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Abstract
Most of naturalandtechnologicalprocessesdealwith interfacial boundariesbetween

non-mixingmedii of rigid, solid, liquid or gasnature.Presentwork aimsto make a brief
survey on contactalgorithmsdevelopedworldwide during 40 recentyearsfor calculation
of contact,freeandphasetransitionboundaries.

Introduction
A contactalgorithmis a part of solutionmethod,which is responsiblefor detection,

trackingandcalculationof contact,freeor phasetransitionboundaries.
Contactalgorithmscanbe separatedinto two major groupsregardingthe Lagrangian

andEuleriandescriptionsof continuummotion. In Lagrangianalgorithmsthenodesmove
with continuum,in Eulerianalgorithmsthenodesstayin placewhile thecontinuummoves
throughthestationarymeshor throughEuleriancoordinatesystem.Non-Lagrangianalgo-
rithmsdealwith convection(advection)effect.

In bothLagrangianandEuleriancasesthecontact(interfacial)boundariescanbetreated
explicitly (interfacetracking algorithms)as a set of connectedlagrangiansurfacenodes
(markers)andcells, or implicitly by usingsomecontact(interface)capturingtechniques
basedonvariousimplementationsof continuousLagrangianmarker functions.

This classificationis usedasa skeletonfor the survey. An additionalreview on spe-
cial problemorientedcontactalgorithms,parallelprocessinganderroranalysisis alsopre-
sented. The minimal set of referencesincludesonly somekey and recentpublications,
which containfartherreferences.To save paperspaceinsteadof citationwe submitmulti-
ple links to known relatedbibliographycollections.

Comparedto regularinitial boundaryvalueproblemthestatementof contactproblems
involvesspecialboundaryconstraints,which govern theinterfacemotionandpossiblesin-
gularities.

For classicalcontactproblemstheconstraintsexpressnon-penetration(unilateral)con-
dition, third Newton’s law andlaw of surfacefriction. Thenormalcontactconditionpre-
ventspenetrationof onebody into anotherandthe tangentialslip representsfrictional be-
havior of a contactsurface.Extendedphysicalformulationincludescontactboundarycon-
ditionsfor thermal,electro-magneticphenomena,diffusionandsoon.

Additional contactrelevantcasesof freeandphasetransitionboundariesarealsounder
considerationhere.A freesurfaceis a Lagrangianinterfacebetweena densemedia(liquid

1Proceedingsof Workshop“Grid Generation:TheoryandApplications”. Editedby S.A Ivanenko
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or solid) anda gas.Action of thegasis representedby externalsurfaceforcesandits low
densityis neglected.At the freeboundarya surfacetensioncantake place. In contrastto
contactandfreeboundariesthephasetransitionboundaryis not Lagrangianandtherefore
in sucha caseproblemformulationincludesphaseequilibriumrelations,which definethe
non-Lagrangianinterfacemotion.

A variety of possibleformulationsof differential, integral or variationaltype can be
used. Among othersthe formulationsin the form of variationalinequalitiesserve to in-
vestigatethe correctnessof initial boundaryvaluecontactproblems,reviews presentedin
(Lions,1978;Kravchuk,1997;Sadovskii, 1991,1997,Kondaurov, 2002).

Numerical-analyticalmethodsfor contactproblems,basedon continuousapproxima-
tions, includea greatcommunityof mathematicaltechniquessuchasasymptoticexpan-
sion, perturbation,singularintegral equation,integral transformationmethodsandmany
others.Very freshhugecollectionsof reviews of suchmethodscanbe found in (Alexan-
drov, Vorovich (Eds.),2001). In mostcasesnumerical-analyticalstudiesdealwith simpli-
fiedphysicallyandgeometricallyformulations.

Currentsurvey considersdiscretenumericalmethods,which usegrids or free nodes
(Lagrangianparticles)andarebasedon finite or quasi-finiteapproximations.Regarding
thechoiceof problemsettingsandsolutionapproximationsthe following generaldiscrete
techniquesaretypical: finite differences,finite volumes,finite elements,meshfreeGalerkin,
boundaryelements.Comparedto mentionedabove numerical-analyticalmethods,thedis-
cretemethodsarelessrestrictive in respectof problemformulations,whichcanbesuccess-
fully implemented.Relative surveys canbefoundin (Hyman,1984;Benson,1992;Kothe
et al., 1998;Fomin et al., 1999; Gil’manov, 2000; Osher, Tryggvason,2001)andothers,
whicharereferredlater.

