A Survey on Contact Algorithmst
(©Nicolai G. Bourago

Institutefor Problemsn Mechanicof RussiarAcademyof Sciences
prospecVernadskgo 101,b1,119529 Moscav
e-mail: burago@ipmnet.ru

Abstract

Most of naturalandtechnologicaprocesseslealwith interfacial boundariedetween
non-mixing medii of rigid, solid, liquid or gasnature. Presentvork aimsto malke a brief
suney on contactalgorithmsdevelopedworldwide during 40 recentyearsfor calculation
of contact free andphaseransitionboundaries.

I ntroduction

A contactalgorithmis a part of solution method,which is responsibléeor detection,
trackingandcalculationof contactfree or phaseransitionboundaries.

Contactalgorithmscanbe separatednto two major groupsregardingthe Lagrangian
andEuleriandescriptionsof continuummotion. In Lagrangiaralgorithmsthe nodesmaove
with continuum,in Eulerianalgorithmsthe nodesstayin placewhile the continuummoves
throughthe stationarymeshor throughEuleriancoordinatesystem.Non-Lagrangiaralgo-
rithmsdealwith convection(adwection)effect.

In bothLagrangiarandEuleriancaseshecontacf(interfacial)boundarieganbetreated
explicitly (interfacetracking algorithms)as a setof connectedagrangiansurface nodes
(markers) and cells, or implicitly by usingsomecontact(interface)capturingtechniques
basedon variousimplementation®f continuoud_agrangiammarker functions.

This classificationis usedas a skeletonfor the suney. An additionalreview on spe-
cial problemorientedcontactalgorithms parallelprocessingnderroranalysisis alsopre-
sented. The minimal set of referencesncludesonly somekey and recentpublications,
which containfartherreferencesTo sase paperspaceansteadof citationwe submitmulti-
ple links to known relatedbibliographycollections.

Comparedo regularinitial boundaryalueproblemthe statemenbf contactproblems
involvesspecialboundaryconstraintswhich governtheinterfacemotionandpossiblesin-
gularities.

For classicalcontactproblemsthe constraintexpressnon-penetratiorfunilateral)con-
dition, third Newton’s law andlaw of surfacefriction. The normalcontactconditionpre-
ventspenetratiorof onebody into anotherandthe tangentialslip representdrictional be-
havior of a contactsurface.Extendedohysicalformulationincludescontactooundarycon-
ditionsfor thermal electro-magnetiphenomenagiffusionandsoon.

Additional contactrelevantcaseof freeandphasdransitionboundariesrealsounder
consideratiornere.A free surfaceis a Lagrangiannterfacebetweera densemedia(liquid

1Proceeding®f Workshop“Grid Generation:Theoryand Applications”. Editedby S.A lvanenlo
& V.A.GaranzhaComputingCentreof RAS, Moscaw, July, 2002
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or solid) anda gas. Action of the gasis representedby externalsuriaceforcesandits low

densityis neglected. At the free boundarya surfacetensioncantake place. In contrastto

contactandfree boundarieghe phasetransitionboundaryis not Lagrangiarandtherefore
in sucha caseproblemformulationincludesphaseequilibriumrelations,which definethe

non-Lagrangianinterfacemotion.

A variety of possibleformulationsof differential, integral or variationaltype canbe
used. Among othersthe formulationsin the form of variationalinequalitiessene to in-
vestigatethe correctnes®f initial boundaryvalue contactproblems reviews presentedn
(Lions, 1978;Kravchuk,1997;Sadwskii, 1991,1997,Kondaur®, 2002).

Numerical-analyticamethodsfor contactproblems basedon continuousapproxima-
tions, include a greatcommunity of mathematicatechniquessuchas asymptoticexpan-
sion, perturbation,singularintegral equation,integral transformationmethodsand mary
others. Very freshhugecollectionsof reviews of suchmethodscanbe foundin (Alexan-
drov, Vorovich (Eds.),2001). In mostcaseswumerical-analyticastudiesdealwith simpli-
fied physicallyandgeometricallyformulations.

