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1. General requirementsfor variational principle

Variationalgrid generationmethods[1]-[5] have becomeimportanttools in
many real-life applications. Despiteconsiderableprogressin this area,lots of
unsolvedproblemsstill exist. Someof themarethesubjectof this paper.

Let us denoteby
���

domainin coordinates�������
	���
�
�
�������� . The spatial
mappingof interest����������� � � � � is constructedasa minimizer of the func-
tionaldependingon thegradientof themapping:!
"$#&% �('�)*���,+-�.� % �/� ��01� � ��� (1)

where ' ) � denotesmatrix with entries 2�3542 )76 .Comprehensivereview of mathematicalformulationof minimizationproblems
for suchclassof functionals,including analysisof conditionsof wellposedness,
regularity of solutions,restrictionson domainsandboundaryconditionscanbe
foundin [15].

The variationalprinciple usedfor grid generationand geometricmodelling
obviously differs from thosein mechanicsandotherareasandshouldsatisfythe
following basicrequirements:

1.1 Variationalproblemshouldbe well posed,its solution shouldexist and
shouldbestablewith respectto input data.Sotheminimal requirementis theel-
lipticity condition.However it is well known thatfor highly nonlinearfunctionals
of interesthere,ellipticity conditionsdo not guaranteewell posednessof varia-
tionalproblem.

1.2 Variationalprinciple shouldnot admit singularmappingsasminimizers,
hencetheclassof admissiblemappingsconsistsof locally invertiblequasi-isometric
mappings[7]. Thequasi-isometrymeansthatfor any two sufficiently closepoints
in � coordinates,say 8 and 9 , thefollowing inequalityholds::;=< 9?>@8 <
AB< ���C9D�E>@�.�F8G� <1A : ; < 9H>@8 < � (2)

where
;JILK

is theconstant,<*M/< is theEuclideanlengthand
:

is thelengthscale.
1.2Solutionsof variationalproblemshouldbeassmoothaspossible.
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1.4Ability to constructquasi-uniformmappingsis a key propertyin grid gen-
eration.Invariantdefinitionof a quasi-uniformmappingreadsasfollows:NOQPSRUT1VXWCY[Z�\^]GR N O P`_ (3)

where a$b aresingularvaluesof ' ) � and
; 	 IcK is a constant. In fact this is

equivalent definition of quasi-isometricmapping,provided that inequalitiesare
valid almosteverywhere.From(2) it follows that �.�C��� is locally Lipschitz,so its
gradientbelongsto dDe andinequality(3) holds.On theotherhand,any function
with gradientbelongingto dDe is locally Lipschitz. In what follows we will use
(3) asthedefinitionof quasi-isometricmapping.

1.5 Deviation of optimalsolutionsfrom the targetonesshouldbeboundedin
maximumnorm,which alsonaturallyleadsto quasi-isometryconcept.

1.6Solutionsof variationalproblemshouldbelocally invertibleandwith proper
boundaryconditionsshouldbe globally one-to-one.From the practicalpoint of
view thismeansthatrelatively easilycheckedand/orguaranteedalgebraicproper-
ties of solutionsshouldleadto requiredglobal topologicalproperties.Important
examplesof suchrelationsaredueto Reshetnyak [8] andBall [11]. In [8] it was
shown that a mapping ������� from a certainSobolev classsatisfyingboundeddis-
tortion inequalityf1g�h '�)�� ILikjmln

h�o �('�)*� T '�)*���,prq st� KvuLi A l (4)

almosteverywhereis openand discrete. Namely imageof any openset under
this mappingis openset,andany point canhaveonly finite numberof preimages.
In [11] it wasprovedthata mapping�.�C��� from a certainSobolev classsuchthat

f1g�h '�)*� ILK
almosteverywhereandcertainfunctionalsimilar to (1) is bounded,then ���C�1� is
globally one-to-one.Soif it is possibleto prove thatsolutionof variationalprob-
lem doessatisfysuitablealgebraicconstraints,theglobalinvertibility conditionis
guaranteed.Quasi-isometricmappingssatisfyboth Reshetnyak andBall condi-
tions.