1. Lagrangian interface tracking algorithms
Reviews of Lagrangianinterfacetrackingalgorithmscanbe found in (Oden,Martins,

1985;Kikuchi, Oden,1986;Benson,1992;Zhong,1993;Fomin et al., 1999;Oishi, 1999;
Diekman,2000;Laursen,2002).

In mostof dynamicincremental(stepbystepin time)Lagrangianalgorithmsthecontact
boundariesaredetectedby thepenetrationof boundarynodesthroughalienboundarycells
whichmayhappenafterpredictortimestep,which is calculatedneglectingthecontact.

Thepenetrationtakesplaceif a boundarycell is intersectedwith a nodaltrack. Alter-
native way of contactzonedetectionselectstheboundarycontactingpair ”boundarynode
- alienboundarycell”, if they arecloseenoughto eachother(muchlessthanlocal spatial
cell size).

Onthecorrectortimestep(or correctionstage)thenon-penetrationconstraintsaretaken
into account.A lot of contactalgorithmsuseLagrangemultiplier or penaltyfunctiontech-
niques. The contactpressure(normalcontactreactionforce) plays the role of Lagrange
multiplier for unilateralconstraint.In caseof penaltymethodthecontactpressureis pro-
portional to penetration(gap) in normal direction with large coefficient of proportional-
ity (penalizationof unilateralconstraint). Descriptionof algorithmsand reviews can be
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found, for example,in (Hallquist, 1976,1998; Fux, 1976; Hugheset al., 1976; Kikuchi,
Oden,1986;Bourago,1987;Gulidov, Shabalin,1987;Bourago,Kukudzhanov, 1988;Ben-
son,1992; Fomin et al., 1999; Korobeinikov, 2000). Seeour extendedsurvey (Bourago,
Kukudzhanov, 2002a)for morecompletescriptof publicationsandhistoryof studies.

Therearea numberof alternative techniquesof satisfactionthe unilateralconstraint.
Simplified sliding algorithmsof Wilkins family (Wilkins, 1964), local inelasticcollision
algorithms(Korneev, Shugalev, 1986)andmany others.Transienthyperboliccontactprob-
lems can be effectively calculatedwith methodsof characteristics(Kukudzhanov, 1985;
Kondaurov, Petrov, Holodov, 1986)andwith Godunov methodsusingsolutionof Riemann
problem(Godunov et al., 1976;Bychek,Sadovskii, 1997;Sadovskii, 1998).

It shouldbe mentionedthat Lagrangiantrackingof contactboundariesof solidsand
non wetting liquids needsa numberof iterationsbecausecontactzoneis unknown until
thesolutionis obtained.It meansthatcontactproblemsarenonlineareven in thecasesof
physicallyandgeometricallylinearproblemformulation.

Detectionof contactzoneis a quite expensive procedurein the caseof high resolu-
tion grids. In simplestcontactpair searchalgorithmthepenetrationshouldbechecked for
eachboundarynodeandcell. The amountof requiredcalculationsin suchtrivial contact
searchalgorithmis proportionalto secondpower of the boundarynodesnumber. Several
enhancedcontactsearchalgorithmsweredevelopedto decreaserequirednumberof pene-
trationchecks.Theseimprovedcontactsearchalgorithms(Benson,1992;Belytschko, Yeh,
1993;Oldenburg,Nilsson,1994;Wang,Nakamashi,1997;Petocz,Armero,1998;Diekman
et al., 2000)implementhierarchicalcluster(group)searchprinciple. Boundarynodesare
unitedinto groupsof neighboringnodes.smallgroupsareunitedinto biggergroups.Search
is organizedasglobalselectionof possiblecontactpartnersfirstly amongmostbig groups,
thenamongsmallergroupsandsoon. Final local searchassumesselectionof contactpairs
”node- surfaceelement”within previously chosensmallestgroups.

