519.86

Sergei Guriev and Margarita Shakho v a

Mo del of the households’

adaptiv e b eha vior

(Mosco w Institute of Ph ysics and T ec hnology)

1 In tro duction

Most of the dynamical mo dels of the economic systems tak e in to accoun t

the fact that the same amoun t of money is v alued not equally at differen t

momen ts of time. T o describ e suc h preferences, the concept of pure time

preference is used. Let us denote the pure time preference rate b y δ so to-

da y’s consumption is e δ t

times more preferrable than the same consumption

after time t .

In this w ork w e will consider b eha vior of the households. A t the momen t

of time t , giv en some idea ab out the future income and prices, the households

are maximizing discoun ted utilit y

∫

∞

t e

− δ ( x − t )

u ( c ( x )) dx (1.1)

where c ( x ) is future consumption flo w, u ( · ) is a conca v e utilit y func-

tion. A t time t the actual consumption is giv en b y the initial p oin t of the

optimal plan — the solution of (1.1), and future income and prices are con-

tiniously re-estimated in accordance with curren t economic situation b y the

con tin uous revision (sliding planning) pro cedure [2],[3]).

It is usual to treat pure time preference as an in ternal c haracteristic of

the consumer. Ho w ev er, in this case it is natural to exp ect existence of the

households with differen t pure time preferences. Unfortunately , the mo dels

considering in teraction of the households with differen t time preference rates

app ear to b e not v ery attractiv e b ecause of difficulties with reac hing equi-

librium. In [4] an example is pro vided, when there is no equilibrium at all;

in [1] the existing equilibrium is non-stationary . Moreo v er, for some v alues

of the pure time preference rates the problem (1.1) is stated incorrectly and

th us can not define b eha vior of the household.

All these results sho w that the v alues of pure time preference rates can

not b e set arbitrarily . Therefore, a mec hanism to describ e in tertemp oral c hanging of pure time preference rates is needed to pro vide their m utual

coherence. This w ork is examining one of suc h mec hanisms.

F rom this momen t w e consider pure time preference rate not as a con-

stan t in ternal parameter, but as an elemen t of the household’s strategy .

The household’s b eha vior no w is follo wing: during some in terv al of time

consumer is collecting information ab out the results of his activit y and com-

paring them with the others’ results according to some criterion common for

the whole so ciet y . After that he is c hanging the pure time preference rate

in order to imitate the most succesful agen t.

W e consider the econom y with three t yp es of assets: a uniform consump-

tion go o d, money , and securities (the general description of suc h econom y

see in [5]). Using the supply and demand functions obtained in [1], w e are

lo oking for the equilibrium states at eac h time t . It is sho wn in [1] that the

dynamical equilibrium in the system with differen t pure time preference rates

is non-stationary . W e are considering the pro cess resulting in con v ergence of

the pure time preference rates to the unique v alue and establishemen t of the

stationary equilibrium in whic h v alues of w ealth and consumption b y the

households are gro wing with the same rate whic h equals the gro wth rate of

the econom y . During the adaptation pro cess redistribution of w ealth among

consumers tak es place. The main result of the w ork is that it is p ossible to

define the final w ealth distribution giv en the initial one.

2 The mo del

The k ey sub ject of our researc h is the household. The household can either

consume or sa v e. The k ey c haracteristic of the household is its w ealth i. e.

the sum of money and securities o wned b y the household. The securities

are v alued accordingly to the curren t mark et price. One more parameter

c haracterising the state of the consumer is the pure time preference rate.

The households are en umerated b y indices ξ , η ∈ Ξ, where Ξ is a finite or

coun table set. Denote the w ealth of the household ξ at the momen t t as

w

ξ

( t ), and pure time preference rate as δ

ξ

( t ). The o v erall w ealth

∑

ξ ∈ Ξ w

ξ

is assumed to b e finite. The set of the pure time preference co efficiien ts is

assumed to b e b ounded:

0 ≤ inf

ξ ∈ Ξ δ

ξ

< sup

ξ ∈ Ξ δ

ξ

< ∞

The econom y consists of the households, pro ducers and the go v ernmen t.

Pro ducers are supplying the mark et with pro duct, part of whic h is allo cated for the in v estmen t and the other part is consumed b y the go v ernmen t and

the households. The pro ducers are issuing the securities and sell them to

the households according to the mark et v alue. The pro ducers are sp ending

their profits on pa ying dividends on securities. The go v ernmen t also issues

the liabilities — the money .

