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1 Intr oduction

In thispaperwediscusstheproblemof reconstructingsurfacesfrom discretescat-
tered(irregularly distributed)data.Oneof theusualwaysto pre-processthedata
is to constructfirst an initial triangulatedpolyhedralsurfacethat spansall given
datapoints. Thedatapointswill thenbe theverticesof theobtainedtriangulated
surface.

Wereferto thesurface,whichwewantto reconstruct,asto thesourcesurface.
A polyhedral(triangulated)surface,reconstructedfrom thegivendiscretedataset,
canbeconsideredasa polyhedral modelof thesourcesurface.Dependingon the
choiceof the connectionsamongthevertices,we canconstructmany polyhedral
modelsfor a givendataset

�
.

Thekey questionis:� How to determinethemeasureof adequacy of a polyhedralmodelwith re-
spectto thesourcesurface?

Informally speaking,the obtainedpolyhedralmodel is adequateif we can
recognisethe sourcesurfacefrom the model, retrieve its shape,visualiseit etc.
A surfacepossessestopological andmetricproperties.Themetricpropertiesare
thosethatdependontheextentanddetailsof theshapeof thefeaturesin thestruc-
ture understudy. The notion of the shape(not well–defined)is directly related
to theconceptof curvature(well–defined).Thereexist several typesof curvature
for a surface,the main onesare the Gaussianand Mean curvatures. Topology
concernswith thosepropertiesof theshapethatdo not changeunderdeformation
(one-to-oneandbicontinuous).

We cansaythat our model is adequateif, on the baseof this model,we can
determinethe topologicaltype of the sourcesurface,and/orcanextract its basic
geometriccharacteristicsby computing,for example,its curvatures.

1The researchof the authoris supportedby the NWO (STW) (Dutch Organisationfor Scientific
Research),projectNo. TWI4816
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In this communicationwe assumethat possiblepolyhedralmodelspreserve
the main topologicalcharacteristicsof thesourcesurface, i.e., its genusandori-
entability. Therefore,if we could estimatethe curvatures(up to an admissible
tolerance)of thesourcesurfacefrom a polyhedralmodel,thenwe couldconsider
this modelasadequate.

If we know the analyticalrepresentationof the surface,then we can easily
computeits curvaturesby usingthewell–known formulaeof differentialgeometry
[7]. Theseformulaerequirehigh order differentiability of the surface(at least
thesecondorder)and,therefore,arenot applicableto polyhedralsurfaces,which
are of ��� –class. Nevertheless,analoguesof curvaturesfor polyhedralsurfaces
exist andeasilycanbecomputed[2, 6]. Theproblemis how well theseanalogues
approximatethe curvaturevaluesof the sourcesurface,which canbe smoothor
non–regular. The numberof polyhedralmodelsis huge,many of themmight be
quiteinadequate.

Weinvestigatewhichpolyhedralmodelbestapproximatesthecurvaturesof the
sourcesurface.We canchangeonepolyhedralmodelto anotherjust by swapping
anedge[3]. This operationcanbeconsideredasanoptimisationprocedure,and,
hence,theproblemto find anadequatepolyhedralmodelcanbetransformedinto
theproblemof optimisationof aninitial polyhedralmodel.

In Section2 we presentsomenotionsanddefinitions,concerningtriangula-
tions, polyhedralsurfacesandcurvatures. We give alsoa brief overview of the
theoryof manifoldswith a polyhedral metric, or simplypolyhedral metrics, which
form thebasicpartof thetheoryof non-regularsurfacesdevelopedby A.D. Alek-
sandrov andhisschoolin Russia[14]. Polyhedralsurfacesaretypicalexamplesof
polyhedralmetrics.

In Section3 wediscusshow thenotions,presentedin Section2, canbeusedin
SurfaceReconstructionandotherapplicationswhereonedealswith 3D modelling
from discretedata. We presentseveralgeometricvariationalcriteria to obtainan
adequatepolyhedralmodel. All thesecriteria arerelatedto minimisationof one
or anothercurvature,definedfor a polyhedralsurface.Most of thesecriteriahave
beenintroducedby the authorandher long-termcollaboratorRuudvan Damme
[2, 3].

The last topic which we discussis the relationbetweenthedataandthe ade-
quacy of themodel.Our modelcanbeoptimalamongall polyhedralmodelswith
respectto thegivencriterion,but still non–adequate,becausethegivendatadonot
sufficiently representthesourceobject.Therefore,thesecondkey questionis:� How to determinewhetherthedataaresufficient?

We discussanapproachto answerthis question,by usingsomenotionsof the
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critical point theoryandthetheoryof non–regularsurfaces[4, 14].

