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1 Intr oduction

In this paperwe discusghe problemof reconstructingurfacesfrom discretescat-
tered(irregularly distributed) data. One of the usualwaysto pre-processhe data
is to constructfirst aninitial triangulatedpolyhedralsurfacethat spansall given
datapoints. The datapointswill thenbe the verticesof the obtainedtriangulated
surface.

We referto thesurface which we wantto reconstructasto thesource surface
A polyhedral(triangulatedsurface reconstructediom thegivendiscretedataset,
canbe consideredsa polyhedal modelof the sourcesurface. Dependingon the
choiceof the connectionamongthe vertices,we canconstructmary polyhedral
modelsfor agivendatasetV .

Thekey questionis:

e How to determinethe measureof adequag of a polyhedralmodelwith re-
spectto the sourcesurface?

Informally speaking,the obtainedpolyhedralmodel is adequatdf we can
recognisethe sourcesurfacefrom the model, retrieve its shape visualiseit etc.
A surfacepossessempolagical and metric properties.The metric propertiesare
thosethatdependn theextentanddetailsof theshapeof thefeaturesn thestruc-
ture understudy The notion of the shape(not well-defined)is directly related
to the conceptof curvature(well-defined).Thereexist severaltypesof curvature
for a surface,the main onesare the Gaussiarand Mean curvatures. Topology
concernawith thosepropertiesof the shapethatdo not changeunderdeformation
(one-to-oneandbicontinuous).

We cansaythatour modelis adequatef, on the baseof this model,we can
determinethe topologicaltype of the sourcesurface,and/orcanextractits basic
geometriccharacteristicby computing for example,its curvatures.
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Research)projectNo. TW14816



In this communicatiorwe assumethat possiblepolyhedralmodelspresere
the maintopologicalcharacteristicef the sourcesurface, i.e., its genusandori-
entability. Therefore,if we could estimatethe curvatures(up to an admissible
tolerance)f the sourcesurfacefrom a polyhedralmodel,thenwe could consider
this modelasadequate.

If we know the analyticalrepresentatiorf the surface,thenwe can easily
computeits curvaturesby usingthe well-knowvn formulaeof differentialgeometry
[7]. Theseformulaerequirehigh order differentiability of the surface (at least
the secondorder)and,thereforearenot applicableto polyhedralsurfaceswhich
are of C%—class. Neverthelessanaloguesf curvaturesfor polyhedralsurfaces
exist andeasilycanbe computed?2, 6]. The problemis how well theseanalogues
approximatethe curvaturevaluesof the sourcesurface,which canbe smoothor
non—reular The numberof polyhedralmodelsis huge,mary of themmight be
quiteinadequate.

Weinvestigatavhich polyhedraimodelbestapproximateshecurvaturesof the
sourcesurface.We canchangeonepolyhedralmodelto anotherjust by swapping
anedge[3]. This operationcanbe consideredasan optimisationprocedureand,
hencethe problemto find anadequatgolyhedralmodelcanbetransformednto
the problemof optimisationof aninitial polyhedralmodel.

In Section2 we presentsomenotionsand definitions, concerningtriangula-
tions, polyhedralsurfacesand curvatures. We give also a brief overview of the
theoryof manifoldswith a polyhedal metrig or simply polyhedal metrics which
form the basicpartof thetheoryof non-regularsurfacesdevelopedby A.D. Alek-
sandre andhis schoolin Russig14]. Polyhedrakurfacesaretypical examplesof
polyhedralmetrics.

In Section3 we discusshow thenotions,presentedh Section2, canbeusedin
SurfaceReconstructiomndotherapplicationsvhereonedealswith 3D modelling
from discretedata. We presentsereral geometricvariationalcriteriato obtainan
adequatgolyhedralmodel. All thesecriteria arerelatedto minimisationof one
or anothercurvature definedfor a polyhedralsurface. Most of thesecriteriahave
beenintroducedby the authorandherlong-termcollaboratorRuudvan Damme
[2, 3.

The lasttopic which we discussis the relationbetweenthe dataandthe ade-
qguag of themodel. Our modelcanbe optimalamongall polyhedralmodelswith
respecto the givencriterion, but still non—adequatdecaus¢he givendatado not
sufficiently representhe sourceobject. Thereforethe secondkey questionis:

e How to determinewhetherthe dataaresuficient?

We discussanapproacho answetthis question by usingsomenotionsof the
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critical pointtheoryandthetheoryof non-reyularsurfaced4, 14).

2 Basicnotions and definitions

In this sectionsomemaingeometrimotionsanddefinitionsaregiven. We presume
thatthereaderis familiar with basicnotionsof differentialgeometry We give all
necessargxplanationsvhene/erwe considetthis appropriateptherwisewe refer
thereaderto therelevantliterature.