In order to determine demand on the assets, the households are solv-

ing con tin uous revision (sliding planning) problem (1.1) at ev ery momen t of

time. The precise form ulation of the problem is pro vided in [1], and it is

sho wn there, that giv en the price p and mark et rate r̂ demand on the con-

sumption go o d c

ξ

, on the money m

ξ

, and on the securities s

ξ

, accordingly ,

is

pc

ξ

= m

ξ

/τ

m

ξ

= μ

ξ w

ξ

s

ξ

= (1 − μ

ξ

) w

ξ

(2.1)

where τ is the v elo cit y of the money circulation, p is the price index, nd

μ

ξ

=

^ r − ν

ξ

^ r +

1

τ

(2.2)

is the optimal share of money for household ξ . The term ν

ξ here denotes

the rate of the w ealth gro wth. Accordingly to [1], it is giv en b y form ula

ν

ξ

= i + γ +

^ r − i − γ − δ

ξ

β

(2.3)

where i = ṗ /p is inflation rate, γ is the gro wth rate of the econom y , r̂ is the

effectiv e pa ymen t for the unit of the securit y , it includes b oth dividends

and securit y prices c hanging, β is the rate of relativ e risk a v ersion (6,7]).

As it is sho wn in [1], under the assumptions ab o v e there is an equilib-

rium state in the econom y . It will b e c hanging in time due to gro wth and

w ealth redistribution. The ev olution of the system is giv en b y the follo wing

equations:

1. The households’ b eha vior: the con tin uous revision (sliding planning)

pro cedure

˙ w

ξ

= ν

ξ w

ξ

(2.4)

2. The gross demand on consumption go o d, money , and securities

pC =

∑

ξ μ

ξ w

ξ

/τ (2.5)

M =

∑

ξ μ

ξ w

ξ

(2.6)

S =

∑

ξ

(1 − μ

ξ

) w

ξ

(2.7)

3. The supply of the consumption go o d, money , and securities

= Y (1 − π − bγ ) (2.8)

˙

M = π pY . (2.9)

˙

S −

˙ σ

σ

S = bγ pY (2.10)

Here π is share of go v ernmen t’s consumption in GDP , b is the capital

in tencit y of in v estmen t

, σ is the mark et price of securities.

4. The equations that are closing the system

˙

Y = γ Y ṗ = ip (2.11)

Initial conditions w

ξ

(0) = w

ξ 0

, δ

ξ

(0) = δ

ξ 0

, Y (0) = Y

0

, p (0) = p

0

, σ (0) = σ

0

and constan t parameter π , b , γ , τ are kno wn.

It is sho wn in [1] that in equilibrium

^ r = i + γ + < δ > + β < δ >

2( β − 1)

(

√

1 +

4( β − 1) D δ

β

2

( < δ > )

2

− 1

)

(2.12)

The paren thes < > here denote a v erage for the distribution with dencit y

w

ξ

/

∑

ξ w

ξ

, and D δ = < δ

2

> − < δ >

2

is the v ariance of the pure time prefer-

ence rate.

The b eha vior of the household is describ ed in [1] b y t w o individual pa-

rameters: relativ e risk a v ersion β and pure time preference δ . Both these

parameters ha v e analogous impact on supply-demand relationship (2.2). W e

assume the parameter β to b e fixed and equal for all the households, while

pure time preference rates are v ariable and differen t for all the consumers.

3 The adaptation

Supp ose that at ev ery momen t of time it is p ossible to find a household ξ

∗

( t )

whic h is considered b y all the households as the most succesful.The v alue of

the pure time preference of this household δ

∗

( t ) is a target for all the other

households. They are c hanging their pure time preference rates according

to equation:

˙

δ

ξ

= δ

∗

( t ) − δ

ξ

T

(3.1)

Here T is the c haracteristic adaptation time.

F or example, it is p ossible to consider the household whic h consumption

is maximal as the most prosp erous. F or this case the sim ulations w ere

prepared. The figure 1 sho ws the ev olution of pure time preference rates

in time. They are preserving their ordering and con v erge to some v alue

¯

δ . During the adaptation pro cess, the w ealth redistribution tak es place.

Ho w ev er, for t → ∞ the w ealth distribution approac hes the final one w̄

ξ

.

The pro of of the existence of the final w ealth distribution and determin-

ing of it are the main results of this w ork.

Note that the final w ealth distribution do es not dep end on principle

in according to whic h the b est v alue for pure time preference is defined.

Moreo v er, no matter if there exists a household with the pure time preference

rate δ

∗

( t ). The only essen tial co ditions are

• the v alue of δ

∗

( t ) is defined;

• the v alue of δ

∗

( t ) b elongs to the set of observ ed pure time preference

rates;

δ

∗

( t ) ∈

[

inf

ξ δ

ξ

( t ) , sup

ξ δ

ξ

( t )

]

• the c haracteristic adaptation times T for all households are equal.

