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1 Introduction

In ourpresentation,we considertheproblemof the(sub)optimumtermination
of innerlinearPreconditionedConjugateGradient(PCG)iterationsusedwithin
InexactNewton nonlinearsolvers[2, 4, 3].

In general,we show that for certainsolutionerrormeasure��� , where � is
thenumberof nonlinear(outer)iteration,onehas� �����	��

����������
�������� � � (1)

where ��� ��� � is a certaincharacterizationof the problemnonlinearity
( �"!#� whenthe problemis linear), and �$�&%�� 
�� � �'�(� is a specialerror
measurefor the solutionof someinner linear equationusing � � iterationsof
the PCGmethod(this linear error is zerowhenever %�� !)� ). We presenta
simplepracticalrule for choosing� � whichdoesnot assumetheknowledgeof� andmakesit possibleto avoid makingredundantPCGiterationswithin each
nonlinearstep.

The generaloutline is asfollows. Let the nonlinearconvergenceis mea-
suredby �+* �-, �+.�/ �0� ,213�54
Then(1) yieldsthefollowing sufficientconditionfor thenonlineariterationsto
beconverged: *	6 �78�9 . � 8 
:� 8 �<;=� 6 �?>A@CBED , 6 �GF 4
Let then H and I bethecomputationalcostsof oneouteriteration(including
the linear solver initialization cost)andthe computationalcostper onePCG
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iteration,respectively. Hence,thetotal computationalcostis estimatedas*	6 �78�9 . 
 HKJLI � 8 �M;
NO *	6 �78�9 . 
 HPJLI � 8 ��Q *	6 �78�9 . � 8 
:� 8 �SRTK� 6 �U>V@5BED , 6 �WF� XZY\[�].W^ 8 ^?*	6 � 
 HKJLI � 8 �_Q�� 8 
�� 8 �
`a� 6 �U>V@5B D , 6 � F 4

Hence,thestoppingcriterioncannow beformulatedin termsof choosingthe
inneriterationnumbers� 8 providing for a reasonablysmallvalueof eachratiob 
����c!�
 HKJdI ���_Qe� 8 
�����4
Sincethe quantity � 8 
���� canbe readily evaluatedat any � -th inner iteration,
cf.[3], onecanstopat �d!f� 8 wherethe first local minimum of

b 8 
���� is at-
tained.

2 Nonlinear Least Squares Problem

Let g bea differentiablemappingg�h5ikj\lmiknE/+oqpsrt/
andlet thenonlinearleastsquaresproblemu�v !�[�w B<xAy�z|{ g u {
beapproximatelysolvedusinginexactGauss-Newtoniterations.Eachiteration
of the methodcan be presentedas follows: given an approximationu , one
calculatesthematrix } ! g2~ 
 u ��� g2~ 
 u � /
theright handside � !�� g2~ 
 u �
� g u /
thenperformssomeinexactsolutionof relatedlinearsystem,i.e.,}�� ; �
andthenobtainsthenext approximationasu � ! u J � �
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choosingsomepropersteplength�'� � 4 It wasshown in [4] thatif theapprox-
imateGauss-Newton direction

�
is properlyscaled,thatis,� � � ! � � }�� / (2)

thentheestimate { g 
 u � � { ��� ����� %5� { g u { / (3)

where % !�� � � � � QE� { g u {�� � � }��?�
holds for somepositive ����� , the maximumadmissiblevalueof which is
consideredasthekey characterizationof thelocalnonlinearityof themappingg . Notethat % !�� @C�W� g u /�g ~ 
 u � ��� ! � � � }�� Q { g u {
where� @���� � /+� � is thecosineof theacuteanglebetweenthe � -vectors� and � ,
andthe lastequalityholdsby the scalingcondition(2). Clearly, the equation
(3) canreadilyberewritten in theform (1).

In [4], the quantity � was called the limiting stepsize from u along the
normalized direction

�
anddefinedasthelargestpositivenumbersatisfying� { g u {C{ g 
 u J-� � �t� g u � ��g2~ 
 u � � { � � 

��� � � { g2~ 
 u � � {

for all ���"� �s� .
If g is a linear mapping,onecansimply take ��!(� , andit makessense

to solve thelinearproblemfor
�

to full precision.However, for thenonlinear
problemsthecaseof � � � alwaystakesplace,sooneshouldspecifya proper
terminationrule for thePCGiterationswhensolvingfor

�
.

