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Â êðèòè÷åñêîì ñëó÷àå ïàðû ÷èñòî ìíèìûõ êîðíåé äëÿ èí-
òåãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ òèïà Âîëüòåððà èññëåäó-
åòñÿ âîïðîñ î ñóùåñòâîâàíèè ïðåäåëüíî ïåðèîäè÷åñêèõ ðåøå-
íèé ïðè óñëîâèè, ÷òî ÷àñòîòà ïåðèîäè÷åñêîé ÷àñòè ïðåäåëü-
íî ïåðèîäè÷åñêîãî ìàëîãî âîçìóùåíèÿ â óðàâíåíèè ñîâïàäàåò
ñ ñîáñòâåííîé ÷àñòîòîé ëèíåàðèçîâàííîãî îäíîðîäíîãî óðàâíå-
íèÿ. Ïîêàçûâàåòñÿ, ÷òî èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå
äîïóñêàåò ñåìåéñòâî ïðåäåëüíî ïåðèîäè÷åñêèõ ðåøåíèé, ïðåä-
ñòàâèìûõ ñòåïåííûìè ðÿäàìè ïî ìàëîìó ïàðàìåòðó, õàðàê-
òåðèçóþùåìó âåëè÷èíó âîçìóùåíèÿ, è ïî ìàëûì ïðîèçâîëü-
íûì íà÷àëüíûì çíà÷åíèÿì íåêðèòè÷åñêèõ ïåðåìåííûõ çàäà-
÷è. Óêàçûâàþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ òàêèõ ðåøåíèé, âû-
ðàæàåìûå ÷åðåç âåëè÷èíû, êîòîðûå îïðåäåëÿþò ïîñòîÿííóþ
Ëÿïóíîâà g3, âû÷èñëÿåìóþ ïî ÷ëåíàì 3-ãî ïîðÿäêà óðàâíåíèé.

Ïåðèîäè÷åñêèå ðåøåíèÿ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíå-
íèé òèïà Âîëüòåððà ñ áåñêîíå÷íûì ïîñëåäåéñòâèåì (ñ íèæ-
íèì ïðåäåëîì èíòåãðèðîâàíèÿ −∞ â èíòåãðàëüíûõ ÷ëåíàõ)
ðàññìàòðèâàëèñü â ìîíîãðàôèÿõ [1,2]. Ïîñòðîåíèå ïåðèîäè-
÷åñêèõ ðåøåíèé äëÿ óêàçàííûõ óðàâíåíèé ñïåöèàëüíîãî âèäà,
áëèçêèõ ê ñèñòåìàì óðàâíåíèé 2-ãî ïîðÿäêà, âîçíèêàþùèõ â
çàäà÷àõ ìåõàíèêè, ïðîâîäèëîñü â ðàáîòàõ [3-5] êàê â íåðåçî-
íàíñíîì, òàê è â ðåçîíàíñíîì ñëó÷àÿõ. Ñõîäèìîñòü ïîñëåäî-
âàòåëüíûõ ïðèáëèæåíèé â ïîñòðîåíèÿõ [3-5] áàçèðóåòñÿ íà
ìåòîäå ìàæîðàíòíûõ ôóíêöèé [6,7].

Êëþ÷åâûå ñëîâà: èíòåãðîäèôôåðåíöèàëüíûå óðàâíåíèÿ
òèïà Âîëüòåððà, òåîðèÿ êîëåáàíèé, êðèòè÷åñêèé ñëó÷àé ïàðû
÷èñòî ìíèìûõ êîðíåé
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1. Âûäåëåíèå êðèòè÷åñêîé ïîäñèñòåìû. Ðàññìàòðèâà-
åòñÿ èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà

dx

dt
= Ax+

t∫
0

K(t− s)x(s)ds+ µf(t) + F (x, t),

x ∈ Rn, f = col(f1, ..., fn), F = col(F1, ..., Fn),

(1.1)

â êîòîðîì 0 ≤ µ << 1, A = (aij)−(n×n) - ïîñòîÿííàÿ ìàòðèöà,
K(t) = (Kij(t)) ∈ C ïðè t ∈ R+ = {t ∈ R : t ≥ 0} - (n × n) -
ìàòðèöà, óäîâëåòâîðÿþùàÿ óñëîâèþ

∥K(t)∥ ≤ C exp(−βt), C, β = const > 0, (1.2)

F (x, t) - àíàëèòè÷åñêàÿ ïî x ôóíêöèÿ â íåêîòîðîé îêðåñòíîñòè
B íóëÿ áåç ñâîáîäíîãî è ëèíåéíîãî ÷ëåíîâ; åå êîýôôèöèåíòû
ðàçëîæåíèÿ â ñòåïåííîé ðÿä � íåïðåðûâíûå ôóíêöèè t, êñïî-
íåíöèàëüíî ñòðåìÿùèåñÿ ê ïîñòîÿííûì, èëè ïîñòîÿííûå âåëè-
÷èíû. Ôóíêöèÿ f(t) ∈ C1.

Â äàëüíåéøåì èñïîëüçóþòñÿ ñëåäóþùèå
Îïðåäåëåíèÿ ([8,9]). Ãîâîðÿò, ÷òî íåïðåðûâíàÿ

ôóíêöèÿ φ(t) ïðèíàäëåæèò êëàññó e1(α), ò.å. φ(t) ∈ e1(α),
åñëè ïðè t ∈ R+ âûïîëíÿåòñÿ íåðàâåíñòâî

∥φ(t)∥ ≤ C exp(αt), C, α = const, C > 0.

Ãîâîðÿò, ÷òî íåïðåðûâíàÿ íà ìíîæåñòâå 0 ≤ s ≤ t < +∞
ôóíêöèÿ Φ(t, s) ïðèíàäëåæèò êëàññó e2(α), ò.å.
Φ(t, s) ∈ e2(α), åñëè íà ýòîì ìíîæåñòâå ñïðàâåäëèâà îöåí-
êà

∥Φ(t, s)∥ ≤ C exp[α(t− s)].

Íåïðåðûâíóþ ïðè t ∈ R+ ôóíêöèþ f(t) íàçûâàþò ýêñïîíåí-
öèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîé, ò.å. ïðèíàäëåæàùåé êëàññó
lpe(T, α), åñëè

f(t) = fp(t) + fe(t), (1.3)
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ãäå fe(t) ∈ e1(α) (α < 0) è íåïðåðûâíàÿ ôóíêöèÿ fp(t) ÿâëÿåòñÿ
ïåðèîäè÷åñêîé ñ ïåðèîäîì T .

Äâèæåíèå ñèñòåìû, îïèñûâàåìîå ôóíêöèåé âèäà (1.3), íà-
çûâàþò ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêèì.