Contactsearchgapfunctionalgorithm(Hirota et al., 2001)staysapartandshouldbe
mentionedseparately. The gapfunction is calculatedfor eachgrid nodeasa distanceto
the boundary. For boundarynodesit takeszerovalues. If grid overlappinghappensthen
boundarynode-intruderhastwo variousvaluesof gapfunction: first valueis its own (zero)
andsecondvaluecorrespondsto its position insidesomegrid cell. This secondvalue is
proportionalto thedistanceto theboundarywhile local gapfunctionanti-gradientdefines
the boundaryexternalnormalvector. The ideacanbe treatedasa variantof the level set
method(Sethian,1999)for Lagrangianformulation.

Explicit Lagrangiancontactalgorithmsarebuilt alsofor trackinginternaldiscontinu-
ities, which imitate macrocracks. Therearealgorithms,which uselocal remeshingand
introduceadditionalnodesin the parentcells containingdamageinterfacial boundary(
Gridneva, Nemirovich-Danchenko, 1983;Larsson,Runesson,1993,Fleminget al. 1997;
Rashid,1998;Dauxet al., 2000;Dolbow et al., 2001;Duarteet al., 2001),andalgorithms,
whichshrinkdamagedcellsby shifting its nodesontocrossinginterfacialsurface(Gulidov
et al., 1982;Kiselev, Kabak,1990;Moeset al., 1999). Overview anddescriptionof such
algorithmscanbefoundin (Fominet al., 1999).
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2. Lagrangian capturing contact algorithms
Lagrangiancapturingcontactalgorithmsassumecontinuoussolutionatinterfacialbound-

ariesandusesocalledidealcontactmodel.
Simplestvariantof ”ideal contact”algorithmusesunitedLagrangiangrid in contacting

bodieswith commonnodesatinterfacialboundary. Thistechniquegivesacceptablesolution
for contactwith noslip andconnection/disconnection.Actually any grid basedcodecanbe
easilyusedto modelsomecasesof idealcontact.

In orderto simulatepossiblecontactdiscontinuitiesin a frameof unitedgrid strategy
the buffer layeralgorithmsare developed. Thesealgorithmsusepredeterminedinterme-
diate buffer cells betweencontactingbodies(Chaboussiet al., 1973, Fridriksson,1976;
Michailovski, Mroz,1976;Pozdnjakov, 1979;Desaietal.,1984;Nikishkov, Pashnin,1986;
Nikishkov, 1988)andmany others.Review canbefoundin (Zerninetal. 2002).This tech-
niquesimulatesslip andconnection/disconnectionof contactboundariesproperlyfor small
deformations.

For largedeformationsandstronglyvariablecontactzonebuffer layer techniquefails
andits fartherdevelopmentleadsto alreadyconsideredgeneralLagrangiantrackingalgo-
rithmswith automatedgenerationof contactpairs.

Internal contactdiscontinuitiescan appearif phasetransitionstake place. Interface
capturingtechniquesfor suchprocessesarebasedon unifiedconstitutive equations, which
describethe phasetransitionand phasebehavior. Good exampleis given by numerical
implementationsof continuousdamageconstitutionmodels,whichsimulategrowing macro
cracksandstrain localizationin solids (Maenchen,Sack,1964; Lemaitre,1996; Tomita,
1994;Kukudzhanov et al., 1995;Benaroya, 1996;Bouragoet al., 2000;Bourago,Kuku-
dzhanov, 2002a).

3. Eulerian interface tracking algorithms
In many problems,suchas problemswith openedboundaries,with extremely large

deformationsor with variabletopologicalproperties,Lagrangiandescriptionof motionbe-
comesnotcomfortablewhile Eulerianalgorithmsappearmoresuitable.In Euleriancontact
algorithmssolutionis continuousandpossibleinterfacial singularities(shocks)aresimu-
latedashighgradientnarrow zones.