We will describeherea criterion for stoppingPCGiterationswhich is in-
dependentof any characterizationof nonlinearityandis expressedin termsof
scalarcoefficientsinvolvedin PCGrecursionsandtheratioof thePCGstartup
costto a regularPCGiterationcost.Our strategy is aimedtowardsmaximiza-
tion of % ratherthan(standard)minimizationof theresidual{ � � }�� { . It worth
notingherethat,in general,therelativeresidual{ � � }�� { Q { � { is ratherloosely
relatedto theabovequantity % .
3 The conjugate gradient iterations

Let usrecallthePCGalgorithm.ThePCGiterations[1] for thesolutionof the
problem

}�� ! � canbewrittenasfollows:� . ! � � }�� . /
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� . ! � � .C�� �_¡�¢ ! �_/ � / 4V4A4 h�|£ ! � �£ � � £ Q � �£ } � £
/� £ �|�¤! � £¥J � £:��£�/� £ �|�¤! � £ � } � £:�|£�/¦ £ ! � �£ �|� � � £ ���§Q � �£ � � £�/� £ ��� ! � � £ �|�cJ � £ ¦ £ 4
Here � is a properlychosenSPDpreconditioningmatrix, which shouldap-
proximate,in somesense,the matrix

} 6 � . The choiceof the matrix � is
subjectto therequirementthatavector ¨ !K� � beeasilycalculatedfor any � .
For instance,oneof thebestchoicesis theapproximateCholesky precondition-
ing, where ��!©
:ª � ª2� 6 � and ª � ª�; } with theuppertriangularmatrix ª
beingmuchsparserthantheexactCholesky factorof

}
, cf.[5] andreferences

therein.
Fortunately, if

� . ! � in theabove method,thenonecaneasilysee(e.g.,
usingthe

}
-orthogonalitypropertyof � £ , cf.[3]) thateachiterate

� £ obtained
in thePCGiterationsappliedto

}�� ! � satisfiestheabove scalingcondition
(1) and,moreover, theequality� �£ }�� £ ! £«6 �78�9 .U¬ 8
holds,wherethequantities

¬ £ !�
 � �£<­ � £ � � Q � �£ } � £
arereadily availablefrom the scalarproductscalculatedin the courseof the
PCGiterations.Therefore,theabovementionedquantity % ! � � � }�� Q { g u {
canbecalculateddirectlyusing

% ! { g u {e6 � � £«6 �78�9 .U¬ 8 � ��® � / ¢ ! ��/ � / 4W4W4 /�r �$� /
which makesit possibleto developour new PCGstoppingcriterion.

The scalingrelationship(2) canbe provedasfollows. Let
�

be obtained
after � iterationsof thePCGmethodwith zeroinitial guess.Therefore,�d¯±°³² ! ��´ [ yUµ � � / � } � � / 4�4W4 / 
�� } � ² 6 � � �§¶ /
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and,by thePCGoptimalityproperty,� !�[�w B Y xVy·5¸5¹cº 
 � � }�� � � } 6 � 
 � � }�� ��4
Since� �d¯a° ² for any scalar� , onegets
 � � � }�� �
� } 6 � 
 � � � }�� � p 
 � � }�� ��� } 6 � 
 � � }�� � /
which readilygives,with � ! � � � Q � � }�� , theinequality�0p 

� � � � J � � }�� � � /
which readilyyieldstherequiredscalingcondition.

Furthermore,usingthewell known techniquesdevelopedfor theestimation
of thePCGiterationerror[1], onegets
 � � }�� �
� } 6 � 
 � � }�� ��Q � � } 6 � � �»��Qt� @C��¼ � X � �� ½ `
where ½ !�� @5y_¾ 
«¿ 6 �GÀ �
which,by thescalingcondition,gives% � ! � � }�� Q � � } 6 � � p-Á [ y�¼ � X � �� ½ ` 4 (4)

Hence,�³��%Â� � and %\l � asthePCGiterationnumber� grows, thefaster
thebetterthepreconditioner� .

