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Problemsof interestin thiswork arerelatedto optimalgrid generation,adaptation,
surfaceparameterization,surfaceflatteningandmorphingwith guaranteedquality.

Basic requirementsfor mappingconstructionmethodsin the above applications
canbeformulatedasfollows: max-normcontrolof local shapeandvolumedistortion,
orientationcontrol,smoothnessandstability. Noneof methodsdescribedin literature
cando abovewith rigorousfoundationsavailable/applicablefor practicallyinteresting
cases.

Shortandobviously incompletelist of real-lifeapplicationsof surfaceflatteningor
mappingof onesurfaceontoanotheris presentedbelow:
- optimalparameterizationandsurfacereconstruction;
- sheetmetalformingproblems,multipassstamping;
- flatteningof faultsfor reconstructionof geologicalstructures;
- texturemappingsandmorphingin computergraphics.
- brainmapping:constructionof canonicalmappings;flat corticalmapping,mapping
of thesurfaceof brainon thesphere;
- virtual endoscopy andcolonoscopy, andotherbiomedicalapplications- flatteningand
unfoldingof colon-likestructures;mappingon thesurfaceof cylinder;

Denotethe spatialmappingto be constructedby ������� . For constructionof con-
trolled mappingswe considerminimization of the polyconvex functional suggested
in [3]. This variationalproblemis well-posed[5]. In termsof practicalmeansfor
controllingthemappingsoneshouldconsiderseveralimportantcases:

1) functional �	� ��
��
����� which describes“quasi-uniform” mappings,where � ��� �
dependson orthogonalinvariantsof matrix 
�����
�� .

2) Control via prescribedmetrics in logical space��������� ����� or via metrics in
“physicalcoordinates”� �!� �"� �#��� , wherein generalcase� is thefunctionof invariants
of matrix 
���� � 
�� �%$'& .

Case� : � � ��
��)(*�����+� coverslocalcontrolof mappingproperties- shape,sizeand
orientationcontrol, apriori stretching,orthogonalitynearboundary. Low regularity
of � ���,(���� is acceptable,in particularit is not supposedto be continuous.Numerical
methodsfor minimizationof discretefunctionalbehavequitegoodin this case.

Case� : � � ��
��)(*�����+� , coversadaptation,surfaceparameterization,etc.Low reg-
ularity of � ��-,(��
� is highly undesirablefrom theoreticalpoint of view and naturally
led to many numericalproblems. In practicein many applicationsmetrics � ���
� de-
pendson the gradientof a monitoring (vector-valued)function . ���
� . When . �����
is piecewise smooththen � ���
� is not continuous! In this casethe approximationof
functionalbecomesa problemsincespecialcareshouldbe taken in orderto compute
termsdependingon � ���
� . Discreteminimizationencounterslots of problems. The
gradientof functionaldependson thesecondderivativesof . ���
� andlocally maybe-
comequitemeaningless.Soin practicetheonly mappedgrid methodswhicharestable
enougharethosewheretheapproximategradientof functionalis computedwith frozen
� ���
� . Anywaylackof convergenceof minimizationprocedurein thiscasestill maybe
present.

We suggestthat thesolutionto this problemshouldbebasedon theA.D. Alexan-
drov theoryof manyfoldswith boundedcurvature.Very looselyspeaking,Alexandrov
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classof surfaceswith boundedcurvatureconsistsof the surfacesbeing the limits of
a convergentsequenceof polyhedralsurfaceswith uniformly boundedpositive part
of curvature. The curvatureof polyhedralsurfacesis computedusing the anglede-
fect aroundeachvertex. Basicoperationin the Alexandrov theory is a flatteningof
geodesictrianglepreservingthe lengthof edges. In termsof grid optimizationthis
operationmeansthatgiventhreeverticesof triangle � & (���/�(*�10 , we computegeodesic
trianglebasedon metrics � ����� andflattenit. The deviation of resultingflat triangle
from prescribedshapeallows to computethe deformationmetricsfor eachtriangle
which shouldcompensatefor wrongshape.Fromthe algebraicpoint of view we ap-
proximatetheproblemwith metrics � ����� by a convergentsequenceof problemswith
� �#��� .

Importanttestcaseof this approachis relatedto parameterizationof facetizedsur-
faces.The quasi-isometricflatteningprocedureby itself providesa goodenoughpa-
rameterizationandin mostcasesthereis noneedfor theparameterizationon theplane
to take into accountresidualdistortion[6] whichalsocanbepresentedasametrics.

However, whenlargefacetsarepresentandsurfaceis farfrom developablethenthe
piecewise-affinemodelof surfacebecomesoverlystiff andthetracesof nonsmoothness
canbe presentin the final parameterization.The above describedprocedureallowed
to eliminatethemcompletely, while straighforwardapplicationof otherapproximation
methodsusingresidualdistortionmetricswasnotsuccessful.

As othertestcaseswe considersurfacereconstruction,surfacegrid generationand
shapedesignfor automotiveapplicationsaswell assurfacereconstructionandcompu-
tationof canonicalmappingsfor biomedicalproblems.

References

[1] S.K. Godunov, V.M. Gordienko andG.A. Chumakov. Quasi-isometricparame-
terizationof acurvilinearquadrangleandametricof constantcurvature,Siberian
Advances in Mathematics 1995,5(2):1–20.

[2] J.M. Ball. Convexity conditionsandexistencetheoremsin nonlinearelasticity,
Arch. Rational Mech. Anal. 1977,63:337–403.

[3] V.A. Garanzha.Barrierconstructionof quasi-isometricgrids.Comp. Math. Math.
Phys. 2000,40:1617–1637.

[4] Reshetnyak,Yu: Two-DimensionalManifoldsof BoundedCurvature.In: Reshet-
nyak Yu.(ed.), GeometryIV (Non-regular RiemannianGeometry),pp. 3-165.
Springer-Verlag,Berlin (1991).

[5] V.A. GaranzhaandN.L. Zamarashkin.Spatialquasi-isometricmappingsasmin-
imizersof polyconvex functionals,paperto be presentedat the workshop“Grid
generation:theoryandapplications”,Moscow 2002.

[6] V.A. Garanzha. Max-norm optimizationof spatialmappingswith application
to grid generation,constructionof surfacesand shapedesign.“Grid genera-
tion: new trendsandapplicationsin real-world simulations”,eds.S.A. Ivanenko,
V.A. Garanzha,Comm.on Appl. Math.,ComputerCentre,RussianAcademyof
Sciences,Moscow, 2001

2


