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1. General requirementsfor variational principle

Variationalgrid generationmethods[1]-[5] have becomeimportanttools in
mary real-life applications. Despiteconsiderablgorogressin this area, lots of
unsohedproblemsstill exist. Someof themarethe subjectof this paper

Let us denoteby Q¢ domainin coordinates) = {n,...,m,}. The spatial
mappingof interesty(n) : R* — R" is constructechsa minimizer of the func-
tional dependingn the gradientof the mapping:

/Q F(Vay)dn, fRY™ SR, 1)

whereV,y denotesnatrix with entriesg—fg.

Comprehensiereview of mathematicalormulationof minimizationproblems
for suchclassof functionals,including analysisof conditionsof wellposedness,
regularity of solutions,restrictionson domainsand boundaryconditionscan be
foundin [15].

The variational principle usedfor grid generationand geometricmodelling
obviously differs from thosein mechanicsandotherareasandshouldsatisfythe
following basicrequirements:

1.1 Variationalproblemshouldbe well posed,its solution shouldexist and
shouldbe stablewith respecto input data. Sothe minimal requirements the el-
lipticity condition.Howeverit is well known thatfor highly nonlinearfunctionals
of interesthere, ellipticity conditionsdo not guaranteewvell posednessf varia-
tional problem.

1.2 Variationalprinciple shouldnot admit singularmappingsas minimizers,
henceheclassof admissiblenappingsonsistof locally invertiblequasi-isometric
mappinggd7]. Thequasi-isometrymeanghatfor ary two sufficiently closepoints
in ny coordinatessaya andg, thefollowing inequalityholds:

£16 ol < 19(8) - y(a)| < LCI5 ~ al, @

whereC > 0 is theconstant| - | is the Euclidearniengthand L is thelengthscale.
1.2 Solutionsof variationalproblemshouldbe assmoothaspossible.
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1.4 Ability to constructguasi-uniformmappingss a key propertyin grid gen-
eration.Invariantdefinition of a quasi-uniformmappingreadsasfollows:

L <oivp) <10, 3)
C1

whereo; aresingularvaluesof V,y andC; > 0 is a constant. In factthis is
equivalent definition of quasi-isometrianapping, provided that inequalitiesare
valid almosteverywhere.From (2) it follows thaty(n) is locally Lipschitz, soits
gradientbelongsto L, andinequality(3) holds. Onthe otherhand,ary function
with gradientbelongingto L., is locally Lipschitz. In whatfollows we will use
(3) asthedefinitionof quasi-isometrienapping.

1.5 Deviation of optimal solutionsfrom the targetonesshouldbe boundedn
maximumnorm,which alsonaturallyleadsto quasi-isometrngoncept.

1.6Solutionsof variationalproblemshouldbelocally invertibleandwith proper
boundaryconditionsshouldbe globally one-to-one.From the practicalpoint of
view this meanghatrelatively easilychecledand/orguaranteedlgebraigroper
ties of solutionsshouldleadto requiredglobal topologicalproperties.Important
examplesof suchrelationsaredueto Reshetgak [8] andBall [11]. In [8] it was
shawvn thata mappingy(n) from a certainSobole classsatisfyingboundeddis-
tortion inequality

1 2
det Vpyy > K (ﬁ tr(VnyTVny)) ,0<K <1 4)

almosteverywhereis openand discrete. Namelyimage of ary opensetunder
this mappingis openset,andary point canhave only finite numberof preimages.
In [11] it wasprovedthata mappingy(n) from a certainSobole classsuchthat

detVyy >0

almosteverywhereand certainfunctional similar to (1) is boundedtheny(n) is
globally one-to-one Soif it is possibleto prove thatsolutionof variationalprob-
lem doessatisfysuitablealgebraicconstraintsthe globalinvertibility conditionis
guaranteed.Quasi-isometrianappingssatisfy both Reshetgak and Ball condi-
tions.

1.7 Thereareseveralwell establishe@pproachew constructiorof mappings.
Harmonicmappingsapproachs relatively simpleandbasedon corvex function-
als[16]. In mary practicallyimportant2-D casesit guaranteegonstructionof
one-to-onamappings.However in the presencef nonsmoothboundarieghe di-
latationof harmonicmapping(i.e. theratio of maximalto minimal singularvalues
of Jacobimatrix) nearboundariescan kg)ﬁ unbounded.This phenomenoris very



well known in mechanicsas stressconcentration.In the caseof harmonicmap
with nonsmoothmetricsthe unboundedlilatationcanbe presentar from bound-
aries.Whensingularitiesarepresentheharmonicmapsarenot stablewith respect
to input data.