Ôóíêöèÿ F (x, t) â (1.1) êàê ôóíêöèÿ t äëÿ âñåõ x ∈ B ïðè-
íàäëåæèò êëàññó e1(−γ) äëÿ íåêîòîðîãî γ > 0.

Ïóñòü äëÿ óðàâíåíèÿ (1.1) õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(λEn − A−K∗(λ)) = 0,

ãäå K∗(λ) � ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ìàòðèöû K(t), èìååò
â ïîëóïëîñêîñòè Reλ > −β êîíå÷íîå ÷èñëî êîðíåé λ′

j (j =
1, ..., N ;N ≥ n), çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ âåùå-
ñòâåííûõ ÷àñòåé, ïðè÷åì

Reλ′
j < 0 λ′

N−1 = iω, λ′
N = −iω,

j = 1, ..., N − 2, ω = const > 0 .
(1.4)

Ñòàðøèå n êîðíåé ñ÷èòàþòñÿ ïðîñòûìè.
Ôóíêöèÿ f(t) â óðàâíåíèè (1.1) ïðåäïîëàãàåòñÿ ïðèíàäëå-

æàùåé êëàññó lpe(T,−α1), ãäå α1 > 0 è T = 2π/ω, ò.å. äëÿ íåå
ñïðàâåäëèâî ïðåäñòàâëåíèå (1.3), â êîòîðîì fp(t) ïî ïðåäïîëî-
æåíèþ äîïóñêàåò íåïðåðûâíóþ ïðîèçâîäíóþ ñ îãðàíè÷åííûì
èçìåíåíèåì è, ñëåäîâàòåëüíî, ïðåäñòàâëÿåòñÿ àáñîëþòíî ñõîäÿ-
ùèìñÿ ðÿäîì Ôóðüå [10].

Ðàññìîòðèì ñíà÷àëà óðàâíåíèå (1.1) ïðè µ = 0 è ïðåîáðà-
çóåì ýòî óðàâíåíèå ïî ñõåìå âûäåëåíèÿ â äàííîì êðèòè÷åñêîì
ñëó÷àå óñòîé÷èâîñòè ïîñòîÿííîé Ëÿïóíîâà g3 [8,11].

Ïóñòü X ′(t) = (x′
ij(t)) ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé

ëèíåàðèçîâàííîãî óðàâíåíèÿ, íîðìàëüíàÿ â ñìûñëå Ëÿïóíîâà
[12,13]. Òîãäà, åñëè xj(t) � ñòîëáöû ýòîé ìàòðèöû, òî, ïðèíè-
ìàÿ âî âíèìàíèå ñòðóêòóðó îáùåãî ðåøåíèÿ ëèíåàðèçîâàííîãî
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óðàâíåíèÿ, äëÿ õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé ðåøåíèé èìå-
þò ìåñòî ñîîòíîøåíèÿ

χ(xj(t)) = λj, j = 1, 2, ..., n− 2, Reλ′
N−n+j = λj, (1.5)

è, êðîìå òîãî, ôóíäàìåíòàëüíûå ðåøåíèÿ xn−1(t), xn(t) ìîæíî
ïðåäñòàâèòü â âèäå

x′
n−1(t) = 2(u0 cosωt− v0 sinωt) + x

′′
n−1(t),

x′
n(t) = 2(v0 cosωt+ u0 sinωt) + x

′′
n(t),

(1.6)

ãäå u0, v0 � ïîñòîÿííûå âåêòîðû è x
′′
s (t) ∈ e1(λn−2)(s = n −

1, n).
Ïóñòü â ïðåäïîëîæåíèè íåâûðîæäåííîñòè ìàòðèöû X ′(t)

[10] ìàòðèöà Y ′(t) = (y′ij(t)) òàêàÿ, ÷òî Y ′(t)X ′(t) = En. Òîãäà,
ïîñêîëüêó ëèíåàðèçîâàííàÿ îäíîðîäíàÿ ñèñòåìà (1.1) ïðàâèëü-
íàÿ [8,11], èìåþò ìåñòî âûðàæåíèÿ

y′ij(t) = exp(−λ′
it)(cij + y

′′
ij(t)), i = 1, 2, ..., n− 2,

y′n−1j(t) = δj(v0) cosωt+ δj(u0) sinωt+ y
′′
n−1j(t),

y′nj(t) = −δj(u0) cosωt+ δj(v0) sinωt+ y
′′
nj(t),

(1.7)

ãäå cij, δj � ïîñòîÿííûå è y
′′
kj(t) ∈ e1(−γ) (k = n − 1, n; j =

1, 2, ..., n; γ > 0).
Ïóñòü

yi = xi, i = 1, ..., n− 2,

ys =
n∑

j=1

y
′

sj(t)xj, s = n− 1, n
(1.8)
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- çàìåíà ñ íåïðåðûâíûìè îãðàíè÷åííûìè ïðè t ∈ R+ êîýôôè-
öèåíòàìè ïðè óñëîâèè, ÷òî

δ(t) = |y′n−1n−1(t)y
′
nn(t)− y′n−1n(t)y

′
nn−1(t)| =

= |δ0 + δ′1(t)| ≥ δ′0 > 0,

ãäå δ0, δ
′
0 = const è δ′1 ∈ e1(−γ) äëÿ γ > 0. Ýòà çàìåíà

âûäåëÿåò êðèòè÷åñêèå ïåðåìåííûå.
Ïóñòü

wn−1 = yn−1 + iyn, wn = yn−1 − iyn. (1.9)

- êîìïëåêñíî-ñîïðÿæåííûå ïåðåìåííûå. Ïðåîáðàçîâàíèå (1.8),
(1.9) ïðèâîäèò ê ñëåäóþùèì ñîîòíîøåíèÿì:

xs =
∑

k=n−1,n

Wsk(t) exp(±iωt)wk +
n−2∑
j=1

Ysj(t)yj,

Wsk(t) = W
(0)
sk +W

(1)
sk (t), Ysj(t) = Y

(0)
sj + Y

(1)
sj (t),

W
(0)
sk , Y

(0)
sj = const, à W

(1)
sk (t), Y

(1)
sj (t) ∈ e1(−γ),

s = n− 1, n, γ > 0.

(1.10)

Â ôîðìóëàõ (1.10) çíàê ïëþñ îòâå÷àåò çíà÷åíèþ s = n− 1,
çíàê ìèíóñ çíà÷åíèþ s = n.

