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Abstract—The algorithms for pattern recognition and prediction based on the procedures of voting over the
systems of logical regularities are considered. A logical regularity is defined as a certain subdomain in a multi-
dimensional space of prognostic variables; the objects of one of the classes to be recognized are assumed to be
prevalent in such a subdomain. The methods aimed at searching for the logical regularities and based on per-
forming the optimal partitions of the domains of admissible values of individual features and on the search for
optimal neighborhoods of standards from the learning sample in the subspaces of feature descriptions are con-
sidered. The methods for constructing the voting procedure (including the method based on optimization of the

likelihood function of a special type) are discussed.

INTRODUCTION

Consider the problem of the recognition of objects
belonging to L classes, i.e., K|, ..., K;. In this case, ini-
tial learning information or learning sample may be

represented as a set of objects or standards So = {(o,,
1S8y)), ..., (G, I(S,)}, where @, =((ljl s enes (x]L) is the
indicator vector of the object §, or o, =1if S, € K, or

a; = 0 otherwise. Typically, the description I(S)) of the

object S, is the vector X, = (x, ..., x,,) of the values of

the features X|, ..., X,,. It is assumed that the classes
K, ..., K; are disjoint.

At the stage of learning, we use initial learning
information to construct the set of so-called logical reg-
ularities in the multidimensional space of features R".
By logical regularity, a subdomain is meant that
belongs to the space R" and contains the objects of a
single class. We may also use a loose definition when
the objects of several classes are allowed to be included
in a logical regularity; however, in this case, the objects
of one class are presumed to be prevalent.

We assume that it is required to recognize the object
S$* with the description x* belonging to the logical reg-

ularities @, ..., Q, from Qo. In this case, the assess-
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ment of the object $* as belonging to the class K is cal-
culated as the weighted sum

k k
1—‘I(S*) = I:Z’Ytlweitlilllizweitl:l' (1)

1=1 1=1

Here, v, is the assessment of the logical regularity Q, as
belonging to the class K; and wei, is the weight of the
logical regularity Q, in the class K,. There are several
methods for calculating the quantities wei, and vy,,. For
example, we may assume that y, = 1 if the number of
objects belonging to the class K; in the logical regular-
ity Q, exceeds the number of objects belonging to any
other class; otherwise, we assume that ¥, = 0. The quan-
tity v, may be also taken as equal to the fraction of
objects belonging to the class K; among all objects
included in the logical regularity Q,.

There are also several methods for calculating the
weights wei,. For example, it may be assumed that the
weight of a logical regularity is equal to the number of
objects of the learning sample this sequence contains.
The method for calculating the weights of base sets and
based on the optimization of a special maximum-likeli-
hood function is outlined in Section 3.

In the case of the problem of predicting the values
of stochastic function Y taking the values from an inter-

val in the real axis, learning information So can be rep-
resented as a set of objects {(y;, X;), ..., (U, X)}s
where yy, ..., y,, are the values of the function Y mea-
sured at the points %,, ..., X,,. As in the case of the pat-
tern recognition problem, a set of logical regularities
Qo is constructed.

Let us assume that we want to predict the value of ¥
at a certain point X belonging to the logical regularities
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Q. ..., Q, from Qo . We first use the voting procedure
to calculate the estimate O,,(x ) as

k k
B.p0(¥) = [Ziiwei,}/[zweii], @)

i=1 i=1
where y; is the value of function Y averaged over all

objects So belonging to Q;; i.e., y;, = [ZX co yj] /m;.

The predicted value 8(x) is calculated by a simple lin-
ear transformation of the estimate obtained by voting:
HX) =a0,,(X)+P.

The coefficients o and B are determined from a
learning sample by the method of least squares. The
weights wei; in (2) are calculated by the method to be
considered in Section 3. The problem of recognizing
the patterns for two disjoint classes K, and K, may be
treated as the problem of approximation of binary indi-
cator function belonging to the class K.

1. THE METHOD FOR SEARCHING
FOR LOGICAL REGULARITIES BASED
ON PARTITIONING THE DOMAINS
OF ADMISSIBLE VALUES
OF INDIVIDUAL FEATURES

As experience shows, it is quite sufficient in many
cases to use the procedure for partitioning the ranges of
admissible values of individual features in searching
for logical regularities. In this case, partitioning of the
range of admissible values of the feature X; is per-
formed over a set of the pairs {(Q;, x;;), ..., (O, Xpi) }
for recognizing the patterns, or over a set of the pairs
{1, X125 + vy Do X)} fOr stochastic approximation of
continuous functions.

