Theuse of inner preconditioned conjugate gradient iterations
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In our presentationwe considerthe problemof the (sub)optimumterminationof inner linear Preconditioned
ConjugateGradient(PCG)iterationsusedwithin InexactNewton nonlinearsolvers[2, 4, 3].

Let F' be a differentiablemappingF : R — R™,m > n, andlet the nonlinearleastsquaregproblem
us = arg inf | F'u|| besolvedusinginexactGauss-Netoniterations.Eachiterationof themethodcanbepresented
asfollows: given an approximationu, one calculatesthe matrix A = F'(u)” F'(u), the right handsideb =
—F'(u)T Fu, thenperformssomeinexact solutionof the arisinglinear system sothat Az ~ b andthenobtains
the next approximationasu, = u + 7z choosingsomepropersteplengthr > 0. It wasshawn in [4] thatif the
approximateGauss-Neton directionz is properlyscaledthatis, b’z = z7 Az, thenthe estimate

1F(u)ll < V1= 762 Ful,

where

0 = [b" |/ (||FullVaT Az)

holdsfor somepositive + < 1, the maximumadmissiblevalueof which is consideredasthe key characterization
of the local nonlinearityof the mappingF'. If F' is alinear mapping,onecanalwaystake = 1, andit makes
senseo solwe the linear problemfor z to full precision.However, for the nonlinearproblemsthe caseof r < 1
alwaystakesplace,sooneshouldmake a choicefor a properterminationof the PCGiterationswhensolving for
ZI.

We will describeherea criterionfor stoppingPCGiterationswhich is independenof ary characterizatiorf
nonlinearityandis expressedn termsof scalarcoeficientsinvolvedin PCGrecursionsandtheratio of the PCG
startupcostto aregularPCGiterationcost.Our stratgy aimedto maximization of 6 ratherthanto minimizationof
theresidual||b — Az||. It worth notingherethatthereexists no directrelationbetweerthe usualrelative residual
||lb — Az||/||bl]| andthe abore quantityé.

Letusrecallthe PCGalgorithm. The PCGiterationg[1] for the solutionof the problemAz = b canbewritten
asfollows:

rg = b— Axy, po = Hry; for 1 =0,1,...:
a; = r] Hri/p] Api, Tip1 = Ti +Ppici,  Tig1 =T — Apia,
Bi =ri Hriy1/r] Hry, piy1 = Hrip1 + pif;.

Here H is a properlychosenSPD preconditioningmatrix, which shouldapproximatejn somesensethe matrix
A~1. Thechoiceof thematrix H is subjectto the requirementhata vectorw = Hr beeasilycalculatedor ary
r. For instance pneof the bestchoicesis the approximateCholesly preconditioningwhere H = (UTU)~! and
UTU =~ A with the uppertriangularmatrix U beingmuchsparsethanthe exactCholesly factorof A, cf.[5] and
referncegherein.

Fortunatelyif zo = 0 in theabose method thenonecaneasilysee(usingthe A-orthogonalitypropertyof p;)
thateachiteratez; obtainedn the PCGiterationsappliedto Az = b satisfieghe abore scalingcondition,andthe
guantityé is givenby the explicit formula

i1 .
9:||Fu||_1(2wj) , wi:(rzTHri)Q/piTApi, 1=0,1,...,n—1,
=0



wherew; arereadily available from the scalarproductscalculatedin the courseof the PCGiterations. Using
this relationship,one cantry to find a properbalancebetweenthe costsof initializing and performingthe inner
PCGiterationsandthe acceleratiorobtainedin the outernonlineariterationsdueto largervaluesof 6. Theinner
iterationstoppingcriterion basedon maximizationof § canbe constructedasfollows. Let m nonlineariterations
be performed,andlet 7 be the lower boundfor the stepsizesised. Assumingthat the nonlinearcorvergenceis
measuredy || F(uy)|| < ¢||F(uo)||, onecanthereforefind thata sufficient conditionfor the nonlineariterations
to beconvergedcanbetakenas}"7 | 67 ~ 7! log (¢7!). LetthenP bethecostsof theouteriteration(including
at leastthe generatiorof b, A, andthe preconditionerH) andZ bethe costsperonePCGiteration(determined
mainly by the costsof matrix-vectormultiplicationswith A and H). Thetotal computationatostsis estimateds

m m

f:(P +Tkj) ~ (Z(P +ij)/29§.> 7 log (e7) < ( max (P + Zk;) 9;2) ' log (7'),
j=1

j=1 j=1 1<j<m

wherek; is the numberof inner iterationsat the j-th outeriteration step. The stoppingcriterion cannow be
formulatedin termsof choosingheinneriterationnumberst; providing for areasonablgmallvalueof eachratio

(P +Zkj) 0;2 = ||Fu;||? (P + Tk;)/ (wo +...+ wkj). In our experimentswe choosethe value k; for which
theincreaseof thisratio occuredfor thefirst time, i.e. theiterationswereperformeduntil the condition

kZ—(P/I)-I—(wO-i-...—I-wk)/wk

holdstrue. In view thatwg + . .. + wy is boundedrom above by the squared4-norm of the solutionz, andwy,
tendto decreasasthe PCGiterationsprogresspnecanexpectratherearlyterminationof theinneriterations.The
aborve inneriterationstoppingcriterion wassuccessfullyusedin numericalexperimentsreportedin [2]. We will
alsosupposedo presensomenumericalexperimentswith global untanglingof computationabridsvia continua-
tion techniquefor highly nonlinearvariationalproblemconfirmingthe practicalefficiengy of the proposedPCG
iterationstoppingcriterion.
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