2.1 Triangulation

Triangle meshegshortly, triangulations)provide an essentiaktepin the spatial
analysisof thedataandarecommonlyusedfor representingurfacesn 3D. Given
a setof verticessampledfrom a source(in general,smooth)surface,a triangular
mesh(triangulation)with theseverticessenesasarepresentatio(approximation)
of the sampledsurface. The quality of the approximationobviously dependson
the particularchoiceof thetriangulation.On the baseof thetriangulationa PLIS
(PiecaviseLinearInterpolatingSurface))is uniquelydetermined.
Thefollowing definition of triangulationis standard:

Definition 2.1 AtriangulationT is a collectionof triangles,that satisfieghefol-
lowing properties:

1. Twotrianglesare eitherdisjoint, or haveonevertexin commonpr havetwo
verticesand consequentlyhe entire edge joining themin common.

2. T is connected.

We areinterestednly in compactsurfaces.In this caseatriangulationT’ consists
of afinite numberof triangles,andtwo following conditionsarevalid [12]:

1. Eachedgeis anedgeof exactly two triangles.

2. Foreveryvertex V of atriangulation’, we mayarrangethe setof all trian-
gleswith V asavertex in cyclic order, Ty, 11, ..., Tr,—1,T,, = Ty, suchthat
T; andT;4, haveanedgein commonfor 0 < ¢ <n — 1.

Thelastconditionmeansthatour triangulatedsurfaceis a manifold, i.e., the
neighbourhoodf every point, aswell asa verte, is topologically the sameas
the openunit ball in R2. Thefirst conditionof Definition 2.1 excludesary inter-
section. Actually, the abore—mentionediefinitionis the definition of an abstact
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triangulationof anabstracsurface[10]. Realsurfacescanhave self-intersections
and/or have singularities,in which a surfaceis not a manifold. Therefore,we
shoulddistinguishbetweenthe abstractopologicalrepresentatiorf a (triangu-
lated)surfaceS (asa2-dimensionamanifold andits realisationin 3-spacgasan
imageof this “canonical’manifold).

Giventhe data,we canobtainmary triangulationsdependingon the connec-
tions betweenvertices. We assumehat eachtriangulationpreseresmain topo-
logical characteristicef theunderlyingsourcesurface:its genusandorientability.
Theneachtriangulationdeterminesa PLIS andwe canswitch from one PLIS to
anotheijustby swappinganedge[2, 3]. ThosesurfacesarecalledPL (piecavise—
linear) homeomorphisurfaces.They all have the givendatasetasvertices,they
are continuous(C°—class),andcanbe alsodefinedas manifoldswith polyhedral
metrics.For manifoldswith polyhedralmetricsanalogue®f the essentiabeomet-
ric featuresf smoothmanifoldsaredetermined.

2.2 Polyhedral metrics

A manifold with a polyhedralmetric (M PM) is a metric spaceevery point of
which hasa neighbourhoodsometricto the lateralsurfaceof a cone. This neigh-
bourhoodmaybeaplanedomain.Indeedall the pointsof a spacewith polyhedral
metric, exceptfor a discretesetof pointscalledvertices,have a planeneighbour
hood.We candefinesimilarly manifoldswith boundary The pointsonthe bound-
ary have neighbourhoodisometricto a planeangularsectorqof arbitraryangle).
Themosttypical examplesof M PM arethesurfaceof ary polyhedronin R2
aswell asits developmeninto planepolygons.Fromthedefinitionit follows that
aball U(a,r) in MPM, when r is sufficiently small, is isometriceitherto the
planecircle of radiusr with the centrein a, or to a surfaceof the conewith the
vertex in a andthegeneratoof lengthr. Thevalue

whereS(r) standdor thelengthof theboundaryof U (a, r), r is sufficiently small,
is calledthefull angleé(a) atthepointa € N. (Obviously, whenr is suficiently
small, the value S(r) /r is constant). Pointsa, in which §(a) # 27, arecalled
verticesof a polyhedralmetric. It is clear thatin any compactdomainof a man-
ifold with a polyhedralmetric, the numberof verticesis finite, andthe setof all
verticesis not morethancountable.We candevelop sucha manifold on a plane.
The developmentwill consistof planepolygonswith rulesfor identifying their
sides.If we triangulatea two—dimensionaRiemanniamanifold M (informally,
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amanifoldwherethedistanceébetweertwo pointsis defined)oy meanwof shortest
arcsandreplaceeachsimplex of this triangulationby a planetrianglewith sides
of the sameengths we obtaina manifoldwith a polyhedralmetric.

Thesequencef suchmanifoldswill corvergeto M asthesizeof thetriangles
tendsto zero[1, 14).