1.7Thereareseveralwell establishedapproachesto constructionof mappings.
Harmonicmappingsapproachis relatively simpleandbasedon convex function-
als [16]. In many practically important2-D casesit guaranteesconstructionof
one-to-onemappings.However in the presenceof nonsmoothboundariesthedi-
latationof harmonicmapping(i.e. theratioof maximalto minimalsingularvalues
of Jacobimatrix) nearboundariescanbe unbounded.This phenomenonis very
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well known in mechanicsasstressconcentration.In the caseof harmonicmap
with nonsmoothmetricstheunboundeddilatationcanbepresentfar from bound-
aries.Whensingularitiesarepresenttheharmonicmapsarenotstablewith respect
to input data.

Theconformalmappingstechniqueprovidescompletesolutionto theproblem
in thesimplecases.In [7] it wasshown how to constructmappingof curvilinear
quadrangleonto squarewhich is both conformalandquasi-isometric.However
in this approachtotal metricdistortion,i.e. constant

; 	 is far from minimal, this
approachcannotbe appliedfor domainswith nonsmoothboundariesandcannot
begeneralizedto 3-D case.

2. How to obtain well posedvariational problem

The basicprinciplesof well-posedvariationalproblemsfor constructionof
locally invertiblemappingsareformulatedin the context of mathematicaltheory
of elasticitywith finite deformations.In facttheideaof usingvariationalprinciples
from mechanicsin grid generationwasexploitedquiteextensively [3]. However
variationalprinciplesin mechanicsgenerallyviolate the above requirementsand
shouldnot beappliedasit is. But mathematicaltoolsdevelopedin mechanicsare
quite universalandshouldbe applied. Let us briefly review basicmathematical
principlesfor well posedvariationproblem(1) formulatedby Ball [9]:

1. Function
% �F' ) ��� shouldbepolyconvex, i.e. it canbewritten asa convex

functionof minorsof ' ) � . In 2-D caseit meansthatthereexistsconvex functionw � M � M � , suchthat
% �F' ) ���m� w � f1g�h ' ) ���5' ) �1� . In 3-D casethe existenceof con-

vex function w � M � M � M � is assumed,suchthat
% �(' ) �1�m� w � f1g�h ' ) �.�7' ) �.��x f�y ' ) � ,

where x f�y�z � z�{ T

f1g�h.z
denotestheadjugatematrix.

2.
% �F'�)*��� shouldbeboundedfrom below andshouldtendto |t} whenfea-

sible ���C�1� tendsto theboundaryof thefeasibleset,for examplewhen

f1g�h '�)*� �| K .
3.
% �F'�)���� shouldsatisfycertaingrowth conditions[9].

4. Thesetof addmissiblemappingsshouldbedefinedby polyconvex inequal-
ity [13]. An exampleof suchinequalityis (4), which definesa convex setin then�~ | l -dimensionalspaceof matrix ' ) � entriesplus its determinant.Another
exampleis inequality

f1g�h ' ) � I�K whichdefinesin thesamen�~ | l -dimensional
spacethehalf-spacewhich is convex aswell.

Theaboveconditionsallow to proveexistencetheoremfor functionalof inter-
est. The mostfundamentalpropertyis thepolyconvexity. Any polyconvex func-
tional is alsorankoneconvex, namely.% �(���&	�| � l >������ ~ � A � % �(�&	���|�� l >���� % �(� ~ ��� where

o x����.�F�&	�>=� ~ �-� l 

When

% � M � is smoothenoughthe rank oneconvexity is equivalentto Legendre-
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Hadamard(ellipticity) condition. Functionalsviolating the polyconvexity condi-
tion shouldberejected.

3 Variational principle for quasi-isometricmappings

In [6] it wassuggestedaquasi-isometricmappingdefinitionwhich is polycon-
vex in theabovesense

f�g�h ' ) � I����.� � f1g�h ' ) ���5' ) �1��� Kvu�� A l � (5)�.� �,��������� �$� ln
h�o ��� T ����� q s | � l >@�/�� �C�m| � ~� �`� Kvu � u l �

and � I�K is aconstantwhichdefinesthetargetaveragevalueof

f1g�h ' ) � . As was
shown in [6], (5) allowsdirectevaluationof constant

; 	 from (3), namelyOQP-� W��`�`�m� � ��E��� ]1�q W�� P �m� � � P ��� ] q�� �q _ � PG  �-� W �-�H¡ ]F¢¡ ¢ _ �`�   ���H¡ ¢W ���H¡ ]F¢ _ N  �£ �q�¤
We seethatvalue l*¥ � hasthemeaningof totalmetricdistortion.

