k. for all
k €N, or ka 2 ok for all k € N. In the second case, we have 2" < %, for all k, hence
5 < 2l bemdes, &2, 2%) =P (), 2%) for every i € N by Lemma 3.3. Therefore,
% 2l

Assuming 5™ %! % for all k € N, we can pick t* € Xy suited for the role of t* i
(4.9). Since N is finite, we may, without restricting generality, assume that & (z¥™ %) s
& (zF,t%) for an i € N and all k € N. Now we consider two alternatives.
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If the sequence (t*); contains a greatest (w.r.t. =) element, we may, without restricting
generality, assume that t° = ¢* for each k € N. Then we have &;(z%, %) =" ¢;(x},1°) for all
j € N and k > 1 by (4.8¢). Therefore, &;(x4,1%) ¥ &;(z},t°) ¥ &;(29,°) by Lemma 3.3.
For j = 4, the last relation is strict by the definition of ) hence & (z%,t%) =" & (29, 9).
Therefore, x% % 4.

Otherwise, we may assume that t**! = ¢* for each k and t* — ¢¥; then t* > t* for each k.
By (4.8¢), we have &;(x¥, 1) " &;(29,4%); hence by Lemma 3.3, &;(2%, 1) =" &;(9,1+),
for each j € N. We only have to show that the last relation is strict for j = i. By
(4.8d), we may pick z& € &(aF! %) such that zF > 2¥; without restricting generality,
we may assume zh — z%. Clearly, 2% € G;, 2¢¥ = z¥, and 2% = t* = z%; therefore,

% )

2% € &, 1) =P & (2,1¥), hence x5 % 2. O

Lemma 3.5. If yy % zy, then yy % Ty

Proof. Let yy >5 xy; we consider two alternatives.

Let y; > x4; then yy > xy by separability, hence yy € Z;(yi, yn), hence y; € & (s, yn) =P
& (z;, yn). On the other hand, for j # 4, we have &;(y;, yn) = &(x;, yn) since y; = x;. Thus,
yn > xy (with “t* = yn”).

Now let y; < x;; then xn = yy. To prove that yy ¥ xy, it is sufficient to show that
&y, xn) 2P Ei(xj,xn) for all j € N. For every j # i, we have &;(y;,zn) = &z, 2n)
since y; = x;. By the monotonicity of R;, we have z; < y; whenever z; € R;(2_;) and
2 = x_;. Let &(x,xn) = &(yi, xn); then, by (4.8d), there is zy € G; such that
y; < zi < x; and zy = xy, hence z_; = x_;. Clearly, z; € R;(z—;) is impossible, hence
there must be a sequence (2% )ren as in (4.7) with strictly decreasing 2*;, i.e. there must
hold 2F € R;(2*.), yi < 2F < 2;, and 2*, = z_;; but this is impossible. O

Lemmas 3.4 and 3.5 immediately imply that » is an w-potential for S. Theorem 3 is
proved. O

Example 5.1 below shows that our rather strong monotonicity condition cannot be
weakened; therefore, the difference between (4.1) and (4.6) reflects some underlying reality.
As to the closed values assumptions in both Theorems 2 and 3, it is very difficult to believe
that they are indispensable; Theorem 5 below shows that they are not needed for additive
aggregation. On the other hand, a relatively simple description of an w-potential could,
indeed, be impossible without the assumptions.

4.3 Lexicographic aggregation

Theorem 6 of Kukushkin (2003) shows that a proset may have the property that every
increasing endomorphism is Q2-acyclic without the preorder being continuous; in particular,
lexicographic orderings will do. For systems of increasing reactions (even with two players)
the situation is more complicated; no characterization result like that Theorem 6 has yet
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been obtained. The following example shows that a system of two increasing reactions with
chains in a lexicographic order as strategy sets need not be Q-acyclic.

To the end of this subsection, we only consider single-valued reactions, which we denote
T X—i — Xz

Example 4.1. Let N = {0,1}, X; = X, = [0, 1] x [0, 1] with a lexicographical order

(i ul) = (), 27) = [yl > or [y, = &yi > 7],

and reactions be as follows: ry(0,22) = (z3,1) if 0 < 22 < 1, r(0,1) = (1,0), and
ri(zd,23) = (1,23) if 0 < ) <1 and 0 < 22 < 1; ro(af, 23) = (0, (xl +1)/2)if0<z <1
and 0 < 22 <1, ry(1,0) = (0,1), and ro(1,2%) = (23/2,0) if 0 < 2% < 1. Tt is easily checked
that both reactions are increasing.

We define an iteration path recursively. First, 7n(0) = ((1,0), (0,0)); then, m (2k+1) =
r1(me(2k)) = m(2k + 2), m(2k + 1) = m(2k), and mo(2k + 2) = ro(m(2k + 1)) for all
k € N. Tt is easily checked that 7y (2k + 1) = ((1 — 1/2%,1), (0,1 — 1/2F)) while 7n(2k +
2) = {(1 —1/2% 1),(0,1 — 1/2%1)); therefore, mn(k) converges to my(w) = ((1,1),(0,1)).
Then we define m(w + 2k + 1) = m(w + 2k), m(w + 2k + 2) = ri(m(w + 2k + 1)), and
mo(w + 2k + 1) = ro(m(w + 2k)) = m(w + 2k + 2) for all k € N. It is easily checked that
mn(w+2k) = ((1,1/2%),(1/2%,0)) while my(w+2k+1) = ((1,1/2%), (1/2*10)); therefore,
mn(w + k) converges to my(w +w) = ((1,0),(0,0)) = 7n(0).

~ \_/

Theorem 4. Let a system of reactions S be defined by N = {1,2,3}, compact X; C R and
ri: X_; — X, increasing w.r.t. the separable projection to X_; of the lexicographic order
>tex 00 R3 D Xy, Then S is Q-acyclic.