Íåêðèòè÷åñêóþ ïåðåìåííóþ y = col(y1, ..., yn−2) ïðåîáðàçó-
åì, ïîëàãàÿ

z = exp(Λ′
2t)Y

′
2(t)y, Λ′

2 = diag(λ′
N−n+1, ..., λ

′
N−2), (1.11)

ãäå ìàòðèöà Y ′
2(t) òàêîâà, ÷òî Y ′

2(t)X
′
2(t) = En−2, è X ′

2(t) � (n−
2) × (n − 2) - ìàòðèöà ðåøåíèé ëèíåàðèçîâàííîé îäíîðîäíîé
ïîäñèñòåìû äëÿ y, íîðìàëüíàÿ ïî Ëÿïóíîâó.
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2. Âûäåëåíèå ïîñòîÿííîé g3. Ïîñëå çàìåí (1.7) � (1.11)
ââèäó ëåììû [14], ïîëó÷àþòñÿ óðàâíåíèÿ (k = n− 1, n)

dwk

dt
=

t∫
0

n∑
j=1

(φn−1j(t, s)± iφnj(t, s))(F
′
j(z(s), w(s), s)+

+µfj(s))ds+
n∑

j=1

(y′n−1j(t)± iy′nj(t))(F
′
j(z, w, t) + µfj(t)),

(2.1)

dz

dt
= Λ′

2z + exp(Λ′
2t)
[ t∫
0

φ(t, s)Θ(z(s), w(s), s)ds+

+Y ′
2(t)Θ(z, w, t)

]
,

(2.2)

w = col(wn−1, wn), Θ(z, w, t) = col(Θ1, ...,Θn−2),

ãäå âåðõíèé çíàê ïëþñ â (2.1) áåðåòñÿ ïðè k = n − 1, à çíàê
ìèíóñ áåðåòñÿ ïðè k = n, âåëè÷èíû F ′

j(z, w, t) ïðåäñòàâëÿþò
ñîáîé ôóíêöèè Fj(x, t), âûðàæåííûå ÷åðåç ïåðåìåííûå z, w, t,
è

Θj(z, w, t) = ajn−1xn−1 + ajnxn + F ′
j(z, w, t) + µfj(t)+

+
∫ t

0
(Kjn−1(t− s)xn−1(s) +Kjn(t− s)xn(s)) ds ,

ïðè÷åì â ïîñëåäíåé ôîðìóëå ïåðåìåííûå xn, xn−1 ñâÿçàíû ñ w, z
ñîîòíîøåíèÿìè (1.8) � (1.11).

Èíòåãðàëüíûå ÿäðà óðàâíåíèé (2.1) èìåþò ñëåäóþùóþ ñòðóê-
òóðó [8]:

φn−1j(t, s)± iφnj(t, s) = exp(±iωt)Φ±
j (t− s) + Φ̃±

j (t, s), (2.3)

ãäå îäíîâðåìåííî áåðóòñÿ ëèáî âåðõíèå, ëèáî íèæíèå çíàêè,
ôóíêöèè Φ±

j (t) ∈ e1(−γ1) è Φ̃±
j (t, s) � ñóììà ñëàãàåìûõ âè-

äà φ1(t)φ2(t, s), ïðè÷åì φ1(t) ∈ e1(−γ2), φ2(t, s) ∈ e2(−γ3) äëÿ
íåêîòîðûõ γk > 0 (k = 1, 2, 3).
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Êðîìå òîãî, â ýòèõ óðàâíåíèÿõ

y′n−1j(t)± iy′nj(t) = C±
j exp(±iωt) + ỹ′j(t),

C±
j = const, ỹ′j(t) ∈ e1(−γ), γ > 0.

(2.4)

Äàëåå ïðîâîäèòñÿ ñåðèÿ ïðåîáðàçîâàíèé [8,11], ñîõðàíÿþ-
ùèõ ñâîéñòâî óñòîé÷èâîñòè è ïîçâîëÿþùàÿ ïî ÷ëåíàì 3-ãî ïî-
ðÿäêà ïðàâûõ ÷àñòåé êðèòè÷åñêîé ïîäñèñòåìû (2.1), íå çàâè-
ñÿùèõ îò ïàðàìåòðà µ, îïðåäåëèòü ïîñòîÿííóþ Ëÿïóíîâà g3, è
ñàìè óðàâíåíèÿ (2.1), (2.2) ïðåäñòàâèòü â ñëåäóþùåé ôîðìå:

dw′
n−1

dt
= hn−1w

′2
n−1w

′
n +W

(2)
n−1(u,w

′, t) +W
(3)
n−1(u,w

′, t)+

+µf ′
n−1(t) + µWn−1(u,w

′, t, µ),

dw′
n

dt
= hnw

′

n−1w
′2
n +W (2)

n (u,w′, t) +W (3)
n (u,w′, t)+

+µf ′
n(t) + µWn(u,w

′, t, µ),

(2.5)

hn−1, hn = const, w′ = col(w′
n−1, w

′
n),

du

dt
= Λ′

2u+ U (2)(u,w′, t) + U (3)(u,w′, t) + µf ′(t)+

+µU(u,w′, t, µ),

(2.6)

ãäå W
(2)
j (u,w′, t), U (2)(u,w′, t) � êâàäðàòè÷íûå ïî u, w′ ÷ëåíû,

òàêèå, ÷òî W
(2)
j (0, w′, t) ≡ 0 (j = n − 1, n), U (2)(0, w′, t) ≡ 0,

W
(3)
j (u,w′, t) � ÷ëåíû áîëåå 2-ãî ïîðÿäêà, íå ñîäåðæàùèå êóáè÷å-

ñêèõ ÷ëåíîâ, çàâèñÿùèõ òîëüêî îò w′
n−1, w

′
n. Ðàçëîæåíèÿ â ñòå-

ïåííûå ðÿäû ïî ïàðàìåòðó ε äëÿ îïåðàòîðîâ W
(2)
j (εu, εw′, t, µ),

U(εu, εw′, t, µ) ìîãóò ñîäåðæàòü ëèíåéíûå ÷ëåíû. Ôóíêöèè f ′
k(t)
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(k = n − 1, n), f ′(t) = col(f ′
1(t), ..., f

′
n−2(t)) � ïðåäåëüíî ïå-

ðèîäè÷åñêèå, è èõ ïåðèîäè÷åñêèå ÷àñòè f ′
jp(t) ðàçëàãàþòñÿ â

àáñîëþòíî ñõîäÿùèåñÿ ðÿäû Ôóðüå. Îïåðàòîðû Wj(u,w
′, t, µ),

U(u,w′, t, µ) ïîÿâëÿþòñÿ â óðàâíåíèÿõ (2.5), (2.6) â ðåçóëüòà-
òå ïðåîáðàçîâàíèé, çàêëþ÷àþùèõñÿ â èíòåãðèðîâàíèè ïî ÷à-
ñòÿì ðÿäà èíòåãðàëüíûõ ÷ëåíîâ, çàâèñÿùèõ îò êðèòè÷åñêèõ
ïåðåìåííûõ, è çàìåíû ïðîèçâîäíîé dwk/dt ïðàâûìè ÷àñòÿìè
êðèòè÷åñêîé ïîäñèñòåìû (2.1) [8,11].