2 Basicnotionsand definitions

In thissectionsomemaingeometricnotionsanddefinitionsaregiven.Wepresume
that thereaderis familiar with basicnotionsof differentialgeometry. We give all
necessaryexplanationswheneverweconsiderthis appropriate,otherwisewerefer
thereaderto therelevantliterature.

2.1 Triangulation

Triangle meshes(shortly, triangulations)provide an essentialstepin the spatial
analysisof thedataandarecommonlyusedfor representingsurfacesin 3D. Given
a setof verticessampledfrom a source(in general,smooth)surface,a triangular
mesh(triangulation)with theseverticesservesasarepresentation(approximation)
of the sampledsurface. The quality of the approximationobviously dependson
theparticularchoiceof thetriangulation.On thebaseof thetriangulationa PLIS
(PiecewiseLinearInterpolatingSurface))is uniquelydetermined.

Thefollowing definitionof triangulationis standard:

Definition 2.1 A triangulation � is a collectionof triangles,that satisfiesthefol-
lowing properties:

1. Twotrianglesareeitherdisjoint,or haveonevertex in common,or havetwo
verticesandconsequentlytheentire edge joining themin common.

2. � is connected.

We areinterestedonly in compactsurfaces.In this casea triangulation� consists
of a finite numberof triangles,andtwo following conditionsarevalid [12]:

1. Eachedgeis anedgeof exactly two triangles.

2. For everyvertex
�

of a triangulation� , we mayarrangethesetof all trian-
gleswith

�
asa vertex in cyclic order, � ��� �	� ��
�
�

� ������� � ������� � , suchthat��� and ����� � haveanedgein commonfor ���������! �" .

Thelastconditionmeans,thatour triangulatedsurfaceis a manifold, i.e., the
neighbourhoodof every point, aswell asa vertex, is topologically the sameas
theopenunit ball in #%$ . Thefirst conditionof Definition 2.1excludesany inter-
section.Actually, theabove–mentioneddefinition is thedefinitionof anabstract
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triangulationof anabstractsurface[10]. Realsurfacescanhaveself–intersections
and/orhave singularities,in which a surfaceis not a manifold. Therefore,we
shoulddistinguishbetweenthe abstracttopologicalrepresentationof a (triangu-
lated)surface& (asa2-dimensionalmanifold) andits realisationin 3-space(asan
imageof this “canonical”manifold).

Given thedata,we canobtainmany triangulationsdependingon the connec-
tions betweenvertices. We assumethat eachtriangulationpreservesmain topo-
logicalcharacteristicsof theunderlyingsourcesurface:its genusandorientability.
Theneachtriangulationdeterminesa PLIS andwe canswitch from onePLIS to
anotherjustby swappinganedge[2, 3]. ThosesurfacesarecalledPL (piecewise–
linear)homeomorphicsurfaces.They all have thegivendatasetasvertices,they
arecontinuous( ��� –class),andcanbealsodefinedasmanifoldswith polyhedral
metrics.For manifoldswith polyhedralmetricsanaloguesof theessentialgeomet-
ric featuresof smoothmanifoldsaredetermined.

2.2 Polyhedral metrics

A manifold with a polyhedralmetric ( ')(*' ) is a metric spaceevery point of
which hasa neighbourhoodisometricto thelateralsurfaceof a cone.This neigh-
bourhoodmaybeaplanedomain.Indeed,all thepointsof aspacewith polyhedral
metric,exceptfor a discretesetof pointscalledvertices,have a planeneighbour-
hood.We candefinesimilarly manifoldswith boundary. Thepointsonthebound-
ary haveneighbourhoodsisometricto a planeangularsectors(of arbitraryangle).

Themosttypicalexamplesof ')(*' arethesurfaceof any polyhedronin #,+
aswell asits developmentinto planepolygons.Fromthedefinitionit follows that
a ball -/.10 �32 4 in MPM, when 2 is sufficiently small, is isometriceither to the
planecircle of radius 2 with the centrein 0 , or to a surfaceof the conewith the
vertex in 0 andthegeneratorof length 2 . Thevalue5 .10 4 � &6. 2 42 �
where&7. 2 4 standsfor thelengthof theboundaryof -/.10 �32 4 , 2 is sufficiently small,
is calledthefull angle

5 .10 4 at thepoint 0%8:9 . (Obviously, when 2 is sufficiently
small, the value &6. 2 4<; 2 is constant).Points 0 , in which

5 .=0 4?>�A@�B , arecalled
verticesof a polyhedralmetric. It is clear, that in any compactdomainof a man-
ifold with a polyhedralmetric, the numberof verticesis finite, andthe setof all
verticesis not morethancountable.We candevelopsucha manifoldon a plane.
The developmentwill consistof planepolygonswith rules for identifying their
sides.If we triangulatea two–dimensionalRiemannianmanifold ' (informally,
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amanifoldwherethedistancebetweentwo pointsis defined)by meansof shortest
arcsandreplaceeachsimplex of this triangulationby a planetrianglewith sides
of thesamelengths,we obtaina manifoldwith a polyhedralmetric.