Proof. We start with auxiliary notions and statements. Let zy € Xy and i € N; we say
that x; is supported at xy, and denote the fact i € Nt (xy), if r;(z_;) > x;. U NT(xy) = N,
we say that xy is completely supported. The following assertions are checked easily:

yn > xy =i € NT(yn); (4.10a)
[yn % xy & i€ NT(xy)] = s > 2 (4.10b)
lyn >° zx & Nt (zy) = N] = N*(yy) = N. (4.10¢c)

Let 7x be an iteration path for S, defined on ¥ = [0, .
Lemma 4.1. Whenever ' > 3 and 7y (8) is completely supported, there hold:

N*(mn(8)) = N (411a)
Vi e N [m(8') > m(8)]; (4.11Db)
TN 18 narrow on [3, al; (4.11c)
Jdi € N [mi(8") > m(5)]. (4.11d)
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Proof. Supposing the contrary, we denote 5* the least ' € ¥ for which there is 8 <
such that 7wy (3) is completely supported while at least one of (4.11a), (4.11b), or (4.11c¢)
is violated. If 8* € ¥, then (4.11a) holds by (4.10c); (4.11b), as well as (4.11d), holds by
(4.10b); and (4.11c) holds because 8* € %is,. Therefore, we must have 5* € ¥y,,. Then
(4.11b) for all 5 < ' < /* immediately implies

mi(B*) = sup m(5) (4.12)
B <p*
for each ¢ € N, hence (4.11b) and (4.11c) hold for ' = g*. If (4.11a) is violated at ' = %,
we pick i € N such that m;(5*) > ri(7_;(3*)). By (4.12), there is ' < (* such that
() > ri(m_i(6%)); since m_;(8*) > m_;(#'), we have a contradiction with (4.11a) for '

Finally, if (4.11a), (4.11b), and (4.11c) hold for all 3, 5" € 3, then (4.11d) holds because
of (4.10b) applied to mn (5 + 1) and 7n(53), and (4.11b) applied to §+ 1 and /. Il

Lemma 4.1 immediately implies that no iteration cycle can pass through a completely
supported profile. In the rest of the proof, we assume that 7wy is an iteration cycle, i.e.,
a > 0 and 7y (a) = mn(0), and derive the existence of 3 € ¥ for which 7y () is completely
supported. This will constitute a contradiction proving the theorem.

We denote Y = cl{nn(5)}ses € Xn. Since Y is compact, there is a (unique) maximum
of >1ex on Y; we denote it My. Without restricting generality, we may assume that for
each i € N there is 8 € X such that mx(3 + 1) > 7n(8): otherwise, we would have a
system of two increasing reactions on continuous chains where everything is crystal clear.
A consequence of the assumption is that, whenever ¢ € N and v; < M;, there is € ¥ such

that v; < m(8) = ri(m_i(05)).
Lemma 4.2. My is completely supported.

Proof. Supposing r;(M_;) < M; for an i € N, we consider two alternatives. If there is
B € X such that M; < m(8) = ri(m_i(5)), then we obviously have 7_;(8) >rex M_i,
hence mn (/) >pLex My, which contradicts the definition of My. Otherwise, we can pick an
infinite sequence (3*)gen such that m;(3°) > r;(M_;), m(8%) = ri(7_;(8%)) and m;(351) >
max{m; (%), M;—1/k} for each k € N. Then 7_;(8°) >rex M_;, and m_;(B*1) >pe m_i(3%)
for each k € N. Picking an arbitrary limit point yy of the sequence (mn(53%))ren, we
obviously have y; = M; and y_; >1.x M_;, hence yny >10x My, which again contradicts the
definition of My because yy € Y. O

Remark. For i = 3, the infinite sequence is superfluous: just ° is enough.

Lemma 4.3. There is either 3 € X for which nx(8) = My, or an infinite sequence (3*
such that f** > 3% and 7n(8%) — My.

Proof. Let My # mn(3) for any 8 € ¥. Then there must be an infinite sequence of v* € ¥
such that mn(7y") — My. We pick 2(0) € N such that v = minpeny”. Then we
recursively, for k = 0,1,..., define B¥ = {7" | h > (k) & " > v*) } [BF # () because
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My # 7n(y") for any b € N] and pick s(k + 1) such that 4***) = min B*. Finally,
we define 3¢ = ~*%); now gF*! > B* by definition, and $*¥ — My because (%), is a
subsequence of (7). O

If the first alternative in Lemma 4.3 holds, then Lemma 4.2 applies; therefore, we may
assume that ¥ is infinite and the second alternative in Lemma 4.3 holds. Since we can
start the cycle anyplace, we may assume that sup, 8% = a.

For any i € N, § € ¥, and v; € R, we denote

Pi(B,v) ={v € X |~y > B &m(y) > v}

Whenever P;(3,v;) # 0, we define 7°(3,v;) = min P;(3,v;); the minimum exists because 2
is well ordered.

Lemma 4.4. Whenever € ¥ and m () < v1 < My, there hold:

Pi(B,v1) # 0; (4.13a)

T (7H(B,v1)) = ri(moa (7H(B, v1))); (4.13b)

i€ N\ N*(zn(r'(8,01))) = [mi(-) is a constant on [3,7'(3,v1)]]; (4.13c¢)
N*(an(B)) € N*(zn(r(8,v1))); (4.13d)

NT(mn(B)) = NT(an (7 (B,v1))) = [N (7n(- )) is a constant on [3,7'(3,v1)]]; (4.13e)
NT(mn(B)) = NT(mn (71 (B,v1))) = Vi € N [mi(+) is increasing on [3,7'(3,v1)]]. (4.13f)

Proof. (4.13a) and (4. 13b) are obvious. To prove (4.13c), we suppose to the contrary that
ri(m_i(TH(B,v1))) < m(H(B,v1)) # m(F) and B < B < 7H(B,v1). We denote B = {y €
3,78, 00)] | m(#) # () > ri(m (7 (B,00))) } 5 7 (F,vn) and B = minB. Clearly,
(%) = ri(m_i(8*)), hence 7_;(8*) >prex m_i(T (B, v1)), hence 7, (3*) > m(71(B,v1)) >
71(8), hence 3* € P(3), hence 3* = (3, v1), hence 7;(3*) > r;(7_;(3*)): a contradiction.

If:e N \ N+(’/TN(7'1(ﬁ, Ul))), then ’/TZ'(T1<5,U1)) > Ti<7T—i(7—1(ﬁ> Ul))) Z Ti(ﬂ_i(ﬁ)) be-
cause m (71(3,v1)) > m(B); therefore, i € N\ N*(nn(5)). Thus, (4.13d) holds. Now both
(4.13e) and (4.13f) follow from Lemma 4.1 applied to the reduced system with Nt (7y(53))
as the set of players. O]

Now we define a sequence 3Y in ¥ recursively. First, we define 3) = min{3 € ¥ | m(3) <
M;}. Whenever ¥ is defined and 7, (8F) < M, we define g = 71(3% M, /24 7,(8F)/2).
If BY is defined and 7, (3F) = M, we stop the process and denote o = . Finally, if 8} is
defined for all & € N, we denote a; = sup,cy 3F; clearly, sup,cy m1(87) = M; in this case.