Anotherimportantfeatureof polyhedraimetricsis thatthey form thebasicpart
of the theoryof non—regular manifoldswith boundedcurvature, developedby A.
D. Aleksandre@ and his schoolin Russia. Most of the surfacesencounteredn
applicationsdealingwith 3D modelling, are irregular and even not smooth(hu-
manorgans biological structuresEgarth’s regionsin terrainmodelling). Classical
differential geometrydealsonly with regular, or at leastwith smoothsurfaces.
Roughlyspeakingjt dealswith piecesof cylinders,or cones but not with whole
cylindersor cones becausef their having singularities.A surface“in its whole”
is alsothe subjectof the studyin differentialgeometryin thelarge.

In the secondpart of the lastcenturythe studyof surfacesin thelargeaswell
asthatof irregular surfaceshasattractednuchattentionanddevelopmentin pure
mathematics. Whereadifferentialgeometryin the large was developedboth in
the Westandin Russia,the theoryof non—regular surfaceshasbeenmainly de-
velopedin Russia.Especiallythe manifoldswith boundedcurvature(MBC) were
extensvely studied.Thecurvatureof mostnon-reggularsurfacesencountere¢h 3D
modellingis boundedif they don't have “needles”of zerodiameters)Any MBC
of boundedcunatureis, in a certainsensethelimit of manifoldswith polyhedral
metrics[14].

This property might be very usefulin obtaininga “superior” model of the
sourcesurface.Onemightrequirethatthe modelwould be of reasonablemooth-
ness,if the sourcesurfaceis smooth,or would extractall importantsingularities
of anon—regyularsourcesurfaceandbe sufficiently smoothto representhesmooth
domainsof the sourcesurface. In orderto do this one cancreatea hierarchyof
polyhedraimodelsstartingfrom aninitial modelandproceedingdo thefinal model,
which will representhe sourcesurfacewithin a prescribedor desiredtolerance.
We areconductingpreliminaryinvestigationsn this researchdirectionnow.

2.3 Curvaturesrevised

A triangularmesh(synoryms: a 2.5D triangulation a triangulatedoolyhedralsur
face)whichverticesaregivendiscretedatapointssampledrom thesourcesurface
(smoothor not) are C2—differentiablesverywherebesideshe verticesthemseles
andthe edges(connectionshetweenthe vertices),whereit is C° only. The es-
sentialgeometricfeaturesof ary smoothsurfaceareits curvatures. A notion of
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cunvatureis strictly relatedto the notionof angle andthis givesusa possibilityto
determineanalogue®f curvaturesalsofor polyhedralsurfacesviewed aspolyhe-
dral metrics. We caneasily see astrianglesareflat domains that curvaturesare
concentrated@xactly aroundthe verticesandalongthe edges.Below we give an
overview of the curvatureswhich we candetermingor atriangulatecbolyhedral
surface. For precisedefinitionsof the correspondingnotionsof classicaldifferen-
tial geometrysee[7].
Let P beapolyhedral(triangulatedysurface.Thetotal anglef(x) aroundthever
tex x € P isthesumof anglesof all theplanepolygonsincidentto z. If z € P is
notavertex, we definef(x) = 2x. For ary pointz € P thecurvaturew is defined
asw(zr) = 27 — 6(z). Only for verticeswe have w () # 0 ( seeFig. 1).

v

AR

Figurel: Curvaturearoundavertex: w(v) = 2w — 3 ; = 2 — 0(v).

w canbe regardedasa O—dimensionatlistribution. The expressionw is also
known asthe angledeficit For apointy ontheboundarythe curvatureis defined
asfollows

w(y) =m—0(y) 1)

By the curvaturew(U) of ary setU € P we call the sumof the curvaturesof the
verticesof P, which lie in U. The sumof curvaturesof thoseverticesof U, in
which the curvatureis positive, is calledthe positive partw™ (U) of the curvature
of U, thesumof theabsolutevaluesof thecurvaturesof thoseverticesin U, where
the curvatureis negative, is calledthe negative partw— (U) of the curvaturew(U)
respectiely. Hence,

wU) =wt(U) —w (V).

Thevalue
QU) = wt(U) +w (V)

is calledthevariation of the curvatuie or theabsolutecurvatuie of thesetU C P.
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In the caseof a 2—dimensionasmooth(of order> 2) manifold M the above
expressiongoincidewith thefollowing ones:

W (Q) = /E K+dA,w(Q) = /Q K-dA,

K* =max{0,K},K~ = max{0,-K},

whereK is the Gaussiarcurvature,Q C M, dA —thesurfaceelementof M. And
w(Q) is known asintegral (Gaussiankurvatue of theset@Q C M.