Thesequenceof suchmanifoldswill convergeto ' asthesizeof thetriangles
tendsto zero[1, 14].

Anotherimportantfeatureof polyhedralmetricsis thatthey form thebasicpart
of thetheoryof non–regular manifoldswith boundedcurvature, developedby A.
D. Aleksandrov andhis school in Russia. Most of the surfacesencounteredin
applicationsdealingwith 3D modelling,are irregular andeven not smooth(hu-
manorgans,biologicalstructures,Earth’s regionsin terrainmodelling).Classical
differential geometrydealsonly with regular, or at leastwith smoothsurfaces.
Roughlyspeaking,it dealswith piecesof cylinders,or cones,but not with whole
cylindersor cones,becauseof their having singularities.A surface“in its whole”
is alsothesubjectof thestudyin differentialgeometryin thelarge.

In thesecondpartof the lastcenturythestudyof surfacesin thelargeaswell
asthatof irregularsurfaceshasattractedmuchattentionanddevelopmentin pure
mathematics.Whereasdifferentialgeometryin the large wasdevelopedboth in
the Westandin Russia,the theoryof non–regular surfaceshasbeenmainly de-
velopedin Russia.Especiallythemanifoldswith boundedcurvature(MBC) were
extensivelystudied.Thecurvatureof mostnon-regularsurfacesencounteredin 3D
modellingis bounded(if they don’t have “needles”of zerodiameters).Any MBC
of boundedcurvatureis, in a certainsense,thelimit of manifoldswith polyhedral
metrics[14].

This propertymight be very useful in obtaininga “superior” model of the
sourcesurface.Onemight requirethatthemodelwould beof reasonablesmooth-
ness,if the sourcesurfaceis smooth,or would extractall importantsingularities
of anon–regularsourcesurfaceandbesufficiently smoothto representthesmooth
domainsof the sourcesurface. In orderto do this onecancreatea hierarchyof
polyhedralmodelsstartingfrom aninitial modelandproceedingto thefinal model,
which will representthe sourcesurfacewithin a prescribedor desiredtolerance.
We areconductingpreliminaryinvestigationsin this researchdirectionnow.

2.3 Curvaturesrevised

A triangularmesh(synonyms:a2.5Dtriangulation,a triangulatedpolyhedralsur-
face),whichverticesaregivendiscretedatapointssampledfrom thesourcesurface
(smoothor not) are �DC –differentiableeverywherebesidestheverticesthemselves
and the edges(connectionsbetweenthe vertices),whereit is � � only. The es-
sentialgeometricfeaturesof any smoothsurfaceare its curvatures.A notion of
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curvatureis strictly relatedto thenotionof angle, andthis givesusa possibilityto
determineanaloguesof curvaturesalsofor polyhedralsurfacesviewedaspolyhe-
dral metrics. We caneasilysee,astrianglesareflat domains,thatcurvaturesare
concentratedexactly aroundthe verticesandalongthe edges.Below we give an
overview of thecurvatures,which we candeterminefor a triangulatedpolyhedral
surface.For precisedefinitionsof thecorrespondingnotionsof classicaldifferen-
tial geometrysee[7].
Let ( bea polyhedral(triangulated)surface.The total angle

5 .FE 4 aroundthever-
tex EG8!( is thesumof anglesof all theplanepolygonsincidentto E . If EG8!( is
notavertex, wedefine

5 .1E 4 ��@HB . For any point E:8!( thecurvatureI is defined
as IJ.1E 4 �K@HBL 5 .FE 4 . Only for verticeswehave IJ.1E 4�>�M� ( seeFig. 1).

N � N C
O

N �N C
IJ. O 4

Figure1: Curvaturearoundavertex: IJ. O 4 �M@�B% QP N � �M@�B! 5 . O 4 .
I canbe regardedasa 0–dimensionaldistribution. The expressionI is also

known astheangledeficit. For a point R on theboundarythecurvatureis defined
asfollows IJ.1R 4 �SBL 5 .FR 4 (1)

By thecurvatureIJ.T- 4 of any set -U8V( we call thesumof thecurvaturesof the
verticesof ( , which lie in - . The sumof curvaturesof thoseverticesof - , in
which thecurvatureis positive, is calledthepositive part I � .W- 4 of thecurvature
of - , thesumof theabsolutevaluesof thecurvaturesof thoseverticesin - , where
thecurvatureis negative, is calledthenegativepart I � .T- 4 of thecurvatureIJ.T- 4
respectively. Hence, IJ.T- 4 �SI � .T- 4  GI � .W- 4 

Thevalue X .T- 4 �SI � .T- 4	Y I � .W- 4
is calledthevariationof thecurvatureor theabsolutecurvatureof theset -[Z�( .
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In thecaseof a 2–dimensionalsmooth(of order \]@ ) manifold ' theabove
expressionscoincidewith thefollowing ones:

I � .=^ 4 � _a`�b �dcfe � I � .T^ 4 � _�g�b � che �b � �Si�jHk�lm� � bon � b � �Si�j�kplq� �  brn �
where

b
is theGaussiancurvature,̂sZM' ,

che
– thesurfaceelementof M. AndIJ.T^ 4 is known asintegral (Gaussian)curvatureof theset ^sZt' .