Currentsuney considersdiscretenumericalmethods,which usegrids or free nodes
(Lagrangianparticles)and are basedon finite or quasi-finiteapproximations.Regarding
the choiceof problemsettingsandsolutionapproximationghe following generaldiscrete
techniquesretypical: finite differencesfinite volumesfinite elementsmeshfregzalerkin,
boundaryelements.Comparedo mentionedabose numerical-analyticamethodsthe dis-
cretemethodsarelessrestrictive in respecof problemformulations which canbe success-
fully implemented Relative suneys canbefoundin (Hyman,1984;Benson,1992;Kothe
etal., 1998; Fomin et al., 1999; Gil'manov, 2000; Osher Tryggvason,2001)and others,
which arereferredlater.

1. Lagrangian interface tracking algorithms

Reviews of Lagrangianinterfacetrackingalgorithmscanbe foundin (Oden,Martins,
1985;Kikuchi, Oden,1986;Benson,1992; Zhong,1993; Fomin etal., 1999; Oishi, 1999;
Diekman,2000;Laursen2002).

In mostof dynamicincrementa(stepby stepin time) Lagrangiaralgorithmsthecontact
boundariesredetectedy the penetratiorof boundarynodesthroughalienboundarycells
which mayhapperafterpredictortime step,whichis calculatecheglectingthe contact.

The penetratiortakesplaceif aboundarycell is intersectedvith a nodaltrack. Alter-
native way of contactzonedetectionselectshe boundarycontactingpair "boundarynode
- alienboundarycell”, if they arecloseenoughto eachother(muchlessthanlocal spatial
cell size).

Onthecorrectortime step(or correctionstagethenon-penetrationonstraint@retaken
into account.A lot of contactalgorithmsuseLagrangemultiplier or penaltyfunctiontech-
nigues. The contactpressurgnormal contactreactionforce) playsthe role of Lagrange
multiplier for unilateralconstraint.In caseof penaltymethodthe contactpressurés pro-
portional to penetration(gap) in normal direction with large coeficient of proportional-
ity (penalizationof unilateralconstraint). Descriptionof algorithmsand reviews can be
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found, for example,in (Hallquist, 1976,1998; Fux, 1976; Hugheset al., 1976; Kikuchi,
Oden,1986;Bourago,1987;Gulidov, Shabalin1987;Bourago,Kukudzhane, 1988;Ben-
son,1992; Fomin et al., 1999; Korobeinilov, 2000). Seeour extendedsuney (Bourago,
Kukudzhanwe, 2002a)for morecompletescriptof publicationsandhistory of studies.

Thereare a numberof alternatve techniquesf satishctionthe unilateralconstraint.
Simplified sliding algorithmsof Wilkins family (Wilkins, 1964), local inelasticcollision
algorithms(Kornee, Shugalg, 1986)andmary others.Transienthyperboliccontactprob-
lems can be effectively calculatedwith methodsof characteristic§Kukudzhane, 1985;
Kondaure, Petroy, Holodov, 1986)andwith Godune methodsausingsolutionof Riemann
problem(Goduna etal., 1976;Bychek,Sadwskii, 1997;Sadwskii, 1998).

It shouldbe mentionedthat Lagrangiantracking of contactboundariesf solidsand
non wetting liquids needsa numberof iterationsbecausecontactzoneis unknavn until
the solutionis obtained.It meansthatcontactproblemsarenonlinearevenin the casesof
physicallyandgeometricallylinear problemformulation.

Detectionof contactzoneis a quite expensve procedurein the caseof high resolu-
tion grids. In simplestcontactpair searchalgorithmthe penetratiorshouldbe checled for
eachboundarynodeandcell. The amountof requiredcalculationsin suchtrivial contact
searchalgorithmis proportionalto secondpower of the boundarynodesnumber Several
enhancedontactsearchalgorithmswere developedto decreaseequirednumberof pene-
trationchecks.Thesemproved contactsearchalgorithms(Benson 1992;Belytschlo, Yeh,
1993;0ldenhurg, Nilsson,1994;Wang,Nakamashi1997;Petocz Armero,1998;Diekman
etal., 2000)implementhierarchicalcluster(group) searchprinciple. Boundarynodesare
unitedinto groupsof neighboringhodes.smallgroupsareunitedinto biggergroups.Search
is organizedasglobalselectionof possiblecontactpartnerdirstly amongmostbig groups,
thenamongsmallergroupsandsoon. Finallocal searchassumeselectionof contactpairs
"node- surfaceelement’within previously chosersmallesigroups.