Let r be an element in the partition of the range of
admissible values of the feature X;. A set of points of
multidimensional feature space R" with the component
X; € ris referred to as the logical regularity formed by
the element r.

Let R be a partition including the elements ry, ..., 1,
and let g, ..., g, be the logical regularities formed by
such elements. The function Y defined on the logical
regularity g, may be approximated by the average value

y, = Zx ey ;/m,, where m, is the number of objects
i
of the learning sample with X; € r;.
The functional of the quality of partition F; is spec-
ified as a normalized sum of the squared deviation of

the prediction from the true values over all of the
objects of the learning sample. In this case, the pre-
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dicted value for the object s; having X; € r;is calculated
as the value averaged over all objects that belong to the
learning sample, differ from s;, and have X; € r;; thus,
we have

k

Fy, = 1_{2 > [(yj—(i’lml_yf))/(ml—1)]2}/1),
I=1x,ern

where D= " (y; - V)% with ¥ = 2;,"=1y]-/m.

The other functional F, is equal to the sum of
squared deviations of the averaged quantities y, from

Y, with these deviations being multiplied by the num-

ber of objects in the corresponding elements; i.e., we
have

k
F, = Z()’l“ Y)zmt-
=1
An important property of a partition is its complexity.
By the complexity of a partition, we mean the number
of elements it contains.

An increase in the partitioning complexity results in
an increase in the value of the quality functional. Every
so often, however, an increase in accuracy of approxi-
mation based on learning information constitutes, in
fact, a mere fitting procedure and does not yield an
increase in the accuracy of prediction for new objects.
One of the possible ways to optimize the complexity is
based on the estimate of the stability of the partition
boundaries in the case of slight variations in the learn-
ing sample. Let b, ..., b, be the boundaries to a certain
optimal partition R constructed on the basis of learning

information So. We denote the boundaries defined on
the basis of the sample So without the object s; by

b{ s ens b,{ . The following functional F, may be used
as a measure of stability of the boundaries:

k m
Fu=1-3Y (b]-b)"1kDV).

i=1j=1

In actual calculations, we seek a partition that maxi-
mizes the quality functionals F; or F,, with the value of
the functional F, exceeding a threshold value specified
beforehand.

2. A MODEL OF PRECEDENT-BASED
LOGICAL REGULARITIES

For each object S, € Kj, from the learning table, we
seek an “optimal” pair (®, €), with © = {i}, i, ..., i},
and € = (g, €, ..., €,) = 0, that specifies the neighbor-
hood of the learning object in the subspace of feature
descriptions. This problem is multiextremal. Therefore,
Vol. 9
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we may seek a set of local optimal solutions and use
them in the voting procedures, by analogy with repre-
sentative samples. Each such a pair (o, €) defines the
predicate

that possesses the following properties:
(a) P«(S,) = 1 for a certain reference object S, € K ;
(b) P«(S,) = O for all reference objects S, ¢ K;; and

(c) ¢(P;) = max, where ¢ is a certain criterion of opti-
mality.

Each predicate P,(S) will be referred to as the logical
regularity of the corresponding class. In this section, we
consider the problem of searching for optimal subsets of
the parallelepiped type in the space of admissible feature
descriptions of the objects S,, I(S) = (a,, ap, ..., Gy,), Of
the class K;. We now introduce additional designations
and definitions. By the feature neighborhood of the
object S,, we mean the subset 0,(€)) = {x: ay ~ & <x, <
ap, + €, }. Henceforth, we omit the superfluous indices,
but we always keep in mind that we deal with the object
S;. The feature neighborhoods are assumed to be equiv-
alent if 07‘.(61) m IO = Ok(ez) M Io.

By the system O (o, €) of feature neighborhoods the
set {0y(8)), A € m} is meant, where ® = {i}, iy, ..., i} C
(1,2, ..., n) is a subset of features and € = (€, €, ..., €,) 2
0 is the vector of numerical parameters.

The system O (, €) is referred to as the separating
system for the class K; if the relation VS, ¢ K;is valid:
Sy & NOy(&y), with A € o.

The number set X, = {0y =lap —anl, i=1,2,...,m}
(A=1,2, ..., n)is put into correspondence with the fol-

lowing numerical sequences Ny = Gy, Gyg, ..., Oy A=

h(L):
(I)OSGM<CM+1,I.= 1,2, ...,h—‘ 1;
(IDVee Z,,3i,1<i< h:e=0y,.

An arbitrary neighborhood O,(€,) is equivalent to
the neighborhood O;(e), where e = max{0;;: O); £ &,
i=1, 2, ..., h}. Therefore, it is sufficient to consider

only the finite subsets {O;(€,), €, € N, } of the para-
metric families { O,(g,), €, = 0}.