However, for polyhedralsurfaces
X .T- 4 is not really an analogueof corre-

spondingexpressionfor smoothsurfaces.In thesmoothcasepointswith positive
andnegative areisolated(arounda point with positive (negative) curvaturethere
exists alwaysa neighbourhood,wherethe sign of curvatureis preserved). In the
“polyhedralcase”positiveandnegativecurvaturesmightbe“glued” together. See,
for example,Fig. 2:

� �
� C �vu

�xw

�vy
�pz �v{

�v|�p}

(a)

� �
� C �vu

�xw

�vy
�pz �v{

�v|
�p}

(b)

Figure2: Two “distorted” cubesCub1andCub2with
X .T��~��q" 4 � X .T��~���@ 4 .

In this figure you canseetwo surfaces,both originatedfrom a cube. In the
first one the point is added“inside” the cube,just producinga concave region,
andin thesecondsurfacethepoint is added“outside” thecube,producinga con-
vex region. Both pointsare the mirror imagesof eachotherwith respectto the
plane

� y �pzq�v{q� |
. In bothcasesthe curvaturesaroundthe correspondingvertices

arepositive andequal,and
X .=��~��q" 4 .T� X .T��~���@ 4 ����B . Note it is not necessary

to triangulatethe surfaces,becausethe facesareflat domains.Cub2 is a convex
figure,but Cub1is not. “Saddle”and“convex” (“concave”) domainsaroundver-
tices

�vy
,
� z

,
� {

,and
�p|

are“glued” togetherandwe needto isolatethem. Below
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you canseehow to do this.

We dealwith a triangulatedsurface(a triangulation),we will refer to a trian-
gulationasto � insteadof ( , which denotesa generalpolyhedralsurface.

Let usdenoteby Str. O 4 (star) of vertex O theunionof all thefacesandedges
thatcontainthevertex, andby link of thestar(theboundaryof thestar)– theunion
of all thoseedgesof thefacesof thestarStr. O 4 thatarenot incidentto O .

Thenfor any point of � :E:8:� : IJ.FE 4 ��@�B% 5 .FE 4 
 Only for verticesIJ.FE 4D>�M� .
2. Thepositive(extrinsic) curvature I � . O � 4 .
Suppose,some(local) supportingplaneof � passesthroughvertex O � . Thenthis
vertex lies on the boundaryof the convex hull of Str. O 4 . We denotethe starofO � in the boundaryof this convex hull by Str

� . O � 4 andwill call it the star of the
convex coneof a vertex (or, simply, theconvex coneof a vertex, if it doesnot lead
to ambiguities).ThecurvatureI � . O � 4 of Str

� . O � 4 is calledthepositive(extrinsic)
curvature of O � . If thereis no supportingplanethroughO � then I � . O � 4 is equalto
zeroby definition.
3. Thenegative(extrinsic) curvature I � . O � 4 .I � . O � 4 �SI � . O � 4  ?IJ. O � 4 .
4. Theabsolute(extrinsic) curvature �IJ. O � 4 .�IJ. O � 4 �SI � . O � 4	Y I � . O � 4
We canisolatethefollowing typesof vertices:� Convex vertices: IJ. O � 4 �tI � . O � 4 ���IJ. O � 4 , ( I � . O � 4 �S� ).
Geometricallyit meansthatStr. O 4 coincideswith Str

� . O � 4 .� Saddlevertices: �I7. O � 4 �SI � . O � 4 �� �IJ. O � 4 .�I � . O � 4 �M� 4 

TheGaussiancurvature I of a saddlevertex is lessthanzeroandthereexistsno
supportingplane.� Mixedvertices:
1) IJ. O � 4�� � � I � . O � 4�� IJ. O � 4
or
2) IJ. O � 4�� � � I � . O � 4�� � .