EulerianinterfacetrackingalgorithmsuseLagrangianparticlesor markersto track in-
terfacialboundaries.To implementdynamicboundaryconditionssuchalgorithmsconnect
boundarymarkers(particles)into Lagrangiancellsto calculatelocal interfacialvectorbasis
andcurvature.Motion of markersis calculatedusingmaterialvelocity definition. Variants
of suchalgorithmsarepresentedby ( Harlow, 1964;Noh, 1964;Welchet al. 1965;Nick-
ols,1973)for fluidsandby (Kalmykov, Kukudzhanov, 1992;Fominetal.,1999)for elastic
plasticsolids. Coordinatesarethe only characteristicsof markerswhile particlestransfer
mass,momentum,energy andothermaterialpropertiesandthereforewith particlesthere
areno difficultieswith convective terms.Insteadtherearedifficultieswith lack of particles
andmarkersin zonesof strongextension.
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4. Eulerian interface capturing algorithms
Discretemarker techniquesstrike with difficulties in caseswhen dynamicboundary

conditionsshouldbetakeninto accountandaccuratecalculationof normal,tangentialvec-
torsandcurvatureof theinterfaceis required.Thesedifficultiesareconjugatedwith neces-
sity to tracktheboundarylagrangianmarkers(particles)andcellsin casesof fragmentation
or mergingboundarysurfacesor largeboundarydistortions.

To overcomethesedifficultiestheconceptof continuousLagrangianmarker functions
is used.Any continuousLagrangianmarker functionis subjectedto transportequationand
keepsconstantvalue along Lagrangiantracks. Interfaceboundaryis tracked as contour
surface,which respondsto definite level of marker function. Local surfacebasisvectors
andcurvaturearedefinedby usingthederivativesof marker function.

Variousimplementationsof continuousmarker conceptcanbefoundin (Erlich, 1958;
Oleinik, 1960;Samarskii,Moiseenko, 1965;Belotserkovskii, Davydov, 1982;Rvachev et
al., 1980,1995;Hirt, Nickols, 1981;Thompson,1986;Brackbill et al., 1988;Sussmenet
al., 1999; Sethian,1999; Enright et al., 2002,Osher, Fedkiv, 2002; Benson,2002). Os-
herandSethianhave chosendistanceto interfaceasa continuousmarker in their level set
method.In contrastto many relevantmethodswhich useHeavisidemarker functionsthere
areno troublewith interfacialdiffusion. In mostEulerianalgorithmsconservationlaws are
violatednearinterfacialboundaries,soacontrolandspecialcorrectionsareneeded.

5. Adaptive grids and shock capturing
It wasmentionedthatinterfacialboundariesarezonesof highgradients,thereforeshock

capturingtechniquesand adaptive grid methodscan be usedto improve an accuracy of
numericalimplementationsof contactalgorithms.

Reviews of shockcapturingtechniquespresentedin mostof modernbookson Com-
putationalFluid Dynamics,for instance,very freshsurvey canbe found in (Kulikovskii,
Pogorelov, Semenov, 2001).

Reviewsonadaptivegrid refinementandadaptivemoving grid techniquescanbefound
in handbookon grid generation(Tompson,Soni, Wheatherill(Eds.),2000)andin recent
monographs(Carey, 1997; Ivanenko, 1998; Liseikin, 1999; Gil’manov, 2000). Seealso
reviews in (Li, Bettess,1997;Mikolajczaket al., 2000).

6. Meshless methods
To avoid problemsinducedby Lagrangiangrid distortionsandsimultaneouslyto stayin

theframeof LagrangianapproachBelytschko etal. (1994,1996)proposedtheElementFree
Galerkin(EFG) methodwith an accuratenumericalintegrationandaccuratetreatmentof
essentialboundaryconditions.Liu etal., (1996)developedtherelevantReproducingKernel
ParticleMethod(RKPM), which wasfurtherextendedto highly nonlinearhyperelasticity
by Chenetal. (2001).

It shouldbementionedthatfirst attemptsto createmeshlessLagrangianalgorithms(free
Lagrangemethods)have beenmadein (Pasta,Ulam,1959;Ulam,1964;Djachenko, 1967,
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1973;Glagoleva et al., 1972;Anuchinaet al., 1980;Monaghan,1982). Review presented
in (Li, Liu, 2002).