Contactsearchgapfunctionalgorithm (Hirota et al., 2001) staysapartand shouldbe
mentionedseparately The gapfunctionis calculatedfor eachgrid nodeas a distanceto
the boundary For boundarynodesit takes zerovalues. If grid overlappinghappenghen
boundarynode-intrudehastwo variousvaluesof gapfunction: first valueis its own (zero)
and secondvalue correspondso its positioninside somegrid cell. This secondvalueis
proportionalto the distanceto the boundarywhile local gapfunction anti-gradientdefines
the boundaryexternalnormalvector Theideacanbe treatedasa variantof the level set
method(Sethian,1999)for Lagrangiarformulation.

Explicit Lagrangiancontactalgorithmsare built alsofor trackinginternal discontinu-
ities, which imitate macrocracks. Thereare algorithms,which uselocal remeshingand
introduceadditionalnodesin the parentcells containingdamageinterfacial boundary(
Gridneva, Nemirovich-Danchené, 1983; Larsson,Runesson1993,Flemingetal. 1997;
Rashid,1998;Dauxetal., 2000;Dolbow etal., 2001;Duarteet al., 2001),andalgorithms,
which shrinkdamagedells by shifting its nodesonto crossinginterfacial suriace(Gulidov
etal., 1982; Kiselev, Kabak,1990; Moeset al., 1999). Overview anddescriptionof such
algorithmscanbefoundin (Fominetal., 1999).
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2. Lagrangian capturing contact algorithms

Lagrangiarcapturingcontacialgorithmsassumeontinuoussolutionatinterfacialbound-
ariesandusesocalledideal contactmodel.

Simplestvariantof "ideal contact”algorithmusesunitedLagrangiargrid in contacting
bodieswith commomnodesatinterfacialboundary Thistechniquegivesacceptablsolution
for contactwith no slip andconnection/disconnectioictually ary grid basedccodecanbe
easilyusedto modelsomecaseof ideal contact.

In orderto simulatepossiblecontactdiscontinuitiesin a frameof unitedgrid stratey
the buffer layeralgorithmsare developed. Thesealgorithmsuse predeterminednterme-
diate buffer cells betweencontactingbodies(Chabousskt al., 1973, Fridriksson,1976;
Michailovski, Mroz, 1976;Pozdnjakv, 1979;Desaietal., 1984;Nikishkov, Pashnin,1986;
Nikishkov, 1988)andmary others.Review canbefoundin (Zerninetal. 2002). Thistech-
niguesimulatesslip andconnection/disconnectiaof contactboundariegproperlyfor small
deformations.

For large deformationsand strongly variable contactzonebuffer layer techniquefails
andits fartherdevelopmentieadsto alreadyconsideredyeneralLagrangiartrackingalgo-
rithmswith automatedyeneratiorof contactpairs.

Internal contactdiscontinuitiescan appearif phasetransitionstake place. Interface
capturingtechniquedor suchprocessearebasedon unified constitutve equationswhich
describethe phasetransitionand phasebehaior. Good exampleis given by numerical
implementationsf continuouslamageonstitutionmodels which simulategronving macro
cracksand strainlocalizationin solids (Maenchen Sack,1964; Lemaitre,1996; Tomita,
1994; Kukudzhanw et al., 1995; Benarya, 1996; Bouragoet al., 2000; Bourago,Kuku-
dzhane, 2002a).

3. Eulerian interface tracking algorithms

In mary problems,suchas problemswith openedboundarieswith extremely large
deformationsor with variabletopologicalproperties|L.agrangiandescriptionof motionbe-
comemot comfortablewhile Eulerianalgorithmsappeamoresuitable.In Euleriancontact
algorithmssolutionis continuousand possibleinterfacial singularities(shocks)are simu-
latedashigh gradientnarrav zones.