In Fig. 3 examplesof all threetypesof verticesarepresented.
Youcanseea mixedvertex andits correspondentconvex starin Fig. 4.
The total absolute(extrinsic) curvature �X6���T� .T� 4 of a triangulation� is given

by thefollowing expression:�X6���W� .T� 4 � ��<�
convex

I � . O�� 4	Y ��3�
saddle

I � . Oq� 4�Y ��3�
mixed

.�I � . OH� 4	Y I � . OH� 434 
 (2)
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(a) (b) (c)

Figure3: Typesof vertices:(i) Convex (ii): Saddle(iii) Mixed.

(a) (b)

Figure4: A mixedvertex (i) andits convex star(ii).

For any triangulationconvex, saddleandmixedverticesform threedisjointsubsets
of theverticesof thetriangulation,andtheir unionis thedatasetitself.

Thenotionof meancurvaturecanbealsodefinedfor polyhedralmetrics.It is also
basedon the conceptof angle. Roughlyspeaking,meancurvaturedefineshow
muchthesurfaceis “bent” in space.For smoothsurfacesmeancurvatureat some
point � is givenby meansof theformula:�

��� � Y � C@ � (3)

where � � and � C areprincipal curvaturesat � [7]. However, principalcurvatures
at � can be replacedby curvaturesof curvesdeterminedby any two mutually
orthogonaldirectionsat thispoint [13].

We usethis fact in order to determinean analogueof meancurvaturefor a
polyhedralsurface ( . It is easyto seethatpolyhedralsurface ( is “bent” along
an edge.For a point on the edgewe choosetwo directions– the directionalong
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this edge( �� ) andthe directionperpendicularto it ( ��¡ ¢ ). The line, determinedby�� is a straightline, so its curvatureis equalto zero,andthe line, definedby ��  ¢ ,
consideredasa planeline, hasa rotation(curvature),equalto the exterior angle
betweenthefacesadjacentto theedge �� . If we wantto take into accountthesign
we canmake thefollowing definitionof themeancurvature

�
:

�
. � 4 is equalto the half of the orientedexterior anglebetweenthe faces

adjacentto �� andzerootherwise.

Thesignof

�
dependson theorientationof thesurface ( .

�
canberegardedas

a " –dimensionaldistribution.
We cangiveanotherjustificationof theabove–writtendefinition. Supposewe

isolateedge � �¤£3�<¥ that connectsvertices Om¦ and O � ; � �¤£3�<¥ belongsto the star of
vertex Om¦ . Let us inscribein thedihedralangledefinedby thegivenedge� �3£¤�¤¥ a
cylinder. Its radiusis equalto § . Thevalueof § canbearbitrary. Now, let uscut
thedihedralanglein somepoint ¨:8 � �¤£3�<¥ by theplaneperpendicularto theedge.
Weobtainaplaneangleequalto thegivendihedralangleandacircumference© of
theradius § inscribedin it. Thecurvatureof this circumferenceis equalto " ; @�§ .
It is equalto oneof theprincipalcurvatureof theinitial inscribedcylinder (in the
direction perpendicularto the generatorof the cylinder which is parallel to the
directionalongtheedge� ). Thiscurvaturedependson theradius§ . However, the
integral curvatureof thepieceof thecircumferencecontainingbetweenthepoints
of contactof this circumferencewith thesidesof theplaneangledoesnot depend
on the radiusandis equalto the exterior dihedralangle

N .�ª� � £ � ¥ 4 definedby the
edge� �3£3�<¥ (seeFig. 5).

ª��� ��� ª���O � ��� O �
O �
� �

Om¦
¨

(a)

ª� � £ � ¥ª� � ��� ª� �
N .�ª� � £ � ¥ 4� � £ � ¥�«h¬ � ¥ � � £ � ¥F«h¬ � ¥

(b)

Figure5: Analogueof meancurvature,determinedalongedge ª� � £ � ¥ .
Integral meancurvature (IMC) determinedfor domain -­ZU( is definedas
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follows:

�
.W- 4¤®�¯a° ��� ¢

�
. � 4²± length. ��³ - 4

wherethesumrangesoverall edges� of - . Thetotal absoluteMeancurvatureis
definedthenas

�
.W- 4´° ��� ¢

�
. � 4²± length. � 4 �

wherethesumrangesoverall edges� of ( .

2.4 Critical points and curvatures

Oneof the mostremarkableresultsin “geometryin the large” establishesa con-
nectionbetweenthe notionsof (total) curvatureof a surfaceand that of critical
pointsfor non–degenerateheightfunctions,determinedon thissurfaces.

A heightfunctionon a smoothclosedsurface& canbedefinedasfollows.

Definition 2.2 Let µ denotethe unit sphere in #,+ . For any unit vector ¶Q8]µ
the linear heightfunction ·�¸�¹p&Mº»# is definedby ·�¸�.FE 4 ��¼½¨ � ¶�¾ , where ¼ � ¾
denotestheEuclideaninnerproduct.