The conformalmappinggechniqueprovidescompletesolutionto the problem
in thesimplecases.In [7] it wasshowvn how to constructmappingof curvilinear
guadrangleonto squarewhich is both conformaland quasi-isometric. However
in this approachtotal metric distortion,i.e. constantC; is far from minimal, this
approachcannotbe appliedfor domainswith nonsmoothboundariesand cannot
begeneralizedo 3-D case.

2. How to obtain well posedvariational problem

The basicprinciplesof well-posedvariational problemsfor constructionof
locally invertible mappingsare formulatedin the context of mathematicatheory
of elasticitywith finite deformationsin facttheideaof usingvariationalprinciples
from mechanicsn grid generationvasexploited quite extensiely [3]. However
variationalprinciplesin mechanicgyenerallyviolate the above requirementsand
shouldnot be appliedasit is. But mathematicatools developedin mechanicsare
quite universaland shouldbe applied. Let us briefly review basicmathematical
principlesfor well posedvariationproblem(1) formulatedby Ball [9]:

1. Function f(V,y) shouldbe polycorvex, i.e. it canbe written asa corvex
functionof minorsof V,y. In 2-D caseit meanghatthereexists corvex function
9(+,-), suchthat f(V,y) = g(det V,y, Vyy). In 3-D casethe existenceof con-
vex functiong(-, -, -) is assumedsuchthat f(V,y) = g(det V,y, V,y,adjV5,),
whereadj@ = Q7 det Q denotesheadjugatematrix.

2. f(Vyy) shouldbe boundedrom belon andshouldtendto +oco whenfea-
sibley(n) tendsto theboundaryof thefeasibleset,for examplewhendet V,y —
+0.

3. f(Vyy) shouldsatisfycertaingrowth conditions[9].

4. Thesetof addmissiblenappingsshouldbe definedby polycorvex inequal-
ity [13]. An exampleof suchinequalityis (4), which definesa corvex setin the
n? + 1-dimensionalspaceof matrix V,y entriesplus its determinant. Another
exampleis inequalitydet V,,y > 0 whichdefinesin thesamen? + 1-dimensional
spacehehalf-spacevhichis corvex aswell.

Theabove conditionsallow to prove existencetheoremfor functionalof inter-
est. The mostfundamentapropertyis the polycorvexity. Any polyconvex func-
tionalis alsorankonecorvex, namely

FOASL + (1= A)Sa) < Af(S1) + (1 — A)f(S2), whererank(S; — Ss) = 1.

When f(-) is smoothenoughthe rankgge corvexity is equialentto Legendre-



Hadamardellipticity) condition. Functionalsviolating the polycorvexity condi-
tion shouldberejected.

3 Variational principle for quasi-isometricmappings

In [6] it wassuggestea quasi-isometrienappingdefinitionwhichis polycon-
vex in theabove sense

det Vyy > tée(det Vyy, Vay), 0 <t <1, (5)
1 n 1-46 J?
oo(J,T) = H(E te(T'T))2 + %(v + 7),0 <0<1,
andv > 0 is aconstanivhich defineshetamgetaveragevalueof det V,y. Aswas
shavnin [6], (5) allows directevaluationof constantC; from (3), namely
1 . st 1—(1-6)t  1—6t _

C1 < (c2+y/c3 —1)n (aa+y/cd —1) " ,a = — = a0 L=v
We seethatvaluel/t hasthemeaningof total metricdistortion.

Now the variational principle for constructionof quasi-isometrianappings

looksasfollows
$g(det Vyy, Vyy)
Voy)dn, f=(1—t .
/QO F(Vay)dn, f=( )detvny—tqbg(detvny,v,,y)

Thisvariationalprinciplesatisfiesall requirement$ormulatedin previoussection.
It iswell posed13]. If feasibleset(5) is notemptythenminimizerexistsandis a
guasi-isometriegnapping[13]. Dueto similarity with elasticityproblemsit is nat-
uralto expectthatglobaluniquenessf solutionandcornvergenceof finite element
approximationds provablefor problemswith very smoothboundaryconditions
andsolutioncloseto identity mapping. However numericalexperimentssuggest
that corvergenceof finite elementapproximationss obsened in quite general
casesso further theoreticalanalysisis necessaryUnlike elasticity problems,no
Lavrentier phenomenoiis possiblefor (6) sinceminimally regular solutionsare
still locally Lipschitz[13]. TheLavrienter phenomenogenerallymeandifferent
minimizersin differentfunctionalspaces.The unsohedtheoreticalproblemsin-
cludethe stability conditionsfor minimizers,the proof (if any) thatthe minimizer
lies strictly insidethe feasibleset,andsomavhatrelatedproblemof existenceof
weakvariationalformulationof EulerLagrangeequation®of thefunctional. These
problemsarenotfully solvedin elasticityaswell [10].