EulerianinterfacetrackingalgorithmsuseLagrangiarparticlesor marlersto trackin-
terfacial boundariesTo implementdynamicboundaryconditionssuchalgorithmsconnect
boundarymarlers(particles)into Lagrangiarcellsto calculatdocal interfacialvectorbasis
andcurvature.Motion of marlersis calculatedusingmaterialvelocity definition. Variants
of suchalgorithmsare presentedy ( Harlow, 1964;Noh, 1964; Welchetal. 1965; Nick-
ols, 1973)for fluids andby (Kalmykov, Kukudzhanwe, 1992;Fominetal., 1999)for elastic
plasticsolids. Coordinatesarethe only characteristice®f markerswhile particlestransfer
mass,momentum.enegy and other materialpropertiesand thereforewith particlesthere
areno difficultieswith convective terms.Insteadtherearedifficultieswith lack of particles
andmarlersin zonesof strongextension.
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4. Eulerian interface capturing algorithms

Discretemarker techniquesstrike with difficulties in caseswhen dynamicboundary
conditionsshouldbetakeninto accountandaccuratecalculationof normal,tangentialvec-
torsandcunatureof theinterfaceis required.Thesedifficultiesareconjugatedvith neces-
sity to tracktheboundarylagrangiarmarlers(particles)andcellsin caseof fragmentation
or meging boundarysurfacesor large boundarydistortions.

To overcomethesedifficultiesthe conceptof continuoud_agrangiarmarker functions
is used.Any continuous_agrangiammarker functionis subjectedo transportequatiorand
keepsconstantvalue along Lagrangiantracks. Interfaceboundaryis tracked as contour
surface,which respondgo definitelevel of marker function. Local surfacebasisvectors
andcurvaturearedefinedby usingthe derivativesof marker function.

Variousimplementation®f continuousmarker conceptcanbe foundin (Erlich, 1958;
Oleinik, 1960; Samarskii,Moiseenlo, 1965; Belotserlovskii, Davydov, 1982; Rvache et
al., 1980,1995; Hirt, Nickols, 1981; Thompson,1986; Brackbill et al., 1988; Sussmeret
al., 1999; Sethian,1999; Enright et al., 2002, Osher Fedki, 2002; Benson,2002). Os-
herand Sethianhave chosendistanceto interfaceasa continuousmarler in their level set
method.In contrasto mary relevantmethodswhich useHeaviside marker functionsthere
arenotroublewith interfacialdiffusion. In mostEulerianalgorithmsconserationlaws are
violatednearinterfacialboundariessoa controlandspecialcorrectionsaareneeded.

5. Adaptive grids and shock capturing

It wasmentionedhatinterfacialboundariesrezonesof highgradientsthereforeshock
capturingtechniquesand adaptve grid methodscan be usedto improve an accurag of
numericalimplementation®f contactalgorithms.

Reviews of shockcapturingtechniquegresentedn mostof modernbookson Com-
putationalFluid Dynamics,for instance very freshsuney canbe found in (Kulikovskii,
Pogorel®, Semeng, 2001).

Reviews onadaptve grid refinemenandadaptve moving grid techniquesanbefound
in handbookon grid generation(Tompson,Soni, Wheatherill(Eds.),2000)andin recent
monographgCarey, 1997; lvanenlo, 1998; Liseikin, 1999; Gil'manov, 2000). Seealso
reviewsin (Li, Bettess,1997;Mikolajczaketal., 2000).

6. M eshless methods

To avoid problemsnducedby Lagrangiargrid distortionsandsimultaneouslyo stayin
theframeof LagrangiarapproactBelytschlo etal. (1994,1996)proposedheElementFree
Galerkin (EFG) methodwith an accuratenumericalintegrationand accuratereatmentof
essentiaboundaryconditions.Liu etal.,(1996)developedtherelevantReproducind<ernel
Particle Method (RKPM), which was further extendedto highly nonlinearhyperelasticity
by Chenetal. (2001).

It shouldbementionedhatfirst attemptgo creatameshlessagrangiaralgorithms(free
Lagrangemethodshave beenmadein (Pasta,Ulam, 1959;Ulam, 1964;Djachenk, 1967,
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1973;Glagoleva et al., 1972; Anuchinaet al., 1980; Monaghan,1982). Review presented
in (Li, Liu, 2002).