However, for polyhedralsurfacesQ(U) is not really an analogueof corre-
spondingexpressiorfor smoothsurfaces.Iln the smoothcasepointswith positive
andnegative areisolated(arounda point with positive (negative) curvaturethere
exists alwaysa neighbourhoodwherethe sign of curvatureis presered). In the
“polyhedralcase”positive andnegative curvaturesamight be“glued” together See,
for example,Fig. 2:

Vo
Ve Vi Ve —V
| |
Vs (=24 Vs Vs (— Vs
IV [
// //
/7 /7
Vi Vi i Vi

(@) (b)

Figure2: Two “distorted” cubesCublandCub2with Q(Cubl) = Q(Cub2).

In this figure you can seetwo surfaces,both originatedfrom a cube. In the
first onethe point is added“inside” the cube, just producinga concae region,
andin the secondsurfacethe pointis added‘outside” the cube,producinga con-
vex region. Both pointsare the mirror imagesof eachotherwith respectto the
planeVsVs V7 V3. In both caseghe curvaturesaroundthe correspondingertices
arepositive andequal,andQ(Cubl)(= Q(Cub2) = 47. Noteit is not necessary
to triangulatethe surfaces becausehe facesareflat domains. Cub2is a convex
figure, but Cublis not. “Saddle” and“convex” (“concave”) domainsaroundver-
ticesVs, Vg, V7,andVg are“glued” togetherandwe needto isolatethem. Below
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you canseehow to dothis.

We dealwith atriangulatedsurface(a triangulation),we will referto a trian-
gulationasto A insteadof P, which denotesa generalpolyhedralsurface.

Let usdenoteby Str(v) (star) of vertex v the unionof all thefacesandedges
thatcontainthevertex, andby link of the star(theboundaryof thestar)—theunion
of all thoseedgef thefacesof thestarStr(v) thatarenotincidentto v.

Thenfor ary pointof A:

z € A: w(z) =27 — 6(x). Only for verticesw(x) # 0.

2. Thepositive(extrinsic) curvatue w (v;).

Supposesome(local) supportingplaneof A passeshroughvertex v;. Thenthis
vertex lies on the boundaryof the corvex hull of Str(v). We denotethe star of
v; in the boundaryof this corvex hull by Strt (v;) andwill call it the star of the
corvex coneof avertex (or, simply, the corvex coneof averte, if it doesnotlead
to ambiguities). The curvaturew™ (v;) of Strt (v;) is calledthe positive(extrinsic)
curvatuee of v;. If thereis no supportingplanethroughw; thenw (v;) is equalto
zeroby definition.

3. Thengyative(extrinsic) curvature w = (v;).

w™ (vi) = wt(vi) — w(vi).

4. Theabsolute(extrinsic) curvature & (v;).

W) = wh(v;) + w (v;)

We canisolatethefollowing typesof vertices:
e Corvexvertices w(v;) = wt(v;) = &(v;), (W™ (v;) = 0).
Geometricallyit meanghatStr(v) coincideswith Str (v;).
e Saddlevertices & (v;) = w™ (v;) = —w(v;) (Wt (v;) = 0).
The Gaussiarcurvaturew of a saddlevertex is lessthanzeroandthereexistsno
supportingplane.
e Mixedvertices
Dw(vi) >0, wt(vi) > w(vy)
or
2)w(v;) <0, wt(v;) > 0.
In Fig. 3 examplesof all threetypesof verticesarepresented.
You canseea mixedvertex andits correspondentorvex starin Fig. 4.
Thetotal absolute(extrinsic) curvatuie (2,;s (A) of atriangulationA is given
by thefollowing expression:

Qus(B) = Y wh@a)+ D w (W) + Y WHw) +w (»). ()

Ua COVex g saddle Uy mixed
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Figure3: Typesof vertices:(i) Corvex (ii): Saddle(iii) Mixed.

(@) (b)

Figure4: A mixedvertex (i) andits corvex star(ii).

For ary triangulationcorvex, saddleandmixedverticesform threedisjointsubsets
of theverticesof thetriangulation,andtheir unionis the datasetitself.

Thenotionof meancurvatue canbealsodefinedfor polyhedralmetrics.It is also
basedon the conceptof angle Roughly speaking,meancurvaturedefineshow
muchthe surfaceis “bent” in space For smoothsurfacesmeancurvatureat some
pointw is givenby meansof theformula:

k1t ko

H
2 )

3)
wherek; andk, areprincipal curvatuesatw [7]. However, principal curvatures
at w canbe replacedby curvaturesof curvesdeterminedby ary two mutually
orthogonadirectionsat this point [13].