This function hassomecritical point. Geometricallyit meansthat the tangent
planeto the surface & at a critical point ¨ is perpendicularto ¶ . All otherpoints
arecalledordinary pointsfor ·�¸ .

To acritical point therecorrespondsanumber, or theindex, denotedby �¿.½¨ � ¶ 4 ,
which, in a certainsense,givestheideaaboutthe“complexity” of a critical point.
In the caseof a local maximumor minimum �¿.½¨ � ¶ 4 �À" , andin the caseif ¨ is
a (non–degenerate)saddlepoint, �¿.½¨ � ¶ 4 �� Á" . Theclassicalresultfor a smooth
surface & embeddedin #,+ is thatfor almosteveryunit vector ¶ on 2-dimensional
sphereµ (exceptfor a setof measurezeroon µ ), theheightfunction · ¸ hasonly
finitely many critical points,and,moreover, for almostall ¶ , the heightfunction
hasascritical pointsonly local maximaandminima,andnon-degeneratesaddle
points.Undertheseconditions,theCritical PointTheoremstates[4]:

�ÂÄÃWÅ �
ÆF� Ã �¿Ç
ÈqÉ Å ¸ �¿.½¨ � ¶ 4 �MÊË.=& 4 (4)

Ê�.=& 4 is Euler–Poincaŕecharacteristics.
For example,a heightfunction for a “vertical” torusof revolution hasfour criti-
cal points,a maximum,a minimum,andtwo (non-degenerate)saddlepoints(see
Fig. 6).
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¨ �
¨ C

¨ u
¨ w

Figure6: Theheightfunctionfor averticaltorus

Thetotal curvature
b

of a surfacecanbeexpressedin termsof indices �¿.½¨ � ¶ 4
(for proof,see,for example,[4]):b .T- 4 � "@ _aÍ �ÂHÎ ® �¿.½¨ � ¶ 4 c X � (5)

wherethe integrandis well definedasalmostevery ·�¸ hasat mostfinitely many
critical points.
Hence,theexpressionfor absolutetotal curvaturecanbewrittenas:_xÏ¡Ð b�Ð cfe � _ Í "@ �ÂHÎ Ï

Ð �¿.½¨ � ¶ 4 Ð c X � (6)

wheretheright-handintegrandis well-definedalmosteverywhere(exceptonmea-
surezero).
The index of a critical point admitsthegeometricinterpretationof critical points
which is alsovalid for polyhedralsurfaces.Aroundany point 0Ñ8�' , where '
is a 2–dimensionalmanifoldwe canchoosea “small discneighbourhood”Ò/.10 4 .
If point Ó is ordinaryfor theheightfunction ·�¸ , thenthe tangentplaneat Ó is not
perpendicularto ¶ andhencemeetsa “small circle” �Ò�.1Ó 4 in exactly two points.
If at ¨ thereexistsa local maximum(minimum) the tangentplanedoesnot meet
a “small circle” at all, at a non-degeneratesaddlepoint it intersects �Ò/.½¨ 4 in four
distinctpoints.Thenthedefinitionof theindex of apoint canbethefollowing:

�¿.½¨ � ¶ 4 �]"� "@ 9Q.½¨ � ¶ 4 � (7)
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where 9r.Ô¨ � ¶ 4 is thenumberof pointsin which theplanethrougḧ perpendicular
to ¶ will intersecta“small circle” abouẗ on ' . In this form thedefinitionis valid
for smoothsurfaces,if onedefines�Õ.Ô¨ � ¶ 4 �M� for anordinarypoint,aswell asfor
polyhedralsurfaces.For polyhedralsurfaces,however, onehasto considergeneral
heightfunctions. A heightfunction · ¸ on a unit sphereµ is saidto begeneralfor
thepolyhedralsurface ^ if · ¸ . O 4/>��· ¸ .F~ 4 whenever O and ~ aredistinctvertices
of ^ . It is easyto seethatalmostall · ¸ aregeneral.For polyhedralsurfacesone
canusethe polygonwhich is the boundaryin Str. O � 4 i.e., Lnk . O � 4 , insteadof a
small circle. Then 9r.½¨ � ¶ 4 is equalto thenumberof timestheplane ( �<¥ throughO � andperpendicularto ¶ , intersectsLnk . O � 4 . This numberis equalto thenumber
of trianglesin Str. O � 4 , which ( � ¥ dividesin two non–void parts.It is not difficult
to show thatthis numberis alwayseven.

Theformulaeanalogousto theformulae5and6holdfor IJ.T� 4 andfor
X ���W� .T� 4 .

Using the above–mentionedconcepts,we canseethat for Cub2 in all direc-
tions ¶ of generalheightfunction · ¸ will have exactly two critical points: a local
maximumanda localminimum,which is not truefor Cub2.