3=

(6)

4. Control of the mappingspropertiesvia compositionof mappings

Up to this point we have consideredhe variationalprinciple for construction
of quasi-uniformmappings Howeverin practiceit is necessaryo constructmap-
pingsandgrids with controlledvariati%résof local shape size and orientationof



elements. We do not considerhere orientation/alignmentontrol which is very
complicatedandessentiallyunsohed problem. More generalfunctionalallowing
for constructionof quasi-isometrianappingswith orientationcontrol was sug-
gestedn [18]. Hereonly shapeandsizecontrolis considered Generalideais to
usecompositionof mappingsn orderto modify the propertiesof solutions. It is
illustratedon Fig.1.

(€, H(&) (z,G(2))

2(€) H(E) =Ven'Ven  G(z) = Vaoy'Vay

Fig. 1. Compositionof mappings. y(z) andn(¢) are prescribednappings,™!
meansnversemapping.

Themappingy(n) is representedsa compositionof mappingst (7)), z(£) and
y(z). It is assumedhat andz arecoordinatesn n-dimensionalspace while
moregeneralcaseof y coordinatesn m-dimensionakpaceyn > n is considered
aswell. In particulary (z) maydefineaparameterizationf surface.Themappings
y(z) andn(&) arespecifiedvhile thefunctionis z(€) is thenew unknovn solution.
We assumeagainthaty(x) andn(£) are quasi-isometrianappings but possibly
with large constantg’, . Usingthe notations

H=Ven, S=Vez, Q=V,y, T =V,y, J=detT,

we get
det Q) det S

det H
andfunctional(6) is simply rewritten as

T=QSH™!, J= , dn =det Hd¢,

/ f(QVexH™") det Hd, (7)
Q

wheren(Q)) = Q. Notethatfunction f dependonly on orthogonainvariantsof
matrix 77T, andusingequalities
T'T=HS'GSH™, G(z) = Q'Q, H(¢) = H'H,
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andthefactthattr(AB) = tr(BA) we getthat f canbe written via orthogonal
invariantsof the matrix [6] }
S'GSH™,

andfrom the formal point of view we have a familiar formulation of a mapping
betweertwo Riemanniamanifolds(¢, H (€)), (x, G(x)) [16], whichisillustrated
onFig.1(right). Thisformulationis quitegenerakincematrices) and H now can
be non-squarenesandmetrictensors (¢), G(z) arenotassumedo besmooth.
Theonly restrictionis thattheir eigervaluesarepositive andshouldhave uniform
lower and upperbounds. We will show later that even when input control data
arejust two metrictensorsdiscreteapproximatiorto functionalon eachsimplex
elementaturallyemploysfactorizedrepresentatiof7).

5. Fundamental discretization problems

Unlike other“standard”problems sayrelatedto finite elementsolutionof lin-
earelliptic problems the discretizatiorproblemsin the mappingsheoryarefun-
damentabndmostly unsohed.

5.1 Surprisinglythe problemof approximationof locally invertible mapping
by a corverging sequencef locally invertible piecavise affine mappingsis not
solvedevenfor quasi-isometrienappingsnot sayingaboutgeneralSoboles map-
pings[10].

5.2 Compositionof mappingsis not closedwith respectto Sobole norms.
Hencewe do not know generalolutionfor very simpleproblem:how to approx-
imate by locally invertible piecavise affine mappinga compositionof a general
quasi-isometrienappingandalocally invertible piecavise affine mapping(which
is quasi-isometridy default).

5.3 More difficult problem:givena mappingwith metricdistortionbelov cer
tain thresholdl /¢ (5). Is it possibleto constructa sequencef corverging piece-
wise affine mappings gachbeingbelow the samethresholdl /¢? If it is possible,
how to doit in practice?

5.4 Variationalprinciple for surfacegrid generatiorshouldbe invariantwith
respecto surfaceparameterizationincluding the caseof nonsmoothparameter
izations. How this propertycanbe implementecon the discretelevel? Whatis
the counterparbf thefinite elementpatchtestcondition[14] in the caseof spatial
mappings?