4 Using the new inner iteration stopping criterion

Relying on the above expressionfor % , onecantry to find a properbalance
betweenthecostsof initializing andperformingthe innerPCGiterationsand
theaccelerationobtainedat theouternonlineariterationsdueto largervalues
of % .

The inner iterationstoppingcriterion basedon maximizationof % canbe
constructedasfollows. Let � nonlineariterationsbeperformed,andlet � be
the lower boundfor the stepsizesused. Assumingthat the nonlinearconver-
genceis measuredby { g 
 u * � { �$, { g 
 u . � { /
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onecanthereforefind thata sufficient conditionfor thenonlineariterationsto
beconvergedcanbetakenas*78�9 � % �8 ;=� 6 � >V@5B D , 6 � F 4
Let then H bethecostsof theouteriteration(includingat leastthegeneration
of
�
,
}

, andthe preconditioner­ ) and I be the costsper onePCGiteration
(determinedmainly by the costsof matrix-vectormultiplicationswith

}
and­ ). Thetotal computationalcost(i.e., therunningtime) is estimatedas*78�9 � 
 H�JLI � 8 �M;

NO *78�9 � 
 H�JLI � 8 ��Q *78�9 � % �8 RT � 6 � >V@5B D , 6 � F� XÃY\[e]� ^ 8 ^?* 
 HKJLI � 8 � % 6 �8 `a� 6 �Ä>A@CB D , 6 � F /
where � 8 is thenumberof inner iterationsat the Å -th outeriterationstep.The
stoppingcriterioncannow beformulatedin termsof choosingtheinneritera-
tion numbers� 8 providing for a reasonablysmallvalueof eachratio
 H�JLI � 8 � % 6 �8 ! { g u 8 { � 
 HKJdI � 8 �_Q D ¬ .ÆJ 4W4W4 J ¬ ² Ç F 4
In our experimentswe choosethevalue � 8 for which theincreaseof this ratio
occuredfor thefirst time, i.e. theiterationswereperformeduntil thecondition� p �È
 H Q I � J 
 ¬ . J 4�4W4 J ¬ ² �_Q ¬ ² (5)

holdstrue. In view that ¬ .UJ 4W4�4 J ¬ ² is boundedfrom aboveby thesquared
}

-
normof thesolution

�
, and ¬ ² tendto decreaseasthePCGiterationsprogress,

onecanexpectratherearly terminationof the inner iterations.Theabove in-
neriterationstoppingcriterionwassuccessfullyusedin numericalexperiments
reportedin [2].

5 The case of unconstrained minimization prob-
lem

Quitesimilarly, thenew PCGstoppingcriterioncanbeappliedto theconstruc-
tion of algorithmsfor unconstrainedminimization. In particular, ratherhard-
to-solve minimizationproblemsarisingin globaluntanglingof computational
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gridsvia continuationtechnique,see[6], weresuccesfullysolvedthereby the
applicationof relatedinexact Newton-like minimizationprocedure.Next we
presentsometheoreticalanalysiswhich hasbeenomittedin [6].

Let a differentiablefunctionalÉ 
 u � h5i j lmi �
beboundedfrom below, havegradientÊ 
 u � ¯ i j , and� É 
 u J-Ë �|� É 
 u �t� Ë � Ê 
 u �W�Ì�ÎÍ � Ë � } Ë (6)

for certainsymmetricpositivedefinite r0ÏÐr matrix
} ! } 
 u � . Here,

}
is sup-

posedto begivenexplicitly, while theexactknowledgeof Í is not necessary.
Theminimizer u v of

É
is approximatedby theiteratesu whichareupdated

asfollows:

Step 1. ComputeÊ ! Ê 
 u � andchecktheconvergence,i.e., if{ Ê { �$, /
thenquit;

Step 2. Compute
} ! } 
 u � andfind

� ; } 6 � Ê suchthatthescalingcondition� � � Ê ! � � }�� (7)

holdsandthequantity% � ! � � }�� Q Ê�� } 6 � ÊU/ � � % �K� /
is sufficiently large;

Step 3. Find � !=[5w B Y xVyÑ�Ò . É 
 u J ¦ � � /
set u � ! u JÃ� �
then u h ! u � andgo to Step1.

