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In our presentation,we considertheproblemof the(sub)optimumterminationof inner linearPreconditioned
ConjugateGradient(PCG)iterationsusedwithin InexactNewton nonlinearsolvers[2, 4, 3].

Let
�

be a differentiablemapping
��������� ��	�

� ���

, and let the nonlinearleastsquaresproblem���������������! #" � �$" besolvedusinginexactGauss-Newtoniterations.Eachiterationof themethodcanbepresented
as follows: given an approximation� , one calculatesthe matrix % � �'&)( �+*-, �'&.( �/* , the right handside 0 �1 � & ( �/* , � � , thenperformssomeinexact solutionof thearisinglinearsystem,so that %325460 andthenobtains
thenext approximationas ��78�9�;:8< 2 choosingsomepropersteplength<>=@?BA It wasshown in [4] that if the
approximateGauss-Newton direction 2 is properlyscaled,thatis, 0 , 2 � 2 , %32 
 thentheestimate" �C( ��7D*E"3F�G H 1 <JILKL" � �D" 

where IM�ON 0 , 2 NQP'RL" � �$"TS 2 , %32VU
holdsfor somepositive <WF9H , themaximumadmissiblevalueof which is consideredasthekey characterization
of the local nonlinearityof the mapping

�
. If

�
is a linear mapping,onecanalwaystake <>�XH , andit makes

senseto solve the linearproblemfor 2 to full precision.However, for thenonlinearproblemsthecaseof <5YZH
alwaystakesplace,sooneshouldmake a choicefor a properterminationof thePCGiterationswhensolvingfor2 .

We will describeherea criterionfor stoppingPCGiterationswhich is independentof any characterizationof
nonlinearityandis expressedin termsof scalarcoefficientsinvolved in PCGrecursionsandtheratio of thePCG
startupcostto aregularPCGiterationcost.Ourstrategy aimedto maximization of I ratherthanto minimizationof
theresidual " 0 1 %32 " . It worth notingherethat thereexistsno direct relationbetweentheusualrelative residual" 0 1 %32 "TP[" 0 " andtheabove quantity I .

Let usrecallthePCGalgorithm.ThePCGiterations[1] for thesolutionof theproblem%32 � 0 canbewritten
asfollows: \E] � 0 1 %32 ] 
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Here _ is a properlychosenSPDpreconditioningmatrix, which shouldapproximate,in somesense,thematrix%ts l . Thechoiceof thematrix _ is subjectto therequirementthata vector u �@_ \ beeasilycalculatedfor any
\
. For instance,oneof thebestchoicesis theapproximateCholesky preconditioning,where _v� (ew , w * s l andw , w 4�% with theuppertriangularmatrix

w
beingmuchsparserthantheexactCholesky factorof % , cf.[5] and

referncestherein.
Fortunately, if 2 ] ��? in theabove method,thenonecaneasilysee(usingthe % -orthogonalitypropertyof

^ j )
thateachiterate2 j obtainedin thePCGiterationsappliedto %32 � 0 satisfiestheabove scalingcondition,andthe
quantity I is givenby theexplicit formulaIx�y" � �$" s l R j s lz{q| ]B} { U le~ K 
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where
} j are readily available from the scalarproductscalculatedin the courseof the PCG iterations. Using

this relationship,onecantry to find a properbalancebetweenthe costsof initializing andperformingthe inner
PCGiterationsandtheaccelerationobtainedin theouternonlineariterationsdueto largervaluesof I . Theinner
iterationstoppingcriterionbasedon maximizationof I canbeconstructedasfollows. Let

�
nonlineariterations

be performed,andlet < be the lower boundfor the stepsizesused. Assumingthat the nonlinearconvergenceis
measuredby " �C( � 	 *E"�F��J" �C( � ] *E" , onecanthereforefind thata sufficient conditionfor thenonlineariterations
to beconvergedcanbetakenas � 	{T| l I K{ 4 < s l[�h� �t��� s lq� . Let then � bethecostsof theouteriteration(including
at leastthegenerationof 0 , % , andthepreconditioner_ ) and � be thecostsperonePCGiteration(determined
mainlyby thecostsof matrix-vectormultiplicationswith % and _ ). Thetotal computationalcostsis estimatedas	z{T| l ( � : ��� { * 4��� 	z{T| l ( � : �n� { *
P 	z{T| l I K{��� < s l �h� ��R�� s l U F������b�l
� { � 	 ( � : �n� { *BI s K{9� < s l �h� ��Rq� s l U 

where � { is the numberof inner iterationsat the � -th outer iteration step. The stoppingcriterion can now be
formulatedin termsof choosingtheinneriterationnumbers� { providing for areasonablysmallvalueof eachratio( � : ��� { *JI s K{ ��" � � { " K ( � : ��� { *JP'R } ] :�A�A�A�: } �e¡ U . In our experimentswe choosethevalue � { for which
theincreaseof this ratiooccuredfor thefirst time, i.e. theiterationswereperformeduntil thecondition� � 1 ( � P � *k: ( } ] :`A�A�Ab: }m� *JP }m�
holdstrue. In view that

} ] :�A�A�AL: } � is boundedfrom above by thesquared% -normof thesolution 2 , and
}m�

tendto decreaseasthePCGiterationsprogress,onecanexpectratherearlyterminationof theinneriterations.The
above inner iterationstoppingcriterionwassuccessfullyusedin numericalexperimentsreportedin [2]. We will
alsosupposeto presentsomenumericalexperimentswith globaluntanglingof computationalgridsvia continua-
tion techniquefor highly nonlinearvariationalproblemconfirmingthepracticalefficiency of theproposedPCG
iterationstoppingcriterion.
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