Theintentionto avoid grid generationproblemshasbeenimplementedalsoin
boundaryelement(integral) contactalgorithms,reviewed in (Goldshtein,Spector, 1986;
Aliabadi,1997;Eck, Wedland,1999). In caseof nonlinearformulationboundaryelement
methodrequiresexternal iterationsandvolume integral calculations. This resultsin the
lossof advantageof usingonly surfacegrid andcreatesadditionaldifficulties dueto bad
convergenceof externaliterations.

7. Vectorization and parallelization of contact algorithms
Vectorizationof Lagrangiancontactalgorithmsis not effective becausethey operate

with vectorsof muchsmallerlengthcomparedto thetotal grid nodenumber. Vectorization
of contactalgorithmsconsideredin (Hallquist,1976,1998;Bourago,Kukudzhanov, 1988;
Ginberg, Katnik, 1989).

Parallelizationof Lagrangiancontactalgorithmsis reviewedin (Oishi,1999;Brown et
al., 2000). Highestachievementin efficiency of parallelizationis describedin (Attaway et
al., 2001).

8. Specialized contact algorithms.
Contactfriction is usuallysimulatedin accordancewith 1) modifiedCoulombfriction

law (Michailovski, Mroz, 1985; Wriggerset al., 1990)which takes into accountdepen-
denceof friction forceson contactpressure,displacementjump andmaterialpropertiesof
contactingmedii, and2) dynamicfriction law (Oden,Martins,1985),which takesinto ac-
countdependenceof friction forceson contactvelocity jump. Review of contactfriction
lawscanbefoundin (Kalker, 1990;Bhushan,1996;Gorjacheva,1998).

Contactalgorithmsareusedasa variantof grid generationstrategy to implementof
ideal contactconditionson non-matchinginterfacial meshesat the subdomainfictitious
boundariesin casesof complex geometry. Suchpolicy providescontinuoussolutionwithout
grid adjustmentat theartificial interfaces(Bazhenov et al., 1984,1995;Park et al., 2000;
Felippaetal., 2001).

Many practicalproblemsdealwith multiple interfacialboundaries. Examplesarelay-
eredandblock structuredmedii, composites,cavitation andbubblesin fluid flows, poly-
crystalgrowth andmany others. Explicit trackingtechniquesfail to solve suchproblems
evenif highperformancesupercomputersareused.Mentionedabove
LagrangianandEulerianinterfacecapturingtechniquescanbe very useful for suchprob-
lems,seefor instancemultiphasecontactalgorithmsin (Udaykumaret al., 1999;Kunugi,
2002).

With further increaseof a numberof interfacial boundariesanotherpolicy becomes
more useful and efficient: averagingconstitutive models. Examplesof suchmodelsare
given by theoriesof layeredandblock medii (Nikitin, 1989),consolidation(Riedel,Sun,
1992),damage(Lemaitre,1996;Bouragoet al., 2000;Kondaurov, 2001),phasetransitions
(Kondaurov, 2002).
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Shapedesignoptimizationcontactalgorithmsare usedto prevent appearanceof non
desirablecontactreactionpeaks,which can effect the functionality of technicaldevices.
Linearprogrammingtechniquesappliedin (Conry, Seireg 1971;Haug,Kwak,1978),non-
linearprogrammingfinite elementalgorithmspresentedin (Chenget al., 1988;Belegundu,
Chandrupatla,1980;Clarke,1983;Tada,Nishihara,1993;Park,Anderson,1995;Fancello,
1995;Xie, Stiven,1997;).Freshreviewscanbefoundin (Seireg, Rodriguez,1997;Chenet
al., 2001).

Contactalgorithmsfor animationusekinematicapproaches.In thesemethods,theim-
penetrabilityconstraintis satisfiedby heuristictechniques,often requiringextensive and
boring usercontrol and interactionto producethe desiredeffectsof satisfactory quality.
Simplecontacttrackingalgorithmsreviewed in( Bechmann,1994;Lewis et al., 2000)do
not follow physicallaws.

