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Precisecontrol of spatialmappingsis a key capability in grid generation,adap-
tivesimulations,geometricmodeling,surfaceparameterizationandreconstruction,and
many otherreal-life applications.

Numerically computedgrids and mappingsshouldsatisfy a set of natural con-
straints,includinglocal invertibility, whichgenerallyprecludestheuseof simplelinear
equationsor convex functionalsasconstitutivemodels.Sowidely useddiscretevaria-
tionalmethodsfor grid generationarebasedonhigly nonlinearnonconvex functionals.
Therigorousvalidationsof suchvariationalproblemsareveryscarse.In everymapped
grid generationtechniqueonehaveto answerthefollowing questions:

1) Doesthecomputedgrid convergewith grid refinement?
2) Is thequality of elementskeptwith grid refinement?
3) Is thegrid stablewith respectto inputdata?
4) Is it possibleto haveprecisecontroloverany propertyof agrid ?
The first step in answeringthesequestionsis to analyzecontinuousvariational

problemwhich is usedto build the discreteone. Thereareseveral well established
approachesto this problem. The first one is basedon the theoryof harmonicmaps.
Unfortunatelyin many practicalcasesharmonicmapsarenotoriouslysingular. Very
promisingapproachis basedon the theory of conformalmaps. In particularin [1]
is wasshown that in certaincasesconformalmappingis uniqueandquasi-isometric,
meaningthat the poitwisequality of mappingis guaranteed.However this approach
cannotbeappliedin spatialcase.Moregeneralapproachwasdevelopedusingtheideas
from hyperelasticitywith largedeformations.Variousfunctionalsweresuggestedfor
descriptionof real elasticmaterialswhich allow to constructlocally invertible map-
pings in multiple dimensionsand in generaldomains. Generalexistencetheory for
suchfunctionalswasdevelopedin [2] andwasshown to resideon theconceptof poly-
convexity. However major problemswith thesefunctionalsare that they may admit
singularminimizersor mayexhibit Lavrentiev phenomenon,whenminimizersin dif-
ferent functionsspacesaredifferent,and in many casesit is not known whetherthe
weakformulationof theEuler-Lagrangeequationsmakessense[3].

Thepresentwork is devotedto validationof variationalprinciplefor spatialquasi-
isometricmappings. In [5] it wassuggesteda polyconvex functionaldefinedon the
subsetof mappingswith boundeddistortionin thesenseof [4] andwith boundedmetric
distortion.

Theexistencetheoremfor this functionalis provedhereundernaturalassumptions
on the boundaryof domain(Lipschits-continuity).We show that functional takesfi-
nite valuesonly on quasi-isometricmappings,andany minimizer is quasi-isometric
mappingaswell. Theminimal regularity of solutionsis restrictedto locally-Lipschits
mappingsmeaningthat theLavrentiev phenomenondoesnot take place.In [4] it was
shown thatany mappingwith boundeddistortioncanbeobtainedasaminimizerof the
Dirichlet-typeintegral. We obtainsimilar result,namelyevery quasi-isometricmap-
pingcanbeobtainedastheminimizerof thefunctional[5], meaningthatthesuggested
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variationaldescriptionof quasi-isometricmappingsis essentiallycomplete.
Theregularityof solutionsin principleallowsto show theconvergenceof minimiz-

ersin theclassof piecewise-affine mappings(suchasthosearisingin finite elements
methods)to theexactminimizers.

The theoreticalanalysissupportsnumericalevidenceswhich show that mapping
constructiontechniquebasedon suggestedfunctional is robust, stableandeasycon-
trollable.

Neverthelesstherearestill severalopentheoreticalproblems.Themostimportant
oneis thestabilityof minimizersandconditionsfor globaluniquenessof solutions.
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