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Consider the Lagrange function
(1) L=12a,¢'¢'+U (,i=1,23)

of any conservative holonomic system with three degrees of freedom and let
A/ == 0 in a neighborhood W of a point p €M (M is the configuration manifold
of the system). May we choose (at least in a small neighborhood W) the generali-
zed coordinates of the system so that there will be cyclic (ignorable) ones among
them? lere we give the invariant analytic indications of the existence of hidden
ignorable coordinates.

Consider the family of equipotential surfaces U7 = const in B and let 8,{g),
e,{g) denote the unit veclors tangent to the lines of curvature of the cormrespon-
ding surface {7 = {/{g) at any point ¢. In the case of parallsl equipotential surface,
i.e. when a” U, U, is g(U), the vector-functions e,{(g), e,(g) are single-valued if
and only if [1]

Forp 82 itk .1 [l
(2) (a7 Uy — 2l ™ a, Uy Uy, #0
at the point g. Here | a | =|| ag | 1 efi% is the Levi-Civita tensor [2], U7, = 311/ ag',
iy are the second covariant derivatives of If with respect to the Riemannian

connection associated with the metric ds* =a,; dg’ dig’. The standard convention
ou summalion is implied.

THEOQOREM 1. I the small neighborhood W of any point p €M, for which the
refation (2) is trne gnd AU 5= 0, theve exist two simultanecusly ignorable generali-
zed coordinates of the system if and ondy if five scalar invariants

(3) MU=V U, =,,=¢rote, (e, f=1,2)

depend on Uonly.



818 A5, SUMBATOV

As far as the invariants (3) are expressad by the coeflicients of (1) and their
detivatives, then the necessity condition of the theorem follows from the defini-
tion of an ignorable coordinate. Sufficiency is proved [3] by introducing semigec-
desic coordinate system »!, v?, v° = f{L) is which the components of the vectors
e (wy;, W, 0), 80wy, w,,, 0) satisfy the equations

awim

au?

=gy w_ (el =p2 =0 =—082=1;08r:=1,2
th Po ¥

with the initial condition
wy=wy=1, wy=wy, =0 (when v =feUip))
and the metric is

dsl= (w%2 + wlz2 Ydv!)? + 20w Wy + wmwn}duidul + {Wf‘l + w,fl)(duz )2,

THEOREM 2. Fet the relation (2) be broken at every point of a neighborhood
Wsp but dU =20, Then there exist two simultaneously ignorable coordinates
of the holonomic system if and only if the differential parameters

) AU, 8,U=d"0,

depend on U only and the absolute (Gaussian) curvature K of the surface U=

= [{p)is zero, ie.

(5) eifelmiy iy, uh} =0.
U=1U{p

L(al U2

See the proof in [3]. In addition, if (5) is broken but & = ({7}, then one
ignorable coordinate exists.

Let us assume that two among the invariants (33, (4}, X and U7 are functionally
independent, Let us denote them by x and p.

THEQREM 3. ff all the scalar invarianis
(6) Ax Ay, Vix) =dlxy,
grad x -Tot T, grad ¥ rot 7, T-rot T

(where T = grad x = grad ¥) are functions of x and ¥ only, then Here exivts o
single ignorable generalized coordinate of the holonomic system. When there
are three functionally independent invariants among (3),(4),(6), K and U the
system has no hidden ignorable coordinates.
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The ignorable coordinate ¢ mentioned above is defined by solving the equa-
tion [3]
grad 0(g', 4%, %) = (he + 7)g
where g and & are some functions of x, 3 and
w=Ax grad y —V(x, p) grad x.

Corresponding position coordinates of the holonomic system are for example
X and y. )

These results may be generalized in various directions.
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