Lemma 4.5. There hold m(cn) = My and 1 € Nt (nn(aq)).
Proof. If a; was reached at a finite step, both statements are obvious. Let 3¥ be defined

for all k € N, hence a; = sup,y 8%, By (4.13d), we have N*(my(3¥)) = N* for all k > k;
by (4.13b), 1 € N*; by (4.13¢), m(-) is a constant on [8F, ay[, hence a constant on [GF, o],
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for each i € N\ N*. Now Lemma 4.1, applied to the reduced system with N* as the set of
players, gives us both statements. O

If oy = «, then my(ay) = My by (4.11c) in the reduced system, hence Lemma 4.2
applies; let ay < a. If my(aq) is completely supported, we are home. Let ¢ € N \
Nt (mn(ay)) # 0; we denote j =5 — .

A. Let m(oy) < M;; then * = 7%(ay,m(1)) is well defined. We have m;(5*) =
ri(m—;(6*)) as in (4.13b), hence i € N (nwn(3*)), m(6*) = M, and 7;(5*) > mj(on);
further, 1 € N (mn(3*)) because m_1(3*) >pLex m-1(cn); finally, j € NT(nn(6%)) as in
(4.13¢) because 7;(+) is not a constant on [ay, 5*]. Thus, 7y (5*) is completely supported.

B. Now let m;(a;) > M;; then mj(oy) < M; by the definition of My, hence j €
N*(mn(aq)) by Lemma 4.2. Tt is convenient to consider the cases i = 2 and i = 3 separately.

B1. Let ¢ = 2; then my(ay) = My > ro(m_o(aq)), hence 33 = 7%(ay, m2(7_2(ay)) is well
defined. We have my(39) = ro(7_2(09)) as in (4.13b), hence 2 € NT(nnx(3Y)), m1(69) = M
and 73(89) > m3(ay); moreover, 3 € NT(ry(3Y)) as in (4.13c) because 73(+) is not a
constant on [ay, 89]. If 1 € NT(mn(3Y)), then mx(/39) is completely supported and we are
home.

Let 1 ¢ Nt (wn(59)). Then m(-) is a constant (M;) on [ay, 8] as in (4.13¢). Now we
define a sequence 35 in ¥ recursively, similar to 8 above. Whenever 3% is defined and
To(B8) < My, we define 85 = 72(85, Ma/2 + m2(B5)/2). As in the case of 5f, we always
have {2,3} C N (nnx(65)). If 1 € N*(7n(55)), we are home; otherwise 7 (+) is a constant
(M) on [ay, B5] as in (4.13c). Once we have reached my(ay) = Mo, with either ap = 35 for
some k € N, or ap = sup,ey 45, we do have 1 € NT(mx(as)) because m_1 () >pex m_1(v1).

B2. Let i = 3; then we consider two alternatives.

B2a. Let P3(aq,r3(m_3(aq))) # 0, hence 3* = 7(aq, r3(m_3(ay)) is well defined. Then
7wy (8*) is completely supported for exactly the same reasons as in A above: w3(3*) =
r3(m_3(8*)) as in (4.13b), hence 3 € Nt (7mn(5%)), m(5*) = My and m(8*) > m(a);
further, 1 € NT(mn(5*)) because m_1(06*) >pex 7m_1(a), while 2 € Nt (my(5*)) as in
(4.13c) because ma(+) is not a constant on [, 5*].

B2b. Finally, let P3(ay, r3(m_3(aq))) = 0; then m3(a) < r3(m_3(ay)), hence r3(m_s(ay)) >
Mj. Since m3(0) = m3(c), we have P3(0,73(7_3(a1))) D ay, hence 5* = 73(0,r3(m_3(v1)))
is well defined and m3(8*) = r3(m_;(8*)). Again, m(5*) = M; and m(5*) > m(a);
again, 1 € Nt (mn(5*)) because m_1(8*) >Lex m—1(a1). Finally, 2 € N*(nn(3*)) because
73(8*) > Ms. Thus, wy(5*) is completely supported. O

Most likely, similar arguments work for #N > 3 (most auxiliary statements are valid
for arbitrary finite V) and for multi-valued reactions (under an appropriate interpretation
of monotonicity); probably, simple lexicography can be replaced with, say, leximax. The
prospects for a similar approach to arbitrary separable aggregation are unclear. Even
more intriguing is the question of whether this proof can be made applicable to decreasing
reactions, in which case a new fixed point theorem would be obtained.
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5 Reciprocal polylinear aggregates

5.1 Formulation

A system of reactions with reciprocal quasi-polylinear aggregates (an RQPLA system) is
characterized by these assumptions: each X; is simultaneously a proset and a metric space;
there is a continuous and strictly increasing mapping v;: X; — R foreachi € N; R; = R;o0;
for every ¢« € N, where

n—1
h
EMESY S ol xv(ag) x o x (), (5.1)
h=1 " ji,...jheN\{i}
j}L/ #J'}L// (h/7éh//)
and R;: S; — B; for S; = 0;(X_;) C R; each sz('gi)l.
i07/l.17 .« e 7ih.

i, 1s invariant under all permutations of

For each i € N, we also impose a monotonicity condition:
Vs;, s; €5; [8; > S = RZ(S;) el Rz(sz)]7 (52)
where > is defined by (3.4c).

Theorem 5. Fvery RQPLA system where every mapping R; satisfies (5.2) is Q-acyclic.

Remark. There is no requirement on concord between topology and preorder on each X;
beyond the existence of a continuous and strictly increasing function.

The proof is deferred to Subsection 5.2.

Condition (5.2) is rather strong. For instance, if X; is a lattice, it implies that R; is
ascending, whereas the converse implication does not hold even if X; is a chain. However,
there seems to be no way to relax the condition while preserving the theorem.

Example 5.1. Let N = {1,2,3}, X; = {0,1,2,3,4}, X, = {0,1,2,3,4,5}, X3 = {0,1},
oi(r_;) = —xj—xy, hence Sy = {0, —1,...,—6}, So ={0,—1,..., =5}, and S5 = {0, —1,...
,—9}. Let Ry(—6) = {0}, Ri(s1) ={1,2,3} for =5 < s1 < —1, Ry(0) = {4}, Ra(s2) = {0}
for so < —2, Ra(se) = {b} for s5 > =2, R3(s3) = {0} for s3 < —4, and R3(s3) = {1} for
s3 > —4. Condition (5.1) holds with identity mappings as v;; (5.2) holds for ¢ = 2 and
1 = 3, but not for : = 1 although R; is ascending. There is an iteration cycle:

(3,0,0) —— (4,0,0) —— (4,0,1) —— (1,0,1)

[ [

(3,5,0) «—— (0,5,0) —— (0,5,1) «—— (1,5,1)