Ourhypothesigs thatthesolutionsto above discretizatiorproblemsshouldbe
basedon Alexandror theoryof metricswith boundedcurvature(seecomprehen-
sivereview of Alexandror theoryin [19]. Roughlyspeakingevery metricallycon-
nectedspacewith boundecturvatureis thelimit of corvergingsequencef spaces
with polyhedralmetrics,eachhaving boundedcurvature. The geodesidriangles
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in Alexandror spacesarewell definedsowe canusethis concepffor construction
of discreteapproximatiorto functional(7).

6. Geodesidriangles and patch testfor grid functionals

Let usconsidemow thecaseof surfacesn 3-D, son = 2, m = 3. Werequire
thatdiscreteapproximatiorto functionalshouldsatisfy simplecompatibility con-
dition. Let us considera mappingbetweentwo developablesurface. Thenwith
properboundaryconditionsfunctional(7) shouldattainabsoluteminimumon the
isometricmapping.We requirethat discretefunctionalattainsabsoluteminimum
onthesamesometricmapping.

Sincewe considetheretheintrinsic geometryproblem, the particularshapeof
surfaceis notrelevant.

Fig. 2. Undistinguishablgyeodesidriangleson developablesurfaces.
In particulardifferentdevelopablesurfacesare undistinguishablevhich is il-

lustratedon the Fig. 2.
In orderto build discreteapproximatiorto (7) fully employing all introduced
controlswe assumehatcertaintriangulationis availablein coordinateg andcon-

structa compositionof mappingssimilar to thosein (7).

y(n)

Fig. 3. Compositionof mappingsandtheir approximatiorby compositionof
affine mappingsMatrix QSH ~* is supposedo approximategradientV,y. o
symbolsmarkthe unknavnsof thevariationalproblem.

Our unknowns are imagesof the nodesof this triangulationin coordinates
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z. For eachtriangle mappingy(n) is alreadyassumedo be affine. However

mappinggy (z) andn(£) arenotaffine onesandshouldbe somehav approximated
on eachtriangle. The ideaof approximationis very simpleandis attributedto

Alexandros aswell:

geodesic triangle
¥(©)

flattening
preserving edge length
c y(B)

B

Fig. 4. Constructiorof affine approximatiorto V,y(z).

LetustakethreepointsA, B, C' in z-coordinategndcomputeheirimagesun-
dermappingy(x). Connectinghesethreepointsvia geodesicsve obtaingeodesic
triangleon the surfacey(z). And finally replacingthis triangleby a flat onewith
edgelengthscoincidingwith thoseof geodesidriangle,we obtainlocal affine ap-
proximationto y(z) andnaturalformulafor matrix @ which canbeeasilyderived
andis omitted here. This operationis alwayswell definedsincedistancealong
geodesicsatisfiegrianglerule. Note thatthe spatialorientationof lastflat trian-
gleisirrelevantsincefunctionaldepend®nly on matrix Q7Q.

Supposehat we have a certaindevelopablesurfacein 3-D spacey andtwo
differentflatteningof this surface. Thefirst oneis isometric(seeFig. 5 (left)) and
thesecondneis distortedandis quasi-isometrig¢seeFig. 5 (right)).

y(A)

A

Fig. 5. Patchtest: differentflatteningsand parameterizationsf the devel-
opablesurfaceandthe sameoptimal meshon surface.
Sincein thefirst caseG = I, discretefunctionalwill attainits absolutemin-
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imum providedthattarget shapedor eachplanetrianglearecorrectlychosen.lIt

canbe easilyshaowvn thatin the secondcasethe solutionvia compositionof map-
pingscanbereducedo thefirst oneandfunctionalalsoattainsabsoluteminimum,
soindependentlyf surfaceparameterizatiorgptimalgeodesigrid onthesurface
is the same(of courseprovidedthatall geodesicareunique,whichis not always
thecase).

7. Global parameterization of surfacesvia unfolding and flattening

In exampleshavn on Fig. 5 the surfaceparameterizatiomvasconstructediia
flatteningoperation. This is very powerful tool in geometricmodelling[12]. In
particularit canprovide global parameterizatioffior surfacesdefinedby mutiple
patchegin reallife upto 4-5thousands)Any triangulatedsurfacehomeomorphic
to diskwith holescanbeflattened12]. More generaktatementanbeformulated
as a hypothesis:every manifold with boundedcurvatue homeomorphido disk
with holesadmitsquasi-isometridlattening

In orderto build surfacemeshsingleglobalparameterizatiois necessaryTwo
basicapproachearepossiblehere:

A. Surfaceunfolding basedon constructiornof geodesidriangulation flatten-
ing of eachtrianglevia edgestraighteningconnectedinfoldingof trianglesonthe
plane,meshingof polygonwith consistentmesheslongcutsandbackwardfold-
ing andmappingonto the surface. This is in factfamouscut andpasteoperation
dueto Alexandrov.

