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1 Introduction

In our presentationwe considerthe problemof the (sub)optimuntermination
of innerlinearPreconditione€onjugateGradientPCG)iterationsusedwithin
InexactNewton nonlinearsolvers|2, 4, 3].

In generalwe shav thatfor certainsolutionerrormeasure,, wherek is
thenumberof nonlinear(outer)iteration,onehas

1 < (1 — 79 (sk))er 1)

where0 < 7 < 1 is a certaincharacterizatiorof the problemnonlinearity
(r = 1 whenthe problemis linear),and0 < 6x(sx) < 1 is a specialerror
measurdor the solutionof someinner linear equationusing sy, iterationsof
the PCG method(this linear error is zerowheneaer 8, = 1). We presenta
simplepracticalrule for choosings;, which doesnotassumeheknowledgeof
T andmalkesit possibleto avoid makingredundanPCGiterationswithin each
nonlinearstep.

The generaloutline is asfollows. Let the nonlinearcorvergenceis mea-
suredby

em < €€, 0<exk 1.

Then(1) yieldsthefollowing sufiicientconditionfor thenonlineariterationsto

becorverged:

m—1

9 (sj) m 7 ' log (7).
j=0
Let then? andZ bethe computationatostsof oneouteriteration(including
the linear solver initialization cost) and the computationakostper one PCG
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iteration,respectiely. Hence thetotal computationatostis estimatedas

mz P+1s;) = <WZ (P +1s;) /mz_ 19j(8j)> ! log (e71)

Jj=0

< ( max (P + Zs;) /ﬁj(sj)) 7 'log (e71).

0<j<m-1

Hence the stoppingcriterioncannow be formulatedin termsof choosingthe
inneriterationnumberss; providing for areasonablymallvalueof eachratio

¥(s) = (P +Is) [9;(s).

Sincethe quantity;(s) canbe readily evaluatedat ary s-th inner iteration,
cf.[3], onecanstopats = s; wherethe first local minimum of ;(s) is at-
tained.

2 Nonlinear Least Squares Problem

Let F' beadifferentiablemapping
F:R"—> RN, N>n,
andlet thenonlineareastsquareproblem
ux = arginf || Full

beapproximatelysolvedusinginexactGauss-Netoniterations.Eachiteration
of the methodcan be presentedas follows: given an approximationu, one
calculateghe matrix

A=F'(u)TF'(u),

theright handside
b=—F'(u)"Fu,

thenperformssomeinexactsolutionof relatedlinearsystemj.e.,
Ar =~ b
andthenobtainsthe next approximatioras

U =u+rT2
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choosingsomepropersteplengthr > 0. It wasshavnin [4] thatif theapprox-
imateGauss-Neton directionz is properlyscaledthatis,

bWle =T Az, (2)

[|1F(us)l] £ V1= 162||Full, 3)
0= |bTz|/ (||Fu||\/xTAa:)

holdsfor somepositve 7 < 1, the maximumadmissiblevalue of which is
consideredasthekey characterizationf thelocal nonlinearityof the mapping
F. Notethat

thentheestimate

where

0 = cos[Fu, F'(u)x] = VaT Az/||Ful|
wherecos|p, q] is the cosineof theacuteanglebetweerthem-vectorsp andg,
andthe lastequalityholds by the scalingcondition(2). Clearly, the equation
(3) canreadilyberewrittenin theform (1).
In [4], the quantity = was called the limiting stepsize from « along the
normalized direction z anddefinedasthelargestpositive numbersatisfying

21FullllF(u+ ox) — Fu — aF' (u)z| < ol — a)||F'(u)z|

forall0 < a <.

If F is alinearmapping,onecansimply take = = 1, andit makessense
to solve thelinear problemfor z to full precision.However, for the nonlinear
problemsthe caseof 7 < 1 alwaystakesplace,sooneshouldspecifya proper
terminationrule for the PCGiterationswhensolvingfor z.

We will describeherea criterionfor stoppingPCGiterationswhich is in-
dependentf ary characterizatiomf nonlinearityandis expressedn termsof
scalarcoeficientsinvolvedin PCGrecursionsandtheratio of the PCGstartup
costto aregularPCGiterationcost. Our stratay is aimedtowardsmaximiza-
tion of 8 ratherthan(standard)minimizationof theresidual||b — Az||. It worth
notingherethat,in generaltherelativeresiduall|b— Az||/||b]| is ratherloosely
relatedto theabove quantityd.