Theintentionto avoid grid generatiorproblemshasbeenimplementedalsoin
boundaryelement(integral) contactalgorithms,reviewed in (Goldshtein,Spector 1986;
Aliabadi,1997;Eck, Wedland,1999). In caseof nonlinearformulationboundaryelement
methodrequiresexternaliterationsand volume integral calculations. This resultsin the
lossof adwantageof usingonly surfacegrid and createsadditionaldifficulties dueto bad
corvergenceof externaliterations.

7. Vectorization and parallelization of contact algorithms

Vectorizationof Lagrangiancontactalgorithmsis not effective becausehey operate
with vectorsof muchsmallerlengthcomparedo thetotal grid nodenumber Vectorization
of contactalgorithmsconsideredn (Hallquist, 1976,1998Bourago,Kukudzhaneg, 1988;
Ginbepg, Katnik, 1989).

Parallelizationof Lagrangiancontactalgorithmsis reviewedin (Oishi, 1999;Brown et
al., 2000). Highestachiezementin efficiency of parallelizationis describedn (Attaway et
al.,2001).

8. Specialized contact algorithms.

Contacffriction is usuallysimulatedin accordancevith 1) modified Coulombfriction
law (Michailovski, Mroz, 1985; Wriggerset al., 1990) which takes into accountdepen-
denceof friction forceson contactpressuredisplacemenjump andmaterialpropertiesof
contactingmedii, and2) dynamicfriction law (Oden,Martins, 1985),which takesinto ac-
countdependencef friction forceson contactvelocity jump. Review of contactfriction
laws canbefoundin (Kalker, 1990;Bhushan;1996;Gorjachea, 1998).

Contactalgorithmsare usedas a variantof grid generatiorstratgy to implementof
ideal contactconditionson non-matchinginterfacial meshesat the subdomairfictitious
boundariesn case®f complex geometry Suchpolicy providescontinuoussolutionwithout
grid adjustmentt the artificial interfaces(Bazhenw et al., 1984,1995; Park et al., 2000;
Felippaetal.,2001).

Marny practicalproblemsdealwith multiple interfacialboundaries Examplesarelay-
eredandblock structuredmedii, compositescavitation and bubblesin fluid flows, poly-
crystalgronth andmary others. Explicit trackingtechniquedail to solve suchproblems
evenif high performancesupercomputerareused.Mentionedabore
LagrangiarandEulerianinterfacecapturingtechniquesan be very useful for suchprob-
lems, seefor instancemultiphasecontactalgorithmsin (Udaykumaret al., 1999; Kunugi,
2002).

With further increaseof a numberof interfacial boundariesanotherpolicy becomes
more useful and efficient: averagingconstitutve models Examplesof suchmodelsare
given by theoriesof layeredandblock medii (Nikitin, 1989), consolidation(Riedel, Sun,
1992),damaggLemaitre,1996;Bouragoet al., 2000; Kondaur®, 2001),phasetransitions
(Kondaur®, 2002).
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Shapedesignoptimizationcontactalgorithmsare usedto prevent appearancef non
desirablecontactreactionpeaks,which can effect the functionality of technicaldevices.
Linearprogrammingechniquesppliedin (Conry, Seiregg 1971;Haug,Kwak, 1978),non-
linear programmindinite elementalgorithmspresentedn (Chengetal., 1988;Belegundu,
Chandrupatla1980;Clarke, 1983; Tada,Nishihara,1993;Park, Anderson, 1995;Fancello,
1995; Xie, Stiven,1997;).Freshreviews canbefoundin (Seireg, Rodriguez,1997;Chenet
al., 2001).

Contactalgorithmsfor animationusekinematicapproachesln thesemethodstheim-
penetrabilityconstraintis satisfiedby heuristictechniquespften requiring extensve and
boring usercontrol and interactionto producethe desiredeffects of satishctory quality.
Simple contacttracking algorithmsreviewed in( Bechmann1994; Lewis et al., 2000)do
notfollow physicallaws.