Óðàâíåíèÿ (2.5) äëÿ j = n − 1, n ÿâëÿþòñÿ êîìïëåêñíî-
ñîïðÿæåííûìè.

3. Ïðåäåëüíî ïåðèîäè÷åñêîå ðåøåíèå. Ïðåäïîëàãàåò-
ñÿ, ÷òî âåùåñòâåííûå ïîñòîÿííûå

hn−1hn ̸= 0. (3.1)

Ââîäÿ â óðàâíåíèÿ (2.5), (2.6) ìàëûé ïàðàìåòð ε ñ ïîìîùüþ
çàìåíû

w′
j = εvj, j = n− 1, n, u = εv, µ = ε3, (3.2)

ãäå v = col(v1, ..., vn−2), ìîæíî ïîñòðîèòü ïðåäåëüíî ïåðèîäè÷å-
ñêèå ðåøåíèÿ ýòèõ óðàâíåíèé â ôîðìå ñòåïåííûõ ðÿäîâ ïî ε,
òàê ÷òî

vi(t) =
∞∑
k=0

εkv
(k)
i (t), i = 1, 2, ..., n. (3.3)

Â ïåðâîì ïðèáëèæåíèè (ïðè k=0), ñîãëàñíî (2.5), (2.6),

v
(0)
j = v0j = const, j = n− 1, n,

v(0)s (t) = v0s exp(λ
′
st), s = 1, 2, ..., n− 2,

ãäå v0s � ïðîèçâîëüíûå íà÷àëüíûå çíà÷åíèÿ è ïîñòîÿííûå v0j
(j = n− 1, n) ïîäëåæàò îïðåäåëåíèþ èç óñëîâèé ñóùåñòâîâàíèÿ
ðåøåíèÿ â èñêîìîì âèäå.
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Âî âòîðîì ïðèáëèæåíèè, ïîëàãàÿ

v′0 = col(v0n−1, v0n), v(0) = col(v
(0)
1 , ..., v

(0)
n−2),

ìîæíî íàéòè, ÷òî ïðè j = n− 1, n

v
(1)
j (t) = ε−2

∫ t

0
W

(2)
j (εv′0, εv

(0)(τ), τ)dτ = v
(1)
pj (t) + vej(t), (3.4)

ãäå v(1)pj (t) � ïåðèîäè÷åñêàÿ ôóíêöèÿ ïåðèîäà T è vej(t) ∈ e1(−γ′)
(γ′ > 0). Ñîãëàñíî (2.6), ïðè s = 1, ..., n− 2

v(1)s (t) = ε−2
∫ t

0
exp[−λ′

s(t− τ)]U (2)
s (εv′0, εv

(0)(τ), τ)dτ, (3.5)

Ôóíêöèè U (2)
s (u,w′, t) îãðàíè÷åíû ïî t (ïðè ôèêñèðîâàííûõ

w′, u), à U (2)
s (0, w′, t) ≡ 0. Ñëåäîâàòåëüíî, èìåþò ìåñòî âêëþ÷å-

íèÿ U (2)
s (εv′0, εv

(0)(τ), τ) ∈ e1(−γ1) (γ1 > 0), è ïîýòîìó

v(1)s ∈ e1(−γs), γs > 0. (3.6)

Â óðàâíåíèè (1.1) ôóíêöèÿ f(t) ∈ lpe(T,−γ), ò.å. ïðåäñòàâè-
ìà â âèäå (1.3), ãäå âåùåñòâåííàÿ ôóíêöèÿ fp(t) = col(fp1(t), . . . ,
fpn(t)) îáëàäàåò íåïðåðûâíîé ïðîèçâîäíîé ñ îãðàíè÷åííûì èç-
ìåíåíèåì è çàäàíà ðÿäîì Ôóðüå

fpj(t) =
∞∑

m=−∞
a(j)m exp(imωt), a(j)m = ā

(j)
−m, j = 1, ..., n (3.7)

ñ êîýôôèöèåíòàìè a(j)m = O(1/m2) [10].
Äëÿ îïðåäåëåíèÿ ôóíêöèé v

(2)
i (t) (i = 1, 2, ..., n) íóæíî

âû÷èñëèòü ïåðèîäè÷åñêóþ ÷àñòü f ′
p(t) = col(f ′

p1(t), . . . , f
′
pn(t))

ôóíêöèè f ′(t) â óðàâíåíèÿõ (2.5), (2.6).
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Ñîãëàñíî óðàâíåíèÿì (2.1), ôóíêöèè f ′
k(t) (k = n − 1, n )

ïðåäñòàâëÿþòñÿ â âèäå

f ′
k(t) =

t∫
0

n∑
j=1

(φn−1j(t, s)± iφnj(t, s))fj(s)ds+

+
n∑

j=1

(y′n−1j(t)± iy′nj(t))fj(t),

ãäå çíàê ïëþñ îòâå÷àåò k = n− 1. Ïîýòîìó, ââèäó ñîîòíîøåíèé
(2.3), (2.4), ìîæíî çàïèñàòü

f ′
k(t)=

n∑
j=1

( t∫
0

Φ±
j (t− s)fj(s)ds+ C±

j fj(t)

)
exp(± iω t) + f

′′

k (t),

ãäå f
′′
k (t) ∈ e1(−γ), γ > 0. Ñ ó÷åòîì (3.7)

f
′

pk(t) =
n∑

j=1

exp(iωt)(C±
j fpj(t) + Φ̂±

j (t)), k = n− 1, n, (3.8)

ãäå

Φ̂±
j (t) =

∞∑
m=−∞

b±j (m)a(j)m exp(imωt),

b±j (m) =

∞∫
0

Φ±
j (τ) exp(− imωτ)dτ.

Òàêèì îáðàçîì, ôóíêöèè f ′
n−1(t), f ′

n(t) â óðàâíåíèÿõ (2.5)
èìåþò ïîñòîÿííûå ÷ëåíû, à èìåííî:

αn−1 =
n∑

j=1

a
(j)
−1(C

+
j + b+j (−1)) (3.9)

â óðàâíåíèè äëÿ vn−1 è
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αn =
n∑

j=1

a
(j)
1 (C−

j + b−j (1)) (3.10)

â óðàâíåíèè äëÿ vn. Ïîñòîÿííûå αn−1, αn êîìïëåêñíî-ñîïðÿæåíû.
Ïóñòü

αn−1αn ̸= 0. (3.11)

Äëÿ òîãî ÷òîáû ôóíêöèè vn−1(t), vn(t) áûëè ïðåäåëüíî ïåðè-
îäè÷åñêèìè ôóíêöèÿìè âðåìåíè, äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

hn−1v
2
0n−1v0n + αn−1 = 0, hnv0n−1v

2
0n + αn = 0, (3.12)

êîòîðûå ñëóæàò óðàâíåíèÿìè äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ
v0n−1, v0n (â ïåðâîì ïðèáëèæåíèè). Íà÷àëüíûå óñëîâèÿ â äàëü-
íåéøåì ðàññìàòðèâàþòñÿ êàê ãîëîìîðôíûå ôóíêöèè ïàðàìåò-
ðà ε.