We usethis factin orderto determinean analogueof meancurvaturefor a
polyhedralsurfaceP. It is easyto seethat polyhedralsurface P is “bent” along
an edge. For a point on the edgewe choosetwo directions— the directionalong
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this edge(é) andthe directionperpendiculato it (L;). Theline, determinedoy
€ is a straightline, soits curvatureis equalto zero,andtheline, definedby 1 ;,
consideredasa planeline, hasa rotation (curvature),equalto the exterior angle
betweerthe facesadjacento theedgee. If we wantto take into accountthe sign
we canmake thefollowing definition of themeancurvatureH';

H(e) is equalto the half of the orientedexterior anglebetweenthe faces
adjacento e andzerootherwise.

Thesignof H depend®n the orientationof the surfaceP. H canberegardedas
a 1-dimensionadistribution.

We cangive anotherjustificationof the abose—writtendefinition. Supposeve
isolateedgee,;,; that connectsverticesv; andv;; e,,,, belongsto the star of
vertex v;. Let usinscribein the dihedralangledefinedby the givenedgee, ., a
cylinder. Its radiusis equalto R. Thevalueof R canbearbitrary Now, let uscut
thedihedralanglein somepointp € e,;,; by the planeperpendiculato theedge.
We obtainaplaneangleequalto thegivendihedralangleanda circumference of
theradiusR inscribedin it. The curvatureof this circumferencés equalto 1/2R.
It is equalto oneof the principal curvatureof theinitial inscribedcylinder (in the
direction perpendiculaito the generatorof the cylinder which is parallelto the
directionalongtheedgee). This cunaturedepend®ontheradiusR. However, the
integral curvatureof the pieceof the circumferenceontainingbetweerthe points
of contactof this circumferencewith the sidesof the planeangledoesnot depend
on the radiusandis equalto the exterior dihedralangle 3(é,,.,) definedby the
edgee,,,; (seeFig. 5).

Uj

<>

Vi—1 Vit+1

Vi

@) (b)

Figure5: Analogueof meancurvature,determinecalongedgeg,, ., .
Integral meancurvatuie (IMC) determinedor domainU C P is definedas
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follows:
HU)ynp=>_ H(e)-lengt{enT)

wherethe sumrangesover all edges of U. Thetotal absoluteMeancurvatureis
definedthenas
H(U)p =) _ H(e)-lengthle),

wherethesumrangesoverall edgese of P.

2.4 Critical points and curvatures

Oneof the mostremarkableesultsin “geometryin the large” establishes con-
nectionbetweenthe notionsof (total) curvatureof a surfaceandthat of critical
pointsfor non—degeneratdeightfunctions,determinedn this surfaces.

A heightfunctionon a smoothclosedsurfaceS canbedefinedasfollows.

Definition 2.2 Let ¥ denotethe unit sphee in R3. For any unit vector{( € &
thelinear heightfunction?; : S — R is definedby ¢¢(z) = (p, &), whee ( , )
denoteghe Euclideaninner product.

This function hassomecritical point. Geometricallyit meansthat the tangent
planeto the surfaceS at a critical point p is perpendiculato £. All otherpoints
arecalledordinary pointsfor £,.

To acritical pointtherecorresponds.number or theindex, denotedy i(p, £),
which, in acertainsensegivestheideaaboutthe “complexity” of acritical point.
In the caseof a local maximumor minimumi(p, £) = 1, andin the caseif p is
a (non—dgenerateyaddlepoint, i(p, £) = —1. Theclassicalresultfor a smooth
surfaceS embeddedn R2 is thatfor almostevery unit vectoré on 2-dimensional
sphereX (exceptfor a setof measureeroon X), the heightfunction £, hasonly
finitely mary critical points,and, moreover, for almostall £, the heightfunction
hasascritical pointsonly local maximaand minima, and non-degjeneratesaddle
points.Undertheseconditions the Critical Point Theoremstateq4]:

> i) =x(9) (4)

peritical forg

x(S) is Euler-Poincaé characteristics.
For example,a heightfunction for a “vertical” torus of revolution hasfour criti-
cal points,a maximum,a minimum, andtwo (non-degjenerateyaddlepoints(see
Fig. 6).
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Figure6: Theheightfunctionfor averticaltorus

Thetotal curvature K of a surfacecanbe expressedn termsof indicesi(p, &)
(for proof, see for example,[4]):

KO) =5 [ X itoan. (5)

peU

wherethe integrandis well definedasalmostevery £, hasat mostfinitely mary
critical points.
Hence theexpressiorfor absolutetotal curvaturecanbewritten as:

1 .
[ 1iaa= [ 53 li.olan. ©

peS

wheretheright-handintegrandis well-definedalmosteverywherg(excepton mea-
surezero).