Contactalgorithmsfor biomedicalapplicationspresentfarthermotiontowardsmechan-
ics. Thesealgorithmsserve to modeltheprocessesandresultsof surgeryoperations.Re-
views of suchalgorithms,which alreadytake mechanicallaws into account,aremadein
(Gourretetal., 1989;Hirota etal., 2001)

Herewegivelinks to bibliographycollectionsoncontactalgorithmsfor: geomechanics
(Moresi,2002),freeandmoving boundariesfor Hele-Shaw andStokesflow (Gillow, How-
ison, 2002), moving-freeboundaryfor heat-diffusion andStefan problem(Tarzia,1988;
Florian,Rasmussen,1989;Shyyet al. 2001),cavitation problems(Wikstrom,2000),cloth
behavior modeling(Baraff, Witkin, 1998).

8. Error estimate, testing and critical analysis of contact algo-
rithms

All contactalgorithmsgiveonly approximatesolutions.Not somany worksaredevoted
to error estimates,testing,comparisonandcritical analysisof contactalgorithms. Here
is the script of suchstudiesfound: (Lee et al., 1991; Lee, Oden,1993a,1993b; 1994;
Cvetkova,1995;Christiansenetal., 1998;Sharif,Wiberg, 2001).

Comparisonof differentalgorithmsis not simplebecauseresultsdependon quality of
codeandonundocumentedfeaturesof contactalgorithms.Unfortunately, quiterarestudies
comparecodeswhicharemadeby oneandthesamegroupof scientistsby usingoneandthe
samecomputing”kitchen”, while exactly that kind of comparisoncangive mostvaluable
anddefinite results. It is so becausevery often somenegligible detail of the algorithm,
which never is mentionedin papersor reports,canplay importantrole in successof the
modeling.Mostly it happensbecauseeachalgorithmhasagreatnumberof consistentparts
andat thesametime thereis no uniquewayof their implementation.

A goodexampleof comparisonanalysisof contactalgorithmsis presentedin (Rider,
Kothe,1995)on numericalmodelingof two-phaseflow. Four different testproblemsare
usedfor evaluationof interfacetrackingmethods:simpletranslation,solidbodyrotation,a
singlevortex anda complex deformationfield. Themethodsstudiedare:variantof marker
particlemethod(Brackbill et al., 1988),variantof volume-of-fluid(VOF) method(Kothe,
Rider, 1994), level setmethod(Sussmanet al., 1999)andmonotoneslope-limitedshock
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capturingtechnique(Colella,Woodward,1984).
By thequalityof resultsthemethodsareplacedin theaboveorder. Theonlymethodthat

remainedrobustwasthemarker particlemethod.After analysisof possibleimprovements
thenew methodwascreated:Hybrid ParticleLevel SetMethod(HPLS,seeEnrightet al.,
2002).Authorsclaimtheit accumulatesthebestfeaturesof discreteandcontinuousmarkers
andsuccessfullypassesall mentionedtests.

Conclusive remarks
Big numberof variouscontactalgorithmsshow thatthey arenot idealandeachhasits

own advantagesanddrawbacks.Anyoneshouldbeverycarefulin judgementsaboutquality
of existingcontactalgorithmsandtheirability to solveavarietyof problems.Symptomsof
overestimatinghavebeenverywell illustratedby N. Johnson(1996).Hecollectedanumber
of following rathertypical advertisingdeclarations,which everyonecanhearratheroften
from CFD codedevelopers:

”It will solve your problemwithoutmodifications.”
”The manualhaseverythingyouneedto run thecode.”
”Standardizedgraphicsoutput,compatiblewith third partypost-processors.”
”Minimal learningcurve.”
”Executableonall machineswith no modifications”
”Robustandaccurate.”
”All physicsarecompatible.”
”User friendly.”
”Thereareno morebugsin thecode,only undocumentedfeatures.”
”You canrun thecodewithout themanual.”
”The techniquewasfirst developedhere.”

No commentsrequired.
For moreinformationoncontactalgorithmsreadourextendedversionof currentsurvey

(Bourago,Kukudzhanov, 2002),whichcontainshistoricalissuesandmoredetailedanalysis
of about600worksoncontactalgorithms.

This work wassupportedby RussianFundof BasicResearch,grantsNo. 01-01-00659
and01-00-00159.
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