W e will first pro v e that the adaptation pro cess leads to the unique v alue of

the pure time preference rate, and the ordering of the rates do es not c hange

in time. In the next section w e will find the final w ealth distribution.

Lemma 1. The pure time preference of the household ξ is greater than

that of the houshold η at time t

δ

ξ

( t ) > δ

η

( t ) (3.2) if and only if

δ

ξ

(0) > δ

η

(0) (3.3)

Pro of . Subtracting the adaptation equations (3.1) for the households ξ and

η w e obtain:

˙

δ

ξ

−

˙

δ

η

= δ

η

− δ

ξ

T

Then in tegrate this equation:

δ

η

( t ) − δ

ξ

( t ) = ( δ

η

(0) − δ

ξ

(0)) e

− t/T

(3.4)

Therefore, inequalities (3.2) and (3.3) are equiv alen t.

Lemma 2. As a result of the adaptation pro cess, pure time preference

rates are con v erging for time in terv als appro ximately equal to T to the same

v alue, so that for ev ery ξ the v alue

¯

δ = lim

t →∞ δ

ξ

( t ) ,

exists whic h is indep enden t on ξ .

Pro of . Consider the set of closed in terv als

Δ

t

=

[

inf

ξ δ

ξ

( t ) , sup

ξ δ

ξ

( t )

]

It follo ws from (3.1) that the left edge of the closed in terv al Δ

t is shifting

righ t, and the righ t edge of it is shifting left so the in terv als are em b edded:

Δ

t

′ ∈ Δ

t

for all t

′

> t . F rom (3.4) and Lemma 1 follo ws that Δ

t is decreasing ex-

p onen tialy with relaxation time T . Using the theorem ab out con tracting

in terv als, w e find that all the in terv als ha v e unique common p oin t

¯

δ . By

definition, δ

ξ

( t ) ∈ Δ

t

, therefore δ

ξ tends to

¯

δ , q. e. d.

4 The final w ealth distribution

lemma 1 sho ws that δ

ξ induces Ξ the full order relation ≻

δ

, in the set of

households whic h is in v arian t in time: ξ ≻

δ η if and only if δ

ξ

> δ

η

. Ho w ev er,

one more function exists for whic h the ordering do es not dep end on time.

It is defined as follo ws:

R

ξ

( t ) = w

ξ

( t ) e

− δ

ξ

( t ) T

β

(4.1)

Lemma 3 . The household ξ surpasses the household η in accordance

with criteron R at time t R

ξ

( t ) > R

η

( t ) if and only if the household ξ

surpases the household η b y R at time t = 0 R

ξ

(0) > R

η

(0), and the ratio

R

ξ η

= R

ξ

( t ) /R

η

( t ) is indep enden t on time.

Pro of . In tegrating (2.4) w e obtain:

w

ξ

( t ) = w

ξ

(0) e

∫

t

0 ν

ξ

( t

′

) dt

′

Substituting for ν

ξ

( t

′

) from (2.3) and δ

ξ

( t

′

) = δ

∗

( t

′

) − T

˙

δ

ξ

( t

′

) from (3.1), w e

ha v e

w

ξ

( t ) = w

ξ

(0) e δ

ξ

( t ) − δ

ξ

(0)

β

T

e

∫

t

0 ν

∗

( t

′

) dt

′

Therefore

R

ξ

( t )

R

ξ

(0)

= e

∫

t

0 ν

∗

( t

′

) dt

′

(4.2)

is indep enden t on ξ and

R

ξ

( t )

R

ξ

(0)

=

R

η

( t )

R

η

(0)

. So,

R

ξ

( t )

R

η

( t )

=

R

ξ

(0)

R

η

(0)

, q. e. d.