‘We assume that

0, lap—asl<g,

Bi(gy) = {

1, |ap—an|>e;

1 -0, a(S) = a(s,),

Ti(&) = {9“, o(sS;) #a(s,),
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Where (X.(S,) = (al(Si)’ (XQ(S,), veey (ll(S,)) and
1, S, K,,
o, (S;) =
0, S.¢K,.

We refer to the functionals f: {O,(€))} — R* and F:

{b (®, €)} — R* as the local and global functionals,
respectively.

We introduce the following family of local functionals:
J(O4(&1); T, Ty, -

n, >0, if «o,(S,) =1, &, —const:

WMy, m20, i=1,2,...,1,

I my
fO4(&)) = D, Y, (1-7i(8) + Ty

n=1

i=my_,

Let HQ) = {1, 2, ..., hA)}. By D = {O(w, €)} we
denote a set of all systems 0 (m, €) that are the separat-
ing systems for the class K;. We assume that F (b (w, €)=
Yicof(On(E)) -

The problem of searching for the optimal system of
neighborhoods that acts as a separating system for the
class K; can be formulated as follows:

F(O(®,€)) — min, O(w,€)e D. @)

Let B, = {ey,, u= 1,2, ..., K(A)} be a certain subse-
quence of Ny.

We introduce the matrix B = [IB, (e, )|l n, Wwhere
W=m—mi+m_, M= Zx(x),x= 1,2, ..., n; and

0, latk - ark‘ Sey

Bviler,) = { )

1, |atk —aml > ey

Here, the quantities B,,(e,,) are obtained by comparing
1(S,) with the reference description I(S;) ¢ K; the rows
Blerd (i = Y )Iax(l) + u and k(n)x(0) = 0) are
ordered according to the following rules: A =1, u =1,
2, k(1) A=2,u=1,2,..,x2);..;Ah=nu=1,

2, ... . The row B{e,,) is assigned the following scalar
weight:
P = £(0u(e,) 2 0. ©
We now formulate the following problem:
n x(h)
> pagyay —= min, )
A=l1p=1
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n k()

Y Y Buler)yauzl, v =m—mi+m;_, (8

A=tp=1
Y€ 1{0,1}. 9

Here, the coefficients are defined according to (5) and (6).

It was proved [2] that problem (4) may be reduced
with polynomial complexity to the equivalent problem
(7)—~(9) in such a way that the subsequences E; (A =1,
2, ..., n) are irreducible, and the coefficients in (7) and
(8) possess the properties

pku>pku+120’ Bvi(eku)zﬁvi+l(elu+l)’ (10)

for a fixed A.

The problem given by (7)—(9) with the properties of
coefficients defined by (10) is known as the problem of
integer linear programming with block—~monotone col-
umns of the constraint-matrix coefficients and the
objective-functional coefficients (BMC-ILP) [2]. Since
the coefficients are monotone, no more than a single
value of y,, can exist in the solution for each value of
the subscript A. The identity components of optimal
solution are in one-to-one correspondence with the sys-

tem of neighborhoods 0 (o, €) that serve as separating
boundaries for the class K;.

We note in the conclusion that (~)(0), g), ® = {i,
iy, ..., iy} corresponds to the hyperparallelepiped H; =

{x: aijv - o < aijv + Sijv,V = 1, 2, ‘oey kl} that
encompasses certain standards of only a single class K;
and has the object S, as the central element.

8,-jv < X;

3. THE METHOD
FOR STATISTICALLY WEIGHTED VOTING

We assume that the function Y depends stochasti-
cally on the parameters (features). We also assume that
we have at our disposal learning information repre-
sented by a set of pairs Sin = {(y1, X1), covs O X))
where y,, ..., y,, are representations of the random func-
tion Y and %,, ..., X, are the vectors of the values of
features X, ..., X, corresponding to the specified repre-
sentations of Y. The problem is posed to predict the
value of the function Y for any admissible values of the
features X, ..., X, by using the learning sample So

Sin . In order to predict the values of ¥, we suggest using
the procedure of voting over the systems of logical reg-
ularities.

We assume that the ¢-algebra S is defined in the fea-

ture space R” and P is the probabilistic measure on (R", §).
We assume that the system of logical regularities is

given by Qo < S. We denote the minimal algebra con-

PATTERN RECOGNITION AND IMAGE ANALYSIS

RYAZANOV et al.