B. Surface flattening basedon constructionof geodesictriangulation, flat-
tening of eachtriangle via edgestraighteningglobal quasi-isometridlattening,
anisotropicmeshingof planedomains[17], meshimprovementusing variational
methoddescribedabove, mappingof plane meshback to the surface. Rolust
methodfor quasi-isometridlatteningwassuggestedh [18].

flattening / wfolding

gluing rule

Fig. 6. Flatteningvs. unfoldingfor surfaceparameterization.
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A: Advantagesminimalmetricdistortionin unfoldingoperation Drawbacks:lots
of internalcuts,complicatectouplingconditionsalongcuts,not practicalfor large
numberof geodesidriangles.

B: Advantagesno cuts,singleglobalplanemesh.Drawbacks:globalflatteningis
notsimple,in somecasedarge metricdistortionsareinevitable.

It seemsthat the optimal stratgyy is to usea finite numberof cutsand per
form globalquasi-isometridlatteningcombinedwith unfolding,to construcplane
meshandto do backwardfolding andmapping.Finding optimal cutsis very hard
andunsohedproblem.

Both flatteningoperationand variationalimprovementof planegrids canbe
doneusingthe compositiomof mappingframework. In flatteningoperatiorthetar-
getshapefor eachplanetriangleis givenvia matrix H whichin turnis computed
via flatteningof geodesidriangleof the surface.In planemeshimprovementop-
erationflatteninghave alreadydefinedglobal parameterizatioof surfacey(z), so
it is necessaryo recomputematrix ) for eachplanetriangleduring optimization
procedurelf additionaladaptatioris necessarysayadaptatiorio curvatureof sur
face,thenwe just have differentdefinition of metricsG(z), but the samerulesfor
constructiorof matrix Q, sincelengthof geodesicss definedonly by G(z).

8. Numerical experiments

The practicalminimization methodfor suggestedunctionalis basedon the
ideaof frozenmetricsG. Similar ideawas successfullyusedin [?]. Obviously
matrix H for eachtriangleis computedbnly onceand“accompan” eachtriangle
during the minimization process. We caninterpretit as shape/sizelefinition in
“Lagrangian”coordinatesOn the otherhandmatrix () change®achtime triangle
verticesareupdatedijt beharesmorelik e shape/sizélefinitionin “Eulerian” coor
dinates.Sotheideaof iterative solutionis to solve partial minimizationproblem
for functionalwherefor eachtriangle f = f(Q*~'S*H~!), k beingtheiteration
number Generallythis partial minimization probleminvolvesjust 1-2 iterations
of preconditionedyradientmethod[6]. This approactwasfound very stableand
cornvergedquitefast.

In practiceonecanhave surfacedescriptiondifferentfrom geodesidriangula-
tion, saytesselatiorwhich approximategieometrywith prescribecchordalerror.
Thenthe basicproblemis to computequasi-isometridlatteningof extremelyill-
conditionedtriangulation[18].

An example of meshingprocedurebasedon global flatteningis shovn on
Fig. 7. Note thedifferencebetweermeshe®n subfiguresA andB. In bothcases
meshquality is quite good,but in the caseB discretefunctionalviolatedthe patch
testandthe problemswith meshcorvergenceareexpected.
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Numericalexperiencesuggestghat not bad quality facets,but surfacewrin-
kles, especiallyneedle-lile arefatal for flatteningquality. In this caseGaussian
cunvatureof surfaceis very large andflatteningwith low metric distortionsimply
doesnot exist. Soakey operationin repairof geometryis smoothingof parasitic
wrinkles which by itself is quite nontrivial. The wrinkles canbe createdduring
assemblyof surfacefrom CAD patches. An exampleof fault tolerantmeshing
procedurds shovn on Figures8, 9, 10, 11. In this casetheflatteningprocedureas
very good,but still mappingy(z) is nonsmoottdueto slightly differentflattening
of very large facets. In the optimizedmeshshowvn on Fig.10the quasi-isometry
constanitC; is aboutl.6 which seemgo be quite closeto unimprovableresult.

9. Conclusions

Unsolvedproblemsn grid generatiorwereconsidere&andsomesolutionsand
hypotheseweresuggestedThemainconclusioris thatgrid generatiorfield along
with other methodsshoulduseideasand methodsfrom theory of mappingsand
theoryof manifoldsof boundecturvature.
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