The theorem also becomes wrong if v;: X; — R are not strictly increasing.
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Example 5.2. Let N = {1,2,3} and, for each i € N, X; = {0, 1,2,3}, 15(0) = v4(1) = 0,
vi(2) = vi(3) = 1, oi(x—;) = —vj(z;) — vg(xy) (hence S; = {—2,—-1,0}), Ri(—2) = {0},
R;(—1) = {1,2}, and R;(0) = {3}. Both (5.1) and (5.2) are satisfied. However, there is an
iteration cycle:

(2,3,1) —— (2,3,0) —— (2,1,0) —— (3,1,0) —— (3,1,2) —— (3,0,2)

[ 5

(0,3,1) «—=— (0,2,1) «—— (0,2,3) «—— (1,2,3) «—— (1,0,3) «—— (1,0,2)

Theorem 5 admits a straightforward application to the best responses in a strategic game
where each utility function satisfies u;(zy) = Ui(oi(x—;), ;) for all i € N and zy € Xy,
where each 0;: X_; — R is defined by (5.1) with strictly increasing mappings v;: X; — R
and each az(:i)l...ih invariant under all permutations of i, ¢1,...,%,. The standard argument
(Milgrom and Shannon, 1994; Topkis, 1998) shows that the following strict single crossing
condition is sufficient for (5.2):

[z > x; & s} > s; & Ui(si, x5) > Ui(si,24)] = Us(sh, x) > Ui(s}, ;) (5.3)

17

for all i € N, 2}, 2; € X;, and s}, s; € S;. The condition (5.3) cannot be called either
strategic substitutes or strategic complements because s; = o;(x_;) can be either decreasing
or increasing in each z;, depending on a’s and perhaps on the other players’ choices;
“strategic supplements” may be an appropriate term.

If ag(’;?fmim = 0 for m > 1 and O%(;) = 1, we obtain a game with strict strategic com-
plements and additive aggregation; here Theorem 5 gives a result similar to Theorem 2,
with stronger monotonicity conditions, but without the closed values assumption. For fi-
nite games from the class, the acyclicity of best response improvements was established
in Kukushkin (2004a, Theorem 1), under even weaker monotonicity conditions (6.2a). If
agg'jj__im = 0 for m > 1, while aﬁj’ = —1, we obtain a game with strict strategic substitutes
and additive aggregation; here, again, Theorem 5 requires a bit less than Theorem 3. For

finite games from the class, either theorem is equivalent to Theorem 2 from Kukushkin
(2004a).

Example 5.3. Each player owns a small business in an area. The decision problem for
each of them is how much lighting, z;, to provide at her location at night. The higher
x;, the higher expenses; on the other hand, the more light, the lower insurance costs.
There is a positive externality effect: each player’s lamps add something to the light at
other lots. It seems reasonable to assume that insurance costs decrease in x; + i i T,
where 0 < o;; < 1. Each coefficient o;; depending primarily on the distance between ¢’s
and j’s locations, the reciprocity condition, o;; = «j;, seems natural. If we assume the
insurance-cost-reduction effect of light to be subject to strictly diminishing returns, then
(5.2) becomes valid, for o;(z—;) = — >, _; oz, regardless of the production costs.

Theorem 5 implies that the game possesses a Nash equilibrium and the behavior of best
response improvements is nice enough. In particular, if we assume that only a finite number
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of x;’s are technologically feasible, then every best response improvement path reaches an
equilibrium in a finite number of steps. It is impossible to derive either statement from the
previous literature.

Example 5.4. The players are music fans living in the same apartment block. Each player
chooses the volume z; of his own music, the others providing a negative externality, noise,
>z iz (0 < ay; < 1). It seems reasonable to assume a;; = aj; and that each player’s
optimal volume increases in the outside noise. The existence of an equilibrium, certainly,
follows from Tarski’s fixed point theorem, but the acyclicity of best response improvements
can only be derived from our Theorem 5.

Remark. Generally, linear aggregates as in Examples 5.3 and 5.4 are not separable pro-
jections to X _; of the same ordering on X .

I am as yet unprepared to produce specific models with more general aggregates al-
lowed by Theorem 5, but such aggregates do not seem redundant. For instance, ozi;) of
different signs could appear in a monopolistic competition model if x; describes the level
of advertising by firm 7. It seems natural to expect strategic complementarity, ol > 0,

ij
M _ o,

]
= 0, when they are

when the products of the two firms are substitutes, strategic substitutability, «
(1)

when the products are complements, and “strategic indifference,” ay;

independent.

The possibility to include nonlinear terms, in principle, widens the scope of potential
applications. It must be admitted, though, that the interpretation of nonlinear aggregation
in the style of Examples 5.3 and 5.4 meets with difficulties. For instance, ag,)c # (0 means
that the externalities produced at locations j and k interact nonlinearly between them-
selves when they affect location ¢; however, similar nonlinear interaction with x; would be
incompatible with (5.1).

5.2 Proof

For every i € N, we denote W; = 14(X;) C R and define vy: Wy = [[,cy Wi — Xy by
vn(xzy) = (vi(x;))ien. For every t € R, we denote Z;(t) = {s; € S; | s; > t} and define
ri(t) = infU, ez, v (Ri(s:)) if Zi(t) # 0 and v (t) = supl,, cg, vi(Ri(s:)) otherwise;
r; (t) = supy ., i (t'). Condition (5.2) implies that r; (t) < ri(¢); by definition, r; () >
i (t) whenever ¢ > t. Therefore, ;" (t) = r; (t) for all ¢ € R except for a countable subset.
We also define R;(t) = [r; (t),r(t)]; clearly, v;(z;) € R;i(s;) whenever x; € Ri(s;).

We denote s/ = inf{t € R | rf(t) = +oo}[= inf{t € R | r; (t) = +oo}], and
s;° =sup{t € R | r; (t) = —oo}[= sup{t € R | r(t) = —o0}]. Clearly, s;* < s>
an equality implies #S; = 1, i.e., player ¢ does not react to anything and may be deleted.
In the following, we assume s; * < s> for all i € N. For every i € N and m € N, we
define functions s (m) and s; (m) in a rather complicated way. If s/ = +oo, we set
s (m) = max{s;*°,m}; if 57> € S; (in which case, s> = max S; and r; (s; ) = +0),

7 7 i
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_ S+OO. —00 +oo

we set 57 (m) = s if 400 > 5™ = supS; ¢ S;, we set s/ (m) = max{s; >, s;
(1/m)}. Similarly, s; (m) = min{s;"*, —m} whenever s; > = —oo0, s; (m) = s; ™ whenever
s;° € S;, and s; (m) = min{s; (m),s;> + (1/m)} whenever —oo < s;°° = inf S; ¢ S;.