~ ~ 1 ~2
taining Qo by Qo . Let Qo stand for the set of elements
~1
Qo that cannot be represented by a union of other ele-
~1
ments Qo .

The predicted value of the function Y at an arbitrary
point of the feature space is calculated from data on dis-
tribution of objects of the learning sample over logical

regularities of the system Qo. Let a certain point ¥

~2
belong to the set g € Qo . As the predicted value of the
function Y at the point x, we use the following estimate
of conditional mathematical expectation:

P(Q)
J’ YP(dw)
M(Y‘Q) = _(L—IW

Definition. The function §,(x) at the point X is
defined by the equality € (%) = M(Y|q), where q is the

~ 2
element belonging to Qo and containing the point .

It is easy to verify that, for any Q € Qo , we have
M(Y\Q) = M(E,\0).
Indeed,

Y j YP(dw)

M(Y|Q) = acQq

P(Q)

Y J'Yp(dm)

— 4¢@

P(Q)

The quantity V; is defined as the value of representa-
tions of the function Y averaged over all the objects of
the learning sample from the logical regularity Q; or

1
Vj= ,szx,e Qlyi'

Let the point x belong to the intersection of the log-
ical regularities Q, ..., Q,. The distribution densities of
the values V, ..., V,, of the function £, within the logi-
cal regularities Q,, ..., O, are approximated with the
use of the normal law; i.e., we have

= M(S,|Q).

£2(V,) = Nj(V, M(Y|Q,))

b

TV, =M(Y]))
e"p{ 2D(Y|0,) ]
Vol. 9
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f;(&) = N; (&, M(Y|Q)))

b

[ =My’
e"p[ (2D(E,]2))

j=1...,p.
In the case where the number of objects in the base sets
is large, the use of the normal distribution for approxi-
mating the densities fjO (V;) can be substantiated
employing the central limit theorem.

It is also worth noting that the entropy functional
H(f)= j(x — M)*f(x)dx specified at a set of probabilis-
tic distributions with the fixed mathematical expecta-
tion M = fo(x)dx and variance D = I(x — My f(x)dx
attains a maximum over the normal distribution f =
J(1/21r) exp(—(x — M)*(2D)). From this standpoint,
the normal distribution is closest to the uniform one.
Therefore, we may use the normal distribution to
approximate a certain probability distribution in the

case where only the mathematical expectation and vari-
ance are known for the latter distribution.

The likelihood function L is specified as the product
of the functions ff and f;; thus, we have

4
L(zp - 2,) ~ [ [N (20 29N} (Vipzp). (1)
j=1
Here, the conditional mathematical expectations
M(Ylg), M(Y|Qy), ..., M(Y|Q,) are regarded as
unknown parameters 2o, ..., Z,, respectively. The point
corresponding to the maximum of function (9) coin-
cides with the position of the minimum of the function

14
(2, -0 2,) = 3 [)(V;-2)"2D(Y|Q))"

ji=1

+(20-2,)° (2D, QN1

The following equations constitute the necessary con-
ditions for minimum of the function 3(zy, ..., z,):

33 w0
a_Z_o= zbj(ZQ—Zj)
J=1

....................................

g—j’- = (b, +b,)z,~bpzg—c, = O. (13)
p

Here,

o___1
! D(&ulQ;),

L
b; BYIC)" (14)

n;v
c. ivy

i= Derioy)’
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It is easy to verify that system (11) has a unique solu-
tion

14
-1
Y b (b] +b))
ZO = MO = ];1
S bibj(b] + b))

j=1

.............................................

) (byMy+c,)

M
0 1
bp+bp

p = My

We propose that the quantities My, M,, ..., M, be
regarded as the estimates of conditional mathematical
expectations M(Ylq), M(Y|Q,), ..., M(Y|Q,). As men-
tioned above, the estimate M, of the conditional math-
ematical expectation M(Y|g) is used as a prediction
¢o(x) of the function Y at the point x. As a result, we

derived the following formula for the estimate ¢(x)

» )
Zi . Viwei,
)

i=1

obtained by voting: ¢(X) = — .
wei,

Here, wei, is the weight of the logical regularity Q;.
It is calculated from the formula wei; =

n n; 1

L or wei; = L ,
n,D(&,|Q;) + D(Y[Q)) 7o+ 1D(Y|Q))
D(E,|Q;
where the coefficient x; = B%[lg_J)) defines the frac-
J

tion of determinate (completely specified by predict-
able variables) component of variation of the function
Y over the logical regularity Q,. In actual representa-
tions, we used the values of X equal to 1. The values of
D(Y|Q;) were estimated on the basis of the learning
sample.
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