Now the variationalprinciple for constructionof quasi-isometricmappings
looksasfollows! " #&% �('�)*���,+-�.� % �¦� l > � � � � � f1g�h '§)��.�5'§)����f�g�h ' ) �§> ���.� � f1g�h ' ) �.�7' ) ��� 
 (6)

Thisvariationalprinciplesatisfiesall requirementsformulatedin previoussection.
It is well posed[13]. If feasibleset(5) is not emptythenminimizerexistsandis a
quasi-isometricmapping[13]. Dueto similarity with elasticityproblemsit is nat-
ural to expectthatglobaluniquenessof solutionandconvergenceof finite element
approximationsis provablefor problemswith very smoothboundaryconditions
andsolutioncloseto identity mapping.However numericalexperimentssuggest
that convergenceof finite elementapproximationsis observed in quite general
casesso further theoreticalanalysisis necessary. Unlike elasticityproblems,no
Lavrentiev phenomenonis possiblefor (6) sinceminimally regular solutionsare
still locally Lipschitz[13]. TheLavrientev phenomenongenerallymeansdifferent
minimizersin differentfunctionalspaces.The unsolvedtheoreticalproblemsin-
cludethestability conditionsfor minimizers,theproof (if any) thattheminimizer
lies strictly insidethe feasibleset,andsomewhat relatedproblemof existenceof
weakvariationalformulationof Euler-Lagrangeequationsof thefunctional.These
problemsarenot fully solvedin elasticityaswell [10].

4. Control of the mappingspropertiesvia compositionof mappings

Up to this point we have consideredthevariationalprinciple for construction
of quasi-uniformmappings.However in practiceit is necessaryto constructmap-
pingsandgrids with controlledvariationsof local shape,sizeandorientationof
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elements.We do not considerhereorientation/alignmentcontrol which is very
complicatedandessentiallyunsolvedproblem.More generalfunctionalallowing
for constructionof quasi-isometricmappingswith orientationcontrol was sug-
gestedin [18]. Hereonly shapeandsizecontrol is considered.Generalideais to
usecompositionof mappingsin orderto modify thepropertiesof solutions.It is
illustratedon Fig.1.

¨ ©
� �

© � ¨ �¨ �C��� { 	 �ª��� ¨ � ��� © �
���C�1�Q�L��� © � ¨ ���������

� ¨ ��«¬ � ¨ ��� � © �7­®� © ���«¬ � ¨ ���¯'±°�� T '§°�� ­®� © �Q��'�²�� T '�²��
Fig. 1. Compositionof mappings. ��� © � and ��� ¨ � areprescribedmappings,

{ 	
meansinversemapping.

Themapping�.�C��� is representedasacompositionof mappings̈ �C�1� , © � ¨ � and��� © � . It is assumedthat
¨

and © arecoordinatesin n -dimensionalspace,while
moregeneralcaseof � coordinatesin ³ -dimensionalspace,³µ´ n is considered
aswell. In particular��� © � maydefineaparameterizationof surface.Themappings��� © � and��� ¨ � arespecifiedwhile thefunctionis © � ¨ � is thenew unknownsolution.
We assumeagainthat ��� © � and ��� ¨ � arequasi-isometricmappings,but possibly
with largeconstants

; 	 . Usingthenotations¬ �¯'±°������=��'§° © � z �¯' ² �.�&� ��'�)��.�Q�?� f�g�h �¶�
we get � � z � ¬ { 	 ���?�

f1g�h.z�f1g�h �f1g�h ¬ �E+-�®� f�g�h ¬ + ¨ �
andfunctional(6) is simply rewrittenas!
" % � z ' ° © ¬ { 	 � f�g�h ¬ + ¨ � (7)

where ��� � ��� ��� . Notethatfunction
%

dependsonly on orthogonalinvariantsof
matrix � T � , andusingequalities� T � � ¬ { T � T ­S� ¬ { 	 �E­®� © �Q� z T