It is the v alue of R

ξ that determin w es the final w ealth distribution

¯ w

ξ

= lim

t →∞ w

ξ

( t )

∑

ξ w

ξ

( t )

Theorem 1. The final distribution w̄

ξ

( t ) exists and

¯ w

ξ

¯ w

η

=

R

ξ

(0)

R

η

(0)

(4.3)

If R

ξ

(0) = R

η

(0), than for t large enough

w

ξ

( t ) > w

η

( t ) ⇔ δ

ξ

( t ) > δ

η

( t )

Pro of. F rom (4.1), the w ealth ratio for households ξ and η at time t

equals

w

ξ

( t )

w

η

( t )

=

R

ξ

( t )

R

η

( t ) e δ

ξ

( t ) − δ

η

( t )

β

T

(4.4)

By Lemma 2 the difference δ

ξ

− δ

η tends to zero, and e δ

ξ

( t ) − δ

η

( t )

β

T

tends to

unit y for t → ∞ . Therefore for all ε > 0 exist t ( ε ) suc h that

|

|

|

| e

( δ

ξ

( t ) − δ

η

( t )) T

β

− 1

|

|

|

|

< ε (4.5) for all t > t ( ε ). Consider

¯

t = t

(

R

ξ η

− 1

R

ξ η

)

. Because of (4.4) and (4.5), for all

t >

¯

t the inequalit y holds

w

ξ

( t )

w

η

( t )

> (1 −

R

ξ η

− 1

R

ξ η

) R

ξ η

= 1

Remark . The theorem analogous to the theorem 1 holds not only for the

w ealth lev els w

ξ

( t ) w

η

( t ), but also for the v alues of consumption

ξ

( t )

η

( t )

So that, if δ

∗

( t ) is defined b y the curren t consumption δ

∗

( t ) = δ ( ξ

∗

) , ξ

∗

=

ar g max c

ξ

( t ), than it is easy to kno w whic h household will b e the lider

after the in terv al of time large enough. It will b e the household ξ

∗

=

ar g max R

ξ

(0). Ho w ev er, it is unnecessary that it will b e the leader at

the b eginning of the adaptation pro cess. Therefore the v alue of the final

w ealth is not easy to calculate. The v alue of

¯

δ dep ends significan tly on ho w

δ

∗

( t ) is defined.

The theorem 1 sho ws that the w ealth distribution is c hanging in time

in accordance with the lexicographic ordering b y t w o criteria ( R , δ ) (the

indifference curv es are sho wn in Fig.2). Therefore the higher v alues of R

the w ealthier are the households. Among the households with equal R the

w ealthiest will b e those for whic h the v alues of δ are minimal. Because

the lexigographic ordering ( R , δ ) is indep enden t on time at ev ery momen t,

giv en the w ealth distribution w

ξ

( t ) and curren t v alues of δ

ξ

( t ) it is easy

to determine whic h household will ha v e the highest consumption c

ξ

( t ) and

w ealth w

ξ

( t ) as a result of the adaptation pro cess.

5 Conclusion

W e ha v e considered the mo del of adaptation of pure time preference in the

closed econom y with three assets and non-uniform households. W e w ere con-

sidering that the households are trying to imitate the curren tly optimal one.

Suc h adaptiv e b eha vior leads to the con v ergence of the pure time preference

rates and w ealth redistribution. W e ha v e sho wn that the system p osses the

equifinalit y prop ert y: regardless on the criterion of the determination of the

most prosp erous household the final distribution is defined solely b y the

v alue of R

ξ

= w

ξ exp − δ

ξ

T /β . The criterion R

ξ sho ws the existing relation-

ship b et w een w ealth and pure time preference rate. The more δ the more

w ealth is required to ensure the high consumption lev el in future. The more

is β the less w ealth w is required to comp ensate to o high lev el of the pure

time preference.

The authors are grateful to professor I. G. P osp elo v for the statemen t

of the problem and to all the colleagues from the division of the mathemat-

ical mo deling of ev onomic systems of the Computer Cen ter of the Russian

Academ y of Science for useful discussions.

References

1. Guriev S.M. Mathematical mo del of sa ving and demand for money:

I,I I. Mathematical mo delling and computational exp erimen t. 1994, N

7 pp.15-54. (in Russian)

2. P oltero vitc h V. M. Efficien t equilibrium gro wth and con tinious revi-

sion. Economics and mathematical metho ds. 1979. .XV, v ol.4 (in

Russian)

3. P osp elo v I. G. The pro ducers b eha vior mo del in p erio d of mark et and

under a v aliabilit y of preferen tial credits. Mathematical mo delling

and computational exp erimen t. 1995, N 10 pp. 59-82 (in Russian)

4. Bewley T. A Difficult y With The Optim um Quan tit y of Money .

Econometrica. 1983. V ol.51, No.5

5. P atinkin D. Money , In terest and Prices. N.Y. 1965,

6. Arro w K. Commen t. Review of Economic Studies. 1963. V ol.45,

pp.24-77

7. Pratt J. Risk Av ersion in the Small and in the Large. Econometrica.

1964. V ol.32, pp.122-136

8. Aumann R. Agreeing to Disagree. Annals of Statistics. 1976. V ol.4,

pp.1236-1239