Contactalgorithmsfor biomedicalapplicationgresentarthermotiontowardsmechan-
ics. Thesealgorithmssene to modelthe processesndresultsof sulgery operations.Re-
views of suchalgorithms,which alreadytake mechanicalaws into account,are madein
(Gourretetal., 1989;Hirotaetal., 2001)

Herewe give links to bibliographycollectionson contactalgorithmsfor: geomechanics
(Moresi,2002),freeandmoving boundariegor Hele-Sha and Stolesflow (Gillow, How-
ison, 2002), moving-free boundaryfor heat-difusion and Stefan problem (Tarzia, 1988;
Florian,Rasmusser,989; Shyyet al. 2001),cavitation problems(Wikstrom,2000),cloth
behaior modeling(Baraf, Witkin, 1998).

8. hError estimate, testing and critical analysis of contact algo-
rithms

All contactalgorithmsgive only approximatesolutions.Not somary worksaredevoted
to error estimatestesting, comparisonand critical analysisof contactalgorithms. Here
is the script of suchstudiesfound: (Lee et al., 1991; Lee, Oden, 1993a,1993b; 1994;
Cvetkova, 1995;Christianseretal., 1998;Sharif, Wiberg, 2001).

Comparisorof differentalgorithmsis not simplebecauseesultsdependon quality of
codeandon undocumenteéeatureof contactalgorithms.Unfortunately quiterarestudies
comparecodesvhicharemadeby oneandthesamegroupof scientistdy usingoneandthe
samecomputing”kitchen”, while exactly thatkind of comparisorcangive mostvaluable
and definite results. It is so becausevery often somenggligible detail of the algorithm,
which never is mentionedin papersor reports,canplay importantrole in succesf the
modeling.Mostly it happendecauseachalgorithmhasa greatnumberof consistenparts
andatthe sametime thereis no uniqueway of theirimplementation.

A goodexampleof comparisoranalysisof contactalgorithmsis presentedn (Rider,
Kothe, 1995)on numericalmodelingof two-phaseflow. Four differenttestproblemsare
usedfor evaluationof interfacetrackingmethods:simpletranslation solid bodyrotation,a
singlevortex anda complex deformatiorfield. The methodsstudiedare: variantof marker
particle method(Brackbill et al., 1988),variantof volume-of-fluid (VOF) method(Kothe,
Rider, 1994),level setmethod(Sussmaret al., 1999) and monotoneslope-limitedshock
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capturingtechniqugColella, Woodward, 1984).

By thequality of resultshemethodsareplacedn theabore order Theonly methodhat
remainedobustwasthe marker particlemethod.After analysisof possibleimprovements
the new methodwascreated:Hybrid Particle Level SetMethod (HPLS, seeEnrightetal.,
2002).Authorsclaimtheit accumulatethebestfeatureof discreteandcontinuousnarkers
andsuccessfullypassesll mentionedests.

Conclusiveremarks

Big numberof variouscontactalgorithmsshaw thatthey arenotidealandeachhasits
own adwantagesanddravbacks.Anyoneshouldbevery carefulin judgementaboutquality
of existing contactalgorithmsandtheir ability to solve a variety of problems.Symptomsof
overestimatindnave beervery well illustratedby N. Johnsor(1996).He collectedanumber
of following rathertypical ad\ertising declarationswhich everyonecanhearratheroften
from CFD codedevelopers:

"It will solve your problemwithout modifications..

"The manualhaseverythingyou needto runthe code”

"Standardizedjyraphicsoutput,compatiblewith third party post-processofrs.

"Minimal learningcune”

"Executableon all machinesvith no modifications”

"Robustandaccuraté.

"All physicsarecompatibl€.

"User friendly”

"Thereareno morebugsin the code,only undocumentedeatures.

"Y ou canrun the codewithout the manual.

"The techniquewasfirst developedhere’

No commentgequired.

For moreinformationon contactalgorithmsreadour extendedversionof currentsuney
(Bourago Kukudzhanwg, 2002),which containshistoricalissuesandmoredetailedanalysis
of about600works on contactalgorithms.

This work wassupportedy RussianFundof BasicResearchgrantsNo. 01-01-00659
and01-00-00159.
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