Èç (3.12) ìîæíî íàéòè, ÷òî

r20 = v0n−1v0n =
αn−1αn

hn−1hn

,

r20(v0n−1 + v0n) = −αn−1

hn−1

− αn

hn

.

(3.13)

Íà÷àëüíûå çíà÷åíèÿ v0k ïðåäñòàâëÿþòñÿ â âèäå ñòåïåííûõ
ðÿäîâ

v0k(ε) =
∞∑
p=0

v
(p)
0k ε

p, k = n− 1, n,

è â êà÷åñòâå v(0)0k áåðåòñÿ ðåøåíèå óðàâíåíèé (3.12), ò.å. ñîãëàñíî
(3.13)

v0n−1 = v
(0)
0n−1 = − αn−1

r20hn−1

, v0n = v
(0)
0n = − αn

r20hn

, (3.14)

è, ñëåäîâàòåëüíî, v(0)0n−1 è v
(0)
0n êîìïëåêñíî-ñîïðÿæåíû.
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Ïðè îïðåäåëåíèè v
(3)
j (t) (j = n−1, n) è ïîñëåäóþùèõ ÷ëåíîâ

ðàçëîæåíèé (3.3) áóäóò íàéäåíû ïîñòîÿííûå v(k)0j (k = 1, 2, ...) èç
óñëîâèÿ îáðàùåíèÿ â íîëü ñåêóëÿðíîãî ÷ëåíà (ïîñòîÿííîãî ÷ëå-
íà â ïîäûíòåãðàëüíîé ôóíêöèè â ôîðìóëå, àíàëîãè÷íîé ôîð-
ìóëå (3.4)). Ýòî âîçìîæíî ââèäó âûïîëíåíèÿ íåðàâåíñòâ (3.1),
(3.11).

Äëÿ âû÷èñëåíèÿ ôóíêöèé v(2)s (t) (s = 1, 2, ..., n− 2) èìååòñÿ
èíòåãðàëüíàÿ ôîðìóëà, àíàëîãè÷íàÿ ôîðìóëå (3.5), íà îñíîâà-
íèè êîòîðîé ýòè ôóíêöèè èìåþò ñëåäóþùóþ ñòðóêòóðó:

v(2)s (t) = v
(2)
0s + v(2)es (t), s = 1, 2, ...n− 2, (3.15)

v
(2)
0s = const è v(2)es (t) ∈ e1(−γ) (γ > 0).
Ïðè ïîñòðîåíèè ðÿäîâ ñëåäóåò ó÷åñòü, ÷òî â óðàâíåíèÿõ âñå

èíòåãðàëüíûå ÿäðà κ(t, s) ∈ e2(−γ0), ò.å. ïîä÷èíåíû óñëîâèþ

∥κ(t, s)∥ ≤ c exp[−γ0(t− s)], c, γ0 = const > 0. (3.16)

Â ñâÿçè ñ ýòèì ñëåäóåò îòìåòèòü, ÷òî, íàïðèìåð, èíòåãðàëû
òèïà

I1(t) =

t∫
0

κ(t, τ)
(
v
(p)
n−1(τ)

)k(
v(q)n (τ)

)l

ξkl(τ)dτ,

I2(t) =

t∫
0

κ(t, τ)
(
ξn−1(τ)v

(p)
n−1(τ)

)k(
ξs(τ)v

(q)
s (τ)

)l

dτ,

I3(t) =

t∫
0

(
ξn−1(τ)v

(p)
n−1(τ)

)k(
ξn(τ)v

(q)
n (τ)

)l

dτ,

(3.17)

áóäóò ïðåäñòàâëÿòüñÿ ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷å-
ñêèìè ôóíêöèÿìè. Â ôîðìóëàõ (3.17) ôóíêöèè ξkl(t) èìåþò ñëå-
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äóþùóþ ñòðóêòóðó [8,11]:

ξkl(t) = ξ′kl exp[i(l − k)ω t] + ξ
′′
kl(t),

ξ′kl = const, ξ
′′
kl(t) ∈ e1(−γ), γ > 0,

è

ξj(t)=ξ0j exp(± iω t)+ξ′j(t), ξs=ξ0s+ξ′s(t), j = n− 1, n,

ξ0j = const, ξ′j(t) ∈ e1(−γ), γ > 0, s = 1, 2, ..., n− 2.

Èíòåãðàëüíûå ÿäðà óäîâëåòâîðÿþò ñîîòíîøåíèÿì (1.2), (2.3)
ëèáî ïîä÷èíåíû óñëîâèþ (3.16), à âåëè÷èíû v

(k)
i (t) (i = 1, 2, ..., n;

k = 1, 2, ...) ÿâëÿþòñÿ ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷å-
ñêèìè ôóíêöèÿìè.

Âîîáùå, ïîñêîëüêó èíòåãðàë îò ýêñïîíåíöèàëüíî ïðåäåëü-
íî ïåðèîäè÷åñêîé ôóíêöèè (ñ íóëåâûì ñðåäíèì ïåðèîäè÷åñêîé
÷àñòè) è èíòåãðàë ñ ÿäðîì òèïà (3.16) îò ýêñïîíåíöèàëüíî ïðå-
äåëüíî ïåðèîäè÷åñêîé ôóíêöèè ÿâëÿþòñÿ ôóíêöèÿìè îäíîãî
è òîãî æå òèïà, ñòðóêòóðà ôóíêöèé v(k)s (t) (s = 1, 2, ..., n −
2; k = 3, 4, ...) áóäåò òàêîé æå, êàê â ñîîòíîøåíèè (3.15), ëèáî
ýòè ôóíêöèè áóäóò ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêè-
ìè. Àíàëîãè÷íóþ ñòðóêòóðó áóäóò èìåòü âñå ôóíêöèè v

(k)
j (t)

(j = n− 1, n; k = 3, 4, ...).
Ïîñòðîåííîå ñåìåéñòâî ïðåäåëüíî ïåðèîäè÷åñêèõ ðåøåíèé