z ��«¬ � ¨ �Q� ¬ T
¬ �
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andthe fact that

h�o �C·¶¸��±� h7o �F¸±·[� we get that
%

canbe written via orthogonal
invariantsof thematrix [6] � T ­S��«¬ { 	 �
andfrom the formal point of view we have a familiar formulationof a mapping
betweentwo Riemannianmanifolds � ¨ ��«¬ � ¨ ��� , � © �7­®� © ��� [16], whichis illustrated
onFig.1(right).This formulationis quitegeneralsincematrices

z
and
¬

now can
benon-squareonesandmetrictensors «¬ � ¨ ����­®� © � arenot assumedto besmooth.
Theonly restrictionis thattheir eigenvaluesarepositive andshouldhave uniform
lower andupperbounds. We will show later that even when input control data
arejust two metric tensors,discreteapproximationto functionalon eachsimplex
elementnaturallyemploys factorizedrepresentation(7).

5. Fundamental discretization problems

Unlikeother“standard”problems,sayrelatedto finite elementsolutionof lin-
earelliptic problems,thediscretizationproblemsin themappingstheoryarefun-
damentalandmostlyunsolved.

5.1 Surprisinglythe problemof approximationof locally invertible mapping
by a converging sequenceof locally invertible piecewise affine mappingsis not
solvedevenfor quasi-isometricmappings,notsayingaboutgeneralSobolev map-
pings[10].

5.2 Compositionof mappingsis not closedwith respectto Sobolev norms.
Hencewe do not know generalsolutionfor very simpleproblem:how to approx-
imateby locally invertible piecewise affine mappinga compositionof a general
quasi-isometricmappinganda locally invertiblepiecewiseaffinemapping(which
is quasi-isometricby default).

5.3More difficult problem:givenamappingwith metricdistortionbelow cer-
tain thresholdl*¥ � (5). Is it possibleto constructa sequenceof converging piece-
wiseaffine mappings,eachbeingbelow thesamethresholdl�¥ � ? If it is possible,
how to do it in practice?

5.4 Variationalprinciple for surfacegrid generationshouldbe invariantwith
respectto surfaceparameterization,including the caseof nonsmoothparameter-
izations. How this propertycanbe implementedon the discretelevel? What is
thecounterpartof thefinite elementpatchtestcondition[14] in thecaseof spatial
mappings?

Ourhypothesisis thatthesolutionsto abovediscretizationproblemsshouldbe
basedon Alexandrov theoryof metricswith boundedcurvature(seecomprehen-
sivereview of Alexandrov theoryin [19]. Roughlyspeaking,everymetricallycon-
nectedspacewith boundedcurvatureis thelimit of convergingsequenceof spaces
with polyhedralmetrics,eachhaving boundedcurvature. The geodesictriangles
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in Alexandrov spacesarewell definedsowe canusethis conceptfor construction
of discreteapproximationto functional(7).

6. Geodesictriangles and patch test for grid functionals

Let usconsidernow thecaseof surfacesin 3-D, so n � � �&³c�ª¹ . Werequire
thatdiscreteapproximationto functionalshouldsatisfysimplecompatibilitycon-
dition. Let us considera mappingbetweentwo developablesurface. Thenwith
properboundaryconditionsfunctional(7) shouldattainabsoluteminimumon the
isometricmapping.We requirethatdiscretefunctionalattainsabsoluteminimum
on thesameisometricmapping.

Sincewe considerheretheintrinsic geometryproblem,theparticularshapeof
surfaceis not relevant.

A

B

C

A

B

C

A

B

C

Fig. 2. Undistinguishablegeodesictrianglesondevelopablesurfaces.
In particulardifferentdevelopablesurfacesareundistinguishablewhich is il-

lustratedon theFig. 2.
In orderto build discreteapproximationto (7) fully employing all introduced

controlsweassumethatcertaintriangulationis availablein coordinates̈ andcon-
structa compositionof mappings,similar to thosein (7).

¨ ©
� �

© � ¨ �¨ �C�1� { 	 �L��� ¨ � ��� © �
���C�1�

�

z � ¬ { 	 z¬
Fig. 3. Compositionof mappingsandtheir approximationby compositionof
affinemappings.Matrix

z � ¬ { 	 is supposedto approximategradient' ) � . º
symbolsmarktheunknownsof thevariationalproblem.