Theindex of acritical point admitsthe geometricinterpretatiorof critical points
which is alsovalid for polyhedralsurfaces.Around ary pointa € M, where M

is a 2—dimensionamanifold we canchoosea “small disc neighbourhoodO(a).

If pointq is ordinaryfor the heightfunction /¢, thenthe tangentplaneat ¢ is not
perpendiculato ¢ and hencemeetsa “small circle” O(q) in exactly two points.
If at p thereexists alocal maximum(minimum) the tangentplanedoesnot meet
a“small circle” atall, at a non-deyeneratesaddlepoint it intersectsO(p) in four
distinctpoints. Thenthe definition of theindex of a point canbethefollowing:

(9,6 = 1= 3N (3, ), )
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whereN (p, £) is thenumberof pointsin which the planethroughp perpendicular
to £ will intersect“small circle” aboutp on M. In thisform thedefinitionis valid
for smoothsurfacesjf onedefinesi(p, £) = 0 for anordinarypoint,aswell asfor
polyhedralsurfaces For polyhedrakurfaceshowever, onehasto consideigeneal
heightfunctions A heightfunction, onaunit sphereX is saidto be generaffor
the polyhedralsurface( if £¢(v) # £¢(u) whenevrerv andu aredistinctvertices
of Q. It is easyto seethatalmostall £, aregeneral.For polyhedralsurfacesone
canusethe polygonwhich is the boundaryin Str(v;) i.e, Lnk(v;), insteadof a
smallcircle. ThenN (p, §) is equalto the numberof timesthe plane P,, through
v; andperpendiculato &, intersectdnk(v;). This numberis equalto the number
of trianglesin Str(v;), which P,, dividesin two non—woid parts. It is not difficult
to shav thatthis numberis alwayseven.

Theformulaeanalogouso theformulae5 and6 holdfor w(A) andfor Qs (A).

Using the abore—mentionedonceptswe canseethat for Cub2in all direc-
tions ¢ of generalheightfunctionZ; will have exactly two critical points: a local
maximumanda local minimum,whichis nottruefor Cub2

3 Testcasesand problems

Any surface alsoapolyhedralone,possesseistrinsic andextrinsic geometry In-
trinsic propertiesarethosethat are determinedoy measurementsalonga surface
S itself, while extrinsic onesdependonly ontheway S liesin theambientspace.
A triangulationasapolyhedralsurface possesseslsointrinsic andextrinsic geo-
metricpropertiesThegeometryof atriangulationmightbevery differentfrom the
geometryof theunderlyingsurface.If we coulddeterminghetriangulationwhich
would approximatethe surfacein the “best” possibleway, thenwe could already
extract the geometricalpropertiesof the surfacedirectly from the triangulation.
This primal “sketch” of the surface,in turn, could give very usefulinformationfor
furtherelaboration.

3.1 Shape“extraction”

Theideais thattwo maincurvaturesassociatewvith asurface describesufiiciently
good the shapeof a surface. The Gaussiarncurvaturetells whethera region is
elliptic, hyperbolicor parabolic. The meancurvaturetells whethera region is
“full” or “hollow”. The signsof MeanandGaussiarcurvatureyield eight’basic’
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surfaceregion’stypes(in termsof terrainmodelling[5]):

H >0,K >0 ’peak’ surfaceregion(corvex)
H=0,K =0 flatsurfaceregion

H < 0,K >0 ’pit' surfaceregion(concae)
H =0,K <0 minimalsurfaceregion

H >0,K =0 'ridge’ surfaceregion

H > 0,K <0 ’saddleridge’ surfaceregion
H < 0,K =0 ‘valley’ surfaceregion

H < 0,K <0 ’saddlevalley’ region.

Themethodof thetheoryof non-reyularsurfacesjn particular of polyhedal
metrics asthey have “discrete” analogue®f curvaturesandof othergeometrical
guantities,might give a new insightinto geometryprocessingswell asinto the
surfacereconstructiorproblemasa whole. However, aswe saidabove, thereare
mary triangulationsfor the samedatasettaken from the sourcesurface. Let us
considertwo triangulationsof the samedatasetthatarepresentedn Fig. 7.

Figure7: Left: Delaunaytraingulation;Right: Tightesttriangulation

Thedataweretakenuniformly from thesurfaceof acylinder, but we canrecog-
nisethe cylinder only in the body on theright side of the picture. Two triangula-
tions aredifferent,andtheir curvaturesarealsodifferent. If we wantto getsome
preliminary sketch of geometricpropertiesof the sourcesurface (the cylinder) :
for example to determineapproximatelyits shape; it hasno senseo usefor this
purposeheleft triangulation put theanalysisof thesecondnecanbeveryuseful.
It givesa goodrepresentatioof the sourcesurface.