3 Theconjugate gradient iterations

Let usrecallthe PCGalgorithm. The PCGiterations[1] for the solutionof the
problemAz = b canbewritten asfollows:

ro = b—A.CL'(),
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po = Cro;

for i = 0,1,...:
a; = r]Cri/p] Ap;,
Tit1 = T+ pioy,
ripnr = T — Apiay,
B; = riT_LlC’r,-H /r;‘rCri,
pit1 = Crip1 +piBi.

Here C is a properly chosenSPD preconditioningmatrix, which shouldap-
proximate,in somesensethe matrix A—!. The choiceof the matrix C' is
subjectto therequirementhatavectorw = Cr beeasilycalculatedor ary r.
Forinstancepneof thebestchoiceds theapproximateCholesk precondition-
ing, whereC = (UTU)~! andUTU ~ A with the uppertriangularmatrix I
beingmuchsparsethanthe exact Cholesly factorof A, cf.[5] andreferences
therein.

Fortunatelyif zy = 0 in the abore method,thenonecaneasilysee(e.g.,
usingthe A-orthogonalitypropertyof p;, cf.[3]) thateachiteratez; obtained
in the PCGiterationsappliedto Az = b satisfiesthe above scalingcondition
(1) and,moreover, theequality

i—1
z] Az; = ij
Jj=0
holds,wherethe quantities
wi = (rf Hry)? |p] Ap;

arereadily available from the scalarproductscalculatedin the courseof the
PCGiterations.Therefore the above mentionedquantityd = vz7 Az /|| Ful|
canbecalculateddirectly using

i—1

6= IIFullfl(Zw,-)m, i=0,1,...,n—1,

=0

which makesit possibleto developour new PCGstoppingcriterion.
The scalingrelationship(2) canbe proved asfollows. Let z be obtained
after s iterationsof the PCGmethodwith zeroinitial guess.Therefore,

z € K, = span{Cb,CACb,...,(CA)* 'Cb},
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and,by the PCGoptimality property
x = arg min (b — Az)T A=Y (b — Az).

zeK,

Sinceax € K, for ary scalara, onegets
(b—adz)T A7 (b— adz) > (b— Az)TA71 (b — Ax),
whichreadilygives,with o = z7b/2T Az, theinequality
0> (—z"b+ a7 Az)?,

whichreadilyyieldstherequiredscalingcondition.
Furthermoreysingthewell knawntechniqueslevelopedor theestimation
of thePCGiterationerror[1], onegets

(b— Az)T A~ (b — Az) /BT A~1b < 1/ cosh? (%)

where
k= cond(B1A)

which, by the scalingcondition,gives

2s
2 _ TA TA—l > h2 =2 ). 4
0° =z Ax/b b > tan NG 4)
Hence0 < § < 1 andd — 1 asthe PCGiterationnumbers grows, thefaster
thebetterthe preconditionelC'.

4 Usingthenew inner iteration stopping criterion

Relying on the above expressionfor 8, one cantry to find a properbalance
betweerthe costsof initializing andperformingthe inner PCGiterationsand
the acceleratiorobtainedat the outernonlineariterationsdueto largervalues
of 6.

The inner iteration stoppingcriterion basedon maximizationof # canbe
constructedasfollows. Let m nonlineariterationsbe performed,andlet =~ be
the lower boundfor the stepsizesised. Assumingthat the nonlinearcorver-
genceis measuredby

I (um) || < el F(uo)ll,
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onecanthereforefind thata sufficient conditionfor the nonlineariterationsto
becorvergedcanbetakenas

m

29]2- ~1 tlog(e7?).

LetthenP bethe costsof the outeriteration(including at leastthe generation
of b, A, andthe preconditionerH) andZ be the costsper one PCGiteration
(determinedmainly by the costsof matrix-vectormultiplicationswith A and
H). Thetotal computationatost(i.e.,therunningtime) is estimatedas

< Np=2) 1 —2
< (lrsr;aéxm (P +1s;)0; ) 7 log (¢7?),
wheres; is the numberof inneriterationsat the j-th outeriterationstep. The
stoppingcriterion cannow be formulatedin termsof choosingtheinneritera-
tion numberss; providing for areasonablymallvalueof eachratio

(P+IS]')0;2 = ||FUJ'||2 (P +ISJ')/(W() + ... +wsj) .