óðàâíåíèé (2.5), (2.6) ñîäåðæèò n−2 ïðîèçâîëüíûå ïîñòîÿííûå
è ïðåäñòàâëÿåòñÿ ñòåïåííûì ðÿäîì ïî n − 2 íà÷àëüíûì çíà÷å-
íèÿì íåêðèòè÷åñêèõ ïåðåìåííûõ è ìàëîìó ïàðàìåòðó ε = µ1/3.
Ïðîâåäåííûå ïðåîáðàçîâàíèÿ îò ïåðåìåííîé x â óðàâíåíèè (1.1)
ê ïåðåìåííûì wj (j = n − 1, n), u óðàâíåíèé (2.5), (2.6) ïîçâî-
ëÿþò ñäåëàòü âûâîä î ñóùåñòâîâàíèè ñåìåéñòâà ïðåäåëüíî ïå-
ðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1.1).
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4. Ìàæîðèðóþùèå óðàâíåíèÿ. Ðàññìîòðèì âîïðîñ î
ñõîäèìîñòè ïîëó÷åííûõ ñòåïåííûõ ðÿäîâ. Ïóñòü

vj(t) = vj(0) + v̂j(t), v̂j(0) = 0, j = n− 1, n,

v̂(t) = col(v̂n−1, v̂n), v0 = col(vn−1(0), vn(0))
(4.1)

è äëÿ ðÿäîâ v, v̂j, vj(0) ñîîòâåòñòâóþùèå ìàæîðàíòû v∗, v̂∗j , v
∗
j (0)

ñòðîÿòñÿ êàê ôóíêöèè ïàðàìåòðà ε è v0s(s = 1, 2, ..., n − 2),
ìàæîðèðóþùèå ïåðåìåííûå v(t), vj(t) è íà÷àëüíûå çíà÷åíèÿ
vj(0) (j = n − 1, n), ò.å. ñòåïåííûå ðÿäû ñ ïîëîæèòåëüíûìè
ïîñòîÿííûìè êîýôôèöèåíòàìè, íå ìåíüøèìè, ÷åì ìîäóëè ñî-
îòâåòñòâóþùèõ ìàæîðèðóåìûõ êîýôôèöèåíòîâ.

Íà îñíîâàíèè (2.5), (2.6), ñ ó÷åòîì (3.2), (4.1) ñïðàâåäëèâû
èíòåãðàëüíûå ñîîòíîøåíèÿ

v̂n−1(t) =
∫ t

0

[
ε2hn−1(vn−1(0) + v̂n−1(τ))

2(vn(0) + v̂n(τ))+

+1
ε

(
W

(2)
n−1(ε(v0+v̂(τ)), εv, τ)+W

(3)
n−1(ε(v0+v̂(τ)), εv, τ)

)
+

+ε2f ′
n−1(τ) + ε2Wn−1(ε(v0 + v̂(τ)), εv, τ, µ)

]
dτ,

v̂n(t) =
∫ t

0

[
ε2hn(vn−1(0) + v̂n−1(τ))(vn(0) + v̂n(τ))

2+

+1
ε

(
W (2)

n (ε(v0 + v̂(τ)), εv, τ)+W (3)
n (ε(v0 + v̂(τ)), εv, τ)

)
+

+ε2f ′
n(τ) + ε2Wn(ε(v0 + v̂(τ)), εv, τ, µ)

]
dτ,

(4.2)

v(t) = v(0) exp(Λ′
2t) +

∫ t

0
exp[Λ′

2(t− τ)]
[
ε−1

(
U (2)(ε(v0 +
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+v̂(τ)), εv, τ) + U (3)(ε(v0 + v̂(τ)), εv, τ)
)
+

+ε2f ′(τ) + ε2U(ε(v0 + v̂(τ)), εv, τ, µ)
]
dτ.

(4.3)

Íà÷àëüíûå çíà÷åíèÿ vn−1(0), vn(0) êàê ôóíêöèè ïàðàìåòðà
ε (è íà÷àëüíûõ çíà÷åíèé íåêðèòè÷åñêèõ ïåðåìåííûõ) îïðåäå-
ëÿþòñÿ â âèäå ñòåïåííûõ ðÿäîâ èç ñëåäóþùèõ ñîîòíîøåíèé:

hn−1v
2
n−1(0)vn(0)+ lim

t→∞

1

t

∫ t

0

[
1

ε3
W

(3)
n−1(ε(v0 + v̂(τ)), εv, τ)+

+f ′
n−1(τ) +Wn−1(ε(v0 + v̂(τ)), εv, τ, µ)

]
dτ = 0,

hnvn−1(0)v
2
n(0)+ lim

t→∞

1

t

∫ t

0

[
1

ε3
W (3)

n (ε(v0 + v̂(τ)), εv, τ)+

+f ′
n(τ) +Wn(ε(v0 + v̂(τ)), εv, τ, µ)

]
dτ = 0.

(4.4)

Ôóíêöèè v̂
(k)
n−1(t), v̂

(k)
n (t), v(k)(t) è ïîñòîÿííûå v

(k)
n−1(0), v

(k)
n (0)

îïðåäåëÿþòñÿ ïîñëåäîâàòåëüíî íà îñíîâàíèè ñîîòíîøåíèé (4.2)
� (4.4). Êàæäàÿ k�àÿ êîìïîíåíòà ôóíêöèé áóäåò ïðåäñòàâ-
ëÿòüñÿ îãðàíè÷åííîé ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷å-
ñêîé ôóíêöèåé. Ïåðèîäè÷åñêàÿ ÷àñòü ôóíêöèè áóäåò äàâàòüñÿ
àáñîëþòíî ñõîäÿùèìñÿ ðÿäîì Ôóðüå (ñ íóëåâûì ñðåäíèì) è,
ñëåäîâàòåëüíî, ìîæåò ïî÷ëåííî èíòåãðèðîâàòüñÿ. Åñëè Np =

∞∑
s=−∞

|ns| � òðèãîíîìåòðè÷åñêàÿ íîðìà íåêîòîðîé ôóíêöèè φp(t) =

=
∞∑

s=−∞
ns exp(iω st), íàéäåííîé íà p - îì øàãå, òî ïîñëå èíòå-

ãðèðîâàíèÿ îò 0 äî t ïðè ïîëó÷åíèè p+ 1- ãî ÷ëåíà ñòåïåííîãî
ðÿäà ïî ε äëÿ ïåðåìåííîé v̂j(t) (j = n − 1, n) ìîæíî ïîëó÷èòü
îöåíêó íîðìû Np+1 òàêîé ôóíêöèè â âèäå 2Np/ω. Òàêæå, åñëè
ýêñïîíåíöèàëüíî ñòðåìÿùàÿñÿ ê íóëþ ÷àñòü ïîäûíòåãðàëüíîé
ôóíêöèè, âû÷èñëåííîé íà p-îì øàãå, èìååò îöåíêó Cp exp(−γt)
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(è ìàæîðàíòó Cp > 0), òî ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåòñÿ
ìàæîðàíòà Cp+1 = Cp/γ ýêñïîíåíöèàëüíî óáûâàþùåé ÷àñòè
ôóíêöèè íà p+ 1- îì øàãå. Òàêèì ñïîñîáîì äëÿ èíòåãðàëîâ Ii
(i = 1, 2, 3) (3.17), ââèäó (3.16), ïîëó÷åíû ñëåäóþùèå ìàæîðàí-
òû:

I∗1 =
c

γ0
ξ∗kl(v

(p)∗
n−1(0) + v̂

(p)∗
n−1)

k(v(q)∗n (0) + v̂(q)∗n )l,

I∗2 =
c

γ0
(ξ∗n−1)

k(ξ∗s )
l(v

(p)∗
n−1(0) + v̂

(p)∗
n−1)

k(v∗s)
l,

I∗3 = λ−1
0 (ξ∗n−1)

k(ξ∗n)
l(v

(p)∗
n−1(0) + v̂

(p)∗
n−1)

k(v(q)∗n (0) + v̂(q)∗n )l,

ãäå v̂
(r)∗
j , v

(r)∗
j (0) (j = n − 1, n) � ìàæîðàíòû äëÿ v̂

(r)
j (t), v

(r)
j (0),

ñîîòâåòñòâåííî, ξ∗kl, ξ
∗
s (s = 1, 2, ..., n − 2) � ïîñòîÿííûå, òàêèå,

÷òî |ξkl(t)| ≤ ξ∗kl, |ξs(t)| ≤ ξ∗s , è λ0 = min(ω/2, γ0).
Îáîçíà÷èì ìàæîðàíòû: v̂∗j >> v̂j(t) (j = n−1, n), v̂∗ >> v̂(t),

v∗ >> v(t), v∗0 >> v0. Ìàæîðèðóþùåå óðàâíåíèå, ñîîòâåòñòâóþ-
ùåå óðàâíåíèþ (4.3), ñîãëàñíî óêàçàííîé ïðîöåäóðå ïîñòðîåíèÿ
ìîæíî âçÿòü â âèäå

v∗ = v(0) +
ε

l
U (2)∗(v∗0 + v̂∗, v∗) + (εl)−1U (3)∗(ε(v∗0 +

+v̂∗), εv∗) + ε2f ∗ + ε2l−1U∗(ε(v∗0 + v̂∗), εv∗, ε3),

(4.5)

ãäå l = min(ω/2, λ0, β), λ0 = |Reλn−2|, U (2)∗, U (3)∗, U∗ � ìàæî-
ðàíòû ñîîòâåòñòâóþùèõ îïåðàòîðîâ, f ∗ = col(f ∗

1 , . . . , f
∗
n−2), ïðè-

÷åì

f ∗
k ≥

∣∣∣∣∫ t

0
exp[λ′

k(t− τ)]f ′
k(τ)dτ

∣∣∣∣ ≥ 1

λ0

f 0
k , k = 1, 2, ..., n− 2,

f 0
k > 0 � ïîñòîÿííàÿ, òàêàÿ,÷òî f 0

k ≥ |f ′
k(t)|.
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Íà îñíîâàíèè (4.1), (4.2) â êà÷åñòâå ìàæîðèðóþùåãî óðàâ-
íåíèÿ, îòâå÷àþùåãî ïåðåìåííîé v̂n−1, ïîëàãàÿ v∗j (0) >> vj(0)
(j = n− 1, n), ìîæíî âçÿòü óðàâíåíèå

v̂∗n−1 = |hn−1|
2ε2

ω
[(v∗n−1(0) + v̂∗n−1)

2v̂∗n + v∗n(0)(2v
∗
n−1(0)+

+v̂∗n−1)v̂
∗
n−1] +

ε

l
W

(2)∗
n−1(v

∗
0 + v̂∗, εv∗) + (εl)−1W

(3)∗
n−1(ε(v

∗
0+

+v̂∗), εv∗) + ε2f ∗
n−1 + ε2W ∗

n−1(ε(v
∗
0 + v̂∗), εv∗, µ).

(4.6)

Óðàâíåíèå äëÿ v̂n àíàëîãè÷íî è èìååò âèä

v̂∗n = |hn|
2ε2

ω
[(v∗n(0) + v̂∗n)

2v̂∗n−1 + v∗n−1(0)(2v
∗
n(0)+

+v̂∗n)v̂
∗
n] +

ε

l
W (2)∗

n (v∗0 + v̂∗, εv∗) + (εl)−1W (3)∗
n (ε(v∗0+

+v̂∗), εv∗) + ε2f ∗
n + ε2W ∗

n(ε(v
∗
0 + v̂∗), εv∗, µ).

(4.7)

Â óðàâíåíèÿõ (4.6) è (4.7) W (2)∗,
j W

(3)∗
j , W ∗

j , (j = n − 1, n) �

ìàæîðàíòû äëÿ W
(2)
j , W

(3)
j , Wj, ñîîòâåòñòâåííî, f

∗
j = f ∗

pj + f ∗
ej,

ãäå f ∗
ej ≥

∣∣∣∣∣
∫ t

0
f ′
ej(τ)dτ

∣∣∣∣∣ è f ′
ej(t) � ýêñïîíåíöèàëüíî ñòðåìÿùàÿñÿ

ê íóëþ ÷àñòü ôóíêöèè f ′
j è ââèäó ñîîòíîøåíèé (3.7), (3.8)

f ∗
pn−1 =

∞∑
m=−∞
m ̸=−1

∣∣∣ n∑
j=1

(C+
j + b+j (m))a(j)m

∣∣∣,

f ∗
pn =

∞∑
m=−∞
m ̸=1

∣∣∣ n∑
j=1

(C−
j + b−j (m))a(j)m

∣∣∣.
Ìàæîðèðóþùèå óðàâíåíèÿ äëÿ v∗n−1(0), v

∗
n(0) ñòðîÿòñÿ ñëå-

äóþùèì îáðàçîì. Ïóñòü v∗j (0) = |v0j|+ ṽ∗j (0) (j = n−1, n). Çäåñü
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è äàëåå v0j = v
(0)
0j ñîãëàñíî (3.14). Ââîäÿ îáîçíà÷åíèå

W̃j = l−1[ε−3W
(3)∗
j (ε(v∗0 + v̂∗), εv̂∗) +W ∗

j (ε(v
∗
0 + v̂∗), εv∗, µ)].