Thequestionis: how to obtainthe secondriangulation?
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3.2 Optimality criteria

In general differentrequirementgo an optimal triangulationare consideredand
on the baseof theserequirementone choosesan optimal criterion. For some
overview see[3].

We say hereonly somewords aboutthe curvaturecriteria, introducedby L.
Alboul andvanDamme.

Let usagainconsiderfFig. 7. Theright triangulationis a corvex triangulation,
the cylinder is a corvex figure. From global differentialgeometrywe know that
the total absoluteGaussiarcurvaturefor surfacesof genusd) reacheghe minimal
value4r oncorvex surfaces.Thustheideais to usethe minimisationof Q,;, asa
criterionof optimisation.However, minimisationof ,,, hasadeepemeaning.It
reachests minimal valueontight surfaceswhich canbe of differentgenerg11].
Triangulationswith minimal Q,;, arecalledTightesttriangulations[3]. See,for
example,Fig. 8.

Figure8: Left: Initial triangultionof atorus;Right: Tightesttriangulation

In this picturetwo triangulationsof a torusof revolution are presented.The
right triangulationis the Tightesttriangulation.You caneasilynoticethatthe con-
vex domainof the torusis representedn a similar way in both triangulations,
whereaghe saddledomainis representedefinitely betterin the Tightesttriangu-
lation.
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Otheroptimality criteriaconcernthe minimisationof variousanaloguesf the
Meancurvature[2].

Onthebaseof thesecriteriaothercriteriacanbe determined9].

Let us note that we know still very little aboutthe triangulationson which
geometricakriteriareachtheir minima. Onedifficulty is dueto the factthat tri-
angulationanbe consideredisconstainedpolyhedal immesions becauseve
have anumberof fixedpoints,andtheabore—mentioneaotionshave beenmostly
studiedfor immersiondn the classicalsense Anotherdifficulty is of algorithmic
characterwe cannotusuallyguaranteglobal corvergenceof the algorithms.

3.3 Sufficiencyof data and adequacyof a polyhedral model

In general,one assumeghat the given discreteset of pointsrepresentshe sur
facein the sensethatits mostprominentfeaturegcreasesgurvatures etc) canbe
extractedfrom the dataandthatthe representatiomasa triangle meshshouldnot
addfeaturesnot presenin the data. Fromthe previous sectionit follows thatall
critical pointsarein the givendata. In this case,t seemsvery appropriateo use
optimality criteriabasedn minimisingoneor another(discrete)curvature.

Let us,however, considerFig.9.

(@ (b)

Figure9: Dataanda polyhedralmodel: (a) Sourcesurfacewith four datapoints;
(b) A polyhedralmodel.

At the picturewe seea cylinder with two semisphere$C2S) andfour data
points. We canreconstrucia polyhedralmodelin two ways. Oneway is just to
connectthe points, keepingin mind that this is a triangulation,and the otheris
to useAleksandra’s approach.Aleksandre’s approachconsistof drawing first
geodesicgshortestarcs)on the surface,thenof developinggeodesidrianglesin
the plane,and,finally, of reconstructingrom this developmenta polyhedron.In
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the latter casewe needto know the sourcesurfacea priori. But this methodcan
helpusto understandbetterwhichandhow mary datapointswe mightneed.First
of all, the domainabc on C2S (wheregeodesiab passeshroughthetop of the
semisphereadmitsanothergeodesiaib which connecta andb alongthe border
betweenthe surfaceof the first semisphereandthe surfaceof the cylinder, and
which lies inside this domain. This canbring us to the conclusionthat another
datapoint shouldbe on the top of the semisphere.But this caseyields a non—
propertriangulation(pointsa andb areconnectedwice) andwe canconcludethat
we shouldaddmore pointsat the borderbetweernthe semisherendthe cylinder.
The samereasonings valid for the secondsemispherend cylinder. This bring
usto theideathatwe needto have at leasteight datapoints: two on the tops of
the semisphereandthreepointson eachborder(distributedin a properway). All
thesepointsarecritical pointsfor somedirectionsof the heightfunction.

If we don’t know anything aboutthe sourcesurface thenwe don’t know if our
datarepresenthesurfacesuficiently. Canwe still guesghatsomeessentiapoints
aremissing?In the above—mentioneaxampleit seemswve cannotdo this. Only
the extremesimplicity of the polyhedralmodelcansuggesthatsomethingyrong
andour dataarevery sparse.

Butif we have moredatapoints?

Letuslook now atFig 10.

(@) (b)

Figure10: Dataanda polyhedralmodel: (a) Sourcesurfacewith ten datapoints;
(b) Adequatepolyhedralmodel.

We usecdthepreviousreasoningandnow we have datapointsonthetopsof the
semisphereandreasonabl@mountof pointson two borders.However, our data
arestill sparseActuallyit isimpossibleo takeall critical pointsin all directionsof
the heightfunctionsasdatapoints,asit leadsto aninfinite numberof datapoints.
If it would be possible,then by taking someinitial triangulationand applying
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someoptimality criterion, we would get the sourcesurface. In the optimisation
processll extracritical points(thatarespecificonly for aspecifictriangulationas
apolyhedralsurface)would be eliminated.

Neverthelessthe polyhedralmodelontheright sidegivesnota badideaabout
the sourcesurface. Our conjectureis that at leastsuchcritical points mustbe
presentthat allow us to single out corvex, saddleand concae domainsof the
sourceobject. Thenwe could add more critical pointsin eachdomainin order
to obtaina smoothersurfaceor to distribute curvaturesmore uniformly. For ex-
ample,we canestimatethe curvaturesaroundthe vertex on the top of oneof the
semispherandaroundthe verticeson the correspondindgorder We cannotice
thatthecurvaturearoundthevertex onthetopis higherthenthe curvaturesaround
the pointson the border We canaim for decreasinghe differencebetweenthis
curvatures For thisreasorwe usethenotionof specificcurvatuie arounda vertex.
Let us denoteby A,, the sumof the areasof all trianglesin Str(v;). Thenthe
specificcurvatureis definedasfollows:

Wspec (Uz) =

Thecoeficient1/3 is logical becauseachtrianglecontainghreevertices.We
candefinepositiveand nggative specificcurvatuiesaroundvertex v; in a similar
way.

Thenwe canimposesomeupperandlower boundson specificcurvaturesand
on the baseof thosevaluesadd somenumberof additionalpoints by using, for
example,a subdvision schemd8]. The subdvision schemanmightbein thesense
of Aleksandre (seeSection2).

Theresearchn this directionis now in its very beginning.

References

[1] Alexandros, A.D.: Intrinsic Geometryof Corvex Surfaces(Vnutrennijage-
ometrijavypuklychpoverchnostei)OGIZ, Moskva—Leningraq1948).

[2] Alboul, L., Kloosterman,G., Traas, C., van Damme, R.: Best Data—
DependentriangulationsJ. of Comp.andApplied Math. 119(2000)1-12

[3] Alboul, L. andvan Damme,R.: Optimality Criteria and OptimisationPro-
cedurefor 2.5D Triangulations.In: Ivanenlo, S.A., GaranzhaV.A.(eds.):

24



[4]

[5]

[6]

[7]

(8]

[9]

Grid GenerationNew TrendsandApplicationsin Real-Wrld Simulations.
ComputingCentreRAS, Moscow (2001),5-29.

Banchof, T.: Critical PointsandCurvaturefor EmbeddedPolyhedral. Diff.
Geometryl (1970),257-268.

BeslIP. J.andJainR.C.: Invariantsurfacecharacteristicfor 3D objectrecog-
nition in rangeimages ComputeiVision, GraphicsandimageProcessing3
(1986),33-80..

Brehm, U. andKiihnel, W: SmoothApproximationof PolyhedralSurfaces
RegardingCurvatures Geometriadedicatal2 (1982),435-461.

Carmodo, M.: DifferentialGeometryof CurvesandSurfacesPrenticeHall,
Inc., EnglevoodCliffs, New Jersg (1976).

Dyn, N.: Subdvision Schemesn ComputerAided GeometricDesign.In:
Light, W.(ed.), Advancesin NumericalAnalysis,vol.2, 36—104.Clarendon
Presq1992).

Dyn, N., HormannK., Kim, S.-J.,andLevin, D.: Optimising3D Triangula-
tionsUsingDiscreteCurvatureAnalysis.In: Lyche,T. andSchumalkr, L. L.
(eds.),MathematicaWlethodsin CAGD, VanderbiltUniversity Presg2001),
1-12.

[10] Giblin, PJ.: Graphs,Surfacesand Homology ChapmanandHall, London

(1977).

[11] Kuhnel,W.: Tight PolyhedralSubmanifoldsandTight triangulationsLNM,

vol. 1612,SpringerVerlag,Berlin Heidelbeg New York (1995)

[12] Massg, W.S.: A Basic Coursein Algebraic Topology Springe+Verlag,

Berlin Heidelbeg New York (1991)

[13] Reilly, R. C.: Meancurvature thelaplacian,andsoapbubbles.Amer. Math.

Monthly 89 (180-198(1982).

[14] Reshetgak, Yu: Two-DimensionalManifolds of BoundedCurvature. In:

Reshetgak Yu.(ed.),GeometrylV (Non-regularRiemanniarGeometry) pp.
3-165.SpringerVerlag,Berlin (1991).

25