In orderto specifyfurther implementationdetails,let usconsiderthis scheme
moreclosely.
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Let
�

at Step2 be obtainedafter � iterationsof the (preconditioned)con-
jugategradientswith zeroinitial guessappliedto thelinearsystem

}�� !Î� Ê .
As follows from (2) of therequiredscalingcondition(7) holdsby

� !�� Ê .
Next we will estimatethereductionin thefunctionalvalueattainedby the

descentalongthedirection
�
. For any stepsize

¦ � � onehas,by (6) and(7),É 
 u J ¦ � �c! É 
 u � J ¦ � �ÓÊkJ D É 
 u J ¦ � �t� É 
 u �Ô� ¦ � �ÓÊ F� É 
 u �Ô� ¦ � � }�� J Í � ¦ � � � }��! É 
 u �Ô�Õ� ¦ �PÍ � ¦ � � % � Ê � } 6 � Ê 4
OnegetsthenÉ 
 u � �c! É 
 u J�� � �c!=Y xVyÑ�Ò . É 
 u J ¦ � �Ö� É 
 u J �Í � �Æ�

É 
 u �Ó� % �� Í Ê � } 6 � Ê 4
Hencewe obtain

É 
 u �<�<! É 
 u �Ô� % �� Í Ê � } 6 � ÊU/
and therefore >Ax Y £Ø×ÚÙ { Ê5£ {WÛ|Ü�ÝÞ ! � , where

¢
is the outer iteration number.

Moreover, letting u�v betheminimizerof

É 
 u � , onehasÉ 
 u � �Ô� É 
 u�v �Æ� X ��� % � Ê � } 6 � Ê� Í 

É 
 u �|� É 
 u v ��� ` 


É 
 u �Ô� É 
 u�v ���U4 (8)

Choosing� asthelowerboundfor Ê � } 6 � Ê Q�
 � Í 

É 
 u �C� É 
 u�v ����� overall outer

iterations,onecanwrite the error equation(8) in the form (1). Therefore,in
order to provide the suboptimumdecreasein

É 
 u �Æ� É 
 u v � at eachouter it-
eration,onecanusethe samestoppingcriterion (3) for innerPCGiterations,
where �	!K� £ is thenumberof PCGiterations,¬ � arecalculatedfrom thePCG
scalarproductsin thesamewayasearlier, and H Q I is theratioof thecomputa-
tional costsimplied by evaluationof

É 
 u � /�Ê 
 u � / } 
 u � andthepreconditioner� to thecomputationalcostsof oneinnerPCGiteration.

6 Acknowledgement

This work hasbeenpartially supportedby theNetherlandsTechnologyFoun-
dation(STW) grantNNS.4683andby theNationalScienceFoundationgrant
NWO 047.008.007.

124



References

[1] O. Axelsson. A classof iterative methodsfor finite elementequations.
Computer Meth. Appl. Mech. Engrg., 9, 123-137,1976.

[2] O. Axelssonand I. E. Kaporin. Minimum residualadaptive multilevel
procedurefor thefinite elementsolutionof nonlinearstationaryproblems.
SIAM J. Numer. Anal., 35,1213-1229,1998.

[3] O.AxelssonandI. E.Kaporin.Errornormestimationandstoppingcriteria
in preconditionedconjugategradientiterations, Numer. Linear Algebra
Appls. 8, 265-286,2001.

[4] I. E. Kaporin andO.Axelsson. On a classof nonlinearequationsolvers
basedon theresidualnormreductionovera sequenceof affine subspaces.
SIAM J. Sci. Comput., 16,228-249,1994.

[5] I. E.Kaporin.Highqualitypreconditioningof ageneralsymmetricpositive
definitematrixbasedon its ª � ª J ª � iÃJÈi � ª -decomposition.Numer.
Linear Algebra Appls. 5, 483-509,1998.

[6] V. A. Garanzhaand I. E. Kaporin. Regularizationof barrier variational
methodfor constructingcomputationalgrids. (Russian) Zh. Vychisl. Mat.
i Mat. Fiz. 39,1489-1503,1999.

125