Íà îñíîâàíèè ñîîòíîøåíèé (4.4) ìîæíî ïîëó÷èòü óðàâíåíèÿ

2|v0n−1||v0n|ṽ∗n−1(0)+v20n−1ṽ
∗
n(0)=

1
|hn−1| [|v0n|(ṽ

∗
n−1(0))

2+

+2|v0n−1|ṽ∗n−1(0)ṽ
∗
n(0) + (ṽ∗n−1(0))

2ṽ∗n(0) + W̃n−1],

v20nṽ
∗
n−1(0)+2|v0n||v0n−1|ṽ∗n(0)= 1

|hn| [|v0n−1|(ṽ∗n(0))2+

+2|v0n|ṽ∗n−1(0)ṽ
∗
n(0) + ṽ∗n−1(0)(ṽ

∗
n(0))

2 + W̃n].

(4.8)

Ïóñòü W̃ ∗
n−1, W̃

∗
n � ïðàâûå ÷àñòè óðàâíåíèé (4.8). Îïðåäåëè-

òåëü d′ ëèíåéíîé ÷àñòè óðàâíåíèé (4.8) îòëè÷åí îò íóëÿ ïðè
âûïîëíåíèè óñëîâèÿ (3.11), è, ñîãëàñíî (4.8), ìîæíî çàïèñàòü
ìàæîðèðóþùèå óðàâíåíèÿ â âèäå

ṽ∗n−1(0) = (2|v0n|W̃ ∗
n−1 + |v0n−1|W̃ ∗

n)/d
′,

ṽ∗n(0) = (|v0n|W̃ ∗
n−1 + 2|v0n−1|W̃ ∗

n)/d
′.

(4.9)

Ðåøåíèå óðàâíåíèé (4.5) � (4.7), (4.9) îòíîñèòåëüíî ìàæîðè-
ðóþùèõ ôóíêöèé ñóùåñòâóåò (è îíî åäèíñòâåííî) [6,7] â ôîðìå
ñòåïåííûõ ðÿäîâ îòíîñèòåëüíî ïàðàìåòðà ε è íà÷àëüíûõ çíà÷å-
íèé íåêðèòè÷åñêèõ ïåðåìåííûõ, è, òàêèì îáðàçîì, ïîñòðîåííûå
ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî.

Òàêèì îáðàçîì, ïîëó÷åííûé ðåçóëüòàò èìååò âèä

Òåîðåìà. Ïóñòü äëÿ óðàâíåíèÿ (1.1) ñ ãîëîìîðôíîé ïî x
ôóíêöèåé F (x, t), íåïðåðûâíûì èíòåãðàëüíûì ÿäðîì K(t) òè-
ïà (1.2) è ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîé ôóíêöèåé
µf(t) (µ << 1), îáëàäàþùåé íåïðåðûâíîé ïðîèçâîäíîé ñ îãðà-
íè÷åííûì èçìåíåíèåì, õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò â
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ïîëóïëîñêîñòè Reλ > −β êîíå÷íîå ÷èñëî êîðíåé, ñðåäè êîòî-
ðûõ ïàðà ÷èñòî ìíèìûõ êîðíåé ±iω, îñòàëüíûå êîðíè îáëàäàþò
îòðèöàòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè, è n−2 ñòàðøèõ êîð-
íåé ÿâëÿþòñÿ ïðîñòûìè.

Ïóñòü ïåðèîäè÷åñêàÿ ÷àñòü ôóíêöèè f(t) èìååò ïåðèîä T =
2π/ω.

Ïóñòü âûïîëíåíû óñëîâèÿ, ïîçâîëÿþùèå âûäåëèòü ïðåîáðà-
çîâàíèÿìè Ëÿïóíîâà êðèòè÷åñêèå ïåðåìåííûå è îïðåäåëèòü ïî-
ñòîÿííóþ Ëÿïóíîâà g3 [8,11], è ïóñòü ñïðàâåäëèâû íåðàâåíñòâà
(3.1) è (3.11).

Òîãäà

1) óðàâíåíèå (1.1) äîïóñêàåò ñåìåéñòâî ýêñïîíåíöèàëüíî ïðå-
äåëüíî ïåðèîäè÷åñêèõ ðåøåíèé, ïðåäñòàâèìîå àáñîëþòíî
ñõîäÿùèìèñÿ ñòåïåííûìè ðÿäàìè ïî ìàëîìó ïàðàìåòðó
µ1/3 è n−2 íà÷àëüíûì çíà÷åíèÿì íåêðèòè÷åñêèõ ïåðåìåí-
íûõ, ïðè÷åì ïåðèîäè÷åñêèå ÷àñòè ýòèõ ðåøåíèé çàäàþòñÿ
àáñîëþòíî ñõîäÿùèìèñÿ ðÿäàìè Ôóðüå;

2) íà÷àëüíûå çíà÷åíèÿ êðèòè÷åñêèõ ïåðåìåííûõ â ïåðâîì
ïðèáëèæåíèè çàäàþòñÿ ñîîòíîøåíèÿìè (3.9), (3.10), (3.13),
(3.14), êîòîðûå îïðåäåëÿþò àìïëèòóäó êîëåáàíèé â ýòîì
ïðèáëèæåíèè.

Äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÿäðî K(t) ≡ 0 â óðàâ-
íåíèè (1.1)) òåîðåìà òðàíñôîðìèðóåòñÿ â ñëåäñòâèå î ñóùåñòâî-
âàíèè â ðåçîíàíñíîì ñëó÷àå ïåðèîäè÷åñêèõ ðåøåíèé, óñòàíàâ-
ëèâàåìûõ ïî ÷ëåíàì 3-ãî ïîðÿäêà.

Ìîæíî îòìåòèòü, ÷òî âîïðîñ î ñóùåñòâîâàíèè ïåðèîäè÷å-
ñêèõ ðåøåíèé â ðåçîíàíñíîì ñëó÷àå äëÿ êâàçèëèíåéííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ïðè óñëîâèè ðàçðåøèìîñòè àìïëè-
òóäíîãî óðàâíåíèÿ îáùåé ôîðìû èññëåäîâàí È.Ã. Ìàëêèíûì
[15].
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Limit periodic solutions of the Volterra integrodifferential equations

Sergeev V.S.

Abstract:

Systems described by Volterra integrodi�erential equations with
analitic non-linear parts and small periodic (limit periodic) per-
turbations, are investigated. The critical case of the pair of pure
imaginary roots with resonance is considered. The question of the
existence of limit periodic solutions, in form of power series with
respect to the small parameter and initial data of the non-critical
variables, is analyzed.

Keywords: integrodi�erential equations of the Volterra type,
oscillation theory, the critical case of a pair of pure imaginary roots
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