3 Testcasesand problems

Any surface,alsoapolyhedralone,possessesintrinsicandextrinsicgeometry. In-
trinsic propertiesarethosethataredeterminedby measurementsalonga surface& itself, while extrinsic onesdependonly on theway & lies in theambientspace.
A triangulation,asapolyhedralsurface,possessesalsointrinsicandextrinsicgeo-
metricproperties.Thegeometryof atriangulationmightbeverydifferentfrom the
geometryof theunderlyingsurface.If wecoulddeterminethetriangulation,which
would approximatethesurfacein the “best” possibleway, thenwe couldalready
extract the geometricalpropertiesof the surfacedirectly from the triangulation.
Thisprimal “sketch”of thesurface,in turn,couldgiveveryusefulinformationfor
furtherelaboration.

3.1 Shape“extraction”

Theideais thattwo maincurvaturesassociatedwith asurface,describesufficiently
good the shapeof a surface. The Gaussiancurvaturetells whethera region is
elliptic, hyperbolicor parabolic. The meancurvaturetells whethera region is
“full” or “hollow”. Thesignsof MeanandGaussiancurvatureyield eight ’basic’
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surfaceregion’s types(in termsof terrainmodelling[5]):
� � � � b � � ’peak’ surfaceregion(convex)

�
�M� � b �M� flat surfaceregion

� � � � b � � ’pit’ surfaceregion (concave)

�
�M� � b � � minimal surfaceregion

� � � � b �M� ’ridge’ surfaceregion

� � � � b � � ’saddleridge’ surfaceregion

� � � � b �M� ’valley’ surfaceregion

� � � � b � � ’saddlevalley’ region.

Themethodsof thetheoryof non–regularsurfaces,in particular, of polyhedral
metrics, asthey have “discrete”analoguesof curvaturesandof othergeometrical
quantities,might give a new insight into geometryprocessingaswell asinto the
surfacereconstructionproblemasa whole. However, aswe saidabove, thereare
many triangulationsfor the samedatasettaken from the sourcesurface. Let us
considertwo triangulationsof thesamedatasetthatarepresentedin Fig. 7.

Figure7: Left: Delaunaytraingulation;Right: Tightesttriangulation

Thedataweretakenuniformly fromthesurfaceof acylinder, butwecanrecog-
nisethecylinder only in thebodyon theright sideof thepicture. Two triangula-
tionsaredifferent,andtheir curvaturesarealsodifferent. If we want to getsome
preliminarysketchof geometricpropertiesof the sourcesurface(the cylinder) :
for example,to determineapproximatelyits shape,- it hasno senseto usefor this
purposetheleft triangulation,but theanalysisof thesecondonecanbeveryuseful.
It givesa goodrepresentationof thesourcesurface.

Thequestionis: how to obtainthesecondtriangulation?
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3.2 Optimality criteria

In general,differentrequirementsto anoptimal triangulationareconsidered,and
on the baseof theserequirementsone choosesan optimal criterion. For some
overview see[3].

We sayhereonly somewordsaboutthe curvaturecriteria, introducedby L.
Alboul andvanDamme.

Let usagainconsiderFig. 7. Theright triangulationis a convex triangulation,
the cylinder is a convex figure. From global differentialgeometrywe know that
thetotal absoluteGaussiancurvaturefor surfacesof genus� reachestheminimal
value ��B onconvex surfaces.Thustheideais to usetheminimisationof

X6���W�
asa

criterionof optimisation.However, minimisationof
X6���W�

hasadeepermeaning.It
reachesits minimal valueon tight surfaces,which canbeof differentgenera[11].
Triangulationswith minimal

X ���W�
arecalledTightesttriangulations[3]. See,for

example,Fig. 8.

Figure8: Left: Initial triangultionof a torus;Right: Tightesttriangulation

In this picturetwo triangulationsof a torusof revolution arepresented.The
right triangulationis theTightesttriangulation.Youcaneasilynoticethatthecon-
vex domainof the torus is representedin a similar way in both triangulations,
whereasthesaddledomainis representeddefinitelybetterin theTightesttriangu-
lation.
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Otheroptimality criteriaconcerntheminimisationof variousanaloguesof the
Meancurvature[2].

On thebaseof thesecriteriaothercriteriacanbedetermined[9].
Let us note that we know still very little aboutthe triangulationson which

geometricalcriteria reachtheir minima. Onedifficulty is dueto the fact that tri-
angulationscanbeconsideredasconstrainedpolyhedral immersions, becausewe
haveanumberof fixedpoints,andtheabove–mentionednotionshavebeenmostly
studiedfor immersionsin theclassicalsense.Anotherdifficulty is of algorithmic
character:we cannotusuallyguaranteeglobalconvergenceof thealgorithms.