In our experimentswve choosethe values; for which theincreaseof this ratio
occuredfor thefirsttime, i.e. theiterationswereperformeduntil the condition

s> —(P/I)+ (wo+ ...+ ws) Jws (5)

holdstrue. In view thatwg + . . . + w, is boundedrom above by thesquaredA-
normof thesolutionz, andw, tendto decreasasthe PCGiterationsprogress,
onecanexpectratherearly terminationof the inneriterations. The above in-
neriterationstoppingcriterionwassuccessfullyusedin numericalexperiments
reportedn [2].

5 The case of unconstrained minimization prob-
lem

Quitesimilarly, thenew PCGstoppingcriterioncanbeappliedto the construc-
tion of algorithmsfor unconstraineaninimization. In particular ratherhard-
to-solve minimizationproblemsarisingin global untanglingof computational
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gridsvia continuationtechnique see[6], weresuccesfullysolvedthereby the
applicationof relatedinexact Newton-like minimizationprocedure.Next we
presensometheoreticabinalysiswhich hasbeenomittedin [6].

Let adifferentiablefunctional

o(u) : R* - R!
beboundedrom below, have gradientg(u) € R™, and
Jp(u + h) = p(u) — KT g(u)| < 2hT A (6)

for certainsymmetricpositive definiten x n matrix A = A(u). Here,A is sup-
posedo begivenexplicitly, while the exactknowledgeof + is notnecessary

Theminimizeru, of ¢ is approximatedy theiteratesu whichareupdated
asfollows:

Step 1. Computeg = g(u) andcheckthecorvergencej.e., if

lgll <e,

thenquit;
Step 2. Computed = A(u) andfind z ~ A~!g suchthatthescalingcondition

—2Tg=2aT Az @)
holdsandthe quantity
6? = 2T Ax/gT A1y, 0<6<1,

is sufficiently large;
Step 3. Find
a = arg min p(u + fz),
B8>0
set
Uy =Uu+ ar
thenu := w4 andgoto Stepl.

In orderto specifyfurtherimplementatiordetails,let us considerthis scheme
moreclosely
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Let z at Step2 be obtainedafter s iterationsof the (preconditionedlon-
jugategradientswith zeroinitial guessappliedto thelinearsystemAdz = —g.
As follows from (2) of therequiredscalingcondition(7) holdsby b = —g.

Next we will estimatethereductionin thefunctionalvalueattainedoy the
descentlongthedirectionz. For ary stepsize3 > 0 onehas,by (6) and(7),

o(u+ Bz) = p(u) + Bz" g+ (p(u + Bz) — p(u) — Bz g)
< o(u) — BzT Az + %ﬂ2wTAm
= p(u) — (,8 - %,82) 029" A g.
Onegetsthen

—gTA g

p(ut) = p(u+az) = glggw(u +Bz) < plu+ %w) < p(u) - %

Hencewe obtain

9> .
p(uy) = p(u) — %QTA 'g,

andthereforelim;_, - [|gi|| ,-: = 0, wherei is the outer iteration number
Moreover, letting . betheminimizerof ¢(u), onehas

3 02gTA—lg
27(p(u) — p(uy))

plus) = (u) < 1 ) =), ©
Choosingr asthelowerboundfor g7 A= g/(2v((u) — ¢(u.))) overall outer
iterations,one canwrite the error equation(8) in the form (1). Therefore,in
orderto provide the suboptimumdecreasén ¢(u) — ¢(u.) at eachouterit-
eration,onecanusethe samestoppingcriterion (3) for inner PCGiterations,
wheres = s; is thenumberof PCGiterationswy, arecalculatedromthePCG
scalamproductsn thesameway asearlier andP /Z is theratio of thecomputa-
tional costsimplied by evaluationof ¢(u), g(u), A(u) andthe preconditioner
C to thecomputationatostsof oneinnerPCGiteration.
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