Our unknowns are imagesof the nodesof this triangulationin coordinates
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© . For eachtriangle mapping ������� is alreadyassumedto be affine. However
mappings��� © � and ��� ¨ � arenotaffineonesandshouldbesomehow approximated
on eachtriangle. The ideaof approximationis very simpleand is attributed to
Alexandrov aswell:

A

B

y(A)

y(B)

y(C)

C

flattening
preserving edge length

Q

geodesic triangle

Fig. 4. Constructionof affineapproximationto ' ² ��� © ��

Let ustakethreepoints ·±��¸»� ; in © -coordinatesandcomputetheir imagesun-

dermapping��� © � . Connectingthesethreepointsvia geodesicsweobtaingeodesic
triangleon thesurface ��� © � . And finally replacingthis triangleby a flat onewith
edgelengthscoincidingwith thoseof geodesictriangle,we obtainlocalaffine ap-
proximationto ��� © � andnaturalformulafor matrix

z
whichcanbeeasilyderived

and is omittedhere. This operationis alwayswell definedsincedistancealong
geodesicssatisfiestrianglerule. Note that thespatialorientationof lastflat trian-
gle is irrelevantsincefunctionaldependsonly on matrix

z
T

z
.

Supposethat we have a certaindevelopablesurfacein 3-D space� and two
differentflatteningof this surface.Thefirst oneis isometric(seeFig. 5 (left)) and
thesecondoneis distortedandis quasi-isometric(seeFig. 5 (right)).

1

2

3

4

1

2

 3

4

1
2

3

4

Fig. 5. Patch test: different flatteningsand parameterizationsof the devel-
opablesurfaceandthesameoptimalmeshon surface.

Sincein thefirst case­¼�¾½ , discretefunctionalwill attainits absolutemin-
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imum providedthat targetshapesfor eachplanetrianglearecorrectlychosen.It
canbeeasilyshown that in thesecondcasethesolutionvia compositionof map-
pingscanbereducedto thefirst oneandfunctionalalsoattainsabsoluteminimum,
soindependentlyof surfaceparameterization,optimalgeodesicgrid onthesurface
is thesame(of courseprovidedthatall geodesicsareunique,which is not always
thecase).

7. Global parameterization of surfacesvia unfolding and flattening

In exampleshown on Fig. 5 thesurfaceparameterizationwasconstructedvia
flatteningoperation.This is very powerful tool in geometricmodelling[12]. In
particularit canprovide global parameterizationfor surfacesdefinedby mutiple
patches(in reallife upto 4-5 thousands).Any triangulatedsurfacehomeomorphic
to diskwith holescanbeflattened[12]. Moregeneralstatementcanbeformulated
asa hypothesis:every manifold with boundedcurvature homeomorphicto disk
with holesadmitsquasi-isometricflattening.

In orderto build surfacemeshsingleglobalparameterizationis necessary. Two
basicapproachesarepossiblehere:

A. Surfaceunfoldingbasedon constructionof geodesictriangulation,flatten-
ing of eachtrianglevia edgestraightening,connectedunfoldingof trianglesonthe
plane,meshingof polygonwith consistentmeshesalongcutsandbackwardfold-
ing andmappingonto thesurface.This is in fact famouscut andpasteoperation
dueto Alexandrov.

B. Surface flattening basedon constructionof geodesictriangulation,flat-
teningof eachtrianglevia edgestraightening,global quasi-isometricflattening,
anisotropicmeshingof planedomains[17], meshimprovementusingvariational
methoddescribedabove, mappingof planemeshback to the surface. Robust
methodfor quasi-isometricflatteningwassuggestedin [18].

flattening unfolding

gluing rule

Fig. 6. Flatteningvs. unfoldingfor surfaceparameterization.
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A: Advantages:minimalmetricdistortionin unfoldingoperation.Drawbacks:lots
of internalcuts,complicatedcouplingconditionsalongcuts,notpracticalfor large
numberof geodesictriangles.
B: Advantages:nocuts,singleglobalplanemesh.Drawbacks:globalflatteningis
not simple,in somecaseslargemetricdistortionsareinevitable.