3.3 Sufficiencyof data and adequacyof a polyhedral model

In general,oneassumesthat the given discretesetof points representsthe sur-
facein thesensethat its mostprominentfeatures(creases,curvatures,etc)canbe
extractedfrom the dataandthat the representationasa trianglemeshshouldnot
addfeaturesnot presentin thedata. Fromthe previoussectionit follows thatall
critical pointsarein thegivendata. In this case,it seemsvery appropriateto use
optimality criteriabasedon minimisingoneor another(discrete)curvature.

Let us,however, considerFig.9.
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Figure9: Dataanda polyhedralmodel: (a) Sourcesurfacewith four datapoints;
(b) A polyhedralmodel.

At the picturewe seea cylinder with two semispheres( �Á@�& ) andfour data
points. We canreconstructa polyhedralmodel in two ways. Oneway is just to
connectthe points,keepingin mind that this is a triangulation,and the other is
to useAleksandrov’s approach.Aleksandrov’s approachconsistof drawing first
geodesics(shortestarcs)on the surface,thenof developinggeodesictrianglesin
the plane,and,finally, of reconstructingfrom this developmenta polyhedron.In
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the latter casewe needto know thesourcesurfacea priori . But this methodcan
helpusto understandbetterwhichandhow many datapointswemightneed.First
of all, the domain 0a��Þ on �Á@f& (wheregeodesic0�� passesthroughthe top of the
semisphere)admitsanothergeodesic0�� which connect0 and � alongthe border
betweenthe surfaceof the first semisphereand the surfaceof the cylinder, and
which lies inside this domain. This canbring us to the conclusionthat another
datapoint shouldbe on the top of the semisphere.But this caseyields a non–
propertriangulation(points 0 and � areconnectedtwice)andwecanconcludethat
we shouldaddmorepointsat theborderbetweenthesemishereandthecylinder.
The samereasoningis valid for the secondsemisphereandcylinder. This bring
us to the ideathatwe needto have at leasteight datapoints: two on the topsof
thesemispheresandthreepointson eachborder(distributedin a properway). All
thesepointsarecritical pointsfor somedirectionsof theheightfunction.

If wedon’t know anythingaboutthesourcesurface,thenwedon’t know if our
datarepresentthesurfacesufficiently. Canwestill guessthatsomeessentialpoints
aremissing?In theabove–mentionedexampleit seemswe cannotdo this. Only
theextremesimplicity of thepolyhedralmodelcansuggestthatsomethingwrong
andourdataarevery sparse.

But if we havemoredatapoints?
Let uslook now atFig 10.
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Figure10: Dataanda polyhedralmodel: (a) Sourcesurfacewith tendatapoints;
(b) Adequatepolyhedralmodel.

Weusedthepreviousreasoningandnow wehavedatapointsonthetopsof the
semispheresandreasonableamountof pointson two borders.However, our data
arestill sparse.Actually it is impossibleto takeall criticalpointsin all directionsof
theheightfunctionsasdatapoints,asit leadsto aninfinite numberof datapoints.
If it would be possible,then by taking someinitial triangulationand applying
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someoptimality criterion, we would get the sourcesurface. In the optimisation
processall extracritical points(thatarespecificonly for aspecifictriangulationas
a polyhedralsurface)wouldbeeliminated.

Nevertheless,thepolyhedralmodelontheright sidegivesnotabadideaabout
the sourcesurface. Our conjectureis that at leastsuchcritical points must be
presentthat allow us to single out convex, saddleand concave domainsof the
sourceobject. Thenwe could addmorecritical points in eachdomainin order
to obtaina smoothersurfaceor to distribute curvaturesmoreuniformly. For ex-
ample,we canestimatethe curvaturesaroundthe vertex on the top of oneof the
semisphereandaroundthe verticeson the correspondingborder. We cannotice
thatthecurvaturearoundthevertex onthetop is higherthenthecurvaturesaround
the pointson the border. We canaim for decreasingthe differencebetweenthis
curvatures.For this reasonweusethenotionof specificcurvaturearoundavertex.
Let us denoteby

e � ¥ the sumof the areasof all trianglesin Str. O � 4 . Then the
specificcurvatureis definedasfollows:

I � ÂÄ¢´Ã . O � 4 � IJ. O � 4�u e �¤¥
Thecoefficient " ;�ã is logicalbecauseeachtrianglecontainsthreevertices.We

candefinepositiveandnegativespecificcurvaturesaroundvertex O � in a similar
way.

Thenwecanimposesomeupperandlowerboundsonspecificcurvatures,and
on the baseof thosevaluesaddsomenumberof additionalpointsby using, for
example,asubdivisionscheme[8]. Thesubdivisionschememightbein thesense
of Aleksandrov (seeSection2).

Theresearchin this directionis now in its verybeginning.
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