Those definitions ensure that s; (m) < s (m) and that —co < 7/ (t) < +oo whenever
s; (m) <t <si(m).

If each X; is bounded (hence so is each S;), we have s/ = +oo and s;* = —o0,

hence s;(m) = m and s; (m) = —m for all m € N. In this case, much of the following
becomes superfluous: There is m € N such that S; C [—=m, m] for each ¢ € N; Lemma 5.1
holds for this m and every i € N and s; € S;; instead of a sequence (P (vy(2y)))men,
we may consider just one function P which is obviously continuous, hence Lemma 5.2
is redundant. From a “pragmatic” viewpoint, a compactness assumption in Theorem 5
looks natural because otherwise Q-acyclicity does not imply even the existence of a fixed
point. Nonetheless, since the theorem is valid as stated, it seemed worthwhile to develop
an appropriate proof. (Generally, a binary relation may be Q-acyclic on every compact
subset of its domain without being Q2-acyclic on the domain itself.)

For every i € N, w; € W;, wy € Wy, and m € N, we define these functions:

s (m)
F () = / min{ws, - (O} dt — s (m) - wy: (5.4)
s; (m)
n—1 1
Q(’UJN) = N Z h——|—1 a'géli)l...ih X Wy, X Wiy X === X Wi, ;5 (55)
h=1  1i0,i1,...,ih€N
ih/;ﬁih//(h’;ﬁh”)
P™(wy) = Q(wy) + Y F™ (wy). (5.6)

i€N
We denote P(wy) = (P™ (wy))men and define two binary relations:
(why) > P(wy) = Im € N¥m > m [P™ (w)y) > P"™ (wy));
(why) ~° Plwy) = 3Im € N¥m > m [P (why) = P (wy)).
Let s; € S; and m € N. We say that m is proper for s; if these two conditions hold:
either s; > s; (m) or s; = s5; > = s; (m); either s; < s (m) or s; = s7°° = s/ (m).

P )
P )

Lemma 5.1. Let yy % oy, 5 = oi(v_;) = 05(y_s), and m be proper for 5;. Then
P™(uy(yn)) > P (vn(an)); besides, P (vn(yn)) = P (vn(zn)) if and only if
VZ(I‘Z) - RZ(EZ)

Proof. For every w; € W;, we have

s (m)

Fw) = [ minfuwrf @)+ [

5 (m) 5

min{w;, v (t)}dt — sf(m) - w; =
5i F(m)

/ l min{w;, r; ()} dt +/ Z min{r;(t) —w;, 0} dt — 5 -w; (5.7)

; (m) Si
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therefore,

F™ (w;) = ri ) dt — 5w (5.8)
57 (m)

whenever w; € R;(5;). Since y; € Ri(5;), (5.8) holds for w; = v;(y;). If w; < r; (5;), which
is only possible if §; > s; (m), then

FO () < / L) dt — 5w (5.9)

' ~(m)

because the first additive term in (5.7) is strictly less than in (5.8), while the second is still
zero. If w; > r(5;), which is only possible if 5; < s;(m), then again (5.9) holds because
now the first additive term in (5.7) is the same as in (5.8), but the second is strictly negative.

Combining the terms containing v;(z;) (respectively, v;(y;)) and taking into account that

T_; = y_;, we obtain Q(vn(zn)) = 8 - vi(x;) + q(x—;) and Q(vy(yn)) = 5i - vi(y:) + q(z ;).
Therefore,

Si

P o)) = [ rf @t +ale) + 3 0() (5.10)

S;(m) J#i
by (5.8). Simultaneously, (5.8) and (5.9) imply that

Si

PO (uy(zy)) < / rf(t)dt +qle_) + > F™ (v(x;)) (5.11)

si (m) i

with an equality if and only if v;(x;) € R;(5;). Now both statements of the lemma imme-
diately follow from (5.10) and (5.11). O

Lemma 5.2. Let 2%, — 2% and, for each k € N, there hold P (v (2%1)) > P (vy (%))
for all m € N except for a finite number of them. Then either P(vy(2%)) »° P(vy(z%))
or P(vy(a})) ~° Pvn(zy)).

Proof. For each i € N, we denote

for each k € N,
NO(k) = {i € N | vi(af) € Wi}

Nt (k) = {i € N |Vw; € W; [vi(2¥) > w;]};
N=(k) = {i € N | Yw; € W [vs(aF) < wy]}.

Without restricting generality, the argument k in each of the three sets can be dropped.
We partition N into three subsets:

N = {ie N° | y(a¥) € W;};
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T ={i e N° | vw;, € W; (%) > wi]};
N~ ={ie N°|Vw; € W [ui(z¥) < wi]}.
Note that s> = +o0 for each i € N*T U N while s;°° = —oo for each i € N~ UN .
We pick m* € N such that: (1) s;® < m* = s (m*) for all i € Nt UNTF; (2)

2

s;(m*)=m* <sf™forallie N"UN"7; (3) r; (s; (m*)) < vi(ah), vi(z) < rif(s] (m*))
for all i € N% and all k € N; (4) “(s;7(m*) < y(aF) < yi(a¥) for all ie Nt and all

7

keN; (5) vi(a?) < yy(ak) <r; ( +( *)) for all i € N~ and all keN, Clearly, the same
inequalities hold for all m > m*

Let m' >m > m* and k' > k. If i € N, we have
(m') (m) s ()
Fah) ~ F ) = [ ot @ (.12

hence
F i) = F™ (k) = B wi(ak)) = B i(ah). (5.13)

)

Let i € N* U NTT: by the choice of m*, s;(m) = m and sf(m’) = m/. Similarly to
(5.12), we obtain

’

, 57 (m) m
Fah) - FOwal) = [ at @t + [ minge () - (), 0 i (.19

; (m/) m

therefore,

F 0el) = E @) = ™ 0ael) = B ()] =

3 K3 K3

12 <mm”»—F“%m@Hm—wFW%muﬂ>—FW«muﬂn=

K3 2

In particular,

[F (i) = BT (b)) = [F7 (2t )) = B (v(ad))] =
(m' —m) - [yz(xk:) — y,(xk+1)] (5.16)

]

for each i € N*™t. For each i € NT, we may, without restricting generality, assume
vi(zF) < v (2¥*h) for all k € N, hence

/

wm%mﬁ»—ﬂwwmwﬂ[ﬂm<<n>fWWMﬁm:

3 K3 3

/ min{max{r} (), v;(z¥)} — v;(z¥),0} dt < 0. (5.17)
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Let i € N~ U N~7; by the choice of m*, s; (m) = —m and s; (m') = —m/. This time,
we obtain

ﬁMmWM—ﬂmem=/%3m%ﬂmmﬁnw (5.18)

m/

therefore,

/

[E (@) — B (i) = [F™ (vi(2F)) — B (k)] =

3 3

/_m [min{r;r(t), VZ(.%fl)} — min{r;" (¢), Vz(xf)}} dt. (5.19)

m/

In particular,

E i) = F wiah))] = [F™ () = B alef))] =
(m' —m) - (2} ™) = vi(ah)] (5.20)

)

for each ¢ € N™~. For each ¢ € N~, we may, without restricting generality, assume
vi(a¥t1) < v;(2F) for all k € N, hence

/

[E) (@) — B (i) = [E™ (vi(2F)) = B (vi(ah))] =

)

/_ T min{(e®) — min{r(8), n(5)}, 0} dt < 0. (5.21)

m/
For each k € N, we denote

AP = naf) v+ Y et = i)

AY = Z [i(a)) — vi(a¥)] + Z [i(22) — 1;(29)] = ZAk'

Step 5.2.1. A* >0 for each k € N.

Proof. Fixing k € N, we pick m > m* such that r;"(s;(m)) > vi(zF™) > v;(2F) for each
i€ NT and r (s; (m)) < v(x k“) < v;(x¥) for each i € N—. It is immediately seen from
(5.13), (5.17), and (5.21) that

E" (i) = B (w(ah)) = B (el ) = B @i(at)
for all m > m and i € N°. Taking into account (5.16) and (5.20), we obtain
P (uy (i) = P (vw(ay)) = P (un(ai) = P (un(ay) + (m —m) - A,

If AF <0, then P (vy(25™)) < PO (vy(2%,)) for all m € N large enough, contradicting
the assumptions of the lemma. O
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It follows immediately that A“ > 0 as well.
Step 5.2.2. If A¥ > 0, then P(vn(2%)) = P(vn(2%)).

Proof. For each i € NT U N~, we pick w; € W, such that vi(2?) < w; for each 1 € NT,

vi(af) > w; for each i € N7, and >,y [v5(@f) — @] + 3 e n- [wl vi(x )] < A‘”/Q Then
we pick m** > m* such that ri(m*™) > w; for each i € NT, and r;"(—m™) < w; for each
1 € N™. Finally, we pick m € N such that

m > max{m™,m™ — 2[P™ ) (uy(2%)) — P (up(2%))]/A%). (5.22)

For each m > m™ and i € N, we denote

A = EM(wi(a2) = BT i) = B o) + F (),

3 3

Clearly,

P™ (uy (%)) = P (vy(a%) = P™ ) (wy (%) — P (un(a%)) + Y A, (5.23)

iEN

(m) — 0 by (5.13). If i € N*, then 7 (m™)
; )vi(z¥) — wy]; if i € N7, then r(—m )

A > (m = m)[w; — vy(2%)]. Therefore, E€N+UN_A > m)A“/2. By (5.16)

(m”
and (5.20), Y ention A/’” = (m — m*™)A“. Now P (vy(aX )) P (uy(29)) > 0
immediately follows from (5.23), (5.22), and m > m. O

w;, hence (5.17) implies
W;,

>
< hence (5.21) implies

Now let us suppose that A¥ = 0, hence A* = 0 for each k, hence players from N*TUN
can be forgotten about.

Step 5.2.3. For each m > m, P™ (vy(2%)) > P (vy(2%)).

A\

Proof. Suppose the contrary; since P™ (vy(-)) is continuous, we have P™ )(VN(x]fV))
PO (v (2%))) for all k large enough. Let m’ > m; if i € N we have F( ( i(2F)
F"™ (i(a?)) i < i(78)) — F“” (vi(29)) by (5.13); if i € N*UN~, then F\"™ (v (a})
E™ () < B (k) = F™ 04(2?) by (5.17) or (5.21). Therefore, P™)(uy (%)
PO (up (2%) f all m’ > m, which contradicts the assumptions of the lemma.

) =
)=
)

\"I/\ ||
LA

Finally, if N* U N~ = 0, then P (vy(2%)) — P (vy(2%)) is the same for all
m > m* by (5.13); if it is zero, we have P(vy(2%)) ~° P(vn(2%)); if it is strictly pos-
itive, P(vy(2%)) +° P(vn(2%)). Whenever i € N* U N~ F™ ((2%)) — F™ (1;(2?))

strictly decreases in m > m* by (5.17) or (5.21), hence it must be strictly positive, hence
P(vn(2%)) »° P(vn(2%)) again. O
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To construct an w-potential, we lexicographically complement the sequence of functions
P with binary relations on each X;. For each i € N, y;,z; € X;, xn € Xy, we define:

(in the following, we say “y; >>; z; holds with s; = §,7);

Yyi DT i = [y D & viys) = vi(T)];
yi DT i = [y D xs & vi(ys) > ()]s
yi DT 2 = [y Doy w & vi(ys) > vila));
yi D> 1y = [y D s & vi(ys) < vil(a));

)]

1 and »= are w-transitive closures of >>; and >, respectively;

yi == [y & vi(y) > vila);

Vi = = [y oy 1 &ovi(y) < vi(a));

Yi i =y T oor oy

;o oxoor y; DT x;

yn =y =Vie Ny, =x; or y; »; x;) & 3i € N[y, »; x;];
YN B Iy = [P(I/N(yN)) =° P(vn(xy)) or [P(vn(yn)) ~° P(un(xy)) & yn > {ENH
Lemma 5.3. If yn >S xy, then YN P TN
Proof. Let yy >$ zx and 3; = O'i(LE__i). Clearly, all m € N are proper for 5; except for a
finite number of them. If v;(x;) ¢ R;(S;), then P(vy(yn)) *=° P(vny(zy)) by Lemma 5.1,

hence yy = zn. If vi(1;) € Ri(5;), then P(vn(yn)) ~° P(vn(zy)), but y; > x5, hence
Y; %= ;3 since y; = x; for j # i, we have ynx » xy, hence yy = . O

Lemma 5.4. Fach relation »; is w-transitive.

Proof.

Step 5.4.1. If z; D>7 y;, then y; DX>; x; is impossible for any x; € X;.

Proof. Let z; >>7 y; hold with s; = §;; then y; ¢ R;(5;) 2 z;. For s; < 5;, y; € R;i(s;) would
imply z; > y; by (5.2), hence v;(z;) > vi(y;) since v; is strictly increasing. For s; > 5,

y; € R;(s;) would imply y; > z; by (5.2), hence v;(y;) > v;(2;). Therefore, y; ¢ R;(s;) for
any s; € .5;. O

Step 5.4.2. Let z; > y; hold with s; = 5;, and v;(y}) € [vi(yi), vi(2)]; then yl D>~ x;
is only possible, for any x; € X;, with s; = ;.
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Proof. By definition, y} >>; " z; implies v;(y)) < vi(x;). For s; > §;, we have r; (s;) >
ri(5) > vi(z) > vi(y;), hence y; & Ri(s;); for s; < 5, ri(si) <1y (5) < vilys) < wilyl) <
vi(z;), hence v;(x;) ¢ R;(s;). Therefore, both conditions in the definition of y, >>; x; could
only be satisfied when s; = 5;. O
Step 5.4.3. If z; D> " y;, then y; »

. T, 15 impossible for any x; € X;.

Proof. Supposing the contrary, let z; >i>;1 3, hold with s; = 5;. By the previous step,
y; D> x; could only hold with s; = 5; as well; but this is impossible because y; ¢ R;(5;).
Therefore, y; must be a limit point of an improvement path for >>;, hence there are
Y, yi v € X; such that vi(z) > vi(y)) > vi(y;) > vi(y?) > viys) and y7 > y; B>;
y?. By Step 5.4.2, both relations must hold with s; = 5;, hence y} ¢ Ri(5) > yi: a
contradiction. O]
Step 5.4.4. If z; 1" y;, then y; »;

. x; 1S impossible for any x; € X;.

Proof. By definition, 2/ >>; y; must hold for some z, € X; such that z; »;* 2. If
2l B> y;, the previous step applies; let 2/ >>7 y;. There must be 2z € X; such that
2! >>F 2l this time, 2! >3 2] is impossible by Step 5.4.1, hence 2/ >i>* 2/. Since
vi(2]) = vi(y;), there holds 2 >>1" y; (with the same s; as the previous relation), and we
are home again. O
Step 5.4.5. If z; »

. Vi, then y; »;Hr x; 18 impossible for any x; € X;.

Proof. The proof is dual to the proof of Steps 5.4.2, 5.4.3, and 5.4.4. O

To finish with the lemma, it is enough, in the light of Steps 5.4.1, 5.4.4, and 5.4.5, to
notice that z; s z; (z; %7~ z;) whenever z; 7 y; D> x; (2 %7 y; D> 1). O

(2 3

Lemma 5.5. The relation = is irreflexive and w-transitive.

Proof. The irreflexivity is obvious; to check transitivity, it is sufficient to notice that »°, ~>°,
and »- are transitive and that P(w}) »° P(wy) whenever P(w}) »=° P(wl) ~° P(wy)
or P(wh) ~* P(wy) **° P(wy). Let 2% — 2% and 2% s 2% for all & € N.
Lemma 5.2 is applicable, producing P(vy(2%)) »° P(vy(2%)) (hence z% »= %) or
Pun (%)) ~° Pluy(a%)). If Puy(aih)) == P(uy(a%)) for some k, we may apply
Lemma 5.2 to the sequence zh™ 5 ... (which converges to the same %), and ob-
tain P(vy(2%)) »° Pun(z%™)) or P(un(2%)) ~° P(vy(25)), hence P(uy(2%)) 5=
P(un(2%)). If Pun(a%h)) ~° P(uy(k)) for all k, then x5 s 2% for all k, hence
% = 2% by Lemma 5.4, hence 2% »= x% even if P(vy(2%)) ~° P(vn(2%)). O

Lemmas 5.5 and 5.3 mean that » is an w-potential, so Theorem 5 is proved.
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6 Monotone selections

Let X and S be posets and R: S — Bx. Then a monotone selection from R is a mapping
r: S — X such that (1) r(s) € R(s) and (2) s’ > s = r(s') > r(s), for all 5,5’ € S.
The best-known results on the existence of monotone selections (Topkis, 1998) are

applicable to ascending correspondences to lattices. Similar results are easily obtained
under weaker monotonicity conditions:

Vs',s € S| >s&x e R(s) &' € R(s')] = 2’ Vo € R(s) |; (6.1a)
Vs',s € S[[s' > s&x e R(s)&a' € R(s")] =2’ Az € R(s)]. (6.1Db)

Note that the corresponding modifications of Veinott’s order »¥ need not even be transitive.

Proposition 6.1. A correspondence R from a poset S to a lattice X admits a monotone
selection if it satisfies (6.1a) and every R(s) contains a greatest element, or if it satisfies
(6.1b) and every R(s) contains a least element.

Proof. In the first case, we define r(s) = max R(s); in the second, r(s) = min R(s). O

At a first glance, the existence of a greatest/least point may seem a far-fetched require-
ment. However, it is satisfied, e.g., if X is a separable metric space, the order is continuous,
each R(s) is compact, and either condition (6.1) holds in a strengthened version, with s’ > s
in the left hand side replaced with s’ > s. On the other hand, the assumption cannot be
just dropped.

Example 6.1. Let X = [0,1] and R: X — Bx be this: R(0) =0, 1]; R(z) = {x/2} for
x > 0. Clearly, R satisfies (6.1b), but there is neither monotone selection, nor fixed point.

There is no ground to believe that Proposition 6.1 is the last word on monotone se-
lections. For instance, Milgrom and Shannon (1994) ascribe the following statement to
Veinott (1989).

Theorem A2. Let {S,} be a net of nonempty sets that is weakly ascending, that is, such
that if 7 > 7, and v € S;, ' € S/, then either x V a' € S or x ANx' € S.. Then there
exists a monotone selection {x(1)} from {S.}.

Example 6.1 shows that the statement is just wrong. A valid analog can be obtained
under much stronger conditions.

Proposition 6.2. Let X be a complete lattice, S be a poset, and R be a weakly ascending
mapping S — Bx such that every R(s) is a complete sublattice of X, i.e., whenever
Y C R(s), there hold supY € R(s) and infY € R(s). Then there exists a monotone
selection from R.
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Proof. For every s € S, we denote r*(s) = sup R(s) € R(s), R™(s) = {r"(s')}¢>s, and
r%(s) = inf R (s). Whenever, s’ > s, we have R (s') C R*(s), hence r°(s") > r%(s). Let
us show that 7°(s) € R(s) for every s € S; then r¥ will be the selection needed.

We denote R*(s) = {x € R(s) | r%(s) < z} 2 r*(s) and r*(s) = inf R*(s) € R(s). By
definition, r*(s) > r%(s); in the case of an equality, we are home. Suppose the contrary.
Then there must be s > s such that r(s") 2 r*(s), hence r*(s') V r*(s) > r*(s) and
rt(s") Ar*(s) < r*(s). The first inequality implies that r(s') V r*(s) ¢ R(s'); therefore,
rT(s') Ar*(s) € R(s). Now the inequalities r*(s’) > r%(s) and r*(s) > r°(s) imply that
rt(s") Ar*(s) € R*(s), which plainly contradicts the definition of r*(s). O

The distance from the conditions of Theorem A2 to those of Proposition 6.2 is great;
there must be valid statements in between. I was unable to find out exactly what was
meant by Veinott or Milgrom and Shannon; the only result of my enquiries can be found at
http://www.stanford.edu/~milgrom/publishedarticles /Kukushkin%20CounterExample.pdf

Without topological restrictions on values R(s), the existence of a monotone selection
can be obtained for an ascending correspondence to a chain.

Theorem 6. Let X be a chain, S be a poset, and R be a mapping S — Bx satisfying both
conditions (6.1); then there exists a monotone selection from R.

Proof. We use the Axiom of Choice to the full extent. The set S can be well ordered;
to avoid considering two independent orders on the same set, we assume that there is a
bijection A\: A — S, where A is a well ordered set of the same cardinality as S. We define
r(A(e)) by (transfinite) induction in o € A. First, we pick r(A(0)) € R(A(0)) arbitrarily.

Let r(A(5)) be defined for all 8 < a. We define B(a) = {8 < a | r(A(B)) € R(A(«))}.
If Bla) = 0, we pick r(A(«)) € R(M«)) arbitrarily. Otherwise, we define r(A\(a)) =
r(A(min B(«))), the minimum existing because A is well ordered. Since there is no pos-
sibility that r(A(«)) could be left undefined, we obtain r(A(«)) for all « € A eventually.
Clearly, (M «)) € R(A(«)) for all a € A, so we only have to check monotonicity.

Suppose to the contrary that A(a/) < A(a) whereas r(A(e)) > r(A(«)); the assumption
that X is a chain is essential here. By (6.1a), r(A(a/)) € R(A(«)); by (6.1b), r(A(«a)) €
R(\(a/)). Without restricting generality, o/ < «, hence o/ € B(«a) # (). The assumption
that r(A(a)) # r(A(«)) implies that min B(a) = 5 < o and r(A«)) = r(A(3)). Now
B € B(') # 0, so the assumption that r(A(a’)) # r(A(8)) implies that min B(o/) = 5/ <
and r(A(/)) = r(A(F')). However, now we have 5’ € B(a), hence < /. The contradiction
proves the monotonicity of r. O]

Remark. If S C R, there exists a countable subset order dense in S; then the transfinite
induction can be replaced with ordinary one where parameters are natural numbers.

Generally speaking, the assumption that X is a chain is very restrictive; in our context,
however, multi-dimensional strategies afford bleak prospects for acyclicity anyway.
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Proposition 6.1 and Theorem 6 allow us to prove the existence of a Nash equilibrium
under monotonicity conditions milder than (5.3).

Proposition 6.3. Let a game I' satisfy these assumptions:

1. each X; is a compact subset of R;

2. ui(xy) = U(oi(x_y),x;) for all i € N and zn € Xy, where each o;: X_; — R
(h)

1091 ...1p

is defined by (5.1) with strictly increasing mappings v;: X; — R and each «
mwvariant under all permutations of ig, 11, ..., 1p;

3. each function U; is upper semicontinuous in the second argument;
4. each function U; satisfies either
[z > x; & s > 8, & Ui(si, ) > Us(si, 24)] = Ui(s), x) > Us(si, i), (6.2a)
or

[z > x; & s > s & Ui(sh, ;) > Us(ss, 20)] = Ui(si, ;) > Ui(si, xh). (6.2b)
Then T possesses a Nash equilibrium.

Proof. Assumptions 1 and 3 imply that each player ¢ € N has both the greatest and the
least best response to every z_; € X_;. As is well known, (6.2a) implies (6.1a) for the
best response correspondence, whereas (6.2b) implies (6.1b). Therefore, Theorem 5 can be
applied to monotone selections existing by Proposition 6.1. O

Proposition 6.4. Let a game I satisfy these assumptions:

1. each X; is a compact subset of R,

2. ui(xy) = Ui(oi(x_y),x;) for all i € N and zn € Xy, where each o;: X_; — R
(h)

1091 ...1p

is defined by (5.1) with strictly increasing mappings v;: X; — R and each «
mwvaritant under all permutations of 19,11, ..., 1p;

3. for each i € N and s; € 0,(X_;), the preference relation y; =; x; = U;(s;,y;) >
Ui(si, z;) is w-transitive;

4. each function U; satisfies both conditions (6.2), which is Milgrom and Shannon’s
(1994) single crossing condition.

Then I' possesses a Nash equilibrium.
Proof. Assumptions 1 and 3 imply that each player’s best response correspondence has

nonempty values. As is well known, (6.2) imply (6.1) for the best response correspondence.
Therefore, Theorem 5 can be applied to monotone selections existing by Theorem 6.  [J
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Similar corollaries to Theorem 3 are proven in the same way. On the other hand, no
aggregation is needed for the mere existence of Nash equilibrium when the best responses
are increasing.

Proposition 6.5. Let a game I' satisfy these assumptions:

1. each X; is a compact subset of R,

2. for each i € N and x_; € X_;, the preference relation y; =; v; = w(y;, x_;) >
w;(w;, x_;) is w-transitive;

3. each function u; satisfies both conditions (6.2), where s; is replaced with x_;.
Then T possesses a Nash equilibrium.

Proof. Again, each player’s best response correspondence has nonempty values by assump-
tions 1 and 2, and satisfies (6.1) by (6.2). Therefore, Tarski’s (1955) fixed point theorem
can be applied to the Cartesian product of monotone selections existing by Theorem 6. [

Remark. To the best of my knowledge, the statement cannot be derived from the previous
literature.

In Propositions 6.3, 6.4, and, especially, 6.5, the assumption X; C R is too restric-
tive. Unfortunately, there is no idea so far about how Theorem 6 could be proven for
multi-dimensional X. There is another, even more compelling, reason to be interested
in extensions of the theorem. Consider a supermodular game with bounded, but not
(semi)continuous in any sense, utilities. We cannot hope for the existence of a Nash equi-
librium, but the existence of an e-equilibrium might be expected to be derivable via the
application of Tarski’s fixed point theorem to monotone selections. The problem is that
the e-best response correspondence need not be ascending, hence Theorem 6 is inapplica-
ble even in the case of scalar strategies. Fach e-best response correspondence is weakly
ascending, but this is of no immediate help because “Theorem A2” is wrong while the
assumptions of Proposition 6.2 are too strong.

Remark. The conditions of Proposition 6.2 seem to admit no clear interpretation in terms
of utility functions.
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