It seemsthat the optimal strategy is to usea finite numberof cuts andper-
form globalquasi-isometricflatteningcombinedwith unfolding,to constructplane
meshandto do backwardfolding andmapping.Findingoptimalcutsis very hard
andunsolvedproblem.

Both flatteningoperationandvariationalimprovementof planegrids canbe
doneusingthecompositionof mappingframework. In flatteningoperationthetar-
getshapefor eachplanetriangleis givenvia matrix

¬
which in turn is computed

via flatteningof geodesictriangleof thesurface.In planemeshimprovementop-
erationflatteninghavealreadydefinedglobalparameterizationof surface��� © � , so
it is necessaryto recomputematrix

z
for eachplanetriangleduringoptimization

procedure.If additionaladaptationis necessary, sayadaptationto curvatureof sur-
face,thenwe just havedifferentdefinitionof metrics ­®� © � , but thesamerulesfor
constructionof matrix

z
, sincelengthof geodesicsis definedonly by ­®� © � .

8. Numerical experiments

The practicalminimizationmethodfor suggestedfunctional is basedon the
ideaof frozenmetrics ­ . Similar ideawassuccessfullyusedin [?]. Obviously
matrix

¬
for eachtriangleis computedonly onceand“accompany” eachtriangle

during the minimizationprocess.We can interpretit asshape/sizedefinition in
“Lagrangian”coordinates.On theotherhandmatrix

z
changeseachtimetriangle

verticesareupdated,it behavesmorelikeshape/sizedefinitionin “Eulerian” coor-
dinates.So the ideaof iterative solutionis to solve partialminimizationproblem
for functionalwherefor eachtriangle

% � % � zS¿À{ 	 � ¿ ¬ { 	 � , Á beingtheiteration
number. Generallythis partial minimizationprobleminvolvesjust 1-2 iterations
of preconditionedgradientmethod[6]. This approachwasfoundvery stableand
convergedquitefast.

In practiceonecanhavesurfacedescriptiondifferentfrom geodesictriangula-
tion, saytesselationwhich approximatesgeometrywith prescribedchordalerror.
Thenthebasicproblemis to computequasi-isometricflatteningof extremelyill-
conditionedtriangulation[18].

An exampleof meshingprocedurebasedon global flattening is shown on
Fig. 7. Note thedifferencebetweenmesheson subfiguresA andB. In bothcases
meshquality is quitegood,but in thecaseB discretefunctionalviolatedthepatch
testandtheproblemswith meshconvergenceareexpected.
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·

Fig. 7. Surfacemeshingvia quasi-isometricflattening,planegrid generation
andvariationalimprovement.A - meshconstructedusingdiscretefunctionalsati-
fying patchtest;B - patchtestis violated.
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Fig. 8. Patchstitchingwith repairof topologyandgeometryof thesurface.

Fig. 9. Fragmentsof repairedsurface tesselations. Left - separatetesselated
patches,right - repairedtriangulations.
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Fig. 10. Optimizedsurfacemesh.

Fig. 11. Surfacemeshfragments:left - no patchtest,right - patchtestis satisfied.
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Numericalexperiencesuggeststhat not badquality facets,but surfacewrin-
kles, especiallyneedle-like arefatal for flatteningquality. In this caseGaussian
curvatureof surfaceis very largeandflatteningwith low metricdistortionsimply
doesnot exist. Soa key operationin repairof geometryis smoothingof parasitic
wrinkles which by itself is quite nontrivial. The wrinkles canbe createdduring
assemblyof surfacefrom CAD patches.An exampleof fault tolerantmeshing
procedureis shown on Figures8, 9, 10,11. In thiscasetheflatteningprocedureis
verygood,but still mapping�.� © � is nonsmoothdueto slightly differentflattening
of very large facets. In the optimizedmeshshown on Fig.10 the quasi-isometry
constant

; 	 is about l 
 Â which seemsto bequitecloseto unimprovableresult.

9. Conclusions

Unsolvedproblemsin grid generationwereconsideredandsomesolutionsand
hypothesesweresuggested.Themainconclusionis thatgrid generationfield along
with othermethodsshoulduseideasandmethodsfrom theoryof mappingsand
theoryof manifoldsof boundedcurvature.
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