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Problemsof interestin this work arerelatedto optimalgrid generationadaptation,
surfaceparameterizatiorsurfaceflatteningandmorphingwith guaranteedjuality.

Basic requirementfor mappingconstructionmethodsin the above applications
canbeformulatedasfollows: max-normcontrol of local shapeandvolumedistortion,
orientationcontrol, smoothnesandstability. None of methodsdescribedn literature
cando above with rigorousfoundationsavailable/applicabldor practicallyinteresting
cases.

Shortandohviouslyincompletdlist of real-life applicationsof surfaceflatteningor
mappingof onesurfaceontoanotheris presentedbelow:

- optimal parameterizatioandsurfacereconstruction;

- sheetmetalforming problems multipassstamping;

- flatteningof faultsfor reconstructiorof geologicalstructures;

- texture mappingsandmorphingin computergraphics.

- brainmapping: constructionof canonicalmappingsflat cortical mapping,mapping
of thesurfaceof brainonthesphere;

- virtual endoscop andcolonoscop, andotherbiomedicalapplications flatteningand
unfolding of colon-like structuresmappingon thesurfaceof cylinder;

Denotethe spatialmappingto be constructedby x(£). For constructionof con-
trolled mappingswe considerminimization of the polycorvex functional suggested
in [3]. This variationalproblemis well-posed[5]. In termsof practicalmeansfor
controllingthe mappingoneshouldconsiderseveralimportantcases:

1) functional [ g(Vz)d ¢ which describes'quasi-uniform” mappingswhereg(-)
depend®n orthogonalinvariantsof matrix Va7 Vz .

2) Control via prescribedmetricsin logical spaceH : h;;(§) or via metricsin
“physicalcoordinates'G : g;;(x), wherein generakasey is thefunctionof invariants
of matrix VaeTGVzH L.

CaseH: [ g(Vz,&)d ¢ coverslocal controlof mappingproperties shapesizeand
orientationcontrol, apriori stretching,orthogonalitynearboundary Low regularity
of g(-,€) is acceptablein particularit is not supposedo be continuous. Numerical
methodgor minimizationof discretefunctionalbehae quite goodin this case.

CaseGG: [ g(Vz,z)d &, coversadaptationsurfaceparameterizatiorgtc. Low reg-
ularity of g(.,z) is highly undesirablefrom theoreticalpoint of view and naturally
led to mary numericalproblems. In practicein mary applicationsmetricsG(z) de-
pendson the gradientof a monitoring (vectorvalued)function f(z). When f(z)
is piecavise smooththen G(x) is not continuous! In this casethe approximationof
functionalbecomes problemsincespecialcareshouldbe takenin orderto compute
termsdependingon G(z). Discreteminimizationencounterdots of problems. The
gradientof functionaldependn the secondderivativesof f(z) andlocally may be-
comequitemeaninglessSoin practicetheonly mappedyrid methodsvhich arestable
enougharethosewheretheapproximategradientof functionalis computedvith frozen
G(z). Anyway lack of corvergenceof minimizationproceduren this casestill maybe
present.

We suggesthatthe solutionto this problemshouldbe basedon the A.D. Alexan-
drov theoryof maryfolds with boundedcurvature.Very looselyspeaking Alexandros



classof surfaceswith boundedcurvatureconsistsof the surfacesbeingthe limits of

a convergentsequencef polyhedralsurfaceswith uniformly boundedpositive part
of curvature. The curvatureof polyhedralsurfacesis computedusingthe anglede-

fect aroundeachvertex. Basic operationin the Alexandror theoryis a flattening of

geodesidriangle preservingthe length of edges. In termsof grid optimizationthis

operationmeanghatgiventhreeverticesof trianglez, z», x3, we computegeodesic
trianglebasedon metricsG(x) andflattenit. The deviation of resultingflat triangle
from prescribedshapeallows to computethe deformationmetricsfor eachtriangle
which shouldcompensatéor wrong shape.Fromthe algebraicpoint of view we ap-

proximatethe problemwith metricsG(z) by a corvergentsequencef problemswith

H(6).

Importanttestcaseof this approachs relatedto parameterizatioof facetizedsur
faces. The quasi-isometridlatteningprocedureby itself providesa good enoughpa-
rameterizatiorandin mostcaseghereis no needfor the parameterizatioontheplane
to take into accountresidualdistortion[6] which alsocanbe presenteésametrics.

However, whenlargefacetsarepresentandsurfaceis farfrom developablethenthe
piecavise-afinemodelof surfacebecome®verly stiff andthetracesof nonsmoothness
canbe presentn the final parameterizationThe above describedorocedureallowed
to eliminatethemcompletelywhile straighforwardapplicationof otherapproximation
methodausingresidualdistortionmetricswasnot successful.

As othertestcasesve considersurfacereconstructionsurfacegrid generatiorand
shapeadesignfor automotve applicationsaswell assurfacereconstructiorandcompu-
tationof canonicaimapping<